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1 Introduction

The problems of periodic solutions for second order ordinary differential equations have been
extensively studied. In recent papers, some results on the existence of periodic solutions of
delay differential equations have appeared by applying the continuation theorem, see papers

[1-5]. These papers were devoted mainly to studying the following types of equations:

2" (t) + g(a(t — 7)) = p(t), (1)
" (t) + ax’ (t) + bx(t) + g(z(t — 1)) = p(t), (2)

and
a"(t) = f(t, x(t), z(t — 7(1)2'(t) + B(t)g(x(t — m1(2))) + p(t). (3)

The growth condition imposed on the nonlinear function g(z) of papers [2-5] is as follows:
lim l9(=)| =r. (4)

But the work to get the existence of periodic solutions for the neutral functional differential

equation (NFDE) by using the continuation theorem of coincidence degree rarely appeared. As
far as we know, there were only two papers [6-7] devoted to studying the existence of periodic
solutions to the first order NFDE. The reason for it lies in the following two respects: The first

is that the criteria of the L-compactness of nonlinear operator N on the set  is difficult to
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establish; the second is that the a priori bounds of periodic solutions is not easy to estimate.

In paper [7], Enrico Serra studied a kind of first order NFDE of the following form:
2 (t) +ax' (t — 1) = f(t,2(t)).

Under the condition: |a| < 1, and

a(t) < liminf I3 iy g %)

|s|—o0 S |s|—o00 s

< B(t), for ae. t€ P, (5)
where a, 3 € L, f : R x R — R is a Carathéodory function of period 27 in the first variable,
P is a subset of [0,27] with positive measure. The author obtained that the above equation
has at least one periodic solution (Theorem 3.1). This article investigates the existence of a
periodic solution for a kind of second order NFDE as follows:

d? -

gz () = ku(t = 7)) = f(u(®)u'(t) + a()g(ult)) + Zﬂj Og(u(t —;(1))) +p(t),  (6)
where f,g € C(R,R), a(t),p(t),5;(t),v;(t) (j = 1,2,...,n) are continuous periodic functions

defined on R with period T" > 0, k,7 € R are constants such that |k| # 1. By using the
continuation theorem of coincidence degree theory and some new analysis techniques, we obtain
some new results on the existence of the a periodic solution to Eq. (6). Even if for k = 0, the
methods to estimate the a priori bounds of a periodic solution and to find the conditions
imposed on g(z) are different from the corresponding ones of the recent literatures. Meanwhile,
we also obtain some other new results on the non-existence and unique existence of a periodic

solution to Eq. (6), respectively.

2 Main Lemmas

Let Or = {z|lx € C(R,R),z(t + T) = x(t)} with norm [p|o = max,c(o,7] [¢(t)], V¢ € Cr, and
Ck = {z|z € CY(R,R),z(t + T) = z(t)} with norm ||¢| = max{|p|o,|¢'|o}. Clearly, Cr and
C} are two Banach spaces. We also define operator A in the following form:

A:Cr — Cr, (Ax)(t) = z(t) — kx(t — 7).

Lemma 1 If |k| 7é 1, then A has a continuous bounded inverse on Cr, and:

(1) ||A~1 el VxGCT,

(2) fo (A ‘dt< TT=I* |k\| fo |f(s)lds, Vf € Cr;

(3) fo (AT ) ) Pdt < gz fo |f(s)|?ds,Vf € Cr.
Proof (1) According to paper [8], we get that Vz € Cr,

> Ka(t - jr), if |k <1,

[A1a](t) = {75 :
=Y kTa(t+ ), i [k > L
Jj=1

Thus A has a continuous inverse A~ on Cr, and

Azl <
| | < Hkl Tllell.
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(2) If |k| < 1, we have

T o fT—jr
/0 A |ds<§0|k|ﬂ / sm|ds;0|k|ﬂ / st
— Z k|7 / s)|ds = Ik\ s)|ds.

7>0

Similarly, if |k| > 1, again we have

T 1 T
| ol < ey [ s

Thus, the statement of Case (2) holds.

