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Abstract Let S be a regular semigroup, S° an inverse subsemigroup of S. S° is called a generalized
inverse transversal of S, if V(z) N S° # (). In this paper, some properties of this kind of semigroups are
discussed. In particular, a construction theorem is obtained which contains some recent results in the
literature as its special cases.

Keywords generalized inverse transversal, inverse transversal, regular semigroup

MR (2000) Subject Classification 20M10

1 Introduction

The study of regular semigroups with inverse transversals was initiated by Blyth and McFadden
in 1982 (see [1]). This type of semigroups attracted much attention. Several authors have
investigated various types of regular semigroups with inverse transversals (see [1-3] and their
references). In particular, a construction theorem for the general case was given by Saito in [3].
Recently, the concept of inverse transversal was generalized by many authors (see [4-7]). In
particular, Chen gave an interesting generalization for inverse transversal, namely, the orthodox
transversal in [4]. In this paper, we consider another generalization for inverse transversals, the
so-called generalized inverse transversals.

Let S be a regular semigroup, E(S) the set of idempotents of S and S; a subsemigroup of
S. We denote the set of all inverses of x € S by V(x) and let Vg, (x) = V(x) N Sy. Recall that
Sy is called an inverse transversal of S if |Vg, (z)| = 1 for any = € S and a quasi-ideal of S if
515851 C 55.

Let S be a regular semigroup and S° an inverse subsemigroup of S. S° is called a generalized
inverse transversal of S if Vge(x) # 0 for all x € S. Clearly, an inverse transversal S° of S
is a generalized inverse transversal, but the converse is not true, even if S° is a quasi-ideal of
S (see [2]). Tt is worth remarking that generalized inverse transversals of a completely regular
semigroup or orthodox semigroup are inverse transversals (see [8]). Let S be a regular semigroup
with a generalized inverse transversal S° and X a subset of S. We denote one of the inverses
of # € S in S° by 2°, and denote (2°)~!, a unique inverse of z° in S° by z°°. We also denote
Vso(X) = {z° € S°|z° € V(x),z € X}.
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Let S be a regular semigroup with a generalized inverse transversal S° and a € S. Denote
I, = {aa®]a® € Vgo(a)}, Ay = {a%ala® € Vso(a)} and I = Ugesla, A = UgesAq. S° is called
a multiplicative generalized inverse transversal of S if AT C FE(S°). It can be proved that a
multiplicative generalized inverse transversal of S is an inverse transversal (see [9]). Notations

and terminologies not given in this paper can be found in [1-11].

2 Elementary Properties

In this section, we consider some elementary properties of regular semigroups with generalized

inverse transversals. We begin our paper with the following proposition:

Proposition 2.1  Let S be a regular semigroup with a generalized inverse transversal S°.
Then:

(1) I={ec E(9)|(Fe® € E(S°))eZe°},A={ec E(S)|(Te° € E(S°))eZe°};

(2) INA=E(S°);

(3) TE(S°) C I, E(S°)A CA.
Proof (1) Let e =ax® € I, 2°° € Vgo(x°). Then e® = 2°°2° € E(S°) and e®° Lx° Lra® = e.
The converse inclusion is obvious; a similar argument to A.

(2) Clearly, E(S°) C INA. Suppose that e € INA. By (1), there exist e°, f° € E(S°) such
that e® ZeZf°. So e = f°e° € E(S°).

(3) Let e € I, f € E(S°). By (1), there is e® € E(S°) such that eZe®. Thus ef Le°f €
E(S°) and efef = ee®fef = efeCef = efe’f = ee®f = ef € E(S). Again by (1), ef € I.
Similarly, the case for A can be proved.

Proposition 2.2 Let S be a reqular semigroup with a generalized inverse transversal S° and
LE={e € E(9)|eZLa}, RE= {e € E(S)|eZa} for a € E(S°). Then:

(1) T =Uaense) L A= Usepse)RE;

(2) Ifa,be E(S°), b<a, ec LE, ge LE and f € RE, h € RF, then eg € LE and
hf € RE.
Proof (1) follows from (1) of Proposition 2.1. Let eZa and ¢.£b. Then egeg = egbeg =
egbaeg = egbag = egbg = eg and egb = eg, beg = baeg = bag = bg = b. This implies that
eg-Zb, that is to say, eg € L¥; a similar argument to A.

Proposition 2.3  Let S be a regular semigroup with a generalized inverse transversal S°.
Then € on S saturates S°.

Proof Let x € S, a € S° and x57a. Then there exists T € V(x) such that 2T = aa®, Tx =
a’a € S°. So x = xZT°Tx = aa®T°a®a € S°, where T° € Vgo (T).

Proposition 2.4  Let S be a reqular semigroup with a generalized inverse transversal S°.
Then 2°° = 251 (S° x S°).

