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1 Introduction

The classical Weierstrass representation formula for minimal surfaces in R? with its generaliza-
tions to R™ has been proved to be an extremely useful tool for the study of minimal surfaces
in those spaces (see, for example, [1, 2]). In this paper we describe a method to derive a
Weierstrass-type representation formula for simply connected immersed minimal surfaces in
the three dimensional Heisenberg group Hs and in the product H? x R of the hyperbolic plane
with the real line. Our work is motivated by the interest, in the last decade, in the theory of
minimal surfaces in Hj, see, for example, [3-8], and by the recent work on minimal surfaces
in H? x R [9]. First, using the standard harmonic map equation, we give a Weierstrass-type
representation formula for simply connected immersed minimal surfaces in a Riemannian man-
ifold. This general setting is applied to the case of 3-dimensional Lie groups endowed with a
left invariant metric. We then discuss, using this setting, some examples of minimal surfaces
both in H3 and in H? x R. By means of similar methods a Weierstrass-type formula for minimal
surfaces in the hyperbolic n-space has been derived by Kokubu in [10].

2 The General Setting

Let (M™, g) be an n-dimensional Riemannian manifold, ¥ a Riemann surface and f: ¥ — M™
a smooth map. The pull-back bundle f*(TM) has a (fiber) metric and a compatible connection,
the pull-back connection, induced by the Riemannian metric and the Levi-Civita connection of
M. Consider the complexified bundle E = f*(T'M) ® C. The metric g may be extended to E
as:

e a complex bilinear form (.,.): Ex E — C;
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e a hermitian metric ({.,.)) : Ex E — C; -
and the two extensions are related by: ((V,W)) = (V,W). Let (u, v) be local coordinates on 3,
and z = u + v the (local) complex parameter and set, as usual,

o _1(9 .0\, 9 _1(9 9
9z 2\ou ‘o) oz 2\ou " 'ou )

The pull-back connection extends to a complex connection on [E, hermitian with respect to
({.,.)), and it is well known (see, for example, [11]) that E has a unique holomorphic structure
such that a section W : ¥ — E is holomorphic if and only if:

VoW =0, (1)
where V is the pull-back connection.
Setting
af 0 of 0
oul, = \aal ) a0l =T \a0], )
P P P
we can regard ¢ = % (gi ng ) as a section of E and we have the following properties:

e The map f is an immersion if and only if ({¢, ¢)) # 0;

e If f is an immersion then f is conformal if and only if (¢, ) = 0.

Let now f : ¥ — M be a conformal immersion and z = u + iv a local conformal parameter.
Then the induced metric is ds? = \?(du? + dv?) = A\?|dz|?, and the Beltrami-Laplace operator
on Y, with respect to the induced metric, is given by

_of 0 0 o 0 5,0 0
A=A <8u3u ez 81}) Br=r e
We recall that a map f: ¥ — M is harmonic if its tension field T7(f) = traceVdf vanishes. Let
{z1,...,2,} be a system of local coordlnates in a neighborhood U of M™ such that UN f(X) # 0.
Then, in an openset Q C X, ¢ = > " =1 b; 2 B2 for some complex-valued functions ¢; defined on
Q. With respect to the local decomposition of ¢, the tension field can be ertten as:

= {ansae S m Lo 22{5@ v Z R
Jik=1

where I‘;- ., are the Christoffel symbols of M (see, for example [12]). The sectlon ¢ is holomorphic,
according to (1), if and only if

) )
‘l(z@axl) Z{ 0z O, +¢W3§ax}
B 9¢; 0
Z{azg+¢i E]‘%@Z@xi}

_Z{a¢z+zrk¢J¢k} 0’

thus if and only if
3@

+ZFk¢g¢k—0 i=1,...,n. (2)

J,k=1

From (2) and the expression of the tension field we have that 4)‘_2(65@—@ = 7(f), and thus
f ¥ — M is harmonic if and only if ¢ is a holomorphic section of E. Nzow7 since a conformal
map from a surface to a Riemannian manifold is harmonic if and only if it is a minimal immersion
(see, for example [13]), we conclude that a conformal immersion is minimal if and only if ¢ is
a holomorphic section of [E.

