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1 Introduction

This paper is devoted to the study of the self-similar solution of Cauchy problem for nonlinear
integro-differential equation

3?5_5? :/O Ru(t—s) A u(s)ds+/0 Ro(t = s)f(u(s))ds, 0<a<1, (1.1)

u(0) = ¢
where u(t) = u(x,t), v = ¥(z), (z,t) € R" x RT, R, (t) = ’;a(;; and
F(u) = plulPu or fw) =t p> 0. (1.2)
Formally, (1.1) is written as a fractional order evolution equation
ooy
grieny =Au+ f(u), u=u(x,t), (13)

U(O) =1, Y= w(l")’
and this equation interpolates nonlinear heat and wave equations.

For the linear case (f(u) = 0) for n = 1, (1.1) describes the heat conduction with mem-
ory [1, 2], and many authors studied the problem ([1-7]). Scheider, Wyss [5] and Fujita [3]
obtained the representation formula of fundamental solution for this linear equation for n = 1.
Furthermore, Fujita [3] proved that the fundamental solution of this linear equation has some
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properties which are similar to heat equation’s and one and other properties which are sim-
ilar to wave equation’s. For example, the points where the fundamental solution attains its
maximum propagate with finite speed. Fujita [4] also obtained the representation of the so-
lution of linear integro-differential equation including wave equation by probability methods.
Hirata and Miao in [8] gave the representation formula for linear integro-differential equation
with inhomogeneous term in multidimensional spaces and space-time estimates for the solu-
tions of linear integro-differential equations based on Laplace and Fourier transforms, Mittag—
Leffler’s functions, Mihlin—-Hoérmander’s multiple estimates. Moreover, they proved the well-
posedness of local mild solution of Cauchy problem for nonlinear integro-differential equation
in C([0,T); L"(R™)) or L9(0,T; LP(R™)) and the existence of global small solutions for nonlin-
ear intrgro-differential equations by using the space-time estimates and contraction mapping
principle.

Recently, many authors studied the self-similar solution for nonlinear evolution equations.
Cannone and Planchon [9-11] developed the Kato’s method [12] and established the existence
of self-similar solution and asympotic behavior of Navier—Stokes equations by the Littlewood—
Paley description of Besov spaces. In [13] Meyer gave an excellent analysis to self-similar solution
of nonlinear evolution equations and proved that the similarity results were also valid for the
heat equations. Miao and Zhang in [17] found a way based on space-time estimates which were
established in [14, 15, 16] and established self-similar solution for the general semi-linear heat
equations.

It is well known that

sup =5 [H ()l = [y . HE) =, 520 (1.4)

But we can not use Schrodinger semigroup S(t) = e®* to give an equivalent norm such as the
above heat semigroup. Cazenave and Weissler [10, 18], Ribaud and Youssfi [19] introduced a
class of new function spaces

Esp(R" xR) = {U(I,t) € S (R" X R); |lull g, , = supt?lu(t, )| gro.p < 00
>0

1/2
2 < p < oo, 0§S<E, U:U(S,p):—<——ﬁ+s)},
P 2\a p

and established the global self-similar solution of (1.1) under condition ||¢; E; ,(R™)|| < &, where
E,»(R") = {$(z) € H*P(R"); ¢, = SUp 17| S (0¥l < 00}

On the other hand, Planchon [20, 21, 22] substituted classical critical space H®2 with B2

2,007
5y =§ — %, and proved the global self-similar solution to Schrédinger equation in C,(R; BSQOO)
under condition a € 2N by using the generalized Strichartz-type estimates and Littlewood—
Paley decompositions theory. Miao and Zhang [17] extended Planchon’s results to generalize
nonlinear term by devoting to some equivalent description of Besov space. Using the above
different spaces, Ribaud and Youssfi [23], Planchon [21, 22] established the global self-similar
solution for semilinear wave equations, respectively, under suitable conditions. The purpose
of this paper is devoted to the study of the global self-similar solution for nonlinear integro-
differential Equation (1.1). Using the space-time estimates which were established by Hirata
and Miao in [8] we prove the global existence of self-similar solution for the nonlinear integro-
differential equation in C, ([0, 00); By (R™)).

