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Abstract In this paper we study solvability of the Cauchy problem of the Kawahara equation
Ovu + audyu + BO3u + v03u = 0 with L? initial data. By working on the Bourgain space X" *(R?)
associated with this equation, we prove that the Cauchy problem of the Kawahara equation is locally
solvable if initial data belong to H"(R) and —1 < r < 0. This result combined with the energy
conservation law of the Kawahara equation yields that global solutions exist if initial data belong to
L*(R).
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1 Introduction

In this paper we study the existence of a solution for the initial value problem
Opu + audyu + BO3u +y02u = 0 in R?, (1.1)
u(z,0) = up(x) forz € R, (1.2)
where a, 3, v are real constants (a, v # 0), and ug is a given function.

Equation (1.1) is an important dispersive equation that was first proposed by Kawahara in
1972 [1], as a model equation describing solitary wave propagation in media in which the first
order dispersion coefficient 3 is anomalously small (see also [2-4]). A more specific physical
background of this equation was introduced by Hunter and Scheurle in [5], where they used it
to describe the evolution of solitary waves in fluids in which the Bond number is less than but
close to 1/3 and the Froude number is close to 1. In the literature this equation is also referred
to as the fifth order KAV equation or singularly perturbed KdV equation [6, 7]. The fifth order
term O2u is called the Kawahara term, and its coefficient, -, is called the next order dispersion
coefficient [2-4].

There has been a great deal of work on solitory wave solutions of the Kawahara equation
over the past thirty years [1-10]. It is found that, similarly to the KdV equation, the Kawahara
equation also has solitary wave solutions which decay rapidly to zero as ¢ — oo, but unlike the
KdV equation whose solitary wave solutions are non-oscillating, the solitary wave solutions of
the Kawahara equation have oscillatory trails. This shows that the Kawahara equation is not
only similar but also different from the KdV equation in the properties of solutions, like what
happens between the formulations of this equation and the KdV equation. The strong physical
background of the Kawahara equation and such similarities and differences between it and
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the KdV equation in both the form and the behavior of the solution render the mathematical
treatment of this equation particularly interesting.

In [11] Cui and Tao established a series of Strichartz estimates for general linear dispersive
equations in one space variable, and used such estimates to prove that the problem (1.1)—(1.2)
has a local solution v € C([-T,T], H"(R)) (for some T > 0) if ug € H"(R) and r > 1/4. This
local result combined with the second and the third conservation laws implies that (1.1)—(1.2)
has a global solution v € (C N L*®)(R, H?(R)) if ug € H?(R). In this paper, we shall use
the method initiated by Bourgain [12-14] and developed by Kenig, Ponce and Vega [15,16] to
improve these results, and establish the global existence for this problem for L? initial data.
More precisely, we shall first study the Bourgain space X"*(R?) (r,s € R) associated with a
general class of dispersive equations including the Kawahara equation. By working in this space,
we prove that the problem (1.1)—(1.2) has a local solution v € C([-T,T],H"(R)) (for some
T>0)ifuyp € H(R) and —1 < r < 0. This result combined with the energy conservation law
of the Kawahara equation then yields the existence of a global solution u € (C'NL*®)(R, L*(R))
if ug € L?(R). Exact statement of these results is presented in Theorem 4.1.

In the next section, we work for general linear dispersive equations in one space variable and
study the Bourgain spaces X™*(R?) and the fundamental solution operator W (t) associated
with them. In Section 3 we concentrate attention on the Kawahara equation (1.1) and make
an estimate for the bilinear mapping B(u,v) = 9, (uv) on the Bourgain space associated with
this equation. In Section 4 we use the results of Sections 2, 3 to establish the solvability of the
problem (1.1)—(1.2).