Equations (2) can be seen as second order equations in the f;, and from this point of view
they are formally very similar to the equations of geodesics. If we look at (2) as a system of
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first order differential equations in the ¢;, where I'’s are computed in f;(z) = 2Re f; ¢;dz, it
can be written as
+2Zr wRe(di0n) + > Thle =0, i=1,...,n.
>k J
This implies that %d;’ € R, and from
0¢i 1 <3R6(¢i) _ 3Im(¢i)) n
0z 2 ou ov

i <8Re(¢i) + 3Im(¢i))
2 ov ou ’

we conclude that

ORe(¢i) | Olm(¢;)
v + Ju
The latter equation ensures that (locally) the 1-forms ¢;dz don’t have real periods. Therefore
we have the following:

=0.

Theorem 2.1 (Weierstrass representation)  Let (M™,g) be a Riemannian manifold and
{z1....,2,} local coordinates. Let ¢j,5 = 1,...,n, be complex-valued functions in an open
simply connected domain Q C C which are solutions of (2). Then the map

fi(u,v) = 2Re (/Z oy dz)

is well defined and defines a minimal conformal immersion if and only if the following conditions
are satisfied:

o > i1 9ikDi 0k # 05

o > i1 9ik0i0k = 0.

If M = R™ with the flat metric, Equations (2) are just the Cauchy-Riemann equations.
But, in general, it is quite hard to find explicit solutions. One way of finding solutions is to
look at manifolds where (2) reduces to a system of partial differential equations with constant
coefficients. The first try is, naturally, the case where M is a Lie group, and this will be
considered in the next section. In any case, the existence of a Weierstrass representation may
be useful for theoretical results. For example, at least if the metric is analytic, the Cauchy
problem for (2) has a solution. In particular, for any point p € M and any 2-plane # C T, M,
there is a minimal surface through p with tangent plane .

3 Weierstrass Representation on Lie Groups

In this section we will discuss the case of maps f : ¥ — G, where G is a Lie group endowed
with a left invariant metric g. Let E;, ¢ = 1,...,n, be a basis of left invariant vector fields, and
let %, i=1,...,n, be the coordinates vector fields in some chart U of G. Then in some open

set {2 C X the section ¢ = % e I'(f*(TG) ® C) can be decomposed either with respect to the
coordinates vector fields or with respect to the left invariant vector fields:

¢ = qul sz i

for some complex functions ¢;,; : Q — (C. Moreover, there exists an invertible matrix A =
(A;j), with function entries 4;; : f(Q)NU — R, 4,5 =1,...,n, such that

i = ZAiﬂPj- (3)

J
Now let C’i’“j be the structure’s constants of the Lie algebra g of G, that is, [E;, E;] = C’ijk.
The Kozul formula for the Levi—Civita connection is:

29(Vg, Ej, Ey) = Cf; — Clp + C1, = LE,. (4)
Using the expression of ¢ with respect to the left invariant vector fields and (4) we get

T () = X e e = e ¢ T
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This means that the section ¢ is holomorphic if and only if

o 1 i 7 :
az+§Zij¢j¢k=o, i=1,...,n. (5)
gk
From Theorem 2.1 we have:
Theorem 3.1  Let v;,5 = 1,...,n, be complez-valued functions defined in a open simply
connected set  C C, such that the following conditions are satisfied:
hd ZZ i # 0;
L4 ZZ %‘2 =0;

o 1, are solutions of (5).
Then, the map f: Q — G, defined by

fiu,v) = 2Re</ZZAij¢j d2>7
zo

18 a conformal minimal immersion.

If the dimension of M is three, as in the case of minimal surfaces in R3, we can give a
simple geometric description of almost all solutions of the equation Zle ¥;2 = 0. The idea is
the following. From $2°_ 42 = 0 we have that

(11 — inha) (11 + ith) = —1)3,

which suggests the definition of two new complex functions

Gom [ i), H o= (=5 i) (6)

The functions G and H are single-valued complex functions which, for suitably chosen
square roots, satisfy

wl = G2 - H27
1/)2 = 'L(Gz + H2)5
by = 2GH.

The induced metric is then

ds? = 2(|H[* + |G|*)*(du® + dv?),

and the Gauss map takes the form
1
T H/GP +1
If 7 : S*(1)\ {0,0,1} — R? is the stereographic projection from the north pole, then 7o N =
(ReH/G,ImH/G). If we identify R? with the complex plane C and extend the 7 to a map
7:S%(1) — C U {oo}, with 7(0,0,1) = oo, then
moN=H/G.

This means that the map g = H/G can be identified with the Gauss map of f.

N [2Re(H/G)E, + 2Im(H/G)Ey + (|H/G|* — 1)E3).

Remark 3.2 Equations (5) have the advantage, with respect to (2), to be partial differential
equations with constant coefficients. However, this just shifts the difficulties, because after
finding explicit solutions of (5), we have to compute the ¢;, and, for this, we have to compute
the A;; along the f;. In the next sections we will study two cases where these difficulties may
be overcome.