Before stating our main results, we first introduce some notations. According to scaling
principle (see the next section), one easily sees that uy(f,z) = )\%u()\a%lt, Az) with A > 0 is
the solution of (1.1) or (1.3) with initial data t(x) replaced by )\%w()\x) if u = u(t, x) satisfies
(1.1) or (1.3).
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Definition 1.1  u = u(t,z) is said to be a self-similar solution of (1.1) or (1.3) if
up(t,x) = /\%u()\%ﬂt,)\x) =u(t,z), VA>0. (1.5)
Remark 1.2 (1) It is well known that the self-similar solution to (1.1) or (1.3) is of the form

u(t,z) = t“ilU(%). (1.6)
2

(2) As we know, self-similar solutions to nonlinear evolution equations can be studied by
semi-linear elliptic equations. But for (1.1) or (1.3) it seems difficult to study the self-similar
solution in this way.

(3) Ome important approach to the self-similar solutions of (1.1) or (1.3) is the study
of small global well-posedness of Cauchy problem (1.1) or (1.3) in Besov spaces or in some
nonstandard function spaces. These new global solutions to (1.1) or (1.3) admit a class of
self-similar solutions. In fact, let the initial data ¥ (x) satisfy

(x) = Xeb(Az), A >0, (1.7)
for example, we can take
/
N JL CA R
2|7 ||

where the function Q(z) is defined on the unit sphere ¥"~! in R™. If u(t,z) is the unique
solution of (1.1) or (1.3) with the data in (1.7), then u(t, z) is just a self-similar solution of (1.1)
or (1.3).
(4) Let u(t, z) be a self-similar solution to (1.1) or (1.3). Then the function u(0, z) = ¢ (z)
is a homogeneous function with degree f%. To obtain the self-similar solution of (1.1) or (1.3)
we have to choose a suitable homogeneous function space X with the degree —% (see [16], [17]
or [24]) and prove that (1.1) or (1.3) generates a global flow in X.
Let E, and E, s denote Mittag-LefHler’s function and generalized Mittag—Lefller’s function
[25, 26], that is,
alZ) = -, a = -, ,8>0. 1.8
) ;;J Mok 1) Feol?) kz_o fakr o 7 (18)
For the detailed properties of Mittag—Leffler’s function, one can see [6-8, 13].

Definition 1.2 We call (q,r,p) the admissible triplet with respect to « if

nl+ap .
1 1 1 1 —, ifn=>2
_:w<___)’ 1<p<r< n(l+o¢)72 f (19)
q por 00, ifn=1
Definition 1.3  The triplet (q,r,p) is called a generalized admissible triplet with respect to «
4 (L+a)
n(l+a)p
1 1 1 1 ———, n(l+a)>2p,
_:w<___)’ lep<re<dnia—gpy "Ira>2 (1.10)
q poT 0, n(1+a) < 2p.

Remark 1.4 (1) It is easy to see that (g, 7, p) is an admissible triplet or generalized admissible
triplet, then ¢ is uniquely determined by r and p. So we may write ¢ = ¢(r, p).

(2) Clearly, r < ¢ < o if (g, r,p) is an admissible triplet, and 1 < ¢ < oo if (¢,7,p) is a
generalized admissible triplet.

Definition 1.5 (1) Let B be a Banach space and for o > 0, I = [0,T) and I=1(0,T1).
Define €,(I; B) and its homogeneous space €,(1; B) as follows:

©,(I; B) = {f € €(I; B); || f;%,(I; B)|| = stg;t%wng < oo}, (1.11)

€o(I;B) = {f € 6,(I; B); limt||f(t)]» = 0}.
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(2) C.(I;B) ={v; ve€ L*(I;B) and v are continuous in the sense of distributions}.

