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Abstract We obtain sufficient conditions for the existence of periodic solutions of the following second
order nonlinear differential equation:

aii () + bi®* () + a7 (1) + gt — 1), @ (t — 72)) = p(t) = p(t + 27).
Our approach is based on the continuation theorem of the coincidence degree, and the priori estimate

of periodic solutions.
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1 Introduction and Main Results

The existence problem of periodic solutions for nonlinear differential equations with or without
delay has been extensively investigated in the literature and many existence results have been
obtained. Among the existence results of periodic solutions of second order differential equa-
tions with or without delay, there are some well-known solvability conditions, such as the sign
condition [1, 2]; the monotonicity condition [3, 4]; the periodicity condition (see [4, 5] and their
references); the unboundedness condition (see [6] and its references); the boundedness condition
[7, 8]; the Landesman—Lazer type condition (see [2, 9] and their references); the Caratheodory
condition [10-13]; and the growth condition [10, 14, 15]. In this paper, we show special interest
in the growth condition. As far as the growth condition is considered, so far, most are linear
growth and some functions growth condition. However, considerably less is known for the case
where the nonlinear part has growth degree greater than one. In this direction, a second order
delay differential equation and the complex-valued Rayleigh equation are considered in [15] and
[16], respectively,
In [7] and [17], the authors studied the existence of periodic solutions of the following
equations, respectively:
E(t) +mPa(t) + f(z(t — 7)) = p(t), (1.1)
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and
E(t) + ad(t) + bx(t) + f(z(t — 1)) = p(t), (1.2)

where a,b, T are constants, m is an integer, f : R — R is continuous, and p : R — R is a
continuous and 27-periodic function.
Motivated by Egs. (1.1) and (1.2), in the present paper, we are concerned with the existence

of 2m-periodic solutions of a the second order differential equation of a more general form
a@(t) + ba?* () + cx® T (t) + g(a(t — 1), 2(t — 1)) = p(t) = p(t + 27), (1.3)

where a, b, ¢, 71 and 7o are constants with a # 0, k is a positive integer, g : R x R — R is
continuous, and p : R — R is continuous and 27-periodic.

Our goal is to obtain some sufficient conditions for the solvability of periodic problems of
Eq. (1.3) under the growth condition in the case where the nonlinear part has growth degree
greater than one, together with the restriction condition on a, b, c and k. Our approach is in the
spirit of those successfully utilized for the study of a second order delay differential equation in
[15] and the complex-valued Rayleigh equation in [16].

Namely, we combine the continuation theorem of Mawhin’s coincidence degree [18] with
the differential inequality technique for a priori bounds of periodic solutions of a parametrized

second order equation. The following are our main results:

Theorem 1.1  Assume that there exist a positive constant M and some nonnegative constants
B1, B2, (1 =1,2,...,2k — 1) with |c| > agk—1 such that

2k—1
lg(z1,22)| < M+ Y ailan| + Bulwa* 1 + Balaalt "2 V(x1,70) € R? (1.4)
i=1
and
2k—1 .
(2m) 720 (b = B1) > (2 ) (27 *V]el) s | car—1lbl. (1.5)
j=0

Then Eq. (1.3) has at least one 2m-periodic solution.

Theorem 1.2  Assume that there exist a positive constant M* and some nonnegative con-
stants B3, Ba,vi (1 =1,2,...,2k — 1) with |c| > B3 such that

2k—1
lg(z1, m2)| < M™ + Z vilwa|t + Bslat [P+ Balz TR V(x1,a2) € R (1.6)
i=1
and
|bc| > Bs (2|b|f1(k) + f2(k)) + Yar—1]c]s (1.7)
where
2k—1 . .
i L\ (2k—1)(2k—1-j)
hk =2 2k—105k*1(2k 2”) )
5=0
Elop -1 ; . (2k—1)(2k—1—3)
Fa(k) = Z ﬁc%q ( V27T)
5=0

Then Eq. (1.3) has at least one 2m-periodic solution.
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2 The Proofs

We will need the notion of the coincidence degree on the continuation theorem formulated in
[18].