4 Minimal Surfaces in the Heisenberg Group Hj

The 3-dimensional Heisenberg group Hj is the two-step nilpotent Lie group standardly repre-
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sented in Gis(R) by

1
1 1 z3+ 53311‘2
0 1 T2 )
0 O 1

with z; € R. Endowed with the left-invariant metric
1 1 2
g = dz? + da + (dx;; + §x2da:1 — 2x1dx2) , (7)

(Hs, g) has a rich geometric structure. In fact its group of isometries is of dimension 4, which
is the maximal possible dimension for a non-constant curvature metric on a 3-manifold. Also,
from the algebraic point of view, (Hs, g) is a 2-step nilpotent Lie group, i.e. “almost Abelian”.
An orthonormal basis of left-invariant vector fields is given, with respect to the coordinates
vector fields, by

0 T2 0
E, = 2= =
! 03@1 2 81‘3
By = ——+%4_— 8
2 31172 P} 73 ) ()
By =—

and the non zero L};’s are

Li,=1, Ly =-1, Liy=-1, L3 =-1, Lyy=1 Lj=1
Let f: Q C C — Hs be a smooth immersion and let ¢ = % => ¢ia%i = > ¢;F;. From the
expressions of the left invariant vector fields (8), we have

¢i =Y Aijibj,
J
where A = (4;;) is the matrix
1 0 O
A= 0 1 0
T2 I
22

According to (5) the section ¢ = 11 E1 + 19 Es + 13 F5 is holomorphic if and only if

% + Re(’t/&%) = 0,
ag”; — Re(rT3) = 0, (9)
% — iIm(3p1109) = 0.

Remark 4.1 System (9) was found also in [14] using the Lie-algebra formulation of the
harmonic map equation.
Therefore, in this context, Theorem 3.1 assumes the following form:

Theorem 4.2 Let;,j =1,...,3, be complez-valued functions defined in a simply connected
domain Q C C, such that the following conditions are satisfied:

b 21:1 Vi #0;

hd Zi:1 ¢i2 = 0;

e 1, are solutions of (9).
Then, the map f : Q — Hs, defined by

fi(u, U) = 2Re</z2AU¢] d2’>,
Zo



1608 Mercuri F., et al.

s a conformal minimal immersion.

Let us now write Equations (9), which ensure that ¢ is a holomorphic section, in terms of
the functions G and H defined by (6), that is,

oG OH
GO — 1T = (G (GP | P)
(L0G OHN
(65 + n%L) = reccic? - 1P
oG OH i, .o
79+ 650 = —5 (a1t~ ),

Note that the third equation is a combination of the first two. In fact, multiplying the first
times ¢ and adding the second we get

0G

Zig— = (IGP* —|H"H, (10)
while, subtracting ¢ times the first from the second yields
0OH —
2i— = (|G]* - |H|*)G. 11
g = (GI" = H[) (11)

It is now a straightforward computation to verify that the third equation is given by (10)
multiplied by H plus (11) multiplied by G. Therefore, Theorem 4.2 can be written as:

Theorem 4.3 Let G and H be complez-valued functions defined in a simply connected domain
Q C C such that:

e (G and H are not identically zero;

e G and H are solutions of (10) and (11).
Then the map f : Q) — Hs, defined by

fi = 2Re ([(cﬂ - H2)dz> ,

o

f2=2Re (i/z(GQ —|—H2) dz) ,

f3=2Re (/ <2GH— %(GQ - H?) —i—i%(GQ +H2)> dz) ,

s a conformal minimal immersion.

We observe that in this case we do not have the problem discussed in Remark 3.2, since we
obtain the first two functions by direct integration and substituting in the third equation we
obtain the third function by a direct integration.

We shall now discuss some examples.

Example 4.4 (Vertical planes) Let G and H be two holomorphic solutions of (10) and (11),
ie. 2¢ =0 and ZZ = 0. Then we must have |G| = |H|. Thus, from standard arguments of
complex analysis, H and G differ by a unitary complex number, that is, H = G, § € R. The
corresponding minimal immersion f : C — Hj is given by

f1 = 2Re((1 — e2")@)

f2 = 2Re(i(1 + €29)G)

f3 = 2Re </ {2@”6‘2 - %(1 —e?NG? + i%GQ(l + eQia)} dz) )
where G = f; G?%. A simple calculation gives cosff; + sinff, = 0, thus the image of the
immersion lies in a “plane” parallel to the xs-axis, which forms an angle # with the plane
x1 = 0. In this example the Gauss map g = H/G = € has rank zero. These are the only
minimal surfaces of H3 with Gauss map of rank zero.