Proof Let xz,y € S° and 22°y. Then there exist z € S,2° € Vgo(x) and y° € Vso(y) such
that 2°x Lx.L 2RByRyy°. Thus there is z € V(2) satisfying 2z = yy°, zz = 2°x € S°. Hence
2= 237°%z = yy°z°2°z € S°, where 2° € Vo (2). We have proved that 25N (5° x §°) C 25°.

The reverse inclusion is obvious.



On Generalized Inverse Transversals 1195

Theorem 2.5 Let S be a regular semigroup with a generalized inverse transversal S°. Then
Vso(a) = Vgo(aa)a®Vge (aa®) for all a € S,a° € Vgo(a).
Proof Let z € Vgo(a®a) and y € Vso(aa®). Then aza®ya = a(a®azxa®a)a’(aa’yaa’)a =
aa®aa’aa®a = a. Similarly, xa®yara®y = xa®y. This implies that Vo (a®a)a®Vse (aa®) C Vo (a).

Conversely, assume that @ € Vgo(a),a®® € Vgo(a®). By Propositions 2.3 and 2.4, we have
aaa®,a’aa € S°. It is easy to prove that aaa®a®® € Vso(a®a), a®°a’aa € Vgo(aa®). So

a = aaa’a’’a’aa’aa € Vgo(a®a)a’Vgo (aa).

Let S be a regular semigroup with a generalized inverse transversal S°. In the following
statements, for x € S° and e € I, f € A, we denote T, , 5y = Vo (Vso(€))xVse (Vso(f)) and let
T ={T(cn pleLra™t, fRr 2 & x € S°}, where 27! denotes the unique inverse of z in S°.

Corollary 2.6  Let S be a reqular semigroup with a generalized inverse transversal S°. Sup-

pose that x € S° and e € I, f € A satisfying eLxx=t, fRr ‘x. Then
Tie e,y = Vso (Vse(ex f)).
Proof Firstly, we assert that 2! € Vo (exf). In fact,
s lexfe ! = Nar e)x(fe e)aT = o e e T = 27!
and

1

exfrlexf = ex(fo tx)x N (zx te)af = exx lar taa T af = exf.

By Theorem 2.5, we have Vgo (exf) = Vo (z 7 tex f)z~Wao (ex fr™1) = Vo (f)2 ™ Vse (€). Thus
Vso(Vse(exf)) = Vso(Vse(e))xVse (Vse(f)) = Tie,z,s), since S° is an inverse subsemigroup of
S.
Remark 2.7 Let S be a regular semigroup with an inverse transversal S°. Then, for every
x € S°ande €I, f € A satisfying eZ2xx~" and fZx 'z, we have Tex,fy = T, since in this
case Vgo(e) = 2~ ! and Vo (f) = 2~ 1.
Proposition 2.8 Let S be a reqular semigroup with a generalized inverse transversal S°.
Then the following statements are equivalent:

(1) Vseo(a) N Vse(b) # 0 = Vse(a) = Vso(b) for all a,b € S;

(2) (Vee IUA)Vso(e) is a subsemigroup of S,

(3) (VeeIUA)|Vso(e)| =1;

(4)
Proof (1) implies (2). Let e € I. Then, by Proposition 2.1, there exists e® € F(S°) such that
eZLe°. Clearly, e° € Vgo(e) N Vgo(e®). By (1), Vgo(e) = Vgo(e®) = {e°}, since S° is an inverse

subsemigroup of S. Obviously, {e°} is a subsemigroup of S. Dually, we can prove Vg (e) is also

S° is an inverse transversal of S.

a subsemigroup of S for e € A.

(2) implies (3). Let e € I. Then, by Proposition 2.1, there exists e® € E(S°) such that
eZe°. Evidently, €° € Vgo(e). Let €* € Vgo(e). Then e°.Ze*eZe*. By Propositions 2.3 and
2.4, e*e € E(S°). This leads to e*e = e°, since S° is an inverse subsemigroup of S. Thus
e°Ze*. By (2), e*e® € Vgo(e), and so ee*e®e = ee*e® = e. This implies the J#-class containing
e* contains an idempotent. Hence e°5Z¢e*, since S° is an inverse subsemigroup of S. Noticing

that e*,e° € Vgo(e), we have e® = e*. Similarly, we can show that |Vse(e)| =1 for e € A.
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(3) implies (4). Let a € S and a® € Vgo(a). Then Vgo(a) = Vgo(a®a)a®Vge(aa®). It is
easy to see that a°a®® € Vgo(a®a) and a°°a® € Vgo(aa®). By (3), Vso(a’a) = {aa®°} and
Vso(aa®) = {a®°a®}. So Vse(a) = Vgo(a®a)a®Vse (aa®) = a°a®°a®a®°a® = a°. That is, S° is an
inverse transversal of S.