Lemma 2.1 Let X and Z be two given Banach spaces. Consider an operator equation
Lx = ANz,

where L : DomL C X — Z is a Fredholm operator of index zero, A € [0,1] is a parameter. Let
P and Q denote two projectors such that

P:X —XKerl and Q:Z — Z/ImL.

Assume that N : Q — Z is L-compact on Q, where Q is open and bounded in X. Furthermore,
suppose that:

(a) For each A € (0,1) and x € 02N DomL, Lz # ANz

(b) For each x € 0QNKerL, QNx # 0;

(c) deg{QN,QnNKerL,0} #0.

Then Lx = Nz has at least one solution in ).

We now present the proof for Theorem 1.1.

In order to use Lemma 2.1 for Eq. (1.3), we take X = {z € CY(R,R) : x(t + 27) =
x(t) forall t € R} and Z = {z € C(R,R) : z(t + 2m) = z(t) for all ¢t € R} and denote
|z]o = maxyejo,2+] [2(t)] and |z|o = max{|z|o, |Z|o}. Then X and Z are Banach spaces endowed
with the norms | - |2 and | - |o, respectively.

Set

(Lx)(t) = ai(t), v € X, t € R;

(Nz)(t) = —bi®* 1 (t) — ca®* 71 (t) — g(x(t — 1), &(t — 7)) +p(t), v € X, t € R;
o o

(Pa)(t) = %/0 s(B)dt, w € X, t € R, (Q)(t) = %/0 A()dt, z€ 7, t€ R,
It is easy to prove that L is a Fredholm mapping of index 0, that P : X — KerL and Q : Z —
Z/ImL are projectors, and that N is L-compact on Q for any given open and bounded subset
Qin X.

The corresponding differential equation for the operator Lz = ANz, A € (0,1), takes the
form

ai(t) + A2 () + Aea® () + Ag (x(t — 1), @(t —712)) = Ap(t). (2.1)

Let x € X be a solution of Eq. (2.1) for a certain A € (0,1). Multiplying Eq. (2.1) by & and

integrating over [0, 27}, we obtain

2 ) ok 2 ) B x . _ 27r$
b / (1)t + / i(t)g (xlt — ), &t — 7)) dt = / (p(t)dt,

from which it follows that
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21

) / ()t
0
2

< [ ol

where m = maXie[o,2n] Ip(t)]-

2k—1
m+ M + Z a;lz(t — 71)|i + Bl (t — 7_2)|2k—1 ¥ Boli(t — 72)|k%1 dt.
i=1

By using the Holder inequality, we can obtain from the above inequality

2
b / ()Pt
0
2 2k—1

= (/o |5E(t)|2kdt);k [(2%)%_1 (m+M)+ > (/0277 |m(t_71)%dt)2

=1

27 % 27 2}57;1
+51 (/0 a‘:(t—TQ)?’“dt> + B3y (/ |x'(t—72)|kdt) 1
0

2k—1

— (/0% |j:(t)|2kdt)21k l(z{‘/ﬂ)%l (m+ M)+ ; a; (/0% |z(£)| 7o dt) i

2 2’;7;1 27 2};;1
i ( / s'c(t>|2kdt) s ( / |az:<t>|’“dt) ]
0

2k—1

2k—1

That is,
27 (1-5%) ok—1 2%—1 o . 2k-1
|b] (/ sb(t)|2kdt> < (%k/gw) (m+ M)+ a; (/ |2z (t)|2F=1 dt)
0 i=1 0
2k—1 2k—1

+ B ( OQW |;b(t)2kdt) o + B2 (/027r si:(t)|’“dt) o . (22)

Using the inequality
1 27 % 1 27 %
(/ |f(t)rdt> < (/ f(t)|5dt> for 0<r<s, and feC(R,R), (2.3)
2T 0 2 0

from (2.2) it follows that

(ol -n ([ ” (o) at)

1— L

 Bo(2m) 30 (/0277 |:t(t)|2kdt> Y e

Thus

2001 - 50 ( [ ” |ac<t>|2kdt)(%

< Pa(2m)(EmT) 4 {ﬂ%(%)“‘fv +4(]b] - B1) [( X/2m) @D (m + M)
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+ 2%2::1 a;(2m) =2 (/027r J;(t)|2kdt> _k” : (2.5)

