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Abstract It seems that in Mafié’s proof of the C'* Q-stability conjecture containing in the famous
paper which published in I. H. E. S. (1988), there exists a deficiency in the main lemma which says
that for f € 7' (M) there exists a dominated splitting TM,p, ;) = E;®F! (0 <i < dim M) such that
if £ is contracting, then F}* is expanding. In the first part of the paper, we give a proof to fill up this
deficiency. In the last part of the paper, we, under a weak assumption, prove a result that seems to be
useful in the study of dynamics in some other stability context.
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1 Introduction

Let M be a smooth closed manifold and let Diff' (M) be the set of diffeomorphisms with O
topology. In [1], Mafié proved the C*! stability conjecture for diffeomorphisms. Recall that a
C! diffeomorphism f belongs to #!(M) if and only if there exists a C! neighborhood % (f) of
f such that for any g € % (f) any periodic orbit P of g is hyperbolic. Let P;(f) be as in [2] for
0 < i < dim M. Then, by Theorem 1.3 [1] p. 165 or [2], there exists an i-dominated splitting
LipnM = E$ @ F for 0 < i < dim M. The following theorem is one of the main steps to
solve the C'! stability conjecture.
Theorem 1.4 ([1, p. 166]) If f € F'(M), 0 < i < dim M and E? is contracting, then F}
s expanding.

We found a deficiency in Mané’s proof of the above theorem. Because this theorem has
been cited in several papers (see [3-8]), its importance is more and more increasing.

2 A Deficiency in the Proof

Recall that Theorem 1.4 is a corollary of the following:

Theorem 2.1  Let A be a compact invariant set of f € Diff' (M) such that Q(f|s) = A, let
TIAM = E® F be a homogeneous dominated splitting such that E is contracting and suppose
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that there exists ¢ > 0 such that the inequality
1 n
lim inf — zglog 1D D raapll < —¢
]:

holds for a dense set of points x € A. Then either F is expanding (therefore A is hyperbolic)
or for every admissible neighborhood V' of A and every ~ € (0, 1), there exists a periodic point
x € M(f,V) with arbitrarily large period N and satisfying

v <HHDf Nogi@pll <1
j=1
where M(f,V) = Npezf™(V) and F s given by the unique homogeneous dominated splitting
T|M(f,V)M = FE @ F that extends T|a\M = E® F.

Mané proved Theorem 2.1 through the lemmas from 2.2 to 2.7 in [1]. There is no deficiency
in the proofs of 2.2 to 2.5. Let us first restate Mané’s Lemma 2.6:

Lemma 2.6  For every € > 0, for any {v2,72,73}, 0 < 70 < 72 < 72 < 3 < 1, there exists
a positive integer N = N(€;7v2,V2,73) such that for all x € A either J(x,A) is an (N,~3)-set
or there exists y € J(x,A) such that (y, f"(y)) is an (N(72,73),7s)-obstruction for all n >
N(¥2,73). Moreover y satisfies one of the following properties:

a) d(z,y) <e

b) There exists z, € A arbitrarily near to x with m > 1, such that d(f™(20),y) < €, and
(z0, f™(20)) is a uniform ~s-string.

The definition of the terminology and symbols in above lemma will be given in the next

section. In the proof of 2.6, there is a deficiency, more precisely, there is no argument to show
the assertion y € J(z,A). The following is what is actually proved in [1].

Lemma 2.6’ For every e > 0, for any {y2,72,73}, 0 < Yo < v2 < 72 < 73 < 1, there exists
a positive integer N = N (€72, 72,73) such that for all x € A either J(x,A) is an (N,~3)-set or
there exists y € A such that (y, f™(y)) is an (N (72, 73),v3)-obstruction for all n > N(¥2,73)-
Moreover y satisfies one of the following properties:

a) d(z,y) <e

b) There exists z, € A arbitrarily near to x with m > 1, such that d(f™(z0),y) < €, and
(z0, f™(20)) is a uniform ~s-string.

We remark that the Mané’s original proof also used Lemma 2.7 which depends on Lemma 2.6
heavily. We observe that even by using Lemma 2.6’ only, we can prove Theorem 2.1.

3 A New Proof of the Theorem of Mané

In this section, we first present some notions and lemmas from [1]. One can find complete proofs
of these results in [1]. We recall them here just to familiarize the reader with the notations and
symbols.