2 The Bourgain Space X"*(R?) and the Fundamental Solution Operator W (t)

In this section we consider the general linear dispersive equation
Ou —iP(Dy)u = f(z,1), (z,t) € R?, (2.1)
where P(D,) is a linear partial differential operator with symbol P(£) being a non-constant
real polynomial in one variable, D, = —id,, f is a complex-valued given function, and u is a
complex-valued unknown function. We shall derive some general results on the Bourgain space
associated with the equation (2.1) and the fundamental solution operator of this equation.
Clearly, the symbol of the equation (2.1) is 7 — P(§). Hence we introduce

Definition 2.1  For reals r and s, the Bourgain space X"*(R?) associated with the equa-
tion (2.1) is defined as the completion of the Schwartz space S(R?) in the norm

e e T 2\S8|~ 2 2
lullxremn = ([ [ @ IR) (| - P@PY a6 Pdsar) . 2

— 00 — 00
represents the Fourier transformation in two variables.

w>

where

Definition 2.2  The fundamental solution operator W (t) (t € R) of the equation (2.1) is
defined by

We() = [ PO () de, (2.3)

whenever the right-hand side makes sense in distribution sense, where “~”

transformation in one variable, and ¢ = (2m) 1.

represents the Fourier

Since P(£) is real, it is clear that for every real r the operator W (t) (t € R) is well-defined
on the Sobolev space H"(R), and
WOl = el Vo TR 24
so that {W(¢): ¢ € R} forms an one-parameter group of unitary operators on every H"(R).
Lemma 2.1  Let u(xz,t) € S(R?) and v(x,t) = W (—t)u(z,t). Then
u(& ) =u(€ T+ PE), V(7)) eR. (2.5)
For any real r, we denote by J" theooBessel potential of order —r, i.e.
Tio=c [ e (1 i)

— 00
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whenever the right-hand side makes sense in distribution sense.

Lemma 2.2 For reals v and s, u(z,t) € X™*(R?) if and only if J-JW (—=t)u(z,t) € L*(R?),
and

HUHXT,S(R% = HJ;J;W(—I?)U(:E t)HLz(Rz)~ (26)
Lemma 23 [fs > 1/2 then X"*(R?) € C(R H"(R) 1 L(R. H"(R) and
?g}g Hu(wt)HHT(R) < CsHuHXT’S(W)7 Yu € X" (R?). (2.7)

Proof Let v(z,t) = W(—t)u(x,t). Then by (2.4) we have

2
supl[u(:, )| 1o gy = sl ()| o sy = jgg(/ | Jzv(z, 1)] dw)

< (/Z(fggw;v(x,m)zdx) ;. (2.8)

Since s > 1/2, by the Sobolev embedding inequality we have

sup | Jov(z, t)| < CS</ ’Jts‘];v(x,t”?dt) = C’S(/ | T2 JEW (—t)u(z, t) ‘ dt) ,
teR —00 —

VzeR. (2.9)
Substituting (2.9) into (2.8) and using (2.6), we immediately get (2.7).
As in [11, 17, 18], we denote by LPLL. (T > 0,1 < p < 00, 1 < ¢ < 00) the function space
consisting of measurable functions f(xz,t) defined on R x [T, T, satisfying ||f|[rrra < oo,
where the norm | - [|gz ¢ is defined as follows:

= ([ i et dm) F < p < o0 Ifllisrs s ([ i o)’

As usual, the notation D* (a > 0) denotes the absolute derivative of order a, ie.,
o0
Do) =c [ emlgrple,
—o0
whenever the right-hand side makes sense in distribution sense.

Lemma 2.4 Let m = deg P, and suppose that m > 3. Let u € X™*(R?) and assume that
—(m—-1)/2<r<0,s>1/2. Then for any T >0 and 0 < a < (m — 1+ 2r)/2 there holds
D¢ € LELZ, where p=2(m —1)/(m — 1+ 2r — 2a). In particular, u € L3 _(R?).

