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Abstract. We analyze the Nash equilibria of a standard Bertrand model. We
show that in addition to the marginal-cost pricing equilibrium there is a possibil-
ity for mixed-strategy equilibria yielding positive profit levels. We characterize
these equilibria and find that having unbounded revenues is the necessary and
sufficient condition for their existence. Hence, we demonstrate that under realistic
assumptions the only equilibrium is marginal-cost pricing.
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1 Introduction

In 1883, Bertrand wrote a review of Cournot’s book (1838). In the review, he
criticized Cournot’'s model of competition by offering another model where firms
compete with prices rather than in quantities. The use of prices in the Bertrand
model leads to undercutting which results in marginal-cost pricing where each
of the two identical firms earns zero profitdn these works, the possibility
of mixed-strategies was not considered. We will show that there is indeed a
possibility of mixed-strategy equilibria, but only in a narrow class of the standard
Bertrand environment.

Mixed-strategy equilibria have been previously examined in other Bertrand
settings. