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1 Introduction

Farkas and Kra [1] observed that certain theta function identities yield remarkably interesting
identities for partition functions. Most likely, their most interesting identity for partitions is

contained in the following theorem.

Theorem 1.1  Let S denote the set consisting of one copy of the positive integers and one
additional copy of those positive integers that are multiples of 7. Then for each positive integer
k, the number of partitions of 2k into even elements of S is equal to the number of partitions
of 2k + 1 into odd elements of S.

The second author of the present paper noted that Theorem 1.1 is one of five theorems of this
sort that can be derived from modular equations found by both Schréter [2] and Ramanujan [3].
However, each of the five theorems is slightly different from the others, and we conjecture that
each is unique, i.e., there are no further theorems in which, for example, “7” in Theorem 1.1,
can be replaced by another prime.

The present authors found that many further modular equations and theta function identi-
ties of Ramanujan yield elegant partition identities [4]. Some of these theta function identities
give new identities for t-cores [4]. The purpose of this paper is to continue the study begun in
[5] and [4], but we emphasize that most of the theorems offered in this paper have somewhat
different forms from those in the aforementioned papers. Each of our theorems arises from a
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theta function identity of Schréter-type. We state three of Schréter’s general formulas at the
end of Section 2. Each modular equation of degree n is equivalent to an identity relating theta
functions with argument ¢ to theta functions with argument ¢". So, we call such a theta func-
tion identity, a theta function identity of degree n. In this paper, we do not need to make any
further references to modular equations. The theta function identities that we employ can be
found in Ramanujan’s notebooks [3] and/or in Berndt’s books [6-7]. As in the two papers cited
above, we conjecture that each of the theorems that we prove is unique. Thus, for example, in

Theorem 3.1 below, “3” cannot be replaced by any other prime.

2 Notation and Preliminary Results

Throughout this paper, we assume that |¢| < 1 and use the standard notation

(a:q)oo = [[ (1 = ag™)
n=0
and
(ar,a2, ... 0k @)oo = (a1 Q)00 (023 @)oo -+ (A3 @) oo (2.1)

For |ab| < 1, Ramanujan’s general theta function f(a,b) is defined by

f(a b Z an(n+l)/2bn(n 1)/2 (22)
n=—oo
Jacobi’s famous triple product identity [6, p. 35, Entry 19] is given by
f(a,b) = (—a; ab) oo (—b; ab) oo (ab; ab) . (2.3)
The three most important special cases of f (a, b) are
¢(q) := f(g,9) Z 0" = (0 %% oo (2.4)
n=-—oo
n(n (g% 7 )
and -
Jea) = e =)= 3 0" = (@) (2.6)
n=-—oo

where the product representation in (2.4)—(2.6) arise from (2.3). The last equality in (2.6)
is Euler’s famous pentagonal number theorem. In the following, we use many times another
famous identity of Euler, namely,
(@:6*) = (~¢:¢)s- (2.7)
After Ramanujan, we also define
X(0) = (=4 ¢%)oo- (2.8)
The functions ¢ and v satisfy the following relations [6, p. 39, Entry 25].
Lemma 2.1  We have
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We also use the following theta function identity recorded by Ramanujan in his second
notebook [3], [6, p. 49].

Lemma 2.2 We have
¥(q) = f(¢°, 4" + af(¢®, q"*). (2.12)

The main ingredients in our proofs are theta function identities, especially Schroter’s iden-
tities [2], [6, Chapter 16], which have been useful over the years in many contexts, in particular,
in establishing modular equations [6, Chapters 18-20]. Several special cases worked out in [6]
are quoted in the following. Other special cases that are needed arise from the general Schroter
identities that we record below.

If 1 and v are integers such that g > v > 0 and A and B are arbitrary, then [6, p. 68],
1 1% —Vv —Vv 14 14 e 4 —Vv
o L (AQ" T, g [A) F(Bg"™, 4" B) = f(= A", =" JA) f(=Bq" ™", =¢" ™"/ B)}

pn—1

(2u—4am—2)(u?—v?)
_ m_(2m41) (u+v)+2um? p—v putv, (2utam+2)(u?—v?) 4
_Amz::o(AB) q f(A B'tvq gy Bt )
A, B
pn+2v+4vm —2v—4vm . 213
x f < B ;44 ) (2.13)

If 41 and v are integers such that u > v > 0, then [6, p. 68]
1 v U—V L4V —v
o 1@ D@ ™") + 6(=d")e(—q" ")}

pn—1
_ Z q2;nn2f(q(2p.+4m)(u2—y2), q(2u—4m)(p.2—l/2))f(q2u+4y7n7q2u—4um). (214)

m=0

If 1 is even, v is a nonnegative integer, and p > v, then [6, p. 69]

(@)@ ) = (g ()

n/2-1

+ E qan2—me(q(lt+27rL)(N2—V2)’ q(M_Qm)(Mz_Vz))f(QQVm, q2,u—2um)
m=1
3 2 9
+ g /4f/w/2w(q2u(u —v ))Jc(q/w’q%h ey, (2.15)

3 Partition Identities Related to Theta Function Identities of Degree 3

Theorem 3.1  Let A(N) denote the number of partitions of 2N into two distinct colors with
one color, say orange, appearing at most once and only in odd parts and the other color, say
blue, appearing at most once and only in odd multiples of 3. Let B(N) denote the number of
partitions of 2N into four distinct colors, with two colors, say red and green, appearing at most
once and only in multiples of 4 and the remaining two colors, say pink and violet, appearing at

most once and only in odd multiples of 6. Then, for N > 1,
A(N) = B(N).
Proof Setting p =2 and v =1 in (2.15), we deduce that

b(@)v(a®) = 6(a°)P(a") + av(g'?)o(g?). (3.1)
Replacing ¢ by —¢ in (3.1), we find that