Remark 1.6 It is easy to see that
(1) fe%,(I; L") if and only if t= f € Cy(I; L");
(2) if (¢,7,p) is an admissible triplet then

: 1
(L) = { € OUL), Wl pran =suptH Il <oo}. (L12)

In particular, €y ) (I; L") = Cy(I; LP) if r = p
(3) v € C(I; B) means v is a bounded flow in B.
Definition 1.7 Let o >0, 1 <r < c0. Define Banach space &, ,(R") as

Srr(B") = {0(2) € SR Wl = supt [W (0], < oo, (113)

where W (t) = F 1By 1(— €%t )% denotes the solution operator of free integro-differential
equation with respect to (1.1).

Our main results can be stated as follows.

Theorem 1.1 Letr > p > py = o, p > max(l,%). Let (q,7,p0) be any generalized
admissible triplet with

max(po, 1 + p) <7 < po(1 + p). (1.14)

.n_ 2
Let ¢¥(z) € Bpos" N 5(Tpo ~(R™) with (1.7). Then there exists n(p) > 0 with the follow-
ing properties: If ||¢;B,§’oO | + 1195 Eqrpo),r R™) < n(p), then there exists a unique solution

2

u(z,t) € C*([O,oo);Bp%, ) 0 Cyirpo) ([0, 00); LT(R™)) to (1.1) or (1.3) which satisfies
wat) = WO+ oo =W+ Fv(E) = Fo( B )
2
[o(x, t); L (RT; L (RM))]| < o0, (1.16)
sup 770 ||u(z, t)||, < 0. (1.17)
>0
Moreover, its profile V(x) satisfies
Ulx) =W(Q)yY+ V(x) € L"(R"). (1.18)
Corollary 1.2 Letr > p >py = 22 > 1, p > max(1, 2). Let (q,7,po) be any generalized
.n_2
admissible triplet. Let ¢(x) € B oo’ NEy(r py),r(R™) with (1.7). Then there exists n(p) > 0 with
the following property: If
.n_ 2
|0 Bi Eatrporr R < (D), (1.19)

then there exists a unique self-solution u(z,t) € C.(Rt; B oo 7) N Cyrpo) RT LT (R™)) to (1.1)
or (1.3) which satisfies (1.15)—(1.17) and its profile U(x) satisfies (1.18) for
n(l+a)p
po<r << 2(14+a)—2p’
00, p>1+a.

<1+a,
plta (1.20)

Remark 1.7 (1) In Theorem 1.1 and Corollary 1.2, for generic data without restriction

2

condition (1.7), one also obtains the global well-posedness of (1.1) or (1.3) on C, ([0, 50); B oo’ )N
Ca(r.po) ([0,00); L"(R™)) but the solutions u(x,t) has no structure of self-similar solutions (1.15)
and (1.18).

(2) When k > 0 is suitably small, the initial data ¢ (x) in (1.7) satisfies condition (1.19).
Remark 1.8 (1) If we take @ = 0, Theorem 1.1 and Corollary 1.2 implies the known results
in heat equation in [13] and [17].
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(2) If we take @ =1 in (1.3) and add the initial condition about v; as ¢ satisfying
o(x) = )\%H(p()\x), A >0,

and substitute
.n_2
193 Bgioo” || + 195 E4r,p0),» (R™) | < n(p)

with a simpler condition
1 1. 1 2 n
suptﬁH cos[(—A)2tlY 4+ (—A) 72 sm[(—A)H]apHr <n pB=---
t>0 p T
where r > max(2, %), one easily gets the global well-posedness for the wave equation in the

space %% (R; L™ (R™)) by using the method in this paper. For more results on wave equations
see [27].
Remark 1.9 The self-similar solution in Theorem 1.1 is driving the large-scale behavior of

some global solution to (1.1) or (1.3). If u(x,?) is a global solution to (1.1) or (1.3) with (1.19
g (1.1) or (1.3) ; g

and
a+1

lim ¢ |Ju(t™ 2,t) — V(z)|l, =0, V(z)e L"(R™),

t—

then one easily concludes that v(z,t) = tiaTHV(t_#x) is a self-similar solution to (1.1) and

(1.3). On the other hand, we have
wz,t) =t T VE T )+t Rt
where V(z) € L"(R") and

a+1

>, t),

Jim | R(0)], = 0.