Let M be a smooth closed manifold, d be the distance on M induced from some Rieman-
nian metric on TM, f € Diff'(M), A be a compact invariant set of f with a homogenous
dominated splitting T|aM = E & F. We say that a compact neighborhood U of A is an ad-
missible nezghborhood if T'|pz(f,0yM has one and exactly one homogeneous dominated splitting
TlpgoyM = E @ F extending the splitting T|xM = E® F. It is well known that if 7’|, M has
a homogeneous dominated splitting, then A has an admissible neighborhood U. Here M (f,U)
is the maximum invariant set in U, that is, M(f,U) = Npezf™(U). In the following, for the
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simplicity of notation, we denote the dominated splitting on some admissible neighborhood by
E @ F also.

Under the above condition, we state Mané’s theorem as follows.
Theorem 3.1  Let A be a compact invariant set of f € Diff' (M) such that Q(f|s) = A, let
T|aM = E & F be a homogeneous dominated splitting such that E is contracting and suppose
that there exists ¢ > 0 such that the inequality

1 n
lim inf — _leog DS el < —
J:

holds for points x in a dense subset Ay of A. Then either F is expanding (therefore A is
hyperbolic) or for every admissible neighborhood V' of A and every v € (0,1), there exists a
periodic point x € M(f, V) with arbitmm’ly large period N and satisfying

gl <HH Df Hlpps@pll <1. (%)
j=1

Definition 3.1  For v € (0,1), (sc f™(x)) C A (n>1) is called a y-string if
H H Df |F (fi(x)) || > 'Yné

(z, f*(2)) = Az, f(x),..., f”(x)} C A (n>1) is called a uniform ~y-string if for all0 < k < n,
(/5(@), f(2)) is @ -string.

Definition 3.2 For v € (0,1), € > 0, a sequence of uniform ~y-strings {x;, f™ (z;)}¥_, is
called a periodic (€,7)-quasi-hyperbolic pseudoorbit if d(f™ (x;),ziv1) < € for all 1 < i < k,
where Tr+1 = x1. For 6 > 0, we say a periodic point x is §-shadowing a sequence of uniform
y-string {x;, ¥ (z) e, if N = ny + - + nyg is a period of x and d(f™(z), f*(z1)) < § for
1 <n <y, setting Ny = ny + - +ng, d(fN(x), ff(2i01)) <5 for1 <n<mnjq, 1 <i<k.
Lemma 3.2 (Generalized Shadowing Lemma)  For all v € (0,1), § > 0, there exists ¢ =
€(7,68) such that for any periodic (€,~)-quasi-hyperbolic pseudoorbit {z;, f™ (x;)}¥_,, it can be
0-shadowed by a periodic point x.

Remark This Generalized Shadowing Lemma was first proved by Liao in [9, 10] (under a
more general assumption). Later, Gan [11] gave it another shorter proof.

Lemma 3.3 (Pliss’ lemma [12]) For all 0 < 71 < 72 < 1, there exist a positive integer
N(v1,72) and a real number 1 > c(y1,72) > 0 such that if (z, f*(z)) is a yi-string with
n > N(y1,72), then there exist positive integers 0 < ny < -+- <mng <n, k > 1, k > nc(y1,72)
and (x, f™(x)) is a uniform ~yo-string for all 1 < i < k.

Definition 3.3  Let N be a positive integer and v € (0,1). We say (z, f™(x)) is an (N,v)-
obstruction if n > N and (x, f™(x)) is not a y-string for all N < m < n, that is, for all
N <m<n,

H (D Drepi@nll >A™

Lemma 3.4 Let 0 <y <72 <73 <1, (x, f"(x)) be ayp-string. Let 0 <ny < --- <np<n
be the set of integers such that (z, f™ (x)) is a uniform ~vs-string. Then for all 1 <1i < k, either
Nit1 —n; < N(vya,v3) or (f7i(x), fri+1(x)) is an (N(va,73), V2)-obstruction.

Lemma 3.5 Let 0 < <71 <7 <73 <1, N, I, n be positive integers. Let (z, f"(x)) be a
Yo-string, (z, f'(z)) be an (N, o)-obstruction. They satisfy:
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a) n > N(v0,73),nc(70,73) > [;

b) l > N(’71,72),lc(71,’72) > N.
Then, there exists a uniform ys-string (x, f™(x)), with I < m < n, such that (z, f™(x)) is not
a y1-string.
Remark In more informal language, these conditions require n > 1 > N.

