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1 Introduction

Suppose {X; : ¢ € Z} is a real-valued random variable sequence on a probability space (92, 8, P).
Let % denote the o-field generated by (X; : m <i <n). Let

a(n) = sup {|P(AB) — P(A)P(B)|: Ac F™_ B e .ZZ,,}.

The sequence {X;} is said to be a-mixing or strong mixing if a(n) — 0 as n — oo.

The moment inequalities of partial sums S,, := > ;| X; play a very important role in various
proofs of limit theorems, for example, the Marcinkiewicz—Zygmund inequality and the Rosenthal
inequality for independent random variables, the Burkholder inequality for martingales. For
dependent random variables, many scholars have also been trying to develop these inequalities.
One can refer to Billingsley (1968, [1]), Peligrad (1982, 1985, 1987, [2—4]), Roussas and Ioannides
(1987, [5]), Shao (1988, 1989, 1995, [6-8]), Yang (1997, [9]) and Zhang (1998, 2000, [10, 11]) for
¢-mixing or p-mixing sequences, Birkel (1988, [12]) and Shao and Yu (1996, [13]) for positively
associated sequences, Su, Zhao and Wang (1997, [14]), Shao and Su (1999, [15]), Shao (2000,
[16]), Zhang and Wen (2001, [17]) and Yang (2001, [18]) for negatively associated sequences.

In this paper, we consider the strong mixing sequences. In this case, Yokoyama (1980, [19])
first got that

E|S,|" < Cn"/? (1.1)

for r > 2 and a strictly stationary sequence. Shao and Yu (1996, [13]) and Yang (2000, [20])
investigated some general inequalities. The follow inequalities are due to Shao and Yu (1996
[13], Theorem 4.1; also see Lemma 12.2.2 in Lin and Lu (1996, [21])).

Theorem A Letr > 2,0 > 0,2 < v <r+46 and {X;,i > 1} be an a-mizing sequence of
random variables with EX; = 0 and || X;||, 15 := (B|X;|" )Y+ < oo, Assume that a(n) <
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Cn=Y for some C >0 and® > 0. Then , for anye > 0, there exists K = K(e,r,6,v,0,C) < 00
such that

r r/2 r r—060/(r+6 1+e r
B1S,|" < K{(nC.)"? max || X[l +n( =N max (X7 s ) (1.2)

where Cpy = (310 (i + 1)2/(1}_2)&(1.))(1;72)/1;' In particular, for any e > 0,
T r/2 T 1 T
BSu|" < K {n'/? max [1X[; + ' max |[Xi][7s | (1.3)

if0>v/(v—2) and 0 > (r —1)(r+9)/d, and
T r/2 T
E|Sal” < Kn"? max [|Xill7.4s (1.4)

if @ > r(r+9)/(20).

These inequalities use the maximal moments max;<;<n || X;[[; and maxi<i<, [ Xs|[} 5 as
up-boundary. In some cases, it will lose the information of the moment sums Y., || X;[[;, and
> 1 |1X6|[7, 5. Indeed, we have the well-known Rosenthal inequality

n n r/2
r r 2
B max 15| sc{}_ljmxi +<§_13E|Xi|) } (15)

for independent random variable sequences.

The main purpose of this paper is to develop some maximal moment inequalities which use
moment sums as up-boundary for partial sums of strong mixing sequences. Our inequalities
are very near to (1.5) and improve Theorem A. To show the application of the inequalities, we
apply them to discuss the asymptotic normality of the weight function estimate for the fixed
design regression model.

Throughout this paper, it is supposed that C' denotes constant which only depends on some
given numbers, [z] denotes the integral part of z, || X||, := (E|X|")"/", a Ab:= min{a,b}. The
paper is organized as follows. Section 2 contains the maximal moment inequalities and their
proofs, Section 3 gives the application of the inequalities.