(4) implies (1). This is trivial.

Theorem 2.9 Let S be a regular semigroup with a generalized inverse transversal S° and
Tiew, 1) Tigyny €T Then
X9, Tiew,r) = Lgyh)y, [Lh <= exf = gyh.

Proof For our purpose, the following graph is useful:
1

x xrr—
Y A f
ex e exf,gyh g 9y
h y 'yl
vl oy

Necessity. It e#9,Ticn,ry = Tigy.n), fZLh, then the above graph is valid, and by Corol-
lary 2.6, Vso(Vgo(exf)) = Vgo(Vse(gyh)). Thus Vse(exf) = Vseo(gyh), since S° is an inverse
subsemigroup of S. In view of the proof of Corollary 2.6, 271 € Vo (exf) = Vso(gyh). But
ex [ gyh, so exf = gyh.

Sufficiency. Let exf = gyh. By the above graph, eZexf = gyhZg, fLexf = gyhZLh.
Again, by Corollary 2.6, we have

Tiez,r) = Vso (Vso(exf)) = Vo (Ve (gyh)) = T(g.y.n)-
Define
M ={(RL,Teup), L}) €I/ R XT x A/ L]e € I,x € 5°, f € A}.
For convenience, we denote (R., Te,e,f)s L}\) € M by (R, Ty, Ly¢) € M. The following corollary
is obvious:

Corollary 2.10 Let S be a reqular semigroup with a generalized inverse transversal S° and
(RL, T, LY), (R, T,, L) € M. Then
(R, T,,L}) = (RL,T,, L) <= exf = gyh.
Proposition 2.11  Let z,y € S°,f € RE., g € Lfy,l and (fg)* € Vso(fg). Then
vy~ (fg)* e~ e € Vs (fg).
Proof Let (fg)* € Vso(fg). Then
vy~ (f9) e afgyy T (f9) e e = yy (fo) (e e ) 9wy ) (f9) T
(since fZ#x'x,9Lyy™")
=y ' (f9)" f9(fg) 'z "z
=yy (fo)'a e
and
fayy™H(f9)y e afg = flgyy™")(f9)* (¢ 2 f)g (since fRz "z, g.Lyy™")
=f9(f9)"f9=ryg-
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We have shown that yy~!(fg)*z 1z € V(fg). But yy~(fg)*x 'z € S° is clear. Thus,
yy ' (f9)"z "z € Vso(fg).
Proposition 2.12  Let (R, T,, L}), (R, T, Lyy) € M and (fg)*, (f9)° € Vs (fg). Then
(Rixfg(fg)"r*l’Tm(fg)“’y’L;\*l(fg)"fgyh) = (Rérfg(fg)*r”’Tz(fg)*’ly’Lé\*l(fg)*fyyh) € M.

Proof Let (fg)* = yy '(fg)°r 'x. Then, by Proposition 2.11 and the fact that S° is an

1

inverse subsemigroup of S, we have (fg)* € Vso(fg), (fg)* ' =27 '2(fg)*°yy~! and

a(f9)yy (f9)°xt = a(fo)* yy N (Fo)Fa, exfg(fg)°x ! =exfg(fg)Fa".
Therefore,

cxfg(fg)°atexfg(fg)°a™" = exfg(fg)Fa e fg(fg)Ta
#rlefg(fg)*a~! (since x ' Zxx!.Ze)

#fg(fo)Fat = exfg(fg)Fa!

(exfg(fg)°x " Va(fg)yy~ (f9)°z™") = (exfg(fg) o™ ) a(fo)*  yy~ (fo)Pa™")
= exfg(fg)*at = exfg(fg) L. ()

Similarly, (x(fg)°°yy~"(fg)°z")(exfg(fg)°=z~") = (x(f9)°°yy " (fg)°x"'). We have sho-
wn that

exfg(fg)°a L (f9)*yy~  (fg)°z ). ()
Dually,
v~ (f9)° fayh € B(S) and y~ ' (f9)° foyhRy ™" (f9)°x~ ' x(f9)°°y.

This implies that

(Rewsg(raroars Tetra)ooys Ly-1(sg)0 raun) € M.
Similarly,

(Riatg(ra)a— Tetrar—1us Ly (1g) payn) € M-
Moreover,

(exfg(f9)°x=")(@(f9)°°y) (v~ (f9)° fayh) = (exfg(fg)°x~ ") (=(f9) vy " (f9)°
~(z7'af)gyh) (since z'2Zf)
= (exfg(f9)°x~ ) (x(f9)*°yy ' (fg)°z ")
- (zfgyh)

= (exfg(fg)°x") (@ fgyh) (by (¥))
exfg(fg)° foyh (since 2~ 'z 2 f)
exfgyh.