Proof Let 0(¢,7) = (1+[¢*)2u(€,7), (¢,7) € R?,

@(&7) = (L4 |7 = PEOP)*0(E,m) = (1+ |7 = POP) T (1L + ¢ 2, ), (& 7)€ R
Then, since u € X™*(R?), we have w € L?(R?). We first prove that, for any 0 < 6 < 1,
6(m—1)
D, 7 w(x,t)e L2092, (2.10)
For this purpose we define, for every 7 € R, a function ¢, (z) by ¢.(¢) = w(&, 7+ P(£)), and
let
glastor) = We)pr(a) = [ 0O (g = [ O 4+ Pl

— 00

mm N,Q

Then, since 0(§,7) = (1 + |7 — P(§)|2)7%ﬁ7(§77), it is easy to see that

v(z,t) = c/ gz, t, 7)1+ 7P "2 dr. (2.11)
Since w € L?*(R?) so that also w(¢, 7 + P(€)) € L?(R?), by the Fubini theorem we infer that
@¢r € L?(R) for a.e. 7 € R, which implies that ¢, € L?(R) for a.e. 7 € R. Hence, since

-1
glx,t,7) = W(t)p,(x), it follows from [11, Theorem 2.6] that D, .7 g(z,t,7) € L° L2 for a.e.
7 € R, and there exists a constant Cr > 0 depending only on T and P such that

m—1 .
| D 2 9('a'aT)HL;oLzT < CrllerllL2r) = Crllw(-, 7+ P()r2ry, ae 7€ R
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m—1
Since s > 1/2, this implies, by (2.11), that D, * v € L L2 and

m

m=1 °° ~1 s
HD”C2 UHLQOL% §c/ HD$2 9('»'»T)||L30L2T (L) 2dr
—o0

1
<o [T pZ gt e )
< [ NP gl gy dr

gcT( / |w<~,T+P<->>|%2(R>dT) = Orllwll 2.

—00

Combining this result and the obvious assertion that v € L?(R?) we conclude, by using the
interpolation theory, that (2.10) holds for any 0 < 0 < 1.
We now take ¢ € C§°(R) such that ¢(&) =1 for [£| < 1, and write
a(g,m) =1 +IEP) 7 7)

= ()L +[€7) 7208, 7) + (1= 0(€)) - [EI"(1 + [€]*) 7% - [¢]7TT(E, 7)

= ui(§,7) + (8, 7).
Since v € L%(R?) and ¢ € C§°(R), it is clear that DYu; € L*(R?) for any a > 0, so that
by also embedding DSu; € LgLQT for any a > 0, 2 < p < oo and T > 0. Next, since
0<a<(m-—1+2r)/2 and r < 0 imply that 0 < o —r < (m — 1)/2, by (2.10) we have
h(z,t) = F71([¢]*70(&, 7)) = DY "v(a,t) € LELZ, where p = 2(m—1)/(m—142(r—a)) > 2.
We denote 1(£) = (1—¢(£))|¢]"(14¢]?) 2. Then @2(5,75) = h(€)h(&, 1). Since the function
¢ is smooth and satisfies |9f¢(€)| < Cp(1 +[€])7%, V€ € R, k = 0,1,2,..., using the Mihlin
multiplier theorem we conclude that D%us € L2 L2. Hence, the desired assertion holds.

Lemma 2.5 Lety € C°(R), 7 € R and s > 1/2. Then there exist constants C; > 0 (j =
1,2,3) depending only on v and s such that

[EOW D) e 2y < Callpllir iy, (2.12)
[ @)u(, )| .o g2y < Collullxre(re), (2.13)
< CgHU”Xr,s—I(RQ), (214)

t
Hzp(t)/ Wt —t)u(z,t)dt
0 Xm#(R?)

whenever the right-hand sides make sense. In particular, the constants Cy, Co and Cs are
independent of the operator W (t) or the polynomial P.

Proof (i) By Lemma 2.2 we have

[oOW (@) re goy = ITETW (O (LW (D)) || oo

= |20 ) - Tre@)|| 2 goy = 1TV O] Loy - 1T50@) 1 )

Hence the inequality (2.12) follows from the fact that J21(t) € L?(R), which is obvious.