(3) For f e Cp, f(t) =3,cx fne#nt where f, = % fOT f(s)e nsds, p, = Q"T”, nec Z,
Z is the set of integers. Let x(t) = (A7 f)(t), i.e., o(t) — ka(t — 7) = f(t). So (A71f)(t) =

f i nt . PO .
Y onez TRt Thus, by using Parseval’s inequality, we have

1 . ‘fn |fn‘2
/ f | dS == Z |1 _ ke zun‘r|2 Z |]_ — kcos/},n’r — iksinﬂn7|2
|ful® 2
_Zl+k2—2kcosun |k|2z|fn‘

nez
117 )
= mf/o |f(s)["ds,

which implies that

! -1 2 - ' 2
[ ners < s [ iseras

Remark 1 By Hale’s terminology [9], a solution u(t) of Eq. (6) is u € C(R, R) such that
Au € C?(R, R) and Equation (6) is satisfied on R. In general, u does not belong to C?(R, R).
But, under the condition |k| # 1, we see from the first part of Lemma 1 that (Au)”(t) = (Au”)(¥)
and (Au)'(t) = (Au’)(t). So a solution u of Eq. (6) must belong to C?(R, R).

Now, we define an operator L in the following form:
L:D(L) c Cy — Cr, Lz = (Az)",

where D(L) = {z|z € C?*(R,R),z(t + T) = x(t)}. According to the first part of Lemma 1,
we can easily get that KerL = R, and ImL = {z|z € C’T,foTx(s)ds = 0}. Therefore, L is
a Fredholm operator With index zero. Let P : C% — KerL,Q : Cr — Cr/Im L defined by
Pz = z(0) Qx—Tfo s)ds and

Lp = Licrakerr : Cr NKerP — Im L.
Then Lp has a continuous inverse L;l on Im L defined by

(Lp'y) (t) = (A" Fy)(0), (7)
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where

T T
P = = [ sute)ds+ [ Lsylapas

+/(t—s ds——// (u — 8)y(s)dsdu.

Lemma 2 Let g € Cr, 7 € Ch with 7/(t) < 1,Vt € [0, T]. Then g(u(t)) € Cr, where u(t) is

the inverse function of t — 7(t).

Proof We need to prove only that p(a+7T) = u(a) + T, for arbitrary a € R. By the condition
7'(t) < 1, Vt €[0,T], it is easy to see that the equation ¢t — 7(¢) = a has a unique solution o,
and ¢t — 7(t) = a + T has a unique solution ¢;. That is,
to—’T(to) = a, tl —T(tl) :a+T,
ie.
wla) =ty =a+7(tp) and pla+T) = ;. (8)

Since

T+a+7(tg) —7(TH+a+7(te)=T+a+7(tg) — 7(a+ 7(to))
:T+G+T(t0)—7(t0)
=T+ a,

it follows that ty = T 4+ a + 7(tg). So by (8), we have u(a+T) = pu(a) + T, VYa € R.

Lemma 3 [10] Let X and Y be two Banach spaces, L : D(L) C X — Y be a Fredholm
operator with index zero, @ C X be an open bounded set, and N : Q — Y be L-compact on Q.
If all the following conditions hold:

(1) Lz # ANz,Vx € 00N D(L),VA € (0,1);

(2) Nz ¢ ImL,Vo e 0QNnKerL;

(3) deg{QN,QNKerL,0} #0,
then equation Lx = Nz has a solution on QN D(L).

3 Main Results

Throughout this paper, we assume that v; € Ck, and v;(t) < 1L,vt€[0,T],(j =1,2,...,n). So
the function ¢ — ~;(¢) has a unique inverse denoted by p;(t), (j = 1,2,...,n). We also denote

T
_ / / Ih(s)|ds, ¥ he Cr,
0

For the sake of convenience, we list the following conditions which will be used for us to

study Eq. (6) in this section:
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[Hi] g(z) >0,V x € R, lim,; 400 g(x) = 400 and lim,_, o g(x) = 0; or lim,— 4o g(x) =0
and lim,_, _ ., g(z) = +oo.
[Ho] pI'(¢) <0, YVt e[0,T].

[Hs] g(x) is a strictly monotonous function and satisfies
lg(x1) — g(x2)| < L|zy — 24| for all 21,22 € R,
where L > 0 is a constant.

Theorem 1  If assumptions [Hi|-[Ha] hold, furthermore, sup,cp |f(x)| = 01 < 400 and

|k‘|0’1T
(1 — |k[)?

then Eq. (6) has at least one T-periodic solution.

<1,

Proof Tt is easy to see that Eq. (6) has a T-periodic solution if and only if the following
operator equation:
Lu = Nu,

has a T-periodic solution, where L is defined in Section 2, N : C+ — Cr,
(Nu)(t) = f(u(t)u'(t) + a(t) +Zﬁa (u(t —;(t))) + p(t)-

From (7), we see that N is L-compact on ), where (2 is any open, bounded subset of C%. Take
0 ={z|zr € C: N D(L), Lu = ANu, X € (0,1)}. Then Yu € Q4, u must satisfy

%(U(t) = ku(t — 7)) = A (u(t))u'(t) + Ae(t) +>\Zﬁg (u(t =7;(8))) + Ap(t)- (9)

Without loss of generality, we may assume that lim,_, g(x) = +oo and lim,_, o g(x) = 0.