For the large-scale behavior of the solutions to other evolution equations, see [10], [13] and [11].
Remark 1.10  For the admissible triplet (¢, r, po) with (1.9), one easily conclude that u(x,t) €
L4(R*; L"(R™)) by the space-time estimates which were established in [8].

Before concluding this section, we like to give some notations which we shall use in this
paper. Zv and .% ~!v denote the Fourier and Fourier inverse transforms of v in R™ respectively.
We also use the more abbreviated notations ¢ and v. I'(:) and B(:,-) denote the usual Gamma
and Beta functions respectively. Different positive constants might be denoted by the same
letter C.

Our plan in the present paper is as follows. In Section 2 we shall recall some well known
basic facts and some space-time estimates. Section 3 is devoted to the proof of our main results.

2 Preliminary and Some Lemmas

It is well known that
~ t ~
v(z,t) :(E1+a * 1/)) (z,t) + /o (t— T)Q(E1+a71+a(',t —T) * f(~,7'))(:c)d7'

N

=W(t)y+9f, (2.1)
satisfies the following Cauchy problem for linear integro-differential equation with nonhomoge-
neous term of the form

) _ /O Ralt — ) 5 us)ds + /O Ra(t = 5)f(,s)ds,

v(0) =1, Y =1(x),
where Eyyo(z,t) = F " Ergpal—| - Pt1T*))(z) and
El+a,1+o¢(ma t) = yil(El'i‘Oé,l-‘rOé(_' ’ |2t1+a))(x)'

(2.2)
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Remark 2.1 (i) Integro-differential equation (2.2) corresponds to a fractional order partial
differential equation

ooy N
W:Av—"f("t)’ v=ov(z,t), (x,t)€R" xR, (2.3)
v(0) =9, ¥ =1(z), z €R",
formally. If we take oo = 0, (2.3) is just as follows:
%:Av—i—f(-,t), v=uov(z,t), (z,t) € R" xRT, (2.4)

v(0) =9, ¥ =1(z), z €R™.
In view of (2.2) and Ey(—|¢*t) = e~ €It we can easily see that the solution of (2.4) is

v, t) = (G 1) * ) (@) + / (Gt — 5) % (-, 5)) (2)ds,

z|2
where G(z,t) = (47rt)—%e—|4L )
(ii) If we take & = 1 in (2.3) and add the initial condition about v; as ¢, the equation is
just as follows:

9%v N N

WZAUJrf(-,t), v=uv(z,t), (z,t)€R”xR*,

v(0) =¥, Y =1v(z), =eR", (2.5)
v(0) = o, o =), =ecR™

In this case, the representation formula of the solution u changes as follows.

v(z,t) = (ng)(z,tH/ (Eg*go)(z,s)der/ (t = 1) (Bap(-yt — 1) % f(-, 7)) (2)dr.
0 0
Using the formulas Ea(—|¢|?*t?) = cos(|¢[|t) and
ez Lo (CDE(EPE isin

one easily finds that the solution of (2.5) is

v(z,t) =(F " (cos(] - [t)) * ) (x) + <91 (Sm(||t)> * cp> (x)

* /ot (gl (W) * [ T)) (z)dT.

(iii) Let ¢ € S (R"), f € L'(]0,00);.(R™)) and 0 < o < 1. Then, (2.2) admits a unique
solution v € C1T([0, 00); #(R™)). For the proof see [8].

By Mihlin—H6rmander’s theorem, Marcinkiewicz’s interpolation theorem and other har-
monic analysis tool [28-32], one can verify the following propositions; for the detailed proof,
see [8].