(ii) Similarly, by Lemma 2.2 we have

[, )| v goy = T2 W (=) (@)l ) || o oy = 17 (0T 0(@, )| L2 o)
where v(z,t) = JLJFW (—t)u(z,t). Hence the inequality (2.13) easily follows from the following
one: There exists a constant C' > 0 depending only on ¢ and s > 1/2 such that

175 (T @) | 12y < Cllelzamy (2.15)

for any ¢ € L?(R), which is immediate.
(iii) Again, by Lemma 2.2 we have

Hzp(t) /Ot Wt —t u(x, t')dt’ JLIPW (—t) (w(t) /Ot Wt — t’)u(x,t’)dt’)

J¢ (1/1(t) /Ot Jtl,_sw(x,t’)dt’)

X'r,s(R2) B ’

L2(R?)

L2(R2)’
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where w(x,t') = JIJ5 "W (—t')u(x,t'). Hence the inequality (2.14) follows from the following
one: There exists a constant C' > 0 depending only on ¢ and s > 1/2 such that

(/Z J; (wos) /Ot Jt1,8<p(t’)dt’> th)z < Cll¢llL2(ry (2.16)

for any ¢ € L?(R), which is also immediate.

3 A Bilinear Estimate

In this section we particularly take the polynomial P(£) = —v£° + 3£3. The notations X™*(R?)
and W (t) respectively denote the Bourgain space and the fundamental solution operator related
to the operator 0; — iP(—id,) = 0; + 02 + 302. We assume that
where A and B represent positive constants. The estimates to be established below will depend
on the constants A and B, and not on specific § and ~.

By Lemma 2.4 we see that if u, v € X™¥(R?) and r > —2, s > 1/2, then u, v € L} (R?),
so that uwv € L{ (R?). In this section we shall prove the following result.

Theorem 3.1  Assume that —1 < r < 0 and max{$, 1 —4r} <s < 3. Thenu, v € X"*(R?)
implies that 0, (uv) € X"*~Y(R?), and there exists constant C > 0 dependmg only onr, s, A
and B such that

||6.'L'(UIU)HXT’371(R2) S OHu”X’V‘,S(RQ)||/UHX7“S(R2). (32)
We shall establish this result by a series of preliminary lemmas.

Lemma 3.2  The inequality (3.2) is implied by the following one:
102 (W) xro-1(r2) < CllulXrs g2y (3:3)
Lemma 3.3  The inequality (3.3) is implied by the following one:

L[ avignrasim=rope el ([ asmersasio-raR o)

N
(L [E=n) 2 (L + [r—p=P(E-n)*)” !f(ﬁn,Tp)|dndp> deT} <ClflZ2(r2)(34)
Therefore, the problem of proving Theorem 3.1 is reduced to proving (3.4) for arbitrary
—1<r<0andmax{— $-3rt<s<3
3.1 Some Basic Inequalities
The proof of (3.4) is based on the following calculus inequalities.
Lemma 3.4 (1) Assume thatr>0,s>0,r+s>1andr #1,s#1. Then

[Tk § SO minn, if either > 1ors > 1,
oo | CA+]a=b)t"E, if bothr <1 and s < 1.

(2) Assume that 0 <a<1l,r>1—a andr # 1. Then

o C(+la))®, if r>1,

—oo Cl+|ap)t—m, ifr<1.
(3) Assume that >0 and r > 14 p. Then [*_|z["(1+ |z — a|)~"dz < C(1 + |a|)*.
(4) Assume that p>0,0<a<1l,r>1andr+a—pu>1. Then

/ 2|z — al = (1 + o = b)""dx < O(L +|al)#~(1 + [p])mten=at,

3.2 The Case r =0
In the following we denote

Q&) = 5vEn(& — ) (&% — En+n?) — 3BEn(& —n), (3.5)

@O =0(s5) = Tre(e- 1), (36)
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It is obvious that

and

2Q(&,n)
on

=57§(£—277)<n —2n+& - 35) VE meR. (3.8)

From (3.8) we easily see that if either v < 0 or Sy > 0 and || > /(6/5)AB then the
polynomial Q(&,n) in n has a unique stationary point n = £/2 for £ # 0.