Definition 3.4 Let x € A. Denote by J(x,A) the set of points y € A such that there exist a
sequence {x,} C A satisfying lim,,_, 4« ©,, =  and positive integers m, —,, +00 satisfying
y= lim fmn(xn)'
n—-+4oo

Remark By Q(f|a) = A, we have x € J(x,A). The sequence {z,} in the definition can be
chosen in the dense subset Ag of A. It is easy to see that J(x,A) is a compact invariant set.

Definition 3.5  For positive integer t and v € (0,1), a point x € A is called a (t,7)-point if
there exists —t < m < t, such that (f™ "(x), f™(x)) is a y-string for all n > 1. Denote by
S(t, ) the set of (t,7)-points and call it the mazimum (t,v)-set. It is easy to see that 3(t,7)
is a compact but not necessarily invariant subset of A. A compact invariant subset of 3(t,~y) is
called a (t,v)-set. It is easy to see that if for some positive integer t and v € (0,1), A = X(¢,7),
then F is expanding (hence A is hyperbolic).

Now we begin the proof of Theorem 3.1.
Proof Let ¢ >0, v € (0,1) be as in Theorem 3.1. Fix vy € (0, 1), such that max{v,exp(—c)}

< 7p- By the assumption of Theorem 3.1, we have for all x € Ay, there are infinitely many
values of positive integers n satisfying

TTI@ D e @pll < 7
j=1

To prove the theorem, we need the following lemma.

Lemma 3.6"  For every e > 0, for any {v2,72,73}, 0 < Yo < 72 < 2 < 73 < 1, there exists a
positive integer N = N (€;72,72,73), such that for all x € A, either J(x,A) is an (N,~3)-set or
there exists y € A such that (y, f*(y)) is an (N (2, 73),v3)-obstruction for all n > N(V2,73).
Moreover y mgs one of the following properties:

a) d(z,y) <e¢

b) There exists z, € A arbitrarily near to x with m > 1, such that d(f™(20),y) < €, and
(20, f™(20)) is a uniform ~3-string.

Now we continue the proof of the theorem. Recall yy to be such that max{~y,exp(—c)} <
Yo < 1. Let 4 < 4 be such that vo <5 < 4 < 1. Choose kg € (0,1) satisfying

v < ko%; (1)
kyty < 1. (2)

Take § > 0 satisfying that if a,b € M(f,V) and d(a,b) < J then
1DF Yl > kol (DS Hleal 3)

Let € = €(4,%) be the constant given by “Generalized Shadowing Lemma”. Let the positive
integer s = s(e/4) satisfy that for any given sequence {x;}5_; in M there exist ¢ # j such that
d(z;,x;) < €/4. Let the 4(s + 1) numbers be such that 0 < v3511 < Y3542 < V3541 < V3543 <
<y <72 <92 <3 <1 with y3541 =7, 13 = 4.

Now we assume that F' is not expanding.

Let N; = N(e/4;7v3i—1,7V3i—1,V3i) be constants given by Lemma 3.6', for every 1 < i < s+1.
Let ¥; = X(N;,vs3;) be the maximum (N;,vs;)-set for every 1 < ¢ < s. Because F is not
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expanding, it is easy to see that U_;¥; # A. We claim that for every 1 <14 < s, for any point
To;—1 € A—X;, there exist xo;_1,x9; € A, with zo; 1 arbitrarily close to Zo;_1 and two positive
integers ma;_1, mo; satisfying:

1) (.Tgi_h frreioa ($2i—1))7 (.2321‘, fre (.TQl)) are uniform -ys;-strings;

2) (w2, f™? (w2:)) is not a y3;_o-string;

3) d(fm%_l(l‘gi_ﬁ, afgi) < 6/2;

4) mei(:C2i> cA-— Ei+1;

5) ,-Ygzm KMe2i-1 > (kO,YSi_Q)mzi—rerm’
where K = min{|[(Df~1)|r)ll : © € A}

We will prove the claim later. Now we continue the proof of Theorem 3.1 by this claim and

the previous lemmas. First we take a point £; € A — ¥;. By the claim and induction, we can
get 2s points {zo;_1, T2 }i_; and 2s positive integers {ma;_1,ma; };_, satisfying 1), 2), 3), 4),
5) of the claim, for all 1 < i < s. By the definition of s = s(e/4), for sequence {xz;_1}{_;, there
exists k < [, such that d(xox_1,x2—1) < €/4. It is easy to see that