Proposition 2.1 (LP-L" estimates) Let1l < r < oo and n/2 < p < r. Then, for any
P € LP(R™), we have

W @B = |Brralt) * 0l < Cllgl,, ¥teRY, @27)
and for any ¢ € LP(R™), we have
_n(+4a) (1 _1
W el < oG8 ., (2.8)
~ _n(4o) (1_1
|Brsasa(t) « 6l < =52 Gy, (2.9)

where C' is a constant independent of t and .

Proposition 2.2 (1) Let (q,7,p) be any admissible triplet such thatp > n/2 and ¢ € LP(R™).
Then
W(tW = E1+a *xP € Cb(I; Lp) N ng(r,p) (I; Lr)v (210)
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and
W)Yz, 1527 < CllYllp, (2.11)

where I = [0,T) or I =[0,00) and C is a constant independent of I.
(2) Let (q,r,p) be any admissible triplet such that p > n/2 and » € LP(R™). Then
W (t)h) = Eyyo * 0 € Cy(I; LP) N LY LT), (2.12)
and
W (@)Yl Lagrszry < Cllgllp, (2.13)
where I =[0,T) or I =[0,00) and C is a constant independent of I.

One easily sees that v(z,t) = W(t)h = Ei,q * ¢ satisfies (2.1) with f(z,¢) = 0 or the
Cauchy Problem to the fractional evolution equation
0ty
otatl
Proposition 2.3  For any initial data ¥ satisfying (1.7), then v(z,t) = W ()1 is a self-similar
solution to (2.14) and its profile V(z) = (W(1)y)(z).
Proof In fact,

at) =W =W % [ B e NI O

=2} [ ertpnlerrnend(§ e (n=3)

R

—Av=0, v(0)=1yx). (2.14)

= / N B (~InP (A= 0 ()
= AP (WOATF 1)) (Ax) = v (2, 1), (2.15)
where 2 denotes the presence of a constant after =. Hence we get
o(z,t) = e (WATTE))(Ax) = AP v( Az, \5FTt). (2.16)
Let A =t~“%" in (2.16). It follows that
R () = () = () 2.17)
to t= t—=

So we get V(z) = W(1)v.
Remark 2.2 (1) From (2.15) we have
Avy(z,1) = A Av(Az, A7FT¢)

—aia{ [ g o)

™

=3[R B (PO 0

= X207 (Av)(Az, Aat1t) = A2(Av)y. (2.18)
On the other hand, for any f(t) € C?(R"), a simple computation yields

o+l Pt—s)" Pf(ATiTs)
otoatl JO=TY _/0 rl—a) 0s? ds
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aa-‘,—lf e
=\? ( v )(Aw t). (2.19)
This implies
2 a+1 5 ) aa—i—l 5
Ar WU()\!T’)\OHA t) A )\ ato‘+1 ()\“+1 t) (220)

So vy (z,t) satisfies (1.14) with data 1) by (2.19) and (2.20).
(2) Notice that

0 o > 1—|—a
8tEa+1 —|€[?to+t) Z
k=1

1+a k+1 1)k|g|2Rt(Ita)kta
NCESSCEES)
) |§|2kt(1+a)k+o¢

—lel ZI‘ (14+a)k+a+1)

~1)Hghe k)
1 +a)k+1)

o0 (_1)k+ﬁ+l|§|2(k+a%l)t(1+a)(k+ﬁ>

e T sy
(1) =] kZ:O T +a)(k+ )+ 1)

oo+ - ~ -
+ (71)k|£|2kt(1+ )k

(D= 3, L((1+a)k+1)

k=2%
o (—|€[2) @ By (— €271, (2.21)
One can verify that
QW (D)) = (— L) = W (L), (2.22)

Therefore we give another equivalent norm to Besov space by using Mittag—LefHler’s functions
or W (t).
By simple computations, one can prove the following results:

