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Abstract Let P;,1 < ¢ < 5, be prime numbers. It is proved that every integer N that satisfies
1 19

N = 5(mod 24) can be written as N = p? + p3 + p3 + Pi + p?, where ‘\/NE) —pi| < N278s07"c,
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1 Introduction

Among numerous results, Hua [1] proved that every sufficiently large integer satisfying n =
5 (mod 24) is equal to the sum of five prime squares. Liu and Zhan [2] could improve this result
by proving the following:

Theorem 1  Assume the Great Riemann Hypothesis. Then any sufficiently large integer n
satisfying n = 5 (mod 24) can be written as

n=pi +p3+ 3 +pi + 3, (1.1)
<y, i=1,234,5 fory=nzte.
In [3] the same problem was investigated without assuming the Great Riemann Hypothesis.
It was proved that (1.1) holds for

where ’pi -z

for a 6 > 0. The proof uses the ideas of Liu and Tsang ([4, 5]). The exact value of § depends
on the existence of the Siegel zero of the Dirichlet series and is not exactly calculated. Liu and
Zhan ([6]) could further improve on this result by showing that (1.2) holds for § = &5 —¢, Ve > 0.
This result gives not only a fixed value for 4, but also a value for § that does not depend on
the existence of the possible Siegel zero of the Dirichlet series. Here we will further improve on
this result by proving the following theorem:
Theorem  Any sufficiently large positive integer n satisfying n = 5 (mod 24) can be written
as

n=pi +ps+p3+pi + 2, (1.3)

where |pi - \/§| <y, 1=1,2,3,4,5 fory= nzss0te,

2 Preliminaries and Outline of the Proof

(a,b) and [a,b] denote the greatest common divisor and the smallest common multiple of two
integers a and b, respectively. Let L = log x, e(z) = €™, Ny = \/E —y, Na = /% + v,

Z :Z, Z = Z *, S(a) = Z A(m)e(m?a),

Xx mod q x mod q N1<m<N»>
(a,q)=1 X primitive
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R(n) = > A(ma)A(ma)A(ms)A(mg)A(ms).
n='mf +7ng+7n§+7ni+7n§
Np<m;<Ng

Define for a character ymodg C(a,x) = >.}_,; X(h)e(%fﬂ), C(a,x0) = C(a,q). Let ¢ and
€,€1,... > 0 denote constants that may take different values on different occasions. We shall
write x€L° < x¢, 2 < . Set

P=n¥tay ™t Q=yn 372, (2.1)
We define the major arcs M and the minor arcs m by M = Uy<p U? ,_; [¢ — & % + A,

(=1 T4 Q@
m:[fé, fé}\M We have

/ S°(a)e(—na) do +/ S (a)e(—na) da =: Ry(n) + Ra(n). (2.2)

We will prove that R(n) > 0 for sufficiently large n that satisfy the congruence conditions in
(1.1). This proves Theorem 2.
For the treatment of the minor arcs we quote the following lemma due to Harman [7]:

Lemma 2.1  Suppose € > 0 is given and |ga — a| < q_1 with (a,q) = 1. Then
1

4 Ey
3 4
Z A(n) e(n?a) < y1+€< + ﬁ + % + ﬂ)

3
v<n<aty L
holds for 1 < q < xy.
Applying this to S(«) we find that
N 1 11
max |§(a)] < y*** (P”“ TR Ll ) <yPnmAmals, (23)
aem Y1 Y2 y4
by choosing €; > 8e. Using (2.3) we estimate the contribution of the minor arcs as

1
Ry(n) < sup \S(a)|/ 1S(a)|* da < y'n 3L B, (2.4)
aem 0
for any B > 0. In the following sections we shall ﬁrst show that, for any B > 0
T
2.
Ri(n) = o OZ¢5 D4 0(ta L 0), (25)
where 1

y4$—1/2 < PO _ Z < y4x—1/2’ (26)

my+mo+mg+mgtmg=n V M1memsmams

2 o < N2
NZ2<m;<N2

if n €)z/2, z]. We further define

a
Z(q, X1, X2, X3, X, X5) = 3, Cla, x1)C(a, x2)C(a, x3)C(a, X4)C(a, x5)e < 7" >

B _ B 1+ A(p), p> 2,
Z(q, X05 X0, X0; X0, X0) = Y (q), Alq) = (q)’ S(p)_{l—l—A( 2) 4+ A(4) + A(8), p:2.}'