Lemma 3.5 Let M =1+ +/(6/5)AB. Then for all || > M and n € R there holds

0Q(&, 1 1 1
B > clelt 1+ €+ Py 0) - QulE) 1, (3.9
where ¢ s a positive number depending only on A and B. For |§| < M and |n| > M there
holds
0 3
281> et (3.10)

where ¢y is as before.

Proof From (3.8) it is obvious that if either |{| > M or |n| > M, then
9Q(&;n
BED > clellzn - el(1+ ¢+ P) (3.11)
Consider first the case || < M, |n| > M. Then clearly |Q(&,n)] < C’|£Hn\4 or |n| >
colé|7%|Q(&, )| . Hence, by (3.11), |24 > colé]lnl* > colé|*|Q(&m)[%, and (3.10) im-
mediately follows.
Next we consider the case [{] > M. A direct computation shows that

Q€ 1) — Qo(6) =~ ppe(n - 92 (3¢~ dgn+ P - 20, (3.12)
so that
QUE ) ~ Qul€)] < Clel(2n — (14 € +47), VEne R (3.13)

This implies that

20— € > cole| " (L+&% +0°) 7 |Q(6,m) — QoI VEnER. (3.14)
Substituting (3.14) into (3.11) we see that (3.9) holds.

Lemma 3.6  Assume that s > 1/2. Then for all £ € R\{0} and 7 € R,

[ 0l @R) (et =P (e dpdn < Clel~ (1+16) ™% 1+ r=P(ODE. (315)
Proof By Lemma 3.4 (1) we have

/Z(l +lp=PP)*(L+|r —p—PE—n)*)dp < C(1+ |7 = P(¢ —n) = P(n))) ™"

By (3.7), this implies that

/oo A+lp=PP) (A +|r—p=PE=n))"*dp < C(1+|7 = P(§) + Q&) ™. (3.16)
Hence

[ @tloPmR)(ttlrp-Pen)dpdy <€ [~ (1 ir-Pl1QUE mI) >, (317
so that (3.15) is implied by the following estimate:

/Oou + = P(E)+ Q& m) > dn < CIE[~H 1+ €)™ T (L+ [r—PE))*. (3.18)

In the following we give the proof of (3.18).
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Let M be as in Lemma 3.5. We first assume that [{] > M. Then by (3.9) and Lemma 3.4
we have

|-+

2Q(€,n)

el tale) [ as =P+ I - el XL

o

fc(lﬂfl)‘%/ (14 [7=P()+¢])72I¢ = Qo(&)| 7 d¢

SCAHIENTFA+ Q)2 (A +[r=PE)? (by Lemma 3.4 (4))
S CA+IE) 1+ [r=PE)D*.
This proves (3.18) in the case |[¢| > M.
Next we assume that |£| < M. We split the integral on the left-hand side of (3.18) into two
parts: |n| < M and |n| > M. Clearly,
[ asir-PereEn) a<c. (319)
Inl<M

Using (3.10) we deduce that
[ asir-Pe+QEn)
In|>M

-1 e _92g -3 aQ(§7 77) ’
Nl AR G T e
scml*i/ (147 — P©) +¢)>|¢|Hd¢
<ClETT(1+|r—=P©)])"% (by Lemma 3.4 (2)). (3.20)

From (3.19) and (3.20), we easily see that (3.18) also holds in the case || < M.
Lemma 3.7  The estimate (3.4) holds forr =0 and 1/2 < s < 3/4.
Proof By the Cauchy inequality and Lemma 3.6 we have, for s > 1/2,

J [+ 1o PO 15001 (e P&y 311 (€ 7 )l
= (//Rz(l + lp=P(m)*) (1 + IT—p—P(é—n)lg)SdndP>

([ v oPise=n -2 dndp)%

< U+ F 0 r-PODE - ([ [ 150pPlE=n7-0)Pandp)

Substituting this estimate into the left-hand side of (3.4), and noting that, when s < 3/4,

L+ [r=PE)P) e - 7T+ |E)"F A+ [r—PE)F < C,
we see that (3.4) holds in the case r =0 and 1/2 < s < 3/4.