Proposition 2.4 (1) Letr>p > py = %, p > max(l, %) Let (q,7,po) be any generalized

admissible triplet. Let (x) € BE;") N &lq(rpo),r) with (1.7). Then
v(z,t) = W(t)p =t~ V(tﬁﬂ ) = Eop1(—[€tT1) x4, (2.23)
satisfies
v(z,t) € c*([o, ); BE,;?) NGy (rpo) ([0, 00); L7 (R™)). (2.24)

.n_ 2
Moreover, its profile V(z) € B " (R™) N L"(R™).
.n_ 2
(2) Let v(x) € Bp.oo" satisfy (1.7), (q,7,p) be any admissible triplet with r > p. Then

. 2
o(a,t) € LR Biry) = By, s, = n_z (2.25)
> p p
and its profile V(z) € Bfq
Proof One easily checks that
1
igt‘“”’“ W@ [r < 1191l egimpgym (2.26)

o s, 5E7)] < o

As for the proof of other results, see Proposition 2.5.

(2.27)
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.n_ 2
Proposition 2.5 Let r >p>po="L, p>max(l,2). Let (x) € Bpoo” N Eqrpo)r) With
(1.7), and u(z,t) = % U( aT ) be the self-similar solution to (1.1) or (1.3). Then we have

the following results:
(1) Let (q,r,po) be any generalized admissible triplet. Then

u(z, t) = ““U( QH) € c*([o, oo);Bﬁ;i) N Cyrpe) ([0, 00); LT (R™)) (2.28)
PR N LR,

iff its profile U(x) € B p%
e any admissible triplet with r > p. Then

(2) Let (q,7,p) be

u(z,t) =t U< ot ) € Z9R; Bﬁfg;o) = Bz”;ff (2.29)
.n_2
iff its profile U(x) € By ”, where BS > is the generalized form of Besov space B oo i which

LP is replaced by Banach space X .

Proof The proof of (1) comes from

a—|—1+a+1(__g) B (oz—|—1)n:07
p 2 \p »p 2p
and
704Jr1jL 1 (onrl)n:O'
p a(rpo) 2r

Now we only need to prove (2.29). Let (€) € C°(R™) with
A 1
- 1
WO=0, lels] or k24

Define Littlewood—Paley operator as

Auf =T uON) =vux £, Du(€) =do(u™), neR", (2.31)
One easily checks that [17, 20]

oS} qd %
1, = ([ (wustn) 2. (232

By Fourier transforms one easily verifies

D /R e, i, g = v

(2.30)

—

T

em‘%@v(w) (€)de
R"™ t 2

a+1 a+1

= [0 garE e

_ o+l X
— % (AtazﬂuU)Qa_H), (2.33)

o] at1 T q q
1Al gon: = ( / ( (A aas U)( M>||r) dt)
0 I t 2
© o N\
— (/ (t g +) + HA at1 UH ) )
0

= o,
1
2 4 9 n 2 o0 2_n T, a
= T (atD) e |\, U a+1_1d
il VA G D )

and
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1
2 9 2 _n__ 2 e oy dﬁ)

_ » T T (atl)q p T (a+1)q A U 2.34

(a + 1) a (/0 <77 | I- )> n ( )

Noting that s, satisfies

n 2 n 2 2
g 2_n Z 2.35
Tpop (a+l)g p (2:35)
we have
2 7 00 q 7

sup i |8l = (27 ) s ([ (12010) ) = Wy, 236)

u>0 a+1l/) u>o\.Jo o

One easily sees that for any initial data f(x) with (1.7)
L2 i(n 1
178501 = swp 36Dt ar ()| <1l #0=e2, @30
teR+ \/E P

= W) flr- (2.38)

T

1  _ at1 X
Hf7 éo(q(r,po),r)” = Ssup tatmro) e (W(l)f)< at1 )
teRT t=2

We now discuss the relation between ||H(1)f]|, and ||Aof|lp, |WQ)f]]- and ||Dof], for
1 < p,7 < 0o. Now we take h(€) = h(|€]) € C2° with