[N

Using the inequality
(a+b)" <a"+b", fora>0,b>0 and 0 <r <1, (2.6)

it follows from (2.5) that
21 (%_ﬁ)
(bl - B1) ( / j:(t>|2’“dt)

< ﬁQ(zW)(%iﬁ) + /0] = A1 [( 4\’9/%)2/%71 e

2k—1 o o Erd
+ Z \/oz_i(27r)(5’ ir ) </ |x(t)|2kdt> .27
i=1 0
Substituting (2.7) into (2.4), then
27 1_ﬁ
(bl = ([ tatoar)
2k—1 . 2 o
<Ak (=) 3 aslem 0% 8) ([T atoar)
i=1 0
11 21 114 2 e
VI end 3 Y vaen(-®) ([Trore) . e
i=1 0
where A is a positive constant.
Integrating Eq. (2.1) over [0, 27], we obtain
27 27
c/ x%_l(t)dt = —/ [bg'c%_l(t) +g(z(t—m1), ¢t — 1)) — p(t)] dt.
0 0
Thus there exists a £ € (0,27) such that
27
mea™ (€)= — [ [0 0) + glalt = ), il - ) — (0] at,
0
which leads to
o2 2k—1 ‘
2mc||z(§)* 7 < / m o M+ bl 4 Y ala(t — )
0 i=1
+ Bula(t — )P + Bali(t — Tz)|k_%1 “
2k—1 27
=2r(m+ M)+ Z ozi/ lz(t) [ dt
i=1 0
27 27 .
FEHB) [ O [ oF e (29
0 0
Using inequality (2.3), from (2.9) we get
2k—1
27 2k
2alcl (€~ < 2tm+ 80) + (o4 1) V2 ([ Ja(o )
0
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27 (2 41k
+ (o) 50 ([T aar)
0
2k—1 , - o
+ > ai(2m) 7w </ |x(t)|2kdt> . (2.10)
i=1 0
Substituting (2.7) and (2.8) into (2.10), then
2mle|(|b] — Br)? (&)
2k—1 ) 2T ﬁ
<o 2l = 1) 3 st ([ oty ar)
i=1 0

2k—1

) 2m ﬁ
+ 282[b[\/[b] — b1 Z Vai(2m) = aE) (/ |$(t)|2kdt) ) (2.11)
i=1 0

where p is a positive constant.

Using inequality (2.6), from (2.11) it follows that, for 0 < j < 2k — 1,

(2n]e)) T (b] — By) 7T |2 (&)

2k—1

; n j . i 27 2k(2i£71)
< T I - )] Y oF T emm ) ([ aoar)
0

i=1

2k—1

i j i1 27 ok e
+ (2B2[b)) T (Jo] — By) =D Y (2m) T aw) (/ (1) dt) . (212)
i=1 0

Using inequality (2.6), from (2.8) it follows that, for 0 < j < 2k — 1,

2(2k—1—3) 27 o 2k;}1—j
(|b‘ - ﬁl) 2k—1 (/ ‘SU(t)| dt)
0
C2k=1 5 4y . ) - %]:f))
<A+ (|b‘ —_ 61)2);;iI] Z ai%—*lJ (271-) 22;:’(1—1;;;) </ |x(t)|2kdt>
=1 0
e 11 \2k—1—j el ak—ik Sh—1j,1 144
: <52 ‘b| R 51) 7 (271-)(57@ T Z ai2(2k71) (27'(') 2k—1.7(§7 ik )

i=1

i(2k—1—j)

2m 4R(EE-1)
X (/ |x(t)|2kdt) : (2.13)
0

where A is a positive constant.