{(@2im1, 72 (w2i-1)), (w20, f7 (020)) Fis
is a periodic (4, €)-quasi-hyperbolic orbit arc. By Generalized Shadowing Lemma, there exists
a periodic point € M(f,U) which is -shadowing that quasi-hyperbolic orbit arc. z is the
periodic point satisfying () of Theorem 3.1.
First, for all k <7 <1 —1, by 2), 5) of the claim, we have

m2i—1 mao;
H H D.f |F(fJ(1321 1) H” Df ‘F(fj (z24) ”
> M- Ly (]f0’73 ) Mm2i—1+mai > > (ko’y)m2i71+m2i.
By 1) of the claim, we have
mai—1 ma;
IT 1@ e @l TR e o |  (yas) 2120 < gmaimatma,
j=1 j=1
Multiplying the above two inequalities for all £ <¢ <[ — 1, we have
2(1-1) m;
ko™ < T TTIDF Hles@nl < AN,
i=2k—1j=1

where N = ngicljlmi. Because z is §-shadowing this quasi-hyperbolic orbit arc, by (3), it is
easy to see that

N
(K57 H el < kgAY
Since k34 > v by (1), we have proved

H IDF ) rs @l >N

Since ko_l’y < 1 by (2), we have proved

HH (Df Hrgsi@pll < 1.

This completes the proof of Theorem 3.1.
Now we prove the claim. For 1 < i < s, let 9,1 € A — %;. Obviously J(Z2;—1,A) is not
an (N;,7v3;)-set. By Lemma 3.6’, there exists xo;_1 arbitrarily near Zs;_1. In particular we
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can assume that d(ze;_1,Z2,-1) < €/4, and there exists ng > 0 such that f"0(xg;_1) is €/4-
near a point Zo; such that (Zo;, f™(Z2;)) is an (N (J3i—1, V3:), ¥3i—1)-0bstruction for all n > N;.
Moreover, if ng > 0, then (zg;_1, f™(x2;—1)) is a uniform ~s;-string. Because Ay is a dense
subset of A, then when xzo; € Ay is arbitrarily near Zo;, there exists [ large with respect to
N (¥3i—1,73i), such that (zo;, f!(z2:)) is an (N(¥3;_1,73i), 13i—1)-obstruction. Because xo; € A,
there exist infinitely many integers n such that

H 1D s @apll <6

Applying Lemma 3.5 to 71 = ¥3i—2, 72 = 7¥3i—1, 73 = 734, because n can be chosen large with
respect to [, [ large with respect to N (3,1, ¥3:), there exists | < m < n, such that (xo;, f™(x2;))
is a uniform ~3;-string, but not a v3;_o-string. Because 3,2 > 7¥3(;41), when [ is large enough
(so is m), f™(w2;) could not be an (Nij1,7V3(i41))-point, that is, f™(xs;) € A — ¥;y1. Then
Zoi—1, Toi, Moi—1 = Mo and mey; = m satisfy conditions 1), 2), 3), 4) of the claim. Condition
5) holds if m is large with respect to ms;—1. Then in order to satisfy it, take [ in the previous
construction so large that 7§i72K’”2’?—1 > (koyzi_o)?T™2i-1 for all 5 > I. This will hold for
me; = m. Thus we complete the proof of the claim.

4 Another Theorem

In this section, we will prove a theorem similar to the theorem of Mané. But the condition in
this theorem is somewhat different from that of Mané, and so it may be useful in some other
stability context.

Theorem 4.1 Let f € Diﬁl(M). Let W be a compact invariant set of f with a homogeneous
dominated splitting TwM = E @® F. Suppose that a € W. Let A be w(a), the set of omega-limit
points of a. Suppose E is contracting on A, that is, there exists 7 € (0,1), such that for all
x €A, [[Df|p@)l < 7. Suppose also that there exists ¢ > 0, such that

liminf — Zlog I(Df* Neianll < —c.

n—+oo N

Then, either F' is expanding on A (therefore A is hyperbolic), or for all v € (0,1), there exists
a periodic point x arbitrarily near A and with arbitrarily large periodic N, such that

gl <HH Df Mpi@yl < 1.