=

3.3 The Case -1 <r<0

Lemma 3.8 Let —1 <r <0 and s > max{%,1 — 1r}. Then for all £ € R\{0} and T € R,
T =) L= P )1+ == Ple =) dpdn

< Cle|7 =5 (1 + €)= (1 + [r—P(E))?. (3.21)

[N
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Proof Let M be as before. Using (3.16) we get
// L+ )+ 1E=n?) (L + |p=PM)[*) (L + [T —p—P(E—n)[*)~*dpdn

<C [ @HhD e )+ PO+ QEm)) P an (322)
To estimate the last integral we denote
Q&) ={n € R: either |n| <M or [£—n| < M},

() ={ne€R: |yl =M and |{—n| > M}
Since —r = |r| > 0, it is clear that if n € Q1 (&) then (14 |n|2) ™" (1 +[£—n|>)™" < C(1+ €))7
Hence, using (3.18) we get

. (5)(1 + )T+ =0l T A + 7= P(€)+Q(E,n)[*) "dn

<ca+ie?! [ T (1t PO Qe )

— 00

< ClelmF (1 + €)% (1 + |7 - P()])%. (3.23)
Next, since —r = |r| > 0, it is clear that if € Q2(&) then (1 + [n]?)~"(1 + [ —n*)™" <
C|n(€—n)]?I". Hence

. (5>(1 + )T A+ =) T A+ [T = PE)+Q(E,m)*) " dn

<C [ Ie=mBrIL+ = PO-+Q(E M) dn.
22(8)

We denote p = n({—n). From the fact that &% — p = & —&n+n* > L(E&2 + 7% > |yl
and the relatlon Q(&,m) = 5vEp(€? — p) — 3B&u, we easily deduce that if || > M then |u| <
Cl¢1~%|Q(¢,m)|%. Hence

; (5)(1 + )T A+ €=l T A+ [T = P(€)+Q(E,n)|*) *dn

<l / QM1+ = P(©)+Q(& ) > dn. (3:24)
In|>M
For |§] > M, we use (3.9) to get
Q&M (L + 7= P(&)+Q(&,m)*)~*dn

[n|>

ca+igh [ IR mIML+ =P+ m) 1 1)~ Q@) %’f{m\dn

<C(+eh2 / = Qo) (A 4 [ —P (&) ¢y dc

<CA+IENTEA+ Qo)) =2(1 + [7—P(€))  (by Lemma 3.4 (4))
sc<1+|§|>5'“-4<1+|7 P(€)))%. (3.25)
or [€] < M we use (3.10) to get

| DM\Q(S,n)I"“'(l + |T=P(&)+Q(& ) ) "%dn

) -1 r|—2 . 0| 0Q(&,1m)
<clet [ im0 =Pt )| 2 iy

<cle [ P+

<ClE i1+ |r=P©)))=F  (by Lemma 3.4 (2), (3)). (3.26)
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From (3.24)—(3.26) we see that, for all £ € R\{0},
L (L YT )T PO+ Qe )
2

< ClE[ MR (L4 TR (1 - P(E))E. (3:27)
Substituting (3.23) and (3.27) into (3.22), we see that (3.21) holds.

Lemma 3.9  The estimate (3.4) holds for —1 <r <0 and max{%,+ — 3r} <s <

Proof By the Cauchy inequality and Lemma 3.10 we have, for s > max{% % %r},

// (L [02) 5 (L4 [p— P2 5| F ()] - (1 + [e—nf?)~F

(L4 |r—p=P(E—n)*) 2| f(§—n,7—p)|dndp

g( / / L+ [1P) (1 + [p—P)P)” 8(1+|£nlz)r(1+|TPP(§n)2)sdndp>

(/] f(n,p)IQIf(g—n,T_p)andp>%

< Olel MY (1 4 e IR (14 - P (// F(n, ) 16—, 7 p)l2dndp>

Substituting this estimate into the left-hand side of (3.4), and noticing that, when r» > —1 and
s <5 (LFIEP)(L+ [T =PE)P) Ml - €] m=3 (1 + €)% (1 + IT—P(é)I)% < C, we see
that (3.4) holds when —1 < r < 0 and max{3,+ — ir} <s < 3.