W(=)(—¢*) = p(d®)(q*) — av(a")d(). (3.2)
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Adding (3.1) and (3.2), we find that

V(Q)¥(@®) + U(—@)v(—4*) = 26(¢°) ¥ (q"). (3.3)
Writing (3.3) in g-products with the aid of (2.4) and (2.5), and then simplifying with the help

of (2.7), we arrive at
(=4 6% o0 (=0 0% oo + (45670 (4% 0°) oo = 2(—4*; 4" (=% ¢')%. (34)

It is readily seen that (3.4) has the partition theoretic interpretation given in Theorem 3.1.
Example N =6 Then A(6) =7 = B(6), and the representations that we seek are given by

1o+ 16=9 +30 =9+ 3 =% + 30 =9 + 3 = 7o + 5o = 5o + 30 + 3p + 1o,

12, =12, =6, + 6, =8, + 4, =8, + 4, =8, + 4, = 8, + 4,.
Theorem 3.2  In the definition of A(N) in Theorem 3.1, replace 2N by 2N + 1. Let C(N)
denote the number of partitions of 2N into four distinct colors, with two colors, say red and

green, appearing at most once and only in odd multiples of 2 and the remaining two colors, say

pink and violet, appearing at most once and only in multiples of 12. Then, for N > 1,

A(N) = C(N).
Proof Subtracting (3.2) from (3.1), we find that
(@)(q*) = (=) (=a”) = 206(a*)9(¢"?). (3.5)

The identity (3.5) was also recorded by Ramanujan in his first notebook [3, p. 230], [7, p. 356,
Entry 2]. Writing (3.5) in g-products with the help of (2.4) and (2.5), and then simplifying
with the aid of (2.7), we deduce that

(=4:0%) oo (=% 0%)oo = (4:6%) 0 (6% ¢%) oo = 2a(—¢% ¢*) % (—q
From (3.6), we readily deduce the partition identity claimed in our theorem.

2R (36)
Example N =8 Then A(8) = 11 = C'(8), and the required representations are given by
17, =13, +3,+ 1, =13+ 3+ 1, =11, +5,+ 1, =11, + 30+ 3 =95 + 7o + 1,
=%+ 70+ 16=94+54+360=9 +5,+3 =9 + 55 + 30 = 9 + 5o + 3b,
14, +2, =14, +2, =14, + 2, = 14, + 2, = 12, + 2, + 2, = 12, + 2, + 2, = 10, + 6,
=10, +64 =104 4 6, = 105 + 64 = 6, + 64 + 2, + 2.
Theorem 3.3  Let A(N) denote the number of partitions of 2N + 1 into distinct odd parts
that are not multiples of 3, with each having two colors, say orange and blue. Let B(N) denote
the number of partitions of 2N into four distinct colors, with one color, say red, appearing at
most once and only in multiples of 4, two colors, say green and violet, appearing at most once

and only in multiples of 6, and the remaining color, say pink, appearing at most once and only
in multiples of 12. Then, for N > 1,

A(N) =2B(N).
Proof Setting p=2,v=1, A=1, and B = —1 in (2.13), we can deduce that
$(0)$(=¢%) — (=a)d(¢*) = dqv(—a*)¥(=d°). (3.7)
Dividing both sides of (3.7) by ¢(¢*)¢(—¢>) and using (2.11), we find that
#a) _ d(=q) (=a*)(=a")

8@ d(—®) T g2(—g)
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Expressing (3.8) in g-products with the help of (2.4) and (2.5), and then employing (2.7), we
obtain

(—4:0°)% (=% 4%)% — (@:4°)5 (6% 4°)% = 4a(—4"3¢") oo (0% d°) o (=4*%: 4" ). (3.9)
From (3.9), we readily deduce the partition identity stated in our theorem.
Example N = 6 Then A(6) = 12 and B(6) = 6, with the relevant representations being
given by

13=13, =11, +1,+ 1, =11, + 1, + 1, =T+ 5, + 1o =7, + 5, + 1, = 7, + 5, + 1,

=To+5+ 1 =To+50+ 1o =Ty + 5o+ 1y = Ty + 55 + 1, = Tp + 5 + 1,

12, = 12, =12, = 12, = 6, + 6, = 8, + 4.

Theorem 3.4  Let A(N) denote the number of partitions of 2N +1 into odd parts that are not

multiples of 3, with each having two colors, say orange and blue. Let B(N) denote the number
of partitions of 2N into four distinct colors, with two colors, say red and green, appearing at
most once and only in multiples of 2, one color, say pink, appearing at most once and only in
multiples of 4, and the remaining color, say violet, appearing at most once and only in multiples
of 12. Then, for N > 2,

A(N) =2B(N).