Similarly, we can show that

(exfg(f9) e ") (@(f9)" "y~ (f9)" foyh) = exfgyh.
The result follows from Corollary 2.10.
By the condition () and its dual, for x,y € S°, the following mappings are well-defined:

Aay t RE1y X Lo = 1, (f,9) = 2fg(fa)Fa™" € LY s tyin(rgy#-1y)-15
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Baw) : Remra X Ly = A, (£,9) =y (f9)* 9y € R (rgys-1y-10(s9)5— 140

where (fg)* is a given inverse of fg in S°. In fact, RE., = Ri\

. and LE |, =LT .
z—lx vy vy

—1g
Lemma 2.13  Let S be a regular semigroup with a generalized inverse transversal S° and
x,y,z,w € S° Then, for e € fo,l,g € Lfy,l,k € Li,hp € ng,l and [ € Rf,lx,h €
R, . l€RY, q€Rl

(a) If

1, the following conditions are satisfied:

eRk, Te,z,£) = Tiho,20), L1 and 9Zp, T g,y 1) = Tp,w,q), h-L 4,

then
ez, (fr9) = 01702 = ko, w)(1,0); Blay)(fy9)h = 01L62 = B2 w)(l,p)q
and
Tior wrgr#=10.80) = L0220 % w52
(b)
Az (f 9) Q)% 1y,2) Blay) (F, 9y k) = m&En = g yniy#—12) (f, 9y, 2) (R k),
Ba(roy#—1y,2) (Bay) (f; 9)hs k) = iLj = Bz y(niy#—12) (f, 90 (y,2) (h, k) By, 2) (h, k)
and
Tiem,s,ity = Lien,t,j1)s
where s = x(fg)* ' Y(Blay) (f, 9)hk)* 12 and t = x(fgay 2 (h, k)F~ y(hk) 2.
Proof (a) By hypothesis, (Ré,Tm,L/J}),(R;,Ty,Lfl\),(R,IC,TZ,Lf\),(RII),Tw,LfI\) € M. In view
of Proposition 2.12, we have
(Réy s Tu(y#—1y L3y ) (Reys Togpy#—10, Ls,) € M

and

012(f9)"yd1 = eaay) (F,9)2(f9) " YBlay (f. 9)h

=exfg(fo) e (fo)* lyy~ (fo)Fa afgyh (by (x) and z~ a2 f)
= exfgyh.
Similarly, 022 (Ip)* ~twdy = kzlpwq. If Rk, Tiew,fy = Tik,z0), L1 and gZp, Tg.y.n) = Tipw,q)s
hZq, by Theorem 2.9, we have exf = kzl and gyh = pwq. So exfgyh = kzlpwq. By Corol-
lary 2.10,
(Réy» Ta(rayr—1y L5,) = (Roys Te(ipy#—1us L, )-

That is to say, (a) holds.

(b) By hypothesis, (RZ, Ty, L?)7 (Rg, Ty, LY), (RL,T,, L) € M. In view of Proposition 2.12,

A
(Ria(m,y)(f,g)’Tx(fg)#’lya Lﬁ(w,y)(f,g)h) € M and
a(w,y)(f, Q)LIC(fg)#*lyﬁg(%’y)(f7 g) — xfg(fg)#x—l ‘x(fg)#’ly ] yfl(fg)#fgy

= [zfg(fo) e a(fo)* Tyy  (fo) P2 afgy
(since x~*xZ f)
=xfg(fg)¥x "afgy (by (x))
=xzfgy. (s % %)
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Now, we have (Ria(z,w(f,g)’ To(rgy#—1ys Lg(,,y)(f,g)h)’ (RE,T,, L) € M. Again by
Proposition 2.12, (RL,,, T, LY) € M and

em?

A a(foy#—152) Blasy) (F+ s K)2(FO)* Ty (B (f, 9K 2B (0 (pg)#-1y.2) Ba) (f2 9) B k)
= 2(f9)" YBan) (f9)hkz  (by (x%%)).
So
emsil = ez (f, 9 (rg)#-1y,2) By (f> 9, k)
~2(f9)F T Y (Bay) (F: 9PR)T 2 Bagrgy#-1y.2) Bia (f: 9)hs K1

= elag ) (f,9)2(f9)*  YBay) (f, 9)]hkzl

= ex fgyhkzl (by (* x *) again).
Similarly, we can prove (RZ,, T;, Lg‘l) € M and entjl = exfgyhkzl. By Corollary 2.10,
(RL,, Ty, LY) = (RL,, T3, Lé\z) So emZen, il L jl and T(em 5,51y = T(en,t,j1)- Noticing that % and
£ are a left congruence and a right congruence, respectively, we have m = xz~'emZzx"'en =
nand i =ilz"'2.%jlz2"'2 = j. That is, (b) is true.