{gupp h(€) C {i, 272 < |gl < 2%, (2.30)
R =1, 27 < | <2
Therefore we easily see that
120f 1o = 17 (@o(€) FE)lp = 1.7~ (o (€)R(E) F(€))lp
< |77 (R do(©)) * (e FE)
< [1Z 1 R RN F e F©)),
SIHQ)flp, (2.40)

120l = 1.7 (@0 (&) FE)lr = I1F " (b0 (E)R(E) FE)II-
< |NF T (Bagr ([E1R(E)D « FH(Bag1(—IE1) F(E)lr
<F (Bt (€ 117 " (Barr (— 1€ )l
S WLl (2.41)

where < denotes the presence of a constant after <.
On the other hand, we decompose F'= H(1)f or F = W(1)f as

F=H1)f=HM)(1—-¢)xf)+H1)px*f
= Z U -9)f)+ 77 e o)
L P+ B, (2.42)
F=WL)f=WO)((1-¢)*f)+W(L)pxf
= F N (Bar1 (€)1 = ) f) + F (Bara(-IE17)2f)
LR+ PR, (2.43)
where ¢ =1 — 327° 4y (€). One easily verifies that
Brc{g =1, a5m) =0, j<-1, (2.44)
Byc{g [€]<2), L;(F) =0, j>2 (2.45)
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Since f(z) satisfies the scaling condition (1.7), it follows that

- / T2 f(&)de

~ 275 No(f) (27 2). (2.46)
We first estimate | A;(F3)||p or ||A;(F2)||,. Since

2
Bj(Fy) = F @5 Fo) = F W), (OF2) = £5(F) x Dj(9), &= D Wjse, (247)
where o
GO =eTp or §(6) = Ean(-l¢P)e. (2.48)
we obtain
1852l $ 185125 (Plle £ 2EPl|aofle, G<1L=pr (2.49)
where we have used ||A;(@)|l1 < C||@]l1. For j > 0, we have
125 (F)lle = 1H@W)A;(f)lle (or [W(L)A;(f1)le)
SN2l S 1251 < 2579 Ao f 1,
fi=(=-9)f, t=pr (2.50)
by (2.46). So we have the following proposition:
Proposition 2.6 (1) Let f(z) € LP(R™). Then ||Dofllp < C|HD)f|lp-
(2) Let f(z) € L"(R"). Then [|Bofllr < CIIW (1) ]|,

(3) Let f(x) € B;OO; satisfy (1.7) and Nof(x) € L' N LP. Then H(1)f € LP such that

15 Bl ) = [HW) @)y S 1801l + 180f (2.51)

(4) Let f(x) € Eg(rpo),m (R™) satisfy (1.7) and Nof(x) € L' NL". Then W(1)f € L" such
that

1f5 €tatrpo).ry R = W) f (@) lr S [[Aoflln + [[Dof]r- (2.52)

3 Proof of Theorem 1.1 and Corollary 1.2

It is well known that (1.1) is equivalent to the following integral equation:

u(-t) = E1pal *¢+/E1+a t—s) /R (s — 1) f(u(r))drds

— Bral )10+ [0 Briatralot 1) # St
0

=Wy +9f(u). (3.1)

Proof of Theorem 1.1  According to the equivalent norm of Besov spaces and Proposition 2.4,

we have
n 2

W (#)3 €ar,p0) ([0, );LT)HJFHW('WC*([O&O);BE,;Z)H

<o| ||+ 15 Bty R (32)

‘1/1; B’
for any generalized admissible triplet (g, r, po), where C' > 0 is independent of ¢, and (g, r, po)-
Denote by A the set of all generalized admissible triplets (g, 7, po) satisfying (1.14). Define

Xi= {“ € C (R+;B§j) N Ca(rpo) RT5 L), (g,7,p0) € A} (3.3)
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with the norm

n__ 2
lu; X[ := sup sup t—q<v~¥o>||uur+sup s i |
(q,m,p0)EA tERT

(3.4)