Proof Dividing both sides of (3.7) by ¢(¢)¢(—¢q) and employing (2.11), we deduce that
—3 3 2\ (6
¢(—q)  ¢(q) ¢*(—q)
Writing (3.10) in product notation with the aid of (2.4) and (2.5), and then using (2.7), we
deduce that
1 1
; — ; =49(—¢% ") % (0" 0 oo (0% ¢P) e (311
(0:4°)%.(0%0°)%  (=4;4°)% (=% ¢°)% ( ) ( ) :
From (3.11), we deduce the partition identity claimed in the theorem.
Example N =3 Then A(3) = 16, B(3) = 8, and the required representations are given by
To=Tp=5,+1,+1,=5,+1,+1y,=5,+1p+1, =5, +1,+1, =5, +1, + 1p
=+ L+ 1ly=1,+1o+1+1,+ 1, + 1, + 1, =14+ 1+ 1+ 1+ 1, + 1, + 1
:10+10+10+10+10+1b+1b:1o+1o+1o+10+1b+1b+1b
=l+lo+lo+li+ L+l +l, =1+l + 1+ 1+ 1+ 1+ 1
=lot+Lh+Lh+lL+1h+ 1L+, =1 + 1y +1p + 1p + 1p + 1 + 1y,

6 =6 =dp+2, =4y +2) =4y +2, =4, +2, =4, +2, = 4, + 2,

4 Partition Identities Related to Theta Function Identities of Degree 5

Theorem 4.1  Let A(N) denote the number of partitions of 2N + 1 into distinct odd parts
that are not multiples of 5, with each having two colors, say orange and blue. Let B(N) denote
the number of partitions of 2N into four distinct colors, with one color, say red, appearing at
most once and only in multiples of 2, and the remaining three colors, say green, pink, and violet,
appearing at most once and only in multiples of 10. Then, for N > 1,

A(N) =2B(N).
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Proof Setting p=3,v=2, A=1,and B = —1 in (2.13), we can deduce that
(@)p(—q°) — d(—a)d(¢°) = 4af(—a") f(—¢*). (4.1)
Dividing both sides of (4.1) by ¢(q°)#(—¢°) and employing (2.11), we find that
_ A (20

¢(f15) ) :4qf( %)f(wq ) (4.2)

o(¢°)  o(=4°) ¢*(=q')
Expressing (4.2) in product notation with the help of (2.4) and (2.6), and then employing (2.7),
we find that

(—a;0") 2 (=% ¢") 2 (=q"3 0" )20 (=% )20 — (4:0"°) 2 (65 0") 20 (¢T3 0" 2 (63 4") %
10: ¢10)3 . (4.3)

It is now easily seen that (4.3) has the partition theoretic interpretation stated in our theorem.

=49(—¢* ¢*)oo(—q

Example N =5 Then A(5) =12, B(5) = 6, and the representations we seek are
11, =11, =9+ 1+ 1, =% + 1, + 1, =T, + 3, + 1, =7+ 3, + 1, =T, + 3 + 1,
=To+3+ 1L =Ty+3,+ 1, =Ty +3,+ 1y, =Tp+3p + 1o = Ty + 3p + 1,
10, = 104 = 10, = 10, = 8, + 2, = 6, + 4,.
Theorem 4.2  Let A(N) denote the number of partitions of 2N +1 into odd parts that are not
multiples of 5 and each having two colors, say orange and blue. Let B(N) denote the number of
partitions of 2N into four distinct colors, with three colors, say red, green, and pink, appearing

at most once and only in multiples of 2, and the remaining color, say violet, appearing at most

once and only in multiples of 10. Then, for N > 1,
A(N) =2B(N).
Proof Dividing both sides of (4.1) by ¢(q)¢(—¢q) and using (2.11), we obtain the identity

o(=a") _o(a”) _, F(=a)f(=q") i4
U R O )
Writing (4.4) in g-products with the help of (2.4) and (2.6), and then employing (2.7), we

deduce that
1 1 2. 23 10. 10
) 9 9 ) fo'e) ) ) 9 ) 00

From (4.5), we deduce the partition identity claimed in the theorem.
Example N =2 Then A(2) =12, B(2) = 6, and the required partitions are
Bo+1lo+1, =3+, + 1y, =3+ + 1, =3 + 1, +1, =3, + 1, + 1;
= +hh+lhh=l+li+l+lot+lo=1+1,+1,+1,+ 1
=lo+lo+1lo+lh+1lp=14+1,+ 1+ 1+ 1p
=lo+1lp+1p+1p+1p =1+ 1 + 1 + 1 + 1,
Ay =dg=4,=2,+2,=2,4+2,=2,+2,.

5 Theorem of Farkas and Kra and a Theta Function Identity of Degree 7

Our aim in this section is to demonstrate that Schroter’s identity (2.13) easily leads to the theta

function identity yielding Theorem 1.1 of Farkas and Kra [1].
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Setting i =4 and v = 3 in (2.15), we can deduce that

W(@)(q") = ¢(@**)0(¢®) + (@) (e®) + ¢®d(d™)d(q). (5.1)
Replacing ¢ by —¢ in (5.1), and then subtracting the resulting identity from (5.1), we find that
D(@)¥(q") = (=) (=a") = 240 (a" )b (d?). (5.2)
Writing (5.2) in terms of g-products with the help of (2.5), we see that
(% 09)00(47 0" o0 (0%507)00(0™10™M)oe _ o (6%50D)00(67%6%)oc (5.3)
(:6°)=(@:¢") e (—0:¢%)c(—4"3¢M) o (4% 0" 0 (¢":4%%) o
We can rewrite (5.3) with the help of (2.7) as
4. 4 28. 28
2 7. 14 2 7. 14 (4%0%)oc (%% ¢%) o
=49 )oo(—050 )0 = (4547 ) e (4547 ) oo = 2¢
( )oo( Joo = (€547 oo ( ) (6% 4o (g1 014)o
= 29(=¢%¢*) oo (=4 4o (5.4)

It can readily be seen that (5.4) is equivalent to Theorem 1.1.
In fact, each of the partition identities proved in [1] and [5] arises from a theta function

identity that can be proved by using one of Schréter’s formulas.