2 Moment Inequality
We will prove the following results.

Theorem 2.1 Letr > 2,0 > 0,2 <v <r+0 and {X;,i > 1} be an a-mizing sequence of
random variables with EX; = 0 and E|X,»\7""“S < o0. Suppose that

6 > max {v/(v—2),(r—1)(r+9)/0} (2.1)

and a(n) < Cn=% for some C > 0. Then, for any ¢ > 0, there erists a positive constant
K =K(e,rd6,v,0,C) < 0o such that

n n n r/2
r r r 2
R ACTET 2 LD SIS SIEAREN O DIy B S
Theorem 2.2  Letr > 2,0 >0 and {X;,7 > 1} be an a-mizing sequence of random variables
with EX; =0 and E|X;|"*° < co. Suppose that
0> r(r+19)/(29) (2.3)

and a(n) < Cn=? for some C > 0. Then, for any € > 0, there exists a positive constant
K =K(e,rd,0,C) < oo such that

n n r/2
T r 2
Elfél]agn|5j| < K{nEZ;EXi| + (Z;|Xi||r+5) } (2.4)
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Remark 2.1  Since E|X;|" < [|X;[[; s, we have (1.3) and (1.4) in Theorem A from (2.2)
and (2.4). Obviously, r(r +9)/(26) < (r — 1)(r 4+ 6)/0 for r > 2. Hence the mixing rate of the
condition (2.3) is weaker than that of the condition (2.1). And the condition (2.1) is almost
the same as 6 > v/(v—2) and § > (r —1)(r + 6)/0 in Theorem A, the condition (2.3) is almost
the same as 6 > r(r + 6)/(20) in Theorem A.

Remark 2.2 Note that (2.2) and (2.4) contain the information of moment sums. They are
more efficient in researching weight sums than (1.3) and (1.4). Indeed, there are many weight
estimates in statistics, such as least squares regression estimate, non-parameter regression es-
timate and non-parameter density estimate. So Theorem 2.1 and Theorem 2.2 are very useful
results.

Remark 2.3 In application of the inequalities (2.2) and (2.4), we may choose a sufficiently
small ¢ > 0. If the random sequence is independent, then (2.2) is near to (1.5) by taking
v =249 for a sufficiently small § > 0.

To prove our theorems, we first give the following lemmas.

Lemma 2.1 (i) Suppose that & and n are Ff - measurable and .F, Fin - measurable random

variables, respectively. If E|€|P < oo, E|n|P < oo for some p,q,s >1 with 1/p+1/qg+1/s =1,
then

|B(&n) — (B€)(En)| < 100> (n)]Ig]l, - l[n]l,-

(i) If Y52, al9=2/4(4) < oo for some q > 2, then B (3 1 LX) < CY L E|IXil2.

One can see the result (i) in Roussas and Ioannides (1987, [5]). It is easy to get the result
(ii) from (i). Also see Lemma 1.2.4 in Lin and Lu (1996, [21]).

Lemma 2.2 For any x,y € R, we have
 +y[" < yl" + dalx]” + ralyl " sen(y) + doa®ly["72 for v >2 (2.5)

where di = 27,dy = 27 - 2.
Proof Forr >2,t€ R it is easy to show that |1 +¢|” < 1+dy|t|" + rt + dat?. From this, we
have the result by taking ¢ = y/x as x # 0. It is clear as x = 0.

Let k = [(n/2)*] and m = [(n/2)'~*], where 0 < A < 1 which will be given later on. Clearly,

1
n < 2(m+ 1)k, Zn’\ <k<nt m<n7N (2.6)

Fix n and redefine X; as X; = X; for1 <i<mnand X; =0fori>n. For j=1,2,..., m+1,
set

nA(2j—1)k nA2jk
Ve Y Xz Y X
i=2(j—1)k+1 i=(2j—1)k+1

and S ; = Zﬁ:l Yi, S2; = 25:1 Z.
Lemma 2.3

2(m—+1) (7—1)k+1 r
max |S;|" < C4 max |51]| + max |52]| + max Z Xi| ¢-
1<j<n 1<j<m+ ’ 1<5< ’ - 1<I<k