3 Main Result

In this section, we construct a regular semigroup with a generalized inverse transversal. Recall
that a non-empty set S is called a partial groupiod if S is equipped with a partial binary
operation. Let E be a partial groupiod. For any a,b € E, the notation ab € E means that
the product of a and b is defined in E. A partial groupiod is called a partial semigroup, if the
following condition is valid: For e, f and g € E, if ef, fg € E, then e(fg) € E if and only
if (ef)g € E; in this case, (ef)g = e(fg), and the common product is denoted by efg. In
particular, a partial semigroup F is called a partial band if ee € E and ee = e for any e € E.
Let E be a partial band. We define the relations ZE and ZF on E as follows:

e.,ZZEf<:>ef, feeE, ef=e fe=/Ff;
eﬂ?Ef<:>ef, fee E, ef=f fe=e.

Remark 3.1 The relations .Z¥ and ZF on a partial band E defined above are equivalences.
Clearly, they are reflexive and symmetrical. Let z,y,a € E and L Ea.LZEy. Then we have
za =z, ax = a, ya =y, ay = a. So x(ay) = xra = x. By the definition of partial band, it
follows that zy = (za)y = z(ay) = z. Similarly, yz = y. That is to say, .2%y. A similar
argument for 2. After that, we let LF= {z € E|z.2Fa}, RF= {x € E|lz#"a} for a € E.

Let E be a partial band and E° a subsemilattice of E. FE is called a partial lower (resp.
upper) chain of {LF|a € E°} (resp. {R¥|a € E°}) if:

(1) E= UaeEoiaE (resp. E = UaeEoRf);

(2) Let a,be E°, a<bande Gif, g GEGE (resp. e GRbE,g Eéf)
Then eg €LE (resp. ge €RE).
Definition 3.2 Let P =1UAUS® be a partial semigroup, I, A partial subbands and S° an
inverse subsemigroup of P. Then S° is called a generalized inverse transversal of P if:

(1) INA=E(S°);
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(2) I and A are partial lower chain of {LF|a € E(S°)} and partial upper chain of {R|a €
E(S°)}, respectively;

(3) For anye € P,Vgo(e) ={x € S°lex € I,xze € Ajexe = e,xex = x} # .

In this case, we say that P =1 U AU S° is a partial semigroup with a generalized inverse
transversal S°. Moreover, we denote Vgo (Vso(e))xVso (Vse(f)) by Tiez,p) fore€ I, f € Ajw €
S°, and let T = {Tieaplec I, f e Nz e S &e Eflim,l,f ER;\,II}, where x 1 denotes the
unique inverse of x in S°.

Now, we can give our main result of this paper.

Theorem 3.3 Let P = TUAUS® be a partial semigroup with a generalized inverse transversal
S°. Let x: Ax I — S° (f,g)— f*g such that:

(1) frato=ata, yylxg=yy ! forz,ycS° and f € R;\_lw,g € f/éy_l;

(2) fxg=fgforf, ge E(S°).

Moreover, for arbitrary x,y,z,w € S°, there exist mappings

. pPA T T
Aoy By X Lo = 1, ey (£,9) € Lipagyyia(reg)s
A 71 HA
By i By-1p X Ly = Ay Blay)(f,9) € Rig(eg)y)-1a(feg)y

and for e Gii g Giéy,l, k Efliz,l,p Eifuw,l and f ER;\,lz, h ER;\,ly, | eR:

r—1 z— 1z
q ERQ,IW the following conditions are satisfied:
3) If
6%}6, T(e,:c,f) = T(k,z,l)v fgl and gl@p7 T(g,y,h) = T(p,w,q)a hg(L
then
CQ(z,y) (f7 g) = 01%0 = ka(z,w) (lvp)v ﬁ(z,y) (fv g)h =01L09 = ﬁ(z,w) (lvp)q
and

T(o,,2(f+g)y.01) = L(02,2(1p)w,52)

(4)
A(z,y) (fv g)a(a:(f*g)y,z) (ﬁ(m,y)(fa g)ha k) = ’I’I’Zz@’fl = Q(z,y(hxk)z) (fa 9Q(y,2) (ha k))a
6(z(f*g)y,z) (B(z,y) (f7 g)h7 k) - ZZ] = B(w,y(h*k)z) (fa 9 (y,z) (ha k))ﬂ(y,z) (ha k),
and