Finally we will derive
Po H s(p) + O(y*a=2L=PB), (2.7)

p>1

where [[ -, s(p) > ¢, from (2.5). The theorem follows from (2.2), (2.4), (2.6) and (2.7).

3 Treatment of the Major Arcs
We define
SAx) = Y Am)x(me(m®), T(A)= Y e(m’\),

N1 <m<Ny Ni<m<Ns
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1, ifx = xo,
W()‘7 X) = S(Aa X) - EOT()‘)a EO = X XO .
0, otherwise.

In the following we will appeal to the following lemma which is contained in Lemmas 5.1 and
5.2 in [8]:
Lemma 3.1 If (a,q) = 1, then C(a, x) < ¢'/?*.

Splitting the summation over m in the rest of the classes modulo g we obtain

a C(a7 q) 2
S<+>\> Ca, )W\ x) +O(L?).
q ¢(q) szodq
Thus we derive from (2.2) that
Ry(n) = RP(n) + R¢(n) + O (x%+3€1y_3) , (3.1)

where

C(a, q)e (-%) / s (0 )e(—nA)dA,

q -1/Qq

+1oz

<
¢5 Z / I/Qq a,q)T(\))? (zxj C(a, \)W (A, x))3e (—gn — /\n) dA
)

q<P 1/Qq
> w2 [ O (Sewowon) e(-5
+10 */ ( C(a,x)W e(——n—)\n)d)\
q§P¢5(q)a:1 —-1/Qq q
1 < 1/Qq 4 a
+5 */ C(a ,X)e <——n—)\n>d)\
LT [ g, Ol 0T 2l :

Z+5Z+IOZ+1OZ+5Z (3.2)

We first evaluate the main term Rm. We Wlll use the following lemmas:
Lemma 3.2 Let f(z), g(x) be monotonic functions in the interval [a,b] and |g(z)| < M.
(i) If|f'(z)| > m >0, then fabg(x) e(f(x))dx < M/m.
(i) If |f"(x)| > 7 >0, then [* g(x)e(f(x ))dz<<M/r%
(i) 1/ @) <0< 1, g(2). (@) < 1, ¥y 9me(F () = [ g(@) e(f(2)) da+O(p).
Proof See Lemma 4.8 in [9] and Chapter 21 in [10].

\Z(%XOXl7X0X;%X(Z;<31X0X4,X0X5)| < r73/2+e(10g P)e.

Proof Let I denote the left-hand side in Lemma 3. 3 and write Z(q) = Z(q, xoX1, X0X25 X0X3)-

Arguing as in Lemma 6.7, [11] we obtain I < Zu|a 0 *;’r‘ Zq<Q/m |A(q)|, where a < 1. Using

Lemma 3.1 we find that ) LZ{un)]  p=8/2+¢ Thus Lemma 3.3 follows from

ula ® (ur)

> |A(g)] < (log P)“. (3.3)

q<P

Lemma 3.3
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To prove (3.3) we argue as in Lemma 5.4 a) and the proof of Lemma 6.3 ¢) in [11] and get

> 1A(g |<<H(1+ )<< (log P)°.
q<P p<P
Now we apply Lemma 3.2 to T'(\) and find
N, N2
0= [ eutiaur o) =5 [ Cutepmarrom =3 Y G iow),