i=(j—1)k+1

Proof Noting that S; = Zb/k]k X; + Zg:[j/k]kﬂ X;, we have

[3/k]k

>
i=1

J

>, X

i=[j/k]k+1

T

+ 27! max
1<j<n

T

max |S;]" < 277! max =1+ 1

1<j<n 1<j<n
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and

L<207D max [Sy)7 42207 max[So )7
1<j<m+1 1<j<m+1

(G—1)k+1 r 2(m+1) (G—1)k—+l r
I <2t X;| <2t X;
2= 1<j312%§z+1) 112?<Xk Z o= . 1215% ‘ Z '
=(G—1)k+1 Jj=1 i=(—-Dk+1
These equations above imply the desired result.
Clearly
T < . _q. . .
1< e 910" = ‘ 1< Em S| + ’ 1grjng351(+1( S1.4) (2.7)
Denote
M; =max{0,Yj11,Yjp1 + Vigo,. .. Vi + Yy + - + Yo 1,
Nj =max{Yji1,Yj11 + Yjjo, ... Vi1 + Yiga + -+ Y},
M; =max{0, =Yji1, =Yj41 = Yjyo,..., =Y = Yijo — - = Yiupa
Nj =max{=Yjy1, =Yjp1 = Yigo, oo, Vi1 = Viga — - =Yg}
Then
(Jmax Sij=No, Nj=Yjp1+ M, 0< My < [N, (2.8)
(Jnax (=515) = No, Nj = —Yj1+ M, 0< My < [N, (2.9)
and
Mj :maX{SLj,SLj_‘_l,...,Slym_H}—SLj §j<rlnax ‘Slz|+|slg| < 2 gnax |51]‘ (210)
M; = max{~S1;,~S1j41,- ., ~Stms1} + S1;
< max, |51 il 4151, <2 max |SL]| (2.11)
7j<i<m 1<5<

Lemma 2.4 If0 > (r — 1)(r +9)/6, then for any p > 0, there ewxist positive constants
C,=C(p,r,6,0) < oo and C, = C(r) < oo such that

ZE Y, M) <C,,ZHX 715 +pCrE | max |S15]", (2.12)
<j<
ZE Y;MIh < C, ZHX 75 +pCrE | max  |S1;[" (2.13)
<j<
i=1

If6 > r(r+ 5)/(25), then for any p > 0, there exist positive constants C, = C(p,r,,0) < oo
and Cr = C(r) < oo such that

m r/2

ZE(Y M- Hh<c (Z | X5 1124 ) + pCLE | Jmax 1S1,5]", (2.14)

j=1 i=1

m r/2

Z ;M h < C (ZHX ||T+5> +pCe B max  [Sy". (2.15)
<j<

j=1 i=1

Proof Let 8=4§/[r(r+9)]. By Lemma 1 withp=r/(r—1),g=r+06 and s = r(r+9)/0, and
(2.10), we obtain that

ZE (VM) < 100%(R) S Y5 floges - | My 270

Jj=1 Jj=1
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m (r—=1)/r
< Lor—1_5 : . r
<1027 31 s (&, e 1517)

(r=1)/r
<527 e ZHX loss (8, s 1s1)

57‘ ’I‘ ’l" ( 1)
< Al 1T (9.
< <Z | IIms) B max |S107, (216)

using the Hoélder inequality a'/7b("—1D/7 < %a + r%lb in the last inequality above. Put B =
P (k) (X I X lets)” IO > (r —1)(r + 6)/6, then

B<n" ' (k ZIIX 5ts - (2.17)

Taking A = (r — 1)(r + d)/(09), we have 0 < A < 1 and
nr—laﬁr(k) < Cnr—lk—Qﬁr < Cnr—l—)ﬁﬂr < Cnr—l—AQé/(T—i—é) =C. (218)

A combination of (2.16) with (2.17) and (2.18) yields (2.12). If 6 > r(r + J)/(26), then

n r/2
i=1
Taking A = r(r + 9)/(2606), we have 0 < A < 1 and
nr/2aﬁr(k) < Onr/2k705r < C«nr/2f)\0[-}r < Cnr/27A06/(r+6) —C. (220)

From (2.16), (2.19) and (2.20), then (2.14) follows. Similarly, we get (2.13) and (2.15).

Lemma 2.5 If 0 > max{v/(v—2),(r —1)(r+9)/0}, then for any p > 0, there exist positive
constants C, = C(p,7,v,6,0) < 0o and C, = C(r) < oo such that

m r/2

E E(Y7M[?) <C, <§ ||X||U> +C, E | X; ||T+5+pC’E max, |SU| (2.21)
. <j<

Jj=1

=1

m n T/Z n
S e(vi?) <c, (ZIIMI%) +Cp D | Xillrys +pCrB | max | [S]7. (2:22)
j=1 i=1 i=1