T(em,s,il) = T(en,t,jl) ’

where s = x(f * 9)y((Bz,y) (f, 9)h) * k)z and t = x(f * gay ) (h, k))y(h * k)z;
(5) @y (@ e,yy™) = ay(y) ™, By (@ z,yy™") = (zy) "oy
Define a multiplication on the set
W = {(RL, Tl sy, L}) € I/ B x T x AJ L e € I,z € S°, f € A}
by
(RL Tiew.pys L) (RY, Tg iy L1) = (RE Tiea(rgyvay L)
where ¢ = ey, (f,9) and d = By ) (f,g)h. Then W is a regular semigroup with a generalized

inverse transversal isomorphic to S°. Conversely, every reqular semigroup with a generalized

inverse transversal can be constructed in this way.
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Proof For brevity, we denote (Rg,T(e7x7f),I~/1]}) € W by (Re, Ty, Ly). Firstly, we prove that
W defined above is a semigroup. In fact, suppose that (Re,Ty, Ly), (R, Ty, L1), (Ri, T, Ly),
(Rp, T, Ly) € W, thenNe € Lim,l and a4 (f,9) € Li(f*g)y[m(f*g)y],l. By the fact that I is a
partial lower chain of {LZ|a € E(S°)} and z(f*g)ylz(f+g)y] ™' < zaz~!, we have eq(y ) (f, g) €
f/i(f*g)y[z(f*g)y]_l. Similalzly, using the fact that A is a partial upper chain of {RZ|a € E(S°)},
we can see 3, (f,9)h € Rf;(f*g)y],lm(f*g)y. S0 Tieu(frgyyd) € T- I (Re, Ty, Ly) = (Ry, T, Ly)
and (Ry, Ty, L) = (Ry, T, Ly), by condition (3), we have
(Rea Tl’a Lf)(RQa Tya Lh) = (Rkv TZ’ Ll)(Rpa Tw’ Lq)
That is to say, the operation is well defined and closed. Let
(R67 TE7 Lf)7 (Rga Ty7 Lh)> (Rka Tza Ll) ew.
Then
[(Re, T, L) (Rg, Tys Ln)|(Ri, Tz, Li) = (Reaq, ) (1.0)0 Tefrayys Lbo. (£ryn) (B Ty L)

= (Renu Tsa Lzl)

Similarly, we have
(Re7 TZ:’ Lf)[(Rga ﬂJ7 Lh)(Rka T27 Ll)] = (Ren; Tt7 le)7

where m, i, s, n, j, t are defined as in Theorem 3.3. We assert that (Rey,, T}, le) = (Rem, Ts, Lip).
In fact, by condition (4), Ts = T}, so we need to prove only emZ’en and il.LZAjl. Since [ is
a partial band and a partial lower chain of {L¥|a € E(S°)} and e € Eiw,l,a(zyy)(f, g) €
Li(f*g)y[ﬂt(f*g)y]*1 and O‘(E(f*g)y’z)(ﬁ(may) (f.9)h k) € Lésfla and 55~ < J;(f*g)y[ac(f*g)y]_l <

I L' = m and e(mss™!) = em € I. Similarly, n,en € I.

ss—1) mss—

zx~!, we have em,m € L

Noticing that m%n, we obtain that mn = n and so emn = en € I. By similar discus-

lzz=! = em € I. Noticing that zz~'e = z2~! € I, we have
Lez=te)n = emn = en.

sions, we can show that emss™
emss~1(xz~te) = em € I.So (em)(en) = (emss~lzx=1)(en) = (emss™
Similarly, we have enem = em. That is, em#en. Dually, ilejl. We have shown that W is a
semigroup. Let W° = {(R.,T,, L) € Wle, f € S°}. If (R, Ty, Ly) € W°, then e = za~ !, f =
12, T, = 2.8 ¢ : W° — S° (Ryp1,7,L,1,) — x is well defined. By condition (2),
z(z~ e+ yy~ ')y = xy, according to condition (5), we have o = zz (@ e, yy™t) =
ay(zy) ! and 7 = By (27 e, yy )y~ ly = (zy) " lay. So
O[(Ryp—1,, folx)(Ryyfl ' Ys Lyfly)] = ¢(Ry, Tx(mflz*yyfl)yv L)

= O(Ray(ey)-1> TYs Lzy)-12y) = TY

= @(Ryp=1,@, Ly15)0(Ryy-1,y, Ly-1y).
That is, ¢ is a homomorphism. Let x € S°. Because z = (xz~!)x(z~'z) and (Ryp-1,7,
L,-1,) € W°, ¢ is surjective. The injectivity of ¢ is clear. We have proved that ¢ is an
isomorphism from W° onto S°. Consequently, W° is an inverse subsemigroup of W.