By integrating the two sides of Eq. (9) on the interval [0,T], we have

/f dt+/0Tat dt+z/ B, (8)g(ult —;(8))dt = —pT.  (10)

T—;(T) (s
[ mostt - = [ o e

Since

by applying Lemma 2, we know that % € Cr. It follows that

[ sttt —omar = [ 2O yas, =12,

which together with fo fu(t))u'(t)dt = 0 yields from (10) that
T
| rogtutoyic = —pr. (1)
0
So by using the integral mean value theorem, we have that there is ¢; € [0, T] such that

g(u(t))LT = —pT,
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glu(tr) = 2.

By assumption [H;] and [Hz], we obtain that there is a constant M > 0 such that |u(t1)] < M.
Therefore,

T
lulo < M+/O [u/(t)|dt. (12)

On the other hand, by multiplying the two sides of Eq. (9) by (Au)(t) and integrating them
on [0,7], we get from Remark 1 that

T T
- / (A )()]2dt = — / [(Auy ()]2dt
0 0

+AZ/O B;(8)g(u(t — v; (1) [u(t) — ku(t — 7)]dt
T

+)\/ p(t)[u(t) — ku(t — 7)]dt )
0

Since fOT Flu(®)uw' (t)u(t)dt = 0, it follows from (13) that
| 1@ < ol [ @lde + 0+ Dladop
0 0
+ (14 [ED]ulo [/0 Ia(t)lg(u(t))dtJr;/o 18 (t)]g(u(t — %‘(t)))dt}
T
= \/l”~|<71|u|o/0 [/ (8)]dt + (1 + [K]) [ulop

(L Dl /OT|a(t>|g dt+z / (2RO o)l

]‘ - ’YJ /’I’j
T T
= ko Julo / o (£)|dt + (1 + |k ulo + (1 -+ |&]) ulo / 'y (£)g(u(t))dt.
0 0
From (11), we have

r

— 0> p. (14)

[ ey < ulonfalo [ @lde+ (0 il (14|

By (12), we obtain from (14) that

/OT(Au’(t))2dt < lk|oy (/OT |u/(t)|dt)2

<|k|alM+ (14 [k) <

) [ o
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+(1+ |k|)ﬁM(1+ ’—1

i,
F0

T
< |k\01T/ ! (t) 2t
0

-1

FF 0)> T1/2</0T u'(t)|2dt) v
0). (15)

By applying the third part of Lemma 1, we get

+ <|k|01M +(1+ |k)15<1 +

r
+(1+ |k|)ﬁM(1+ ‘Pl

| wpae= [ iartawe R < o2

So it follows from (15) that

T kot (T T Y2
/ ! (£))2dt < 72/ ! (t)|2dt + Cl(/ |u/(t)|2dt) + Cs,
0 (L= 1kD)2 Jo 0

k kDB(L+] 2 1/2 p Ry .
where C; = (I \01M+(1-52|17\)‘ﬁ)12-*-| 1o))T , Oy = (1+|k|2119ﬁ4“(61|;\ r lO). Thus there is a constant

My > 0 such that

T
/ o (8)[2dt < M.
0

It follows from (12) that
lulo < M +TY2M}/? .= 31 (16)

By applying the second part of Lemma 1, we have from Remark 1 and (9) that

T T
u// _ —1 u//
/0 (1))t / (A A" (1)t

LT I R L
< o w0l = = [ ol
1 T ) T
Sll—lkll{/o [ (u(®))]w (t)\dt+/0 a(t)|g(u(t))dt

+ Y1 0latutt - ()it + ]

1 1/27s71/2 g .
< o | T ol + > o+
= Mh
where g4 = sup|,| 37 g(x), f37 = SUP |, <77 | f(z)|. Since u(0) = u(T), it follows that there is a

n € [0, T] such that v'(n) = 0. So

T
\u’|0§/ Ju" (t)|dt < M.
0

Thus €, is bounded.
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Let Qy = {x|r € kerL, Nz € ImL}. Vx € Qa, obviously, u(t) = C (C is a constant), and

/ ' 2(0(©)+ Y o(O)] dt = .