Proof Suppose that F is not expandmg on A. Let ¢ > 0, v € (0,1) be as in the theorem. Fix
Y € (0,1) such that max{exp(—c),v} < 70. By the assumption of the theorem, we have, for
all x € orb(a), there are infinitely many positive integers n satisfying

H 1D e @pll <5

Now we have numbers {71,72,72,73}, such that 0 < vg <71 <72 <2 < 7y3 < 1.

To prove the theorem, we need a lemma similar to Lemma 3.6" of the previous section.
Lemma 4.1 Fiz e > 0. For all x € A, there exists y € A, such that (y, f"(y)) is an
N((F2,73), ¥2)-0bstruction for all n > N(Fa,7v3). Moreover, y satisfies one of the following
properties:

a) d(x,y) <e

b) There exists zy € orb(a) arbitrarily near x with m > 1, such that d(f™(z0),y) < € and
(20, f™(20)) is a uniform ~3-string.
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Proof Denote by A(N(72,73)) the set of points y € A such that (y, f"(y)) is an (N (F2,73), V2)-
obstruction for all n > N(72,73). It is easy to check that given € > 0, there exist Ni(e) >
N(J2,73) and Na(e) > 1 such that when (f"2(a), f**1"2(a)) is an (N (2, v3), ¥2)-obstruction
and ny > Ny(e), ny > Na(e), then d((f™2(a), A(N(72,73)))) < € (here we use that 75 > 7).

For, otherwise, there exist a sequence of points {f™"(a)} in A with m, —, +oo and
d(f™ (a), A(N(%2,73))) > €, and a sequence of positive integers k,, —,, +00 such that (f™~(a),
fmntEn(a))is an (N (2, 73), 2)-obstruction. By choosing subsequence if necessary, without loss
of generality, we can assume that there exists ¢ € A = w(a) such that f™"(a) —, . Obviously
x € A(N(2),73). On the other hand, because f™"(a) —, z, we have d(x, A(N(F2,73))) > €,
which is a contradiction.

Now we fix an arbitrary point x € A. Given any point z € A, there exists a sequence
{xn = fF»(a)ln > 0} (with k,, —,, +00) converging to x and satisfying z = lim,, 1o, f™" (z,,)
and m,, —, +0o. For n > 0 define .(n) = {m > 0; (x,, f™(x,)) is a uniform ~3-string} U {0}.
By Pliss’ lemma, it is easy to see that .%(n) is unbounded (since 9 < 73 and z,, € Ag). Set k7 =
min.¥(n) N [m,, +o00) and k, = max.¥(n)N[0,m,). Suppose that liminf(k;" — &, ) < Ni(e).
Then there exists 0 < m < Ny (€) such that f™(z) is the limit of a subsequence of { f*= (z,,)|n >
0}. Hence, if r > 0, (f™"(2), f™(2)) is a y3-string because it is the limit of a sequence of ~y3-
strings (f5» =" (x), f* (zn)) (Indeed these are vs-strings for r < k" because (z,,, f¥+ (2,,)) is a
uniform 73-string for all n). Therefore, for some 0 < m < Ny(e), (f™ (), f™(2)) is a y3-string
for all 7 > 0. If this holds for all z € A then A is an (Ny(€), v3)-set which implies F' is expanding.
This contradicts our assumption that F' is not expanding. So there exists some point z € A
such that for infinitely many n, k;} —k,, > Nj(e). Hence k;} —k;, > Ni(e) > N(72,73) because
Ni(€) > N(2,73). Then, by Lemma 3.4, (k= (z,,), fh (zn)) is an (N (72, v3), J2)-obstruction.
Therefore, d(f*» (x,,), A(N(%2,73))) < € for infinitely many n. If for an unbounded set of these
we have k;, > 0, we can take y € A(N(92,73)) such that d(f™= (z,),y) < € and then this point
y, the point zg = x,, and m = k;, satisfy conclusion b) of the lemma. If k;,; = 0 for all sufficiently
large n that satisfy d(f*» (x,,), A(N(52,73))) < €, then d(z,,, A(N(52,73))), and since z,, —, x
we obtain that d(x, A(N(72,73))) < e. Taking y € A(N(72,73)) such that d(z,y) < e, it follows
that y satisfies conclusion a) of the lemma. This completes the proof the lemma.

Using this lemma, the process to find the periodic orbit through the Generalized Shadowing
Lemma is exactly the Mané’s proof Theorem 3.1 or our proof in the previous section. We omit
the details and leave them to the reader.
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