Ny 2 Jn2

Substituting this in RT*(n) we see

g — Ly Y@ /”Qq< ) e(/\m)>5e(—n)\)d)\

5
3202 00 Joyyqa \ o Sy VI g
(g)) [V e(Am) [* oy
*O(Z i/, | )
q<P /Qq N2< <NZ
Using
e(Am) . ( 1 )
Z < min |y, —— (3.5)
ooy VT Vo
and Lemma 3.3 with » = 1 we derive, from (3.4),
1 Y (q) /1/2 ( Z e(Am )) 4,,-1/27-B
—Z e(—nA)d X+ O (y*z~1/2L
32 <P ¢°(q) —-1/2 N2<m<N? vm ( )
Y(q)| V2
+O< 5 ‘/ d)\)
a<P ¢ q 1/Qq \/_‘)‘| (36)

32 OZ ¢ (((Z]) (PQ)4 —5/2) +O(y4x_1/2L )

1 Y(q) 4,.-1/27—B
= P, + O(y*z= V2L B),

VB > 0, where Py is defined as in (2.6). Applying Lemma 3.3 we can estimate ), in the
following way:

=I-.

PP IR DD D DD

X 1 mod q x2 mod g x3 mod q x4 mod g x5 mod q
1/Qq 5

Z(an1,X2,X3,X4,X5)/ H W (A, x;j)e(—=nA)dA
71/@‘1 j=1

IDIDIDINND MDD I

ri<Pro<Pr3<Pry<P x1 modry x2modrs
[r1.m2, 7”3 e 75] P

1/Q[r1,r2,r3,r4,75)

>y Ty TTW ol

x3 modrz x4modry xsmodrs 1/Q[r1,ra,r3,74,75] j=1
|Z(q, x1X0, X2X0, X3X0, X4X0> X5X0|
x> :
oy #°(q)

[r1,m2,r3,ra,rs5lle
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SDIDID VD DD DI CRINERINE LD DIND DD DR

rsPro<Prs<Pry<Prs<P x1modr; x2modrs X3 modrs
* * I/Q[T17T2a7377'477‘5] 5
>y TTW Ol
x4 modry x5 modrs —1/Ql[r1,72,73,74,75] i=1

Using [Tl,rg,r3,r4,r5}% > (7“17“2)%(7“37"47“5)% we obtain
> <L max (W2 (3.7)
- A<1/Q

where

10) = 3B W), W= 3 sy ( /

r<P X r<P X 1/Qr

1/Qr 1/2
|W<A,x>|2cu) .

Arguing similarly we obtain
5 +10> +10> +5Y < LW IPT + W2IT? + W2T% + WT2S, (3.8)
2 3 4 5
where T' = max|y <1/ |T ()| < y, and using (3.5) we get S = (f_I{?Q IT(N)2dN)? <
y'/2x=1/4 Thus we see from (3.1), (3.2), (3.6)—(3.8) that the proof of (2.5) reduces to the
proof of the following two lemmas:

Lemma 3.4 IfP < nis =< then W <p y 22" YVAL=B for any B > 0.
Lemma 3.5 If P < niz <, then max|y<1/Q [(\) < yLA for a certain A > 0.
For the proof of these lemmas we will appeal to the following results:
Lemma 3.6 Forany P>1,T>1andk=0,1
* T
>y /.

g<P x mod g

4
1
L") (5 + it, x) dt < P*T(log PT)**+1),

Lemma 3.7 Forany P> 1,T > 1 and any complex numbers a,,

« T M 2 M
Z Z [T Z anx(n)n~"| dt < Z (P*T 4 n)|a,|?.

q<P x mod ¢ n=M+N n=M+N

Lemma 3.8 Let N*(a, T, q) denote the number of zeros o+ it of all L-functions to primitive
characters modulo q within the region o > «, |[t| < T. Then

>N (a,T,q) < (Q°T)*1=)/5(log QT)*.
9<Q
These three lemmas may be found in [8].