Next, we show that W° is a generalized inverse transversal of W. Let (R., Ty, L) € W. Then
(Ry=1g,27 ", Lyy—1) € We. By condition (1), z(f 2~ 'z)a~! = za~!. Since ay -1y (f, 27 ') €
Iiim_l,ﬂ(xyz_l)(f,xflx) € R;\Z_l,ea(m’z_l)(f, r712) = e and ﬂ(m,m_l)(f,xflx)xx’l =zz !, we
have

(Rea T, Lf)(Rxflzca x_lv Lxxfl) = (Reoe(T o1y (frz7tz)s Tx(f*arflm):cfl ) LB(

_1)(f,x*1x)xm*1)

T,z
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= (Re,me—leazm_l)’
Again, noticing that za~!(zaz ™! x e)x = &, Q-1 4 (z27 ' €) € Eiz,l and B(yp—1 (271 €)
€ R:/c\*lx’ we have eq(z,—1 ) (z27" e) = e and B(p-1 4 (x2~ ! e)f = f, since eLTea=1 and

f%™ 2. Hence

(Re7 Tza Lf)(Rmflxa x—l’ Lxxfl)(Rev Tma Lf) = (R€7 Txm*% Lxmfl)(Rea T:m Lf)
= (Reoz(zz,l’x)(mxfl,e)aszfl(mxfl*e)ma

L,B(wwfl,w)(a:xfl,e)f)
= (Re, Ty, Ly).
Dually, we can prove
(Ro-12:8™ ", Lyg1 ) (Rey Ty L) (Ry—12y 8 1 Ly 1) = (Rp1g, @7 Ly 1),
That is to say, (Ry-1,,27 Y, Lye—1) € Vive ((Re, Ty Ly)). Up to now, we have proved the direct
part of our theorem.

Conversely, let S be a regular semigroup with a generalized inverse transversal S° and I, A
be defined as in Section 1. In view of Propositions 2.1 and 2.2, TN A = E(S°), I and A are
partial lower chain of {LE|a € E(S°)} and partial upper chain of {R¥|a € E(S°)}, respectively.
Condition (3) of Definition 3.2 is obvious. So P = I UA U S° is a partial semigroup with a
generalized inverse transversal S°. For (f,g) € A x I, put f g = (fg)# !, where (fg)* is a
given element in Vgo (fg). Clearly, x is a mapping from A x I into S° satisfying (1) and (2). For
each (z,y) € S° x S° and for every (f,g) € Rf_lx X Lfy_l, let gy ) (fr9) = 2 fg(f * g) tat
and B, (f.9) =y '(f xg)~ " fgy. Then, by Lemma 2.13, they satisfy the conditions (3) and
(4). Condition (5) follows from condition (2) and the fact that S° is an inverse subsemigroup
of S. By the direct part of the theorem, we have constructed a semigroup

W ={(RL,Teup), L}) €I/ R XT x A/ Lle € I,z € 5°, f €A}
under the multiplication

(Res Tien. 0 L) (B Tg.ys L) = (Rew pg( prgy-10-1s Twa(Frgru)s Lyt (prgy=1 payn):
where u = exfg(f *xg)'z! and v = y~!(f * g) "' fgyh. For convenience, denote (RL,T(c . r),
L}\) € W by (R, T,, L¢). By Proposition 2.12, the element

(Reapg(rrg)-1a=1s Ta(peg)ys Ly=1(frg) -1 run)
is independent of the choice of (fg)* € Vso(fg).

Define ¢ : W — S, (R, Ty, Ly) — exf. By Theorem 2.9, 1 is well defined and injective.
Let 2 € S. Then ¢)(Rygo, Tyoo, Lyoy) = , since x = xx®x°°x°x, where 2° € Vgo(x). So 9 is
surjective. Let (R, Ty, Ly), (Ry, Ty, Ly) € W. By the proof of Proposition 2.12, we have

V[(Re, Ty, Ly)(Ry, Ty, Lp)] = w(Rerfg(f*g)*lfl’Tz(f*g)y’ Lyfl(f*g)*lfgyh)
= (exfg(f+g) ') (=(f*9)y)(y~ " (f *9)"" fgyh)
= exfgyh (by (* * %))
= ¢(Re, Ty, Ly)(Ryg, Ty, Lin).
Thus v is an isomorphism from W onto S.

Corollary 3.4  In Theorem 3.3, if we enforce the condition
- ~ -
Vo)t Ryiy X Liyys = I, ey (f19) € L:{c(f*g)y[x(f*g)y]’l’
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Ba) : Romrg X Lyys = A, By (£,9) € R pagyy—ra(reary
to

Qo) Ry x LY = 1, (f,9) = a(f * g)yle(f * g)y] "
and

Bloy) t ROy x LI o — A, (f.9) = [2(f * 9)y] "a(f * g)y,

then the semigroup W defined as in Theorem 3.3 is a regular semigroup with a quasi-ideal
generalized inverse transversal isomorphic to S°; conversely, every reqular semigroup with a

quasi-ideal generalized inverse transversal can be constructed in this way.