Since for t € [0, 27],

L
k

(o) < lo(e)]+ [ "1t < [2(€)] + (X ( / ﬂ|3’3(t)|2’“dt)2 ,

we have
2k—1

1ok 27 2k
(2m)7=% (/ Iw(t)l%dt) < max [a(t)*
0

~ tel0,2m)
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o 55 (e

: (/027r |x‘(t)2’“dt) T (2.14)

2k—1

_ chk . 2k2 (2k—1)(2k—1— j)|x( )

Substituting (2.13) and (2.12) into (2.14), then

2k—1
1-2k 2m T2k
(b= e = ([ letoPar)
0
2k—1 . b ,
1 —J 2k—1)(2k—1—j ;
<y Céklclﬂ—l@w)[T—zsl]{uﬁ
7=0
J 2l _J j ; 2 SHER=T)
+ [2(b[([o] — B1)] 7T Z a* 1 (2) (- 2r) </ x(t)|2kdt>
0

i=1

j ;2 j i 2 =T
+ (2B2|b]) =T (|b] — B1)2@—D Z (gﬁ)qu(l—r}c) (/ |$(t)2kdt)
i=1 0

i(2k—1—3)
2k—1 2k—1—j BE(R=1)

2% — 2k—1—j 1 14 2m 2k(2k—1)
At (o] = B) = 3T @, T (2m) we ></ x(t)|2kdt>
1 0

2k—1 51y

2k—1—j A
+ (62 o] 761) 2k—1 (271’)(%7ﬁ)2);;i;7 Z ai2(2k—1)

=1

i(2k—1—j)

&) (/:W |;c(t)2kdt) W“)} (2.15)

W (k, [0, |c|, Br, or—1) = {(b| B1)? (277)15—?’

Let

2k—1
(2k—1)2—2kj
— 2[b[(]b] — B1) ZC Lyl (2m) T }azkl.

It is easy to see from (1.5) that
W (k. [0, |c], B1, azr—1) > 0. (2.16)

1
Let y = (f | (¢ )\det) EY Then from (2.15) it follows that

W(ka |b|a |C|7 617 012k—1)3/2(2k71)

2k—1
. i (2k— 2_ j - .
<> 05k1|c|wil<2w>w{md——l + [20b](jb] — B1)] 7T
j=0
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2k—2 .
i=1
_ o 2k—1 _ _
(2B ]b) T (bl — 51) 70 Y (%)ﬁ“-fwy“}
i=1
2k—2 5y o
{A+(b| ﬁl 2k = Za 2k—1 (27‘(‘) 2k = ) 21(2k 1—7)
i=1

@
i=1

) 2k—1 554 L )
H(Bo/[b] — 1) T (2m) (B~ ) Tt 3 @i 9 (277) ’;klﬁ(%—lﬂﬂyi(%—l—j)}

2%—1 _, I )
+ Z Ch_qle|T(2m)— 2F S pu-T

j=1
, 2%-2 ; ) N
H2A0I(1b] = BOJFFT D o (2m) T Ty
=1
2k—1 _ ‘
(262\b|) (\b| B1) 2(% ) Z (2m)? 4%)yi]}

52T 2(2k—1)(2k—1—7)
2k—1 - —1—j
XQgp_1 Y

2k—2 5
(2k—1)2 —2kj

+ Z Il 7t (2m) T'a;’kg—:ll (2m) B y*
=0

2%—2 L.,
X{A+(b| );kl Zaék 1J 271' 2;71 )21(2k1j)

%—1 1
(/[0 — ) T (Qw)(%*ﬁ)z”;’;:j Z a§?2k1—11> (Qﬁ)%(% IJJ)yi(?klj)}’

i
i=1

from which, together with (2.16) it follows that there exists a positive number p such that

27 THEET)
Y= (/ |:v(t)2kdt) <p
0

1

(f et Bhar) <, (2.17)

from which, together with (2.8), it follows that there exists a positive constant p; such that

1

(/027r a':(t)|2kdt> "< p1- (2.18)

It follows from (2.17) that there exist a £ € (0,27) and a positive constant ps such that

that is,

[2(§)| < p2. (2.19)
Since V ¢ € [0, 27],

2(t)] < [£(€)] + / (),
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from (2.18), by using inequality (2.3), it follows that there exists a positive constant R; such
that

|$|0 < R;.

(2.20)
Next, we will find the boundedness for |Z(¢)].
Since |i(t)| < [ [(t)|dt, we have from (2.1)
2
lalli ()] < / lai(t) dt
2
</ [<|b B0 + el P
. 2k—1 4
+ M+ mt Bl Y ozi|x(t)|z] dt, (2.21)
=1

from which, together with (2.17) and (2.18), by using inequality (2.3), it follows that there
exists a positive constant Ry such that |Z]|g < Rs for all ¢ € R.