If 0 > r(r +9)/(20), then for any p > 0, there exist positive constants C, = C(p,r,6,0) < 00
and C, = C(r) < oo such that

m r/2

S E(YM[?) <Z | X; ||T+5> +pCrB | max (814", (2.23)
; <5<

j=1

m r/2

ZE(YQMT <, <Z | X; |T+5> + pC, E Jmax, |51,j| (2.24)
. <<

Jj=1

Proof Let f = §/[r(r +0)]. By Lemma 2.1 (i) with p = r/(r — 2),q = (r +6)/2 and s =
r(r+96)/(20), and (2.10), we obtain that

D B(FM;T) =3 BB + ) Cov (V7M7)
Jj=1 Jj=1 J=1
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m

< 2 BORIBOMG) + 1007 (8) 31, Il M6 17

<2T22EY2E _max 151,

m (r=2)/r
24 Ca? )3 Y s (E max |51,j|r)

1<j<m+1
Jj=1
, , (r—2)/r
=2 (XEE}/]> <E1<§'n<a;7)1{+1|51’j| )
j:
28 n 5 (r—2)/r
+ Cha <k>(§; | X ITM) (EK?L%H 15 )
2\ Cy /2,8 - » \"
e 2)/4(ZEY) T AR CIO S P
i=1
2(r—2
+uE max |5 ;[", (2.25)
r 1<j<m+1

using the Holder inequality a2/7b(r=2)/m < 2a + T_zb in the last inequality above.

If 0 > max{v/(v —2), (r — 1)(r + 8)/6}, then 32, av=2/v(G) < O3 i 00=2/v < o0,
By Lemma 2.1 (ii),

m r/2 n r/2
(Xmz) <o) - (2.26)
j=1 i=1
Taking A = (r — 1)(r + 9)/(09), we have 0 < A < 1 and

nr/Zflkr/Zaﬁr(k) < Cnr/271kr/27957‘ < C,nr/271+)\(r/270ﬁr) — Cnr()\fl)/Z <C.

Hence
/2

K207 (k (ZHXHM) <P e () S | X | 5<OZ||X||T+5 (2.27)
=1

A combination of (2.25) with (2. 26) and (2.27) yields (2.21).
If 0 > r(r +4)/(25), then 322, /09 (j) < O3 i70/(r+9) < 05" i77/2 < 0. By
Lemma 2.1 (ii),

m r/2 n r/2
(L) <c(XTixls) - (229)
j=1 i=1
Taking A = r(r + §)/(2606), then we have 0 < A < 1 and

kr/2aﬁr(k) < Ckr/th‘),Br < Cn/\(r/279,6r) _ Cnr()\fl)/Z <C. (229)

From (2.25), (2.28) and (2.29), then (2.23) follows. Similarly, we get (2.22) and (2.24).
Lemma 2.6 If 0 > max{v/(v—2),(r —1)(r +9)/d}, then

m—+1 r/2
NS D OLIAES sE IR O wilt) R HECED
Jj=

E max |5y

m-+1 n n r/2
L 15,0 <ol Y BLE Y Il (L INE) L @
=J= j=1 i=1 i=1
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If 0 > r(r +0)/(20), then

m-+1 r/2

B max 1810 < c{ > Bl (Z IX:02s ) ) (2.32)
m—+1 r/2

B, oI5l < 0] > B+ (Z IX02s )} (233
i i=

Proof By (2.8) and Lemma 2.2

max S J‘ =|No|" = Y1+ My|" < di|Va|" + rYi M + dp Y M2 + MY
1<j<m+1

< YT+ rYiIMTT 4 dyYEMTT? 4 N <

m—+1
<dlz|Y|T+rZYMT 1+dQZY2MT ? (2.34)
j=1 j=1 j=1
In the same way,
m—+1
T r—1 23 5 — 2
1&%1(751,])] <d121|Y| +rzlYM +dQZIY M (2.35)
J J J

As 6 > max{v/(v —2),(r — 1)(r+§)/6}, we have

E| max Sp;|"
1<j<m+1

m+1 n r/2
2 r
<> BTG, Sl +Co IR) 0

by combining (2.34) with (2.12) and (2.21), and
Bl _max (=51l
m—+1

n r/2
<> BN+, Sl +Co( INR) o0 e 5l
=1

by combining (2.35) with (2.13) and (2.22). Hence, from (2.7) and the two equations above,
FE max |Sl7j|r