Proof By Theorem 3.3, it is sufficient to prove W*° defined as in the proof of Theorem 3.3 is
a quasi-ideal of W. Let (Ryp—1,Ty, Ly-1,), (R,,-1,T5, L,-1,) € W° and (Ry, Ty, Ly,) € W. By
the enforced condition,
(Roz—1, Ty Ly—12)(Rg, Ty, Ln)(Ro-1, 15, Lo-1.) = (Raa—1: Tay La=1an) (Roz-1, Tey L)
= (Ryp-1, Ty, Ly-1p) € W,
where a = z(z~'r * g)y and b = a[(a"tah) * zz~1]z. This implies that W° is a quasi-ideal of W.
Conversely, let S be a regular semigroup with a quasi-ideal generalized inverse transversal
S°. In view of the second part of the proof of Theorem 3.3, for each (z,y) € S° x S° and for
every (f,g) € RF., x Lfy,l, we have fxg= fg e S°. So
Aoy (fr9) = xfg(fo) " a7t = afoyy™ (fg) '™ = a(f * g)ylz(f * 9)y]
and
Blaw)(f:9) =y~ (f9) gy =y (fo) e afgy = [2(f * g)y] ' (f * 9)y.

This is the enforced condition exactly. The result follows from Theorem 3.3.

Let S be a regular semigroup with an inverse transversal S°. Then [ and A defined in

Section 1 is a left regular band and a right regular band, respectively (see [8]). As an application
of Theorem 3.3, we give a construction for regular semigroups with inverse transversals, which
is essentially Saito’s Theorem 3.2 of [3].
Theorem 3.5 Let S° be an inverse semigroup with the semilattice E° of idempotents, and
let I be a semilattice of left zero semigroups {Lyla € E°} and A a semilattice of right zero
semigroups {Ry|a € E°}. Suppose that I and A have a common semilattice transversal E°. Let
AXT— S5°(f g)— fxg be amapping satisfying:

(A) fo(fxg)g° =[xy

(B) foxg=[fxg°= [

Suppose that, for each (x,y) € S° x S°, there exist mappings

Aay)  Bora X Lyy—1 = I, a@y)(f,9) € La(rrg)yla(rrg)yl -
Blay) : Ra-1a X Lyy—1 = Ay Blay)(f:9) € Bia(ragyn)-1a(s+0)y
satisfying the following conditions:

(C) Ifge Lyy-1, k€L, ,—1,f€Ry,,h € Ry, then

U z,) (fs 9 prg)y,2) Ba,y) (fr 9o k) = oy (naky ) (f5 90y 2 (B, k),
Ba(frgyy.z) By (Fs ) k) = Bay(haky2) (f5 90y, 2) (1, k) Bry,2) (B ),
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and
(f * g)y((ﬂ(w,y) (fa g)h) * k) = (f * ga(y,z)(hv k))y(h * k)v

(D) @y (e, yy™t) = zy(zy) ™, By (@ a,yy™t) = (xy) oy

(E) aroge)(f°9) = f°g and Bpo g0y (f,9°) = fg°.
Define a multiplication on the set

W={(e,x,f) €I xS°xAle€ Lyp—1,x€5°, fER,—1,}

by
(e, z, f) (g, Y, h) = (ea(x,y)(fa g)» 1’(f * g)y, ﬁ(:c,y)(fa g)h)

Then W is a semigroup with an inverse transversal isomorphic to S°. Conversely, every reqular

semigroup with an inverse transversal can be constructed in this way.

(1PN

Proof Let P =1UAUS°. By hypothesis, we can define an operation “0” on P as follows.
xoy = wxy, if z,y € I (resp. A,S°), where xy is the product of x and y in I(resp. A,S°).
Clearly, P is a partial semigroup and S° is a generalized inverse transversal in the sense of
Definition 3.2. In this case, for e € I, f € Az € S° satisfying ¢ € L,,—1 and f € R,-1,,
Te.w,r) = Vo (Vse(e))xVse (Vse(f)) = x and Ve (Vse(e)) = €°,Vso(Vso(f)) = f°, and R, =
{e},Ly = {f}, where e® and f° are the unique inverses of e and f in E(S°), respectively. So
(Re, Ty, Ly) can be denoted by (e, z, f). It is easy to see that (B) implies (1) and (2). (3) is
trivial, (C) is equivalent to (4), and (D) is equal to (5). By the proof of Theorem 3.3,
W={(e,x,f) €I xS°xAle € Lyp—1,2€5°, f € Ryp—1,}

is a regular semigroup with the multiplication

(6, x, f)(g7 Y, h) = (ea(m,y)(fa g)a :E(f * g)y> 5(m,y) (f7 g)h)
and W° = {(e,z, f) € Wle,f € S°} is a generalized inverse transversal of W. Using the
condition (E), we can prove that W° is also an inverse transversal of W (see [3]). The converse

part follows from Theorem 3.2 in [3].
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