6 Partition Identities Related to Theta Function Identities of Degree 15

Theorem 6.1  Let A(N) denote the number of partitions of 2N into two distinct colors with
one color, say orange, appearing at most once and only in odd parts and the other color, say
blue, also appearing at most once and only in odd multiples of 15. Let B(N) denote the number
of partitions of 2NN into parts congruent to +4, +£6, £8, +10, £16, £18, +28, or 30 modulo 60
with parts congruent to 30 modulo 60 having two colors. Then, for N > 2,

A(N) = B(N).
Proof From Entry 9(iv) of Chapter 20 in Ramanujan’s second notebook [3], [6, p. 377],
(@)¥(a"?) + e(—)v(=4") = 20(¢")v(¢"”). (6.1)
Writing (6.1) in g-products with the help of (2.5), we obtain the equivalent identity
(%:0%)00(@™:0%)oc | (4%07)00(@™:0% ) _ 5 (4'%54")00(6™34™) 0 6.2)

(:6%)(0%:6°) 0 (00?0 (—0¥°:¢*) (4% ¢'%) e (4195 ¢%°) o

We rewrite (6.2) as
(=43 0%)o0 ("% %) oo + (4 6*) 0 (4"%1 ¢**) o
(q12; q12)oo(q20; qQO)OO
(0% 4%) 00 (4% 41?) 50 (4195 ¢%°) 0 (405 ¢59) o
= : (6.3)
(g%, 4% 4%, 4%, %, ¢*%, ¢%, 430, 30, 432, ¢*2, ¢**, ¢°°, ¢°2, ¢°*, %5, ¢%0) '

It can readily be seen that (6.3) has the partition theoretic interpretation claimed in our theo-

rem.

Example: N =8 Then A(8) = 6 = B(8), and the representations we want are given by
1504+ 1=15p+1,=13,+3, =114+ 5, =9+ 70 = 75 + 5o + 30 + 1o,
16=10+6=84+8=84+44+4=6+6+4=4+4+4+4.

Theorem 6.2  Let A(N) denote the number of partitions of 2N + 3 into parts congruent to

+4, +£8, +£16, £28 modulo 60 or into two distinct colors with one color, say orange, appearing
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at most once and only in odd multiples of 3 and the other color, say blue, also appearing at most
once and only in odd multiples of 5. Let B(N) denote the number of partitions of 2N into two
distinct colors with one color, say red, appearing at most once and only in even parts and the

other color, say green, appearing at most once and only in multiples of 30. Then, for N > 1,

A(N) = B(N).
Proof From Entry 9(i) in Chapter 20 of Ramanujan’s second notebook [3], [6, p. 377],
U(@*)(@”) — v(=a")P(=") = 20°¢(a*) (™). (6.4)
Expressing (6.4) in g-products with the aid of (2.5), we deduce that
(6°:07)50(4" 4" (0000000 _ 30100 (04 )0 (6.5)
(@3 6900 (@ 00 (=% %) oo (—% q10) e (42400 (630 ¢50) o0 :

Employing (2.7), we can rewrite (6.5) as
263 (=02 %) oo (%% %) o
12, 12 20. 20
(1) = (Pl )} 0 )
_ (%0700 (=0%10") o0 = (6%0°) o0 (0”1 ¢ (6.6)
(0%, 45,46, ¢, 32, g™, 52, %6, ) oy
which has the partition theoretic interpretation claimed in Theorem 6.2.
Example N =9 Then A(9) = 8 = B(9), with the relevant partitions being given by
21, =164+5,=1249,=9,+8+4=9,+4+4+4
=8+48+5,=8+5,+4+4=5,+4+4+4+14,
18, =16, + 2, = 14, + 4, =12, + 6, = 12, + 4, + 2,
=10, +8, =10, + 6, + 2, = 8, + 6, + 4,.
Theorem 6.3  Let A(N) denote the number of partitions of 2N + 1 into parts congruent to
+6, £10, £18, 30 modulo 60, with parts congruent to 30 modulo 60 having two colors, say red
and green, or into two distinct colors with one color, say orange, appearing at most once and
only in odd parts and the other color, say blue, also appearing at most once and only in odd
multiples of 15. Let B(N) denote the number of partitions of 2N + 3 into parts congruent to
+4, £8, 16, +28 modulo 60, or into four distinct colors with two colors, say Orange and Blue,
each appearing at most once and only in odd multiples of 3, and the remaining two colors, say
Red and Green, appearing at most once and only in odd multiples of 5. Then, for N >0,
2A(N) = B(N).
Proof Setting p=4,v =1, and A= B =1 in (2.13), we deduce that
$(a°)0(a”) — ¢(=a°)d(—a’) = 44’ f(¢*, ¢") F(Q°, Q") + 44" T f(¢°. ¢'*) F(Q*, Q™),  (6.7)
where @@ = ¢*°. Now, from (2.12), we deduce that
2f(d° a"%) = ¥(a) + ¥(—q) (6.8)
and
24f(a* q") = ¥(a) — ¥ (—0). (6.9)
Employing (6.8) and (6.9) in (6.7), we find that
$(@*)9(a°) = d(=4*)d(—=4°) = 2¢*{¥(0)¥(Q) — V(=) (-Q)}. (6.10)
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Writing (6.10) in product notation with the help of (2.4) and (2.5), we find that
(0% 4%)oo (05 0ol (=0%5 472 ("1 0"*)% — (%45 (075 0 ") 20}
= 20%(0" 0o (471 4*) o { (= 4:0M) 20 (—0"*1 ¢") 0 = (13 0*) s (0"%5¢™) s} (6.11)
We rewrite (6.11) in the form

2 (=0 %) oo (—¢"; 30) —(40%)20 (4" ¢*) o
(45,4, q'®, %0, ¢, ¢, ¢* q5 ;3°%5¢%9) oo
_ (%075 (=a% 675 — (0% ") (07 0 0) %