4 Proof of Lemma 3.4
Let
W= Wg, (4.1)
R<P
with Wg = ZTNRr_39/152+€ZX*( _li(igr [W (X, x|>)'/2. To prove the lemma it is enough to
show that
Wg < y2e"VAL"P-1 VB >0. (4.2)

Applying Lemma 1, [12] and setting X = max (t, N12) and X +Y = min (t + Qr, N22), we get

1/Qr N2 2
/ WL dA < (QR)2 / A(m)x(m) — Bo| . (4.3)
—-1/Qr N?-QR

X<m2<X+4Y
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In the following we will treat the cases R > LP and R < LP separately for a sufficiently large
constant D > 0. In the first case we argue exactly as in part III, [13] and find that the inner
sum in (4.3) is a linear combination of O(L®) terms of the form

IR A T (X +Y)3G+w) _ x3(G+iu) 1 lie
Slalv"vla2k+1 = 2_7” TF(§ +Zt’x) %—l—iu du +O(T T2 )7
where 2 < T < z,
10 lognorl, j=1,
F(81X) = Hfj(87X)v fj(87X) = Z aj(n)Xnnis; aj(n) = 1, 1 <] S 10; )
=1 nel; u(n), 6 <n < 10.
10
Ve < [Ny < vz, Ny <2/ 6<j<10. (4.4)
j=1

3G +iv) _ 3 (3+iw
(X+Y)?2 2%+w X2'2 du < min (QR$_3/4,$1/4(|U| + 1)—1) . Taking T = %€ P2 and

Ty = g we derive from (4.3) that in order to prove (4.2) it is enough to show that

We see

« [To 1
E:}:‘/ ‘F(§+¢mx)’ﬁ<<x”ﬁﬁww2*L_34_ﬁ R<P, (4.5)
r~R X 0
. 2h 1
ZZ / F<§+Y/t7x)‘ dt<<TlQR191/152_6$_3/4L_B_1_C
r~R X T
for R< P, Ty < |Ty| <T. (4.6)

For the proof of (4.5) and (4.6) we will first prove the following propositions:

Proposition 1  If there exist Nj, and Nj, (1 < ji, j2 < 5) such that Nj,N;, > P8/38+es
then (4.5) is true.

Proof Without loss of generality we suppose that j; = 1, a;(n) = log n and j, = 2, as(n) = 1.
Arguing as in the proof of Proposition 1 in [13] and applying Lemma 3.6 we obtain

« [To 1
2 2 G
r~Rx mod r 0
@t/ dv *
<<L4[w1/2 1—|—|’U|Z Z /v

r~R x mod r

. N g . [To+v
<Cmes [ T X
5 1 To *
+ L° lerrgﬁ/z N—™ A dt Z Z /N

r~R x mod r T+t

4
dt

4
dt + TyR*L*

To+v

1
L’<§+iax>
1
L’(E%ﬁ,x>
1
r <§ + iv,x)

4
dt + TyR*L*

2
dv+ ToR?L*

< R*TH L',
Using Lemma 3.7 and the last result we find

* To 1
ZZ/ F(——i—it,X) dt
0 2
r~R X
. rTo 1 4 1/4 . rTo 1 4 1/4
<<(ZZ/ f1(§+it,x) dt) (ZZ/ f2(§+it,x> dt)
r~R X 0 r~R X 0
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. To | 10 1 2 1/2
(SX [ TLn(5+ )| )
7=3
1/2

r~R X

< (R*Ty)'? | R*Ty z!/2 ¢ o 1/ApEL T —B-l-c

0) 0+NN L <z /*R152 [, ;
14Vj2

due to the choice of Ty and P.

Proposition 2 Let J = {1,...,10}. If J can be divided into two non-overlapping subsets Jy
and Jo such that max([[;c;, Nj. [1;e,, Nj) < TP then (4.5) is true.