1<j<m+1
m—+1 n /2
< T 112 T
C z:lE|Y| +C, 2; | Xi 745 +Cp <Z||XZ||U> +pCrB | max |9y,
J i= =
Thus
m—+1
(1 —pC)E | max |51 <Ci )y EY|"+C, ZIIX 745 +Cp (ZI|X||2>
Jj=1 i=1

yields (2.30) by taking a sufficiently small p. Similarly, we obtain (2.31)—
Proof of Theorem 2.1 By Lemmas 2.3 and 2.6 (the case of 6 > max{v/(v—2), ( —1)(r+9)/0})

T

(G—1)k+1
> (EYi"+ E|Zi]") + E max

>, X
1<I<k

i=1 =1 T ikt

E max |S;|"<C

1<j<n

{ m+1 2(m+1)
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n n r/2
30X s +<Z ||Xi|z> } (2.36)
=1 =1

Using the Minkowski inequality to E|Y;|", E|Z;|" and E maxi<i<k | ZEJ (]1)k1+£+1 X;|" in the

above, and noting (2.6), we have

A

E max |S|

n n n r/2
max I < ofkt B+ Y s+ (L)
=1 =1 =1
n n n r/2
c{nw—n > B + D1 K s +(Z 1)

Applying the inequality above to E|Y;|", E|Z;|" and Emaxi<;< | ZZJ (Jl k;)L,iH X;|" in (2.36),

n n r/2
A(r—1) r T |12
A N S WL RS M EY RO ST
) n n n r/2
< c{nA DSBS )X +(Z|Xi||z) }
=1 =1 =1

Again, applying the inequality above to E|Y;|", E|Z;|" and E maxi<;<g ‘ZZJ (]1)k;)rli+1

IN

A

in

(2.36), and repeating ¢ times in this way, we have

r/2
B [ < Ofn¥ - 1>ZE|X V+Z||X s (o 02)
T =1

for integer t > 1. Since 0 < A < 1, A(r — 1) < ¢ for some ¢ > 1. Thus (2.2) holds.
Proof of Theorem 2.2 By Lemma 2.3 and Lemma 2.6 (the case of 8 > r(r +0)/(26))

m+1 2(m+1) (G—1)k+1 r
E max [5;]" < C{ Z(E|}Q|T+E|Zi|T)+ E max Z X;
1sj<n i=1 j=1 1si<k i=(j—1)k+1
n r/2
(X rxes) |
i=1

Which implies (2.5) in the same way as in the proof of Theorem 2.1.

3 Application

To show the application of the inequalities in Section 2, here we discuss the asymptotic normality
of the general linear estimator for the fixed design regression. Consider observations

where the design points 2,1, .., Zn, € A, which is a compact set of R?, g is a bounded real
valued function on A, and €,1, ..., &y, are regression errors with zero mean and finite variance
o2. A common estimate of ¢ is

Z wnz nzv (32)
where weight function wy;(z),7 = 1,2,...,n, depend on the fixed design points z,1, ..., Tnn

and on the number of observations n.
In the independent case, the estimate (3.2) has been considered in many literatures, such
as, Priestly and Chao (1972, [22]), Clark (1997, [23]), Georgiev (1984a, 1984b, 1988, [24-26]),
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Georgiev and Greblicki (1986, [27]), and the references therein. In various dependence cases,
gn(z) has been also researched very much. Fox example, Fan (1990, [28]), Roussas (1989, [29]),
Roussas et al. (1992, [30]), Tran, et al (1986, [31]) and the references therein.

Under the strong mixing condition, asymptotic normality of (3.2) has been established by
Roussas et al. (1992, [30]). Here our purpose is to use the moment inequalities in Section 2
to give some more weaker conditions for asymptotic normality of the estimate (3.2). Adopting
the basic assumptions of Roussas et al. (1992, [30]), we assume the following.