(6.12
(q*, ¢, q*%, ¢? ,q32,q44,qd2,q"6,q6°)oo )

It is readily seen that (6.12) has the partition theoretic interpretation given in Theorem 6.3.
Example N =5 Then A(5) =2, B(5) = 4, and the relevant representations are given by
11, =7, + 3, + 1o,
8+5r=8+5g=5p+4+4=5g+4+4.
Theorem 6.4  Let A(N) denote the number of partitions of 4N + 6 into two distinct colors
with one color, say orange, appearing at most once and only in odd parts and the other color,
say blue, also appearing at most once and only in odd multiples of 15. Let B(N) denote the
number of partitions of AN into four distinct colors with two colors, say red and green, each

appearing at most once and only in multiples of 4, and the remaining two colors, say pink and

violet, each appearing at most once and only in multiples of 60. Then, for N > 1,
A(N) = B(N).
Proof Setting =4 and v =1 in (2.14), we find that
3(a")8(a”) + o(=a*)o(—a°) = 26(4*)$(Q®) + 4¢°¥(q") U (Q") + 8¢°*¥(a" ) (Q™),  (6.13)
where Q = ¢'°. Adding (6.10) and (6.13), we find that
#(a°)6(a°) = o(a*)(Q%) +2¢°¥(g")(Q") + 447U (") (Q")

+ @ {Y(@)Y(Q) — Y(~)¥(—-Q)}- (6.14)
Now, from Entry 9(iii) in Chapter 20 of Ramanujan’s second notebook [3], [6, p. 377],
$(@°)0(a°) = o(—a*)o(= Q%) + 2¢*U(0)¥(Q). (6.15)

Equating the right-hand sides of (6.14) and (6.15), we arrive at
$(=¢*)o(—Q%) + *{ () (Q) + ¥ (—)¥(-Q)}
= 0(¢)3(Q%) + 26> (¢ ) (Q") + 4¢°*¥(¢'*)p(Q°). (6.16)
Employing (2.9) and (2.10) in (6.16), we find that
#(q*)0(Q%) — 6(=¢*)o(—Q%) + 4¢°¥(¢")¥(Q") = 2¢*{¥(9)¥(Q) + Y (~¢)¥(~Q)}.  (6.17)
Writing (6.17) in product notation with the aid of (2.4) and (2.5), we arrive at
{(=¢* "% (—8Q2; Q:)ios— (q2;q4)§o(QZ;Q:)io}(;z“;q:)oo(Q“;Q;)o; o
o SE ; Eg‘* 88; = { ((é ’32;:8;’62%)2:0 i ((qq;%:gQQ’;QQQ);; } (015
Using (2.7), we can rewrite (6.18) as
(=% a5 (-Q% QM5 — (645 (Q% Q)% +4¢°(—ah ¢35 (-1 QY%
= 20” {(=4:0*)oo (@3 Q*) oo + (: 0*) oo (Q3 Q%) } - (6.19)
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Now, let a(n) be defined by

oo

(0% ¢)%(Q% QY% = Y a(n)g™. (6.20)
Using (6.20), we can rewrite (6.19) as "
S -1 i W+ 40— QY QY
(P + (4Pl @)} (6.21)

Equating coefficients of ¢*V+8 on both sides of (6.21), we readily arrive at the partition identity
claimed in our theorem.
Example N =5 Then A(5) = 14 = B(5), and the relevant representations for us are
250+ 1,=23,4+3,=21,+5,=19,+ 7, =17, +9, =17, + 5, + 3, + 1,
=15,+11, =15, 4+ 11, =15, + 7o + 3, + 1, =15, + 7, + 3, + 1,
=13,+9,+3,+1,=13,+ 70+ 5o+ 1, =11, + 9, + 5, + 1,
=11, + 7, + 5, + 3o,
20, =204 =16, + 4, = 16, + 4, =164 + 4, = 164 + 4, = 12, + 8, = 12, + 8§,
=12,48, =12, +8;, =12, +4, + 4, =12, + 4, +4, =8, + 8, + 4,
=8, +8, +4,.
Theorem 6.5 Let A(N) denote the number of partitions of 4N + 3 into two distinct colors
with one color, say orange, appearing at most once and only in odd multiples of 3 and the other
color, say blue, also appearing at most once and only in odd multiples of 5. Let B(N) denote
the number of partitions of 4N into four distinct colors with two colors, say red and green, each
appearing at most once and only in multiples of 12, and the remaining two colors, say pink and
violet, each appearing at most once and only in multiples of 20. Then, for N > 1,
A(N) = B(N).
Proof From (6.10) and (6.1), we deduce that
$(a*)0(¢°) — ¢(=a*)d(—a*) + 44°¥(a®)¥(a"%) = 44°¥(@)¥(Q), (6.22)
where Q = ¢'°. Now, replacing ¢ by ¢* in (6.22) and then employing (6.4), we arrive at
#(@*)0(q") — (=a°)d(—4"") + 44" (g (¢*) = 2a{0(a*)¥(a°) — (=’ )¥(=¢°)}. (6.23)
Expressing (6.23) in g-products with the help of (2.4) and (2.5), we find that
{(—(]6'(]12)2 ( q10.q20)2 (qﬁ.q12)2 (qu. q20)2 }(q12. q12) (q20.q20)
¢*° 6. 6 10. 10 6. .6 10. 10
4 (@5 6*) e (6"%0") 2q{(q 10%)00 ("0 )00 (4%54%)c (a3 g )30 } (6.24)