Example 4.5 (The saddle-type surface)  We shall now discuss the case where G and H are two
purely imaginary functions depending only on one variable, that is G(u,v) = il(v), H(u,v) =
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ih(v), where [ and h are two smooth real-valued functions defined in a open subset of R. Since
we can assume that |H| # |G|, otherwise we are in the previous example, from (10) and (11),

we get

oG - 0H_

Replacing the expressions of G and H in (12) gives I’ = hh/, where with ’ we denote the
derivative with respect to v. So there exists a function ¢(v) such that ! = /g +aand h = /g —a
for some constant a € R. The function ¢ is determined by the condition that G and H satisfy

(10) and (11), that is,
q = 4a\/q? — a2. (13)
Then ¢1 = (G% — H?) = —2a, ¢o = i(G? + H?) = —2iq and, by integration, we get:

f1 = —4dau,
f2 = 4@(7})7
where Q(v) is a primitive function of g(v). To calculate f3, first note that

%( — H?) +’Lf1 (G* + H?) = —2+/¢% — a2 + 4aQ + idaugq. (14)
Now, by integration of (13), we find that \/¢? — a? = 4aQ. Substituting this in (14) gives

o3 = —4a@ + idaug.
Then, the corresponding immersion f : C — Hj is given by

fi(u,v) = —4dau,

f2(u7 'U) = 4Q(U),

f3(u,v) = —8auQ(v).
It follows that the image of the immersion lies on the graph of the function z3 = %xlxg. This is
a ruled surface of saddle type and the rank of its Gauss map is 1. In fact g = H/G = h(v)/l(v)
depends only on one parameter. It is interesting to note that the only minimal surfaces with
Gauss map of rank 1 in the Heisenberg group are the ruled minimal surfaces and that they can
be explicitly described (see [15]).
Example 4.6 (Helicoids) In this example we describe a minimal surface with Gauss map of
rank 2. Since the Gauss map is g = H/G we can choose for G and H two functions which are
the product of a function depending on one variable times a complex unit function depending
on the other variable, that is G(u,v) = e~®/2l(u), H(u,v) = ie"’/2h(u), where | and h are two
smooth functions defined in a open subset of R. Equation (12) gives:

>4+ (1% = —h* + (h?). (15)

Then there exists a function p(u) such that [ = v/p’ — p/2 and h = \/p’ + p/2 are solutions of
(15). Using (10) and (11) we obtain that p is a solution of the following differential equation:

P’ —p=pV(p)? - p?

¢3 = 2GH —

which is equivalent to
1

(P) —p*=5p"+c ceR
The corresponding minimal immersion f : C\ {0} — Hj is given by
f1(u,v) = p(u) cosw,
fal,v) = plu) sinw, (16)
fa(u,v) =cv+b, beR.

If ¢ # 0, (16) gives a minimal parametrization of a helicoid, while, if ¢ = 0, (16) gives the
minimal parametrization of the horizontal plane x3 = b.
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Example 4.7 (Catenoid-type surface) In this example, we give the Weierstrass functions G
and H for the Catenoid-type surface described in [6]. Let

[g% +4
h = §—2_4, g2>4,

where g = g(u) is a real-valued function which is a solutions of the ordinary differential equation
g2 = 9°(g" —16) —4
9?4

Then the functions

1, 1 .
b= Eez(v—‘rl/Z) \/g/ +29(1+il'/2), G= 56—1(1)-&-!/2) \/g/ —29(1+il'/2),

2h

with I = I(u) a real-valued function, are solutions of (10) and (11) if I’ = e

ing ¢’s are

The correspond-

¢1(u,v) = 1/2[¢' cos(l + 2v) — gl’ sin(l + 2v) + 2igsin(l + 2v)],
@a(u,v) = 1/2[¢" sin(l + 2v) + gl’ cos(l + 2v) — 2ig cos(l + 2v)],
o3(u,v) = h/2.
Finally, after integration, we get the minimal parametrisation
fi(u,v) = gcos(l + 2v),
fa(u,v) = gsin(l + 2v), (17)
fs(u,v) = h,

where h is a primitive of h. The parametrization (17) is exactly, up to a change of coordinates,
the parametrisation of the minimal Catenoid of revolution (about the zs-axes) described in [6].