Let A* = max{R1, Ro,d} and take Q = {z € X : |z|2 < A*}, where d > 0 is the only real
root of equation (|| — agp_1)x?* =1 — Zfﬁf axt — M —m=0.
The above a priori estimates show that condition (a) in Lemma 2.1 is satisfied. When
x € I0NKerL = 90N R, x is a constant with |z] = A*. Then
1 e

QNz = 5 [—ba’:2k_1(t) — cac%_l(t) —g(z(t — 1), 2(t — 7)) —l—p(t)] dt
0
1 27
— g2kl g(z,0) + %A p(t)dt.
Thus, since A* > d,

[QNz[o > [e|(A")*F ! —|g(,0)| = m
2k—1 ‘
> |C|(A*)2k—1 —m =M - Z Oli(A*)z
i=1
2k—2 .
= (le] = agp—1)(A")* 7 = >~ @;(A*) = m — M > 0.
i=1
Therefore, QNx # 0 for x € 92N R.
Set, for 0 < pu <1,z € R,

1 2
¢, ) = (1 — p)ea® ' 4 {cxz’” +9(x,0) — %/0 p(t)dt} :

When z € 02N KerL and p € [0,1], « is constant with |z| = A*. Since

1 27
¢, p) = cx® 4 pu [Q(LO) - %/0 p(t)dt} and A" >d,
we have
2k—1 )
|6z, )] > [e](A)* T —m = M = Y a; (A7)
i=1
2k—2 ,
= (le] = agp—1) (A1 = 3~ a;(A*)" = (m+ M) > 0.

i=1
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Thus ¢(z, u) # 0. Consequently

1 2
deg (QN, QﬂKerL,O) = deg <cx2k1 —g(z,0) + o / p(t)dt)
0
= deg (—cac%_l, QNKerL, O) # 0.

Up to now, all conditions in Lemma 2.1 are satisfied, and hence Eq. (1.3) has at least one
solution in 2. The proof of Theorem 1.1 is completed.
Next we present the proof for Theorem 1.2.

In order to use Lemma 2.1 for Eq. (1.3), we take X, Z, |z|o, and |z|2 as above. Set
(Lz)(t) = ai(t), z€ X, t € R,
(Nz)(t) = —bi? =1 (t) — ca® 7 (t) — g(x(t — 1), 8(t — ™)) +p(t), € X, t € R,
1 2m 1 27
(Pa)(t) = —/ st € X, tE R, (Q)(t) = —/ A()dt, z€ 7, t € R,
2 0 2 0
Corresponding to the operator equation Lz = ANz with X € (0,1), we have
a@(t) + A2 71 (t) + Aex® 71 (E) + Ag(a(t — 1), @(t — 7)) = Ap(t). (2.22)
Let x € X be a solution of Eq. (2.22) for some A € (0,1). Integrating Eq. (2.22) over [0, 27],

we obtain
27 27
] / (02 1dt < /
0

+ Bl + Balz ()P +m o+ M

2k—2
(1b] + yar—1)|&(6) 1~ + Z Vil (t)

dt,

where m is defined as above.
Thus there exists a £ € (0,27) such that

2
2rlel|r(€) [P+ < /

2%—2
(18] + y2r-1) [+ > yl# ()

i=1

+ Bsla(®)[F 1 + Bule ()2 + m + M*|dt. (2.23)

Using inequality (2.3), from (2.23) it follows that

2k—1

27 2k
ol ()5 < (bl + von_r) V2R ( / |x<t>|2kdt)
0

2k—2

. 27 ﬁ
Ym0 ( / s'c(t>|2kdt)
=1

2k—1
2k

2m
+2%/%53</ |x(t)|2kdt> + B4(2m) 3t aE)
0

1
—r)

« (/O% |x(t)|2kdt)( +2m(m + M), (2.24)