(4% %) o0 (4% 4*) oo (0% ¢%)o0(@% 0" )0 (—0%¢%)oo(—0% ¢'0) o0
Using (2.7), we rewrite (6 24)

(=% a2 (=¢"% )2 — (6% ¢")2 (0" ¢*°)2 + 4™ (—¢"%; )20 (a0 %

+4q

=20{(—*;4%*) oo (—0”: ¢"*) o0 — (¢*;0°) e (¢°; V)0 }- (6.25)
Now, let b(n) be defined by
(0% 4" 20" )% = > b(n)g™" (6.26)

n=0
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Employing (6.26), we can rewrite (6.25) as

(oo}

> o(=1)r Z n)q®™ +4¢" (—q'%1 )2 (= %)%

n=0
=2¢{(—¢";¢%)oo ( 0")o0 = (6%4%) o0 (44" ) }- (6.27)
Equating coefficients of ¢*N*+% on both sides of (6.27), we arrive at the partition identity given
in the theorem.
Example N =15 Then A(15) = 20 = B(15), and the representations we want are given by
63, = 55, + 5p + 3o =51, + 9, + 3, = 45, + 15, + 3, = 45, + 15, + 3,
=45, + 15, + 3, = 45, + 15, + 3, = 39, + 21, + 3, = 39, + 15, + 9,
=39, + 15, + 9, = 35, + 25, + 3, = 33, + 27, + 3, = 33, + 15, + 15,
=33,+25,+ 5, =33, +21,+9, = 27, + 21, + 15, = 27, + 21, + 15,
= 20 + 15, + 15, + 5p + 30 = 255 + 21, + 9 + 5 + 3,
— 21, + 15, + 154 + 9, + 3,
60, = 60y, = 60, = 60, = 48, + 12, =48, + 12, = 48, + 12, = 48, + 12, = 40, + 20,
=40, + 20, = 40, + 20, = 40, + 20, = 36, + 24, = 36, + 24, = 36, + 24,
=36, + 24, = 36, + 12, + 12, = 36, + 12, + 12, = 24, + 24, + 12,
=24, + 24, + 12,

7 Partition Identities Related to Theta Function Identities of Degree 27

Theorem 7.1  Let S denote the set consisting of two copies, say in colors orange and blue,
of the positive integers and two additional copies, say in colors red and green, of those positive
integers that are multiples of 27. Let A(N) denote the number of partitions of 2N + 7 into odd
elements of S or into parts congruent to £18 modulo 54, and let B(N) denote the number of
partitions of 2N into even elements of S or into parts congruent to +£18 modulo 54. Further-
more, let C(N) denote the number of partitions of 2N +6 into even parts that are not multiples
of 3. Then, for N > 1,

A(N) = 2(B(N) + C(N)).

Proof From Entry 4(iv) in Chapter 20 in Ramanujan’s second notebook [3], [6, p. 359],

(@)3(a*") — (—a)p(—4a”") = 4af (=¢°) f(—=4**) + 44"V (a*) (). (7.1)
Expressing (7.1) in g-products with the help of (2.4)—(2.6), we find that
{6 )% (=" 0™ — (@632 ™3} 6P (™0™
18, 7(0% 400 (4"%% ") o0
q"%)os +4q (425 q) oo (474 ¢108) o

Dividing both sides of (7.2) by (¢2;¢%)o0(¢°*; ¢**) s and then employing (2.7), we deduce that

oo

= 49(¢% ¢%) o (¢"%; (7.2)

(42 (=T "% — ()2 (75 ") %
(4% ¢%) 0 (¢"%;: ¢"®)

o2, +4q(

> (7.3)

T2l 232
=4q¢"(—q7:q7)5(—q 02 42 oo (@54 05 o
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We can rewrite (7.3) in the form

(—a;4%) % (—q )io (q D2 (@ N2,
(q18 36 )
g 4
e a (18) (6 7)o s +(q2,q4?q6)oo (74)

Equating coefficients of ¢>¥*7 on both mdes f (7.4), we readily deduce the partition identity

claimed in the theorem.
Example N =3 Then A(3) =26, B(3) =6, C(3) =7, and the relevant partitions are given
by
1Bo=13 =11+ 1o+ 1, =11, + 1, + 1, =9+ 3, + 1o =95 + 3, + 1
=%+ +1=%+3+1L=%+3+1,=%+3+1=9%+3+ 1,
=% +3+ 1, =To+5,+1,=To+0,+ 1, =T, +5,+1, =75+ 5, + 13
=Ty +5+ 1, =Tp+5+ 1L, =Ty +5p+ 1o =Tp+5p+ 1, =7, +3,+ 3
=Ty +30+3p=5,+5,+3,=5,+5+3p=5,+3,+3p+1,+1;
=0+ 30+ 3p+ 1o+ 1y,
6o =06p =40 +2, =40+ 2y =4y + 2, = 4y + 2,
10+2=8+44=8+2+2=4+4+4=4+4+2+2
=4424+24+24+2=24+24+2+2+2.