PT’OOf Let Fz(sax) = HjEJ{, f](57X> = Zn<<m1/2P7%754 bz(”)X(n)nisa bz(n) < d(!(n)a 1=
1,2, where M; = Hj6J1 N;. Applying Lemma 3.7 and (4.4) we see

ZZ*/OTD F(%+it,x)‘ dt

< (ZZ/OTO Fl(%“tvx)‘dt)m(g;*/on

r~R X

1 1/2
F2 (5 + ’it,X) ’dt)

< (R*Ty + My)'*(R*Ty + My)'/? < R*Ty + i RP~ %~ 3 T)/% + 2'/4L°

This proves the lemma because of R > LP. Now we can prove (4.5). In view of Proposition
1 and P = 715 we assume N;N; < p8o/38+es < 21/5 1 < j j <5, i # j, from which
we conclude that there is at most one N; (1 < j < 10) satisfying N; > z'/10. Suppose this
N; = Nj,, otherwise Njo = 1. Re-order the N;: N;, > N;, > --- > N;, (k = 9 or 10). There
is an integer 1 < [ < k — 1 such that N; Nj, ---Nj,_, < z/® and N; Nj, ---N;, > =/
Set My = N;,Nj, ---Nj, and My = Nj,,, -+ N;,. We find M; < z'/5N;, < 23/10 and M, <
xzt/ 2M1_ I « 23/19 The sets My and M- fulfill the conditions of Proposition 2 and therefore
(4.5) is proved. The proof of (4.6) goes along the same lines and is therefore omitted. (4.3)
therefore holds in the case ¢ > L”. In the case ¢ < L” we can estimate the sum on the
right-hand side of (4.3) by using the zero expansion of the von Mangoldt function:

X +Y)P/2  xP/2
I D R 0@
X<m2<X+Y X<m2<X+Y ‘Imp\gxl/ﬁ 14 P
< QRx~1/? Z 5y O(z'3L?),
|mp|<a/6

where p runs over the non-trivial zeros of the L-function corresponding to x with [Imp| < 2?
and 3 = Im p. Now applying Lemma 3.8 and the fact that the L-functions to moduli Q < L
have no zeros o + it in the region 0 > 1 —46(T) : 1 — |t| < T, we choose

T = x'/% and thus obtain, from (4.3),

1/Qr B 9
/ ‘W(A7X>|2d>\ < yx_l/Q( Z ;I;T) +(QR)_2JI%yL4

-1/Qr |Im p|<z1/6

co
log g+(log(T+2))4/57

2
< ywl/QLc( max x%(lﬁ)x%(ﬁl)) + x%+461y713Lc < yz /2 exp(—cL1/5),
1<B<1-5(T)

for any B > 0. This proves (4.1) for R < LP.
5 Proof of Lemma 3.5
To prove the lemma it is enough to show that maxp<p/2 >, . p Zx* W (A xr)| < yLA-1R% ¢,
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where r ~ R denotes R < r < 2R. Arguing as in the section before we find that
T 1 N2 ¢
F| = +it,x |dt w3 e —log u+Au | du
_T 2 N2 47T
1

T = 231271 P2(1 4 |A|2). (5.1)

W(x,\) < L° max

Taysdagy

+ y‘TiePiQ,

if

Estimating the inner integral by Lemma 3.2 we obtain
2

2 t T T
—3/4 ] ) —3/4 . ( 1/2 )
u og u+ Au | du|] € x min | yx -/, , - .

Taking and Ty = zy~2 and Ty = 1 + 87|\|u we conclude that in order to prove the lemma it is
enough to prove that

* To 1 2
N / F(5 + it,x) dt < z"/*R%°L¢, R < PJ2,

r~R X 0

« (T 1 1 25
SN e (3 )| @ iRt R P,
r~R X To

2T1
x 1
§ § / F(5 + it,x) dt < ya VAT RT™L°, T, < |Ty| < 2T, R < P/2.

These estimates can be shown in the same way as the estimates (4.5) and (4.6). Because of
A > 0 the proof works here for all ¢ > 1.

6 Proof of Theorem 1

We now derive (2.7) from (2.5). We use

Lemma 6.1 > 5 A(q) =][,<psp)+0 (P~Y/2+¢) | where [I,<psp) >c>0.
Proof This is Lemma 4.2 in [2]. Applying Lemma 6.1 to (2.5) yields (2.7).
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