5 Minimal Surfaces in H? x R

Let H? be the hyperbolic plane {(z1,22) € R? : x5 > 0} endowed with the metric, of constant
Gauss curvature —1, gy = (da? + dx2)/z3. The hyperbolic plane H?, with the group structures
derived by the composition of proper affine maps, is a Lie group and the metric gy is left
invariant. We can then consider H? x R as a Lie group with the product structure and the left
invariant metric

 dai+ das .2

is

0 0 0
El_x28—931’ E22x28—932’ 5= Bag
In this case the matrix defined in (3) takes the form
z2 0 0
A= 0 To 0 s
0 0 1
while the non zero L}; are L, = —2, L7, = 2. We then have the following:

Theorem 5.1  Let v;,5 = 1,...,3, be three complex-valued functions defined in a simply
connected domain Q) C C, such that the following conditions are satisfied:

hd 22:1 %E #0;
° Zi:1 1/)1'2 =0;
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e 3 is holomorphic and 1,1o are solutions of the system

% o,
852 (18)
2 _

Then the map f: Q) — H2 x R given by
fi(u, ’U) = 2R6(/ Z Aij'll)j dZ>
Zo
defines a conformal minimal immersion.

Proof According to (5) the section ¢ = 91 Ey + 12 Es + 13 E5 is holomorphic if and only if
oy

E - Ed)Q == 07
a’(/}2 2
3 + [|91]]* = 0,
O3

7z

Then the theorem follows from Theorem 3.1.
If we put f = 2Re f; 12 dz, the minimal immersion becomes

Flu,v) = (2Re/ ef2 by dz, ef2, 2Re/ Vs dz> .

o

Example 5.2 If ¢y is a holomorphic function, then from (18) we have that 1 must be
identically zero and the corresponding immersion is the minimal parametrization of the vertical
planes z; = constant. If 1); and 9y are not holomorphic, then (18) implies that ¥? + 3 is
holomorphic. The latter condition is surely satisfied if 7 4¢3 = a for some constant a € R.
Let examine the following cases:

a = 0 : Then, from ¢? + ¥3 4+ ¢2 = 0, we have that 13 = 0 and the corresponding
immersion is the minimal parametrization of the horizontal planes x3 = constant. These are,
in fact, totally geodesic surfaces.

a = —1: In this case, decomposing 11 (u, v) = a1(u, v) + iaz(u,v) and s (u,v) = az(u,v) +
iays(u,v) with respect to their real and imaginary parts, the condition 1% + 13 = —1 reduces to
the following system:

(19)

a%—a%—!—a%—ai: -1,
aias + agayg = 0.

Choosing the solution

as(u,v) = —sin(2v)as(u, v),

{ a1 (u,v) = sin(2v)aq (u, v),

of the second equation of (19), then, from (18), the functions a; and ag are solutions of

<% — %> (% + %> =4aias.
Ju v Ov ou
A solution of the latter equation is
2 (cos(2u) +sin(2v)) tan(2v) 2 sin(2u)

T 2—sin(2u—20v) +sin(2 (u+v))’ = —2+sin(2u —2v) —sin(2 (u +v))’

ai
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Finally, after integration, the immersion f(u,v) = (f1(u,v), f2(u,v), f3(u,v)) becomes:
2 sin(2u) tan(v)

hi(u,v) sin(2u)? tan(v)? + (1 + cos(2u) tan(v))®’
- 1 — tan(v)®

folu,v) = sin(2u)” tan(v)? + (1 + cos(2u) tan(v))*’

f3(u’ 'U) = 2u.

Let & : T — H? be the standard isometry from the hyperbolic disc I = {(z,y) € R? : 22+ < 1}
to H?, and define o : I x R — H? x R by a(z,y,2) = (a(r,y),z). Then the immersion f is
the composition a o f where f(u,v) = (tanwvcos(2u), tanvsin(2u),2u) is the immersion of a
minimal helicoid in T x R described in [9].

Remark 5.3 (Futher investigations) We would like to point out that some of the basic
questions that have been solved for the Weierstrass representation of minimal surfaces in R?
are still without an answer for the Weierstrass representation in Hs and H? x R. Among these
questions are:

e An analysis of the non simply connected case;

e The application of the Weierstrass representation formula to the Berstein problem;

e The research of new examples.

Moreover, we believe that our method can be applied to other three-dimensional manifolds.
In particular, using the recent study of Harold Rosenberg of minimal surfaces in S$? x R [16],
we shall deal, in a forthcoming paper, with the Weierstrass representation formula of minimal
surfaces in S* x R.
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