Assumption (Al). (i) gztA — R is a bounded function defined on the compact subset A
of RY; (ii) {& :t = 0,%1,...} is a strictly stationary and a-mixing time series with E¢; =
0, var(&) = o2 € (0,00); (iii) For each n, the joint distribution of {&,; : 1 < i < n} is the same
as that of {&1,...,&,}

Denote

wy(2) := max{|wni(x)] : 1 <i<n}, oi(z):= Var(g,(z)). (3.3)
Assumption (A2). (i) %, |wni(z)] < C for all n > 1; (ii) wu(z) = O w2, (z)); (iii)

i)
S wy(x) = O(oy (2)).
Assumption (A3). There exist positive integers p := p(n) and ¢ := g(n) such that p+¢g <n

for sufficiently large n and as n — oo,

n

' —o, npta(g) >0, ngp' Y wl(x) -0, (3.4)
=1

P wh(@) = 0. (3.5)

Here we will prove the following result.

Theorem 3.1  Let Assumptions (A1) ~ (A3) be satisfied. If for some s > 0, E|&[*T* < oo,
and
a(n) =0(n=%) for some 6> (2+s)/s, (3.6)

then .

on(2)"Hgn(2) — Egn(x)} = N(0, 1). (3.7)
Remark 3.1 Compare Theorem 3.1 here with Theorem 3.1 in Roussas et al. (1992, [30]),
who use the conditions

p? wan(x) — o0 (as n — 00), (3.8)

Z /29 (}) < 0o for some s > 0. (3.9)

Clearly, (3.5) is weaker than (3.8). Furthermore, (3.6) is almost as weak as (3.9). In addition,
our proof is much more simple than that of Roussas et al. (1992, [30]).

Proof of Theorem 3.1  We first give some denotations. For convenience of writing, omit
everywhere the argument z and set S, = 0, (gn — Egn), Zni = 0, wpicn; fori =1,2,... n,
so that S, = >0 | Zp,.

Let k =[n/(p+ q)]. Then S,, may be split as S,, = S}, + S/ + S)’, where

k k
! 1! / i /
S = § Ynm Sn = § ynm7 Sn = ynk-‘,-l)
m=1 m=1
Em—+p—1 Im+q—1 n

Z Zniv yqlq,m: Z an» y;kJrl: Z Zni;
i=km J=lm

i=k(p+q)+1
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km=m—-1(p+q¢+1 lp=m-1)p+q) +p+1,m=1,... k. Thus, to prove (3.7), it
suffices to show that

E(SH)? =0, E(S!/)? -0 (3.10)
and
s % N(O, 1). (3.11)

By Lemma 2.1(ii), Assumption (A2) (ii) and (iii), and (3.4), we have

k km+q—1
ES!)? < C o, 2w?, < Ckqo, *w? < C’qun
(57) mZ:l :ka w , o
< Cllt+gp ) tngp D wh —0
i=1
and
E(S))? = Eu)’<C Y. o,%wl, <Cn—k(p+q)o, w,
i=k(p+q)+1
< C(L - k) (p+Q)wn < C(1+gp~")p Y wl; — 0.
pta i=1

So (3.10) holds.
Now to prove (3.11). Put s2 = %¥ _ var(y,,,). From Lemma 2.2 of Roussas et al. (1992,
[301)
E(S/)> =1 and s2 — 1. (3.12)

n

Let &, stand for the characteristic function of the r. v. X. Then, by Theorem 7.2 in Roussas
and Toannides (1987, [5]) and (3.4),

k
‘CDS/" (t) — H o, (t)’ < C(k—1)a(q) < Cnp~ta(q) — 0. (3.13)
m=1
Hence, {ynm : m = 1,...,k} may be assumed to be independent random variables. From (3.12)

and according to the Berry—Esseen central limit theorem, for (3.11) it suffices to show that

k
Z E|ynm|" — 0 for some r > 2. (3.14)

m=1

Since § > (2+s)/s in (3.6), we may choose positive ¢ such that 0 < ¢ < s/2 and (2+s)/s <
1+t)2+s)/(s—2t)<f.Let r=2(1+¢) and d =s —2¢. Then r+ 6 =2+ s and
r(r+0) (Q+t)(2+s)

%~ sm

Given positive € < (r — 2)/2, using Theorem 2.2, Assumption (A2) and (3.5), we have

k k km+p—1 km+p—1 r/2
S Bl < ¢ {r Y Bz 4 (3 audllelR) )
m=1 i=km =k

m=1

n n
< C{pszwni|r/2 +p(r2)/22wni|r/2}
=1 =1
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P23 12 < Oy D23

=1 i=1

n (r—2)/2
c(p>ut) o
=1

IN

IN

so (3.14) holds, thus completing the proof.
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