8 Partition Identities Related to Theta Function Identities of Degree 35

Theorem 8.1 Let S denote the set consisting of two copies, say in colors orange and blue,
of the positive integers and two additional copies, say in colors red and green, of those positive
integers that are multiples of 35. Let A(N) denote the number of partitions of 2N + 1 into odd
elements of S, and let B(N) denote the number of partitions of 2N — 8 into even elements of
S. Furthermore, let C(N) denote the number of partitions of 2N into even parts that are not
multiples of 5 or 7. Then, for N > 5,

A(N) =2(B(N) + C(N)).
Proof From Entry 17(i) in Chapter 20 of Ramanujan’s second notebook [3], [6, p. 417],

$(0)(4*) — (—0)p(—4*°) — 44"V (a*)¥ (") = 4af (—4") f(=¢™"). (8.1)
Writing (8.1) in product notation with the help of (2.4)—(2.6), we find that
{005 (=002 = (4:6%)% (@102 a5 4o (0™ 4o

o (q4’ q4)oo(q1407 q140)

10. 10 14, 14
(q2,q4)oo(q70’q140)oo 4q(q 7q )()o(q 7q )OO (82)
Dividing both sides of (8.2) by (¢2%;¢%)00(q¢7;¢") s and then employing (2.7), we deduce that
(—=4:0°)2 (0% 47)2% = (@:6°)2% (675472 — 44° (=% ¢*) 2 (=45 472
10. 10 14, 14
_ 40 o075 oo (8.3)

(6%6*)oc (0750 o0
From (8.3), we readily deduce the partition identity claimed in the theorem.
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Example N =5 Then A(5) = 16, B(5) = 2, C(5) = 6, and the desired representations are
given by
11, =11, =9+ 1o+ 1 =% + 1o+ 1, =T+ 3, + 1o =T, + 3, + 1, = 7, + 3p + 1,
=T+ + 1L, =Tp+3+1lo=To+3+ 1, =Ty +3p+ 1, =Ty + 3, + 1
=5,+5p+1o=5,+5y+ 1, =5, 4+ 30+ 3 = 5p + 35 + 3p,
20 = 2,
84+2=64+4=6+2+2=4444+2=4424+2+2=24+2+2+2+2.
Theorem 8.2 Let S denote the set consisting of two copies, say in colors orange and blue,
of those positive integers that are multiples of 5 and two copies, say in colors red and green,
of those positive integers that are multiples of 7. Let A(N) denote the number of partitions of
2N + 3 into either odd elements of S or into even parts not congruent to multiples of 5 or 7
modulo 70, and let B(N) denote the number of partitions of 2N into either even elements of S
or into even parts not congruent to multiples of 5 or 7 modulo 70. Then, for N > 1,
A(N) =2B(N).
Proof The following theta-function identity was recorded by Ramanujan in Chapter 20 of his
second notebook [3], [6, p. 417, Entry 17(ii)], namely,
#(a°)o(q") — ¢(—a°)o(—a") = 44’ P(a'*)e(a*) — 4¢° F(=a*) f(=a"). (84)
Writing (8.4) in g-products with the help of (2.4)—(2.6), we find that
{(=% 0" )% (=" 4") % = (6 0")2 (¢": ") 21 (@ ") o (1 ¢
20. 20 28. 28
o e ) A0 )07 ) (8.5)
Dividing both sides of (8.5) by (¢'°;¢'%) s (¢**; ¢**)oo and then employing (2.7), we find that
(=6 a2 (=" 0% — (0" 2 (a5 02
(0% 6*)oe (@547

4.3 10, ,10\2 14, 14y\2 3
—4(] (_q 14 )oo(_q 14 )oo_4q (qlo;qlo)oo(q14;ql4)oo. (86)
We can rewrite (8.6) as
10. 10 14. 14
5. 1012 7. 1432 5. 1002 (7. 14v2 4 (@34 )oo (07456 ) 0o
459 )oo\70 50 ) — 07507 )56(050 7 )
T N A R RV B UL B I
10. 10 14. 14
: 9750 )o\q 19 oo
4P (0% ) (g™ )2 Joo! Jo 4, (8.7)

(4% ¢*)o (0% 4™) o0
from which we readily arrive at the partition identity claimed in our theorem.

Example N =6 Then A(6) = 24, B(6) = 12, and the relevant partitions are given by
15, =15, =8+ 7, =8+ 7, =8+5,+2=8+5,+2=7, +6+2="T7,+6+2
=T +44+4=T,+44+4=7+44+2+2=T34+4+2+2=7,+2+2+2+2
=Ty +24+24+2+2=6+5,+4=06+5,+4=6+5,+2+2=6+5,+2+2
=05 +4+4+2=5,+4+4+2=5,+4+2+2+2=5,+4+2+2+2
— 5, 4242424242 =5, 4242424242,
12=10,+2=10,+2=8+4=8+24+2=6+6=6+4+2=6+2+2+2
=44+4+4=44+44+24+2=4+2+24+24+2=24+2+2+2+2+2.
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9 Partition Identities Arising from Theta Function Identities of Degrees 39, 55,
and 63

Theorem 9.1 Letv =5, 3, or1 and definee =0 if v =5 or 3, ande =1 if v =1. Let
A(N) denote the number of partitions of 2N + 6 + ¢ — (v* — 1)/8 into parts that are multiples
of 4 but not multiples of 4(8 — v) or 4(8 + v), or into two distinct colors with one color, say
orange, appearing at most once and only in odd multiples of 8 — v and the other color, say blue,
appearing at most once and only in odd multiples of 8 + v. Let B(N) denote the number of
partitions of 2N + € into two distinct colors with one color, say red, appearing at most once
and only in odd parts and the other color, say green, appearing at most once and only in odd
multiples of 64 — v?. Then, for N > 2,

A(N) = B(N).