o©(e+329) =

By the substitution t = s — v;(s), i.e., s = uj( ) we have
T:/Tﬁ-(g)dsz/T_W(T) Mdt:/ipwdt (j=1,2,...,n).
o 0 L= (u(E) o 1—7(u;())
So @4_2;‘:1 B =T+0. Thus g(C) = _ﬁ[d—l—Z?:l B]~1. From assumption [H;], we know that
there is a constant My > 0 such that |C] < My. Thus Q5 is also bounded. Let Q D €5 U €y

be open and bounded. So ) satisfies the conditions (1) and (2) of Lemma 3. Now, for u €
0N KerL, we take

uu+lfTu T{ +Zﬂj )]dtfor <a+ZB>>0

ie.,

'M§

H(u,p) = =
—uu—i——/ { —I—Zﬂj ]dtfor( Z )
Clearly,
uu+T[g(u)<o‘z+ ‘ ﬂ) +p]for d+25>0
H(’LL,/J) = j:1n n
—n B _ B _
,uu+T{g()(oz+ ﬂ>+p]fora+25<0
Jj=1 j=1
Hence,
H(u,p) #0 for (u,p) € 900 NKerL x [0,1].
Therefore,

deg{QN,QNKerL,0} = deg{H (u,0),Q2NKerL,0} = deg{H (u,1),Q2NKerL,0} # 0.
By applying Lemma 3, we obtain that Eq. (6) has at least one T-periodic solution.

Theorem 2  If assumptions [H1]-[Hz] hold and |k| < 1, then Eq. (6) has at least one T-

periodic solution.

Proof Consider the following equation:

%(U(t) = ku(t — 7)) = M (u(t))u' () + Aa(t)g(u(t))

HZ@ u(t — ;1)) + Ap(2). (17)

Let u(t) be an arbitrary T-periodic solution of Eq. (17). Then, from the proof of Theorem 1,

we know that -
lulo < M +/ [ ()] dt. (18)
0
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Multiplying the two sides of Eq. (17) by u(t) and integrating them on the interval [0, 7], then

T T
/‘maywmu—ﬂvmwﬁzx/jfwumumw»a
0 0

+AZ / i (0atult = ()t + 3 [ (tpu(oyie (19)

Since

A(mm—mu—ﬂymmnz—é(w@ﬁﬁ+kl o (Bt — 7Yt

<|k|[ / 1))t / T( <—T>>2dt]m+ s /OTrl<t)g(u<t>>dt+|u|o /OT|p<t>|dt

In view of |ul|g < M + fo |o'(t)|dt and |k| < 1, one can easﬂy find from the above formula that
there is a constant M > 0 such that fo (t))%dt < M. The remainder can be proved in the

same way as in Theorem 1.

pT+p>

In what follows, we will give another two results on the unique existence of T-periodic
solution to Eq. (6).

Theorem 3  Suppose that the assumptions of [H1]|-[Hs] hold, and f(z) = a, where a € R is

a constant. Then Eq. (6) has a unique T-periodic solution, if
k| +LT(&+ZB}) <1.
j=1
Proof By applying Theorem 2, we can easily obtain that Eq. (6) has a T-periodic solution.

We suppose that w;(t) and ug(t) are two T-periodic solutions of Eq. (6), and also denote
2(t) = uy (t) — ua(t). Then z(¢) satisfies

d2
dt?

(2(t) = kz(t = 7)) = a2’ (t) + a(t)[g(u1 () — g(ua(t))]
+Z@ glun(t = (1)) = g(ua(t =7 (1))} (20)
Integrating the two sides of Eq. (20), we have

/0 T () g(ua(8)) — glus(t))dt = 0,
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which implies that there is a constant ¢ € [0, T] such that

[9(us () — g(ua()]CT =0,
g(u1(t)) = g(ua(?)).

By [Hs], we get that ui(f) = ua(t), i.e., 2(¢) = 0. It follows that

T
120 < / 121\t (21)

On the other hand, by multiplying the two sides of Eq. (20) by z(¢), we have
T
/0 () — ket — 7)) 2(t)dt
T T
—a [ st + / oDl (us (1)) ~ a(un(t)))=(1)dt
0 0
+ Z/ Bi()]g(ur(t —;(2))) — gluz(t —;(1)))]z(t)dt. (22)
Since fo —kz(t—71))"2 = —fo ))2dt + kf (t)2'(t — 7)dt, fo "(t)dt = 0

and |9(U1(t)) glur(t)] < LlZ( )I, |9 (ua (- %(t))) glua(t—=7;(1)] < Llz(t— ())I it follows
from (22) that