I
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Hence
2k—1
1ok 2 2k
(2m) 2+ (/ |a:(t)2kdt) < max |a:(t)\2k71
0 te(0,27]
2k—1 2m %]
< [la(&)] + (¥2n) < / 3'c(t)|2kdt>
0
2k—1 ; 27 T
) , (2k—1)(2k—1—j) 2
=Y G lee)p ((¥2r) ([ wopa) © . e
=0
Using the inequality
koo pk 11
ab<%+ﬁ for k>1, E—’_E:l’ a>0,b>0,

we get, from (2.25),

2k—1
2k—1

ens ([ y (o) ar) N

27 | .
< 2%:2 CI (A 2m) @k DRk—1-) [|5E(€)|2’“‘1 N (fo \x(t)|2kdt) 1
=1

2k—1 2k—1
7 %17
e
Flal@P =+ (VEm @ ([ aophar)
0
2 %
= AR + falk) </ |:'c<t>|2kdt> . (2.26)
0

Substituting (2.24) into (2.26), then

2k—1

(el - sufu(h) ([ ” 0P ar)

2k—1
2k

< [fz(k) + f1(k) V2r(|b] + 721@71)} (/02” i(t>|2kdt>

1
_E)

27 (
e ([Copta) (2.27)
0

from which, by using inequality (2.6), it follows that

= ) (/0% |$(t)|2kdt>(%ﬁ)

< Ba(2m) 3+ 4 /] —ﬁ:{fi(k){ YTELL () (1] + apr)] ( / ’ |a'c<t>|2’fdt) i

=
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+ 222 Jri(2m) k) (/027r |g‘c(t)2kdt) i } (2.28)

Substituting (2.28) into (2.27), then

V2m(le| - Bs fr(k))? </027r x(t)Iz’“dt> N

1 1

< B2(2m)tar) 4 gy (2m) 3t aR) /e[ — Bs fi(k)

2k—1

{\/4sz (16] + var—1) (/02Tr |:ic(t)2kdt) "
- %ZQ\F o) (b= ) (/O% |a'c(t)|2kdt> _}
+(Jel - m(@){ b + 250000+ )] ([ it

+ ikzj ~; (2m) (1= 2%) (/027r |:'c(t)2kdt) g } (2.29)

Multiplying Eq. (2.22) by ¢ and integrating over [0, 27|, we obtain

2k—1
2k

27 27 2k—1
|b\/ &(8)|2Fdt g/ ()] | M +m+ Y yilat— )|
0 0 i=1
+ Bs|z(t — )20 +54x(t—71)|k%1dt. (2.30)

Using inequality (2.3) and the Hélder inequality, from (2.30) it follows that

(6] — os1) ( / " |¢<t>2kdt)1

2k—2 27 ) 2k
< (¥an)" " r v m)+ Y ([l )
i=1 0

2k—1 2k—1

+ B3 (/0% |z(t)2kdt) o + B4 (/027r |z(t)kdt> o

2k—2 T 2k
< (%2m) (M 4+ m) Z ~vi(2) (/ |j;(t)|2’“dt>
0

L
2k

2k—1

+ B3 (/0% |z(t)2kdt) - + Bu(2m) 5 (/027r |x(t)2kdt) o : (2.31)

Substituting (2.28) and (2.29) into (2.31), we obtain an inequality with respect to (fo27r |(t)[2F
dt)r . The rest of the proof is similar to that of Theorem 1.1 and is omitted.

Finally, we give a specific example to illustrate our result.
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Example Consider the following equation:

B3x5(t —7) + /2Pt — T)sgna(t —7) + 1

E(t) +2°(t) + 2°(t) + T

+z@fﬂ+ﬁ@fﬂ+ﬁ@fﬂ+ﬁ@fﬂ+%ﬁ@fﬂ
1+22(t—1)

= p(b), (2.32)

where f33, 5, 7 are constants with |33] < 1, and p is continuous and 2z-periodic.

In this example,

1+ 29 + 23 + 23 + 25 + Y525 + B328 + /2isgnxq

g(x1,12) = 1+ a2 , and hence
4 5
l9(w1,22)] <1+ fwal + [sllwal® + [Bslz1[® + |21]2.
i=1
If we take B3 and -5 such that
5 .
1> |8y 22 2ed(Van) T 3 2L g (Vam) O | ),
§=0

say, we let O3 and 75 be sufficiently small, then all conditions in Theorem 1.2 are satisfied.

Therefore, by Theorem 1.2, Eq. (1.3) has at least one 27r-periodic solution.
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