Let us introduce the complete metric space
.n_ 2
2 = {ue X, JuiX| < Mp), Mp) =20 |[v: B’

with the metric

+ 1165 Egtrpry ®I| }, - (35)

d(u,v) = [Jlu —v; X||, (3.6)

and consider, in the metric space 2, the operator & defined by the right side of (3.1), i.e
Tu =Wt +9f(u), flu)=pu™, uweZ. (3.7)
By LP-L" estimate in Proposition 2.1-Proposition 2.2, it follows that

,@ 14+p 1
1490y | < s / it — ] = D)|lufjo dr
1
a?ﬂp(a-%—l) _ + r
g/o 1= oo 7 - 1 gy ([0, 00): L) |1
< Clu Gy (I L) 74, (3.8)

where use has been made of the fact that np/(2r) < 1 and ¢ > 1 + p. Moreover, noticing that
.n_ 2
LPo C By «”, we also obtain by Proposition 2.1-Proposition 2.2 that

|70 . (10,000 BEZP) | < €l f(w); €0, 0005 1)

_ n(ax +1) i_i
< sup [t —7|* (5 )||u|‘p+1d7
teR+ JO
¢ _mlad) o411
<Csup [ |t— 7 T T8 e B drus Gy (1 LT[
teR+ JO

n(a+1)(p+1 1

<C [ 1= ) s By (1 L) [P
0

< Cllws Cogrpo) (L LT 17F, (3.9)
for any (q,7,po) € A and u € 2.
Combining (3.2), (3.8) and (3.9), we obtain that for u € 2",

| 7w X|| < Cllws X +2C Jus X [P+, (3.10)
Similarly to what we do in deriving (3.8) and (3.9) we can easily obtain that for u,v € 2,
d(Tu, Tv) < Cfflu; X[|1? + [lv; X||?]d(u, v). (3.11)

Then (3.8)—(3.11) imply that there exists n(p) > 0 with the followmg properties: If ||| x < n(p),
then there exists a unique solution u(z,t) € C\([0, 00); Blf, P)YNG g (rpo ([0, 00); LT (R™)) to (1.1)
which satisfies estimates (1.15)—(1.18) by Proposition 2.3-Proposition 2.5.

Proof of Corollary 1.2 Consider now the case 7 < 1+p. By interpolation between C,(R™; LP0)
and any space €7 po) (R; L™) with (q,7,po) € A, the solution u obtained in Theorem 1.1 with
(q,7,po) € A satisfies that u € €y, p,)(RT; L"). Tt suffices to show that u € Gy, py) (RT; L") for
any generalized admissible triplet (g, r, pg) with r > po(p+1). To this end, let ¥ = py(1+ p) —e,

where € > 0 is so small that
1 1 1
nla+1) (p-i: — _) <1, (3.12)

2 T r

which is guaranteed by the fact that r < npo(a +1)/(n

0 (a+1) —2pg) if n(a+1) > 2pg and
r < oo if n(a+1) < 2po. Let%:%( — 1). Then (¢,7,p

o) € A and a simple calculation

S|~
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yields that

_n(e +1) el 1y
190y i) < s / - CE=Dule dr
Q,M ril,; _1 7

s/o L P dr s G @5 L

< Ollu; Gy po) RY; L)1, (3.13)
where use has been made of (3.12) and the fact that § > 1 + p.
Remark 3.1 (1) Let Q € C*¥(2,_1), k > 0 and let

Q") ,
= =—, 0<d . 3.14
w(‘r) K ‘I|d 9 X |l’|, < <n ( )

Lemma 4 in Ribaud and Youssfi [RY] assures that
| Do(¥)(@)] < Crl|Qer (1 + [a]) 7 (3.15)

n 2
Therefore, when k > n, we have ¢(x) € BE;E N Eq(r,po),r) (R™), in Theorem 1.1 and Corol-
lary 1.2.
(2) According to [15] and [16], one easily sees that the solution u(z,t) € LI(R*; L"(R™)
which is obtained in Theorem 1.1 for any admissible triplet (g, 7, po).
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