T
/ )t = k / =yt = [ a(®latun (1) - sl

—Z [ 80t =0 = ot = )0

< |kUOT(z/(t)fdt/oT(z/(t—T))th] 1/2+L|28/OT|a(t)|dt
+L|z|§ji1 / "l
|k\/ V2t + {OH-Z@}LAO (23)

Jj=1

Considering (21), we see |z|3 < Tfo |2/ (t)|?dt. So it follows from (23) that

{1—|k| —LT(&—kigj)} /OTZ'2(t)dt<o. (24)

In view of 1—|k[— LT [a+>"7_, ;] > 0, it follows from (24) thatf 2"%(t)dt = 0, which together
with (21) yields that |2]o < [ |2/(8)]dt < TV2( [T 22(t)dt)"* =

u1(t) = ug(t). Therefore, Eq. (6) has a unique T-periodic solution. Similarly, we have:

=0, i.e, |zlo = 0, and then

Theorem 4  Suppose that assumptions [Hi], [Ha] and [Hs] hold, and f(x) = a, where a € R
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is a constant. Furthermore, we assume that

Klla/T LT+ [K))(@+ X0, )
(1 [k[)2 (1— [k])?

Then Eq. (6) has a unique T-periodic solution.

<1

Finally, we give a new result on the non-existence of periodic solution to Eq. (6).

Theorem 5 Suppose g(x) #0,Vz € R, T'(t) <0, Vtc R orI'(t) >0, Vt € R, and T # 0. If
one of the following conditions holds:

(1) p=0; (2) sgn(g(=))Tp > 0;
then Eq. (6) has no T-periodic solution.

Proof (1) If Eq. (6) has a T-periodic solution, by integrating the two sides of Eq. (6) on the

interval [0, T, we have
T n_oo.T
| aatunae+ Y- [ siatute -5 (ena = (29)

From the proof of Theorem 1, we find that fOT I'(t)g(u(t))dt = 0. It follows that there is a
&€ € 10,T) such that g(u(¢))I'T = 0, i.e., g(u(§)) = 0, which contradicts g(x) # 0,VYx € R. So
the conclusion holds.

(2) If Eq. (6) has a T-periodic solution, we can prove in the same way as in Case (1) that
fOTF(t)g(u(t))dt = —pT, so there is & € [0,7] such that g(u(&))TT = —pT, ie., g*(u(&)) =

—%g(u(fl)) < 0, which also leads to a contradiction. Thus, Eq. (6) has no T-periodic solution.

Example 1  Consider the following equation:
d2

ﬁ(u(t) — ku(t — 7)) = (sint) [(u'(t))2" + 1]

1 1 2n
+(1+§sint) [(u(t—acost)) —l—l} + 2sint, (26)

where n is a positive integer, k, 7 are constants such that |k| # 1. According to the definition
of T'(t), we have
14 L sinpu(t)

I'(t) =sint +
®) 14 1 sinpu(t)

=1+4sint > 0,
and T =1#0, g(z) =2 +1>1, p= 4+ fOT sintdt = 0. So by applying Theorem 5, we
obtain that Eq. (26) has no 2r-periodic solution.

Example 2 Let us consider the following equation:

2ty (t 1 1 ;
(u(t) — u(t +3))” :% + (5 sint)e“(t) + (1 — 308 t)e“(t_% sint) | cost — 1. (27)

Clearly, T =27,k =9, f(z :m—Zz,gx =e” at) = Lsint, B1(t) = 1—% cost, 71 (t) = Lsint,
T+z 2 3 3
_ . 1-1 t .
p(t) = cost—1. Soo; =1, p = -1, T'(¢) = %smt—i—% =1+ isint > 0,Vt €

[0,27], where p1(t) is the inverse of t — & sin¢, and then pI'(t) < 0,Vt € [0, 27]. Furthermore,
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limg_ 400 g(z) = 400, lim, .o g(x) = 0 and
|]€|0’1T - 18_71’ <
(1—k)% 64

Thus, by applying Theorem 1, we have that Eq. (27) has at least one 27-periodic solution.

Remark 2 From Example 2, we see that assumption [H;], imposed on g(z) = €7, is different

from the corresponding ones of (4) and (5) which are needed by papers [2-5,7].

Remark 3 Since Eq. (6) contains multiple deviating arguments, even if £ = 0, the methods
in papers [1-5] to estimate the a priori bounds of periodic solutions cannot be adapted for this

paper.
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