[N[e]

1
2

.;;

4 Solvability of the Problems (1.1)—(1.2)

For £ > 0 we introduce

v(x,t) = etu(ex, %), vo(x) = etug(ex). (4.1)
One can easily verify that the problem (1.1)—(1.2) is equivalent to the following problem:

40 + avdyv + 23030 + 4020 =0 in R?, (4.2)

v(x,0) = vo(z) for z € R. (4.3)

In the following we consider the local solvability of this problem.
Let P.(&) = —y&5+e2B€3, and let W.(t) be the operator defined by (2.3) with P(¢) replaced
by P.(£). Take a function ¢ € C§°(R) such that ¢(t) = 1 for [¢t| < 1, and consider the equation

v(,t) = ()W (t)vg — %a@/}(f)/@ W.(t — )9, (v*(-,t))dt', teR. (4.4)

It is easy to see that the equation (4.4) is equivalent to the problem (4.2)—(4.3) when [t]| < 1.

To solve the equation (4.4) we denote by X7*(R?) the Bourgain space related to the equa-
tion (4 2) i.e., the space defined by (2.2) with P(£) replaced by P.(£), where —1 < r < 0 and
max{%,1 — fr} < s < 3/4. We assume that ug € H"(R) (so that also vg € H"(R)), and
introduce a mapping S.: v — w by

W t) = ()W (E)vo — %m/)(t)/o Wt — )0, (( ) dt', t € R,

By Lemma 2.5 and Theorem 3.1 we see that S. is well-defined and it maps X™*(R?) into itself.
Furthermore, Lemma 2.5 and Theorem 3.1 also ensure that there exists a constant C > 0
independent of € such that
[wllxze(r2y < Cllvollar(ry + Cll0w (V)| roo=1 g2y < Cllvollzm(ry + Cllvlirs ge)-
From the relation vy(z) = e*ug(ex) one can easily verify that
T4r
lvollzr(ry < €2 lluoll e (- (4.5)
Thus
T4r
lwllxr 2y < Ce>*lluollzrry + Cllvlxrs g2y (4.6)
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From this inequality we easily see that if we take ¢ sufficiently small such that

AC2 3+ || gr(my < 1, (4.7)
then S. maps the closed ball in X7*(R?)
- s T4y
{ve XD%(R?) : |[vllxrs(rey < 2Ce2 %" ||luollgr(r)} (4.8)

into itself. Moreover, by Lemma 2.5 and Theorem 3.1 we see that
[Sev1 = Seval xre(r2y < Cllw(v] — v3)l| xro-1 (g2

< C(llvllxr e + loallxzern ) lor = vallxe(r2) < 4C°€ 3 uol ey llvr = vallxre (o).
Hence, by (4.7), S¢ is a contraction mapping on the ball (4.8).

It follows from the Banach fixed point theorem that for small € > 0 the equation (4.4) has
a unique solution for all ¢ € R, and, consequently, the problem (4.2)—(4.3) has a solution for
[t| < 1. By (4.1), this implies that the problem (1.1)—(1.2) has a solution for |¢t| < €°. The local
solvability of the problem (1.1)—(1.2) is thus established for ug € H"(R) with —1 < r < 0.

Using the above result for the case r = 0 and the energy conservation law of the equation
(1.1), we can resort to a standard argument to show that the problem (1.1)-(1.2) is globally
solvable for ug € L?(R). More precisely, we have proved the following result:

Theorem 4.1 Ifug € H"(R) and —1 < r <0, then there exists T > 0 such that the problem
(1.1)~(1.2) has a solution on R x [-T,T], satisfying u € C([-T,T], H"(R)), 0%u € LELZ,
Va€[0,24+ 7], wherep=4/(2+1r — «). For r =0 the above assertion holds for all T > 0.
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