Proof The three parts of the corollary in Section 37 of Chapter 16 of Ramanujan’s second
notebook [3], [6, p. 74] may be collectively written as

—v v —v v — (12—
V(@) = (=" (=) = V(@) v (-w(-Q)) (91)
where v =5, 3, 1, Q = q64_”2, and where the plus sign is chosen in the first two cases and the
minus sign is chosen in the last case. Writing (9.1) in g-products with the help of (2.5), we find

that
(P 2B)) (PBH); 2B+ o (g2 2871 (2B H1); g2BH))
_ 8

(@375 2B ) oo (BT 26BT)) o (=B 2B o (—gBFV; g23+1)) o

:q6(y21)/8{(q2;q2)00(Q2;Q2)00 L (6567)(Q% Q) } 9.2)
(:0%)00(QQ%)oc  (—4:¢*) 0o (—Q5 Q%)
With the help of (2.7), we rewrite (9.2) in the form
(") g ) (¢ A B (=375 2B o (=B g2B+))
(0% 0*) 0 (@% Q%) oo 7 = ’ =
_ (q8—u;q2(8—y))oo(q8+y;q2(8+u))oo}
= ¢ (5020 (—Q; Q) oo £ (4507 o0 (@ Q%) } - (9:3)
We note that 6 — (2 — 1)/8 is odd when v = 5 or 3 and even when v = 1. Thus, taking
€ = 0 in the first two cases and € = 1 in the last case, and then equating coefficients of

2N +6+¢— (v? —1)/8 on both sides of (9.3), we arrive at the partition identity claimed in the

theorem.

Example N =8, v =5 Then A(8) =5 = B(8), and the relevant partitions are given by
164+3,=15,+4=848+3,=84+4+4+3,=4+4+4+4+3,,
15, +1, =13, +3, =11, 45, =9, + 7, =7, + 5, + 3, + 1,

Theorem 9.2 Let S7 denote the set consisting of two copies, say in colors orange and blue,
of the positive integers and two additional copies, say in colors red and green, of those positive

integers that are multiples of 64 — V2.

Let Sy denote the set consisting of two copies, say in
colors Orange and Blue, of those positive integers that are multiples of 8 — v and two copies,
say in colors Red and Green, of those positive integers that are multiples of 8 + v. Let A(N)

denote the number of partitions of 2N + 16 — (v? — 1) /4 into odd elements of S1, and let B(N)



Partition Identities 969

denote the number of partitions of 2N into even elements of S1. Furthermore, let C(N) denote
the number of partitions of 2N + 16 — (v? — 1)/4 either into even parts that are not multiples
of 8 — v or 8+ v, or into odd elements of Sz, and let D(N) denote the number of partitions of
2N + 12 — (v%2 — 1) /4 either into even parts that are not multiples of 8 — v or 8 + v, or into
even elements of Sy. Then, for N > 1,
A(N)+2B(N)=C(N)+2D(N).

Proof We begin by recalling the following identity found by Berndt [6, p. 429]. If v =5, 3 or
land Q = q64_l’2, then

¢(q8+u)¢(q87u) 4 ¢(_q8+u)¢(_ 871/) + 4(]4’¢( 16+2u),¢(q1672u)

= 0(@)#(Q) + (—0)¢(—Q) +4¢"" TV () Q7). (9-4)
Writing (9.4) in product notation with the aid of (2.4) and (2.5), we find that
{(=* N2 (= PN 2+ (22 (5T P2 )

4(8—v). ,4(8—v 4(84v). ,4(8+v
% (q2(8—u).q2(8—u)) (q2(8+v).q2(8+u)) +4q4 (a ( ),q ( ))oo(q ( )7(1 ( ))oo
’ o0 ’ o0 (q2(8—1/); q4(8—1/))oo(q2(8+u); q4(8+1/))00

={(- (—Q: Q)% + (102 (@ Q)2 (0% ) (60
+4q 16—(v2—1)/4 (q q ) (Q4'Q4)
(4% 4") 0 (Q% Q%)
Using (2.7), we can rewrlte (9.5) in the form
(2B ?B71)) o (¢PBH); 2B 1))

(4% ¢%) 00 (Q%; Q%)
+ (@ PN 2T PN + dgt (PO P2 (=2 2T )
= ()% (% Q)% + (7% (Q: QD% +4¢ V(g% )2 (-Q% Q). (9.6)

Equating the coefficients of q2N+16*(”2*1)/4 on both sides of (9.6), we readily arrive at the

(9.5)

7q87u; q2(87u))io(7q8+v; q2(8+u))2

[e )

partition identity claimed in our theorem.
Example: N =2, v =5 Then A(2) =29, B(2) = 3, C(2) = 17, and D(2) = 9, with the
relevant representations being given by
13, +1, =13, + 1, =13, + 1, =13, + 1, =11, + 3, =11, + 3p = 11, + 3, = 11, + 33
=9 +5=9%+5=9%+5,=9%+5 =9 +3,+1o+ 1, =9, +3p + 1, + 1,
=R+ + Lo+ 1L =R+ +1,+ 1L, =T, +T=T+5,+1,+1
=To4+5p+ 1o+ 1, =To+5,+1lo+ 1 =Tp+5,+ 1o+ 1, =7,+3,+ 3 + 1,
=T0+30+3+1 =Ty +3+3p+1o=Tp+36+ 3 +1p =5, + 5p + 3, + 1,
=50+ 5y + 30+ 1y =5, + 5p + 3p + 1, = 55 + 5y + 3 + 1y,
4o = 4p = 25 + 2y,
14=1044=104+2+2=90+30+2=90+3+2=9+30+2
=95+4+35+2=84+44+2=8+30+3=8+2+2+2
=44+44+44+2=44+4+30+3p=4+4+2+2+2
=44+30+3+24+2=44+2424+24+2+2
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=30+3+2+24+24+2=24+2+2+2+2+2+2,
10=8+2=060+4=06p+4=060+2+2=0p+2+2
=4+4+2=4+24+2+2=2+2+2+2+2.

Acknowledgments The authors are grateful to the referee for pointing out that their original

formulations of Theorems 3.1 and 6.5 can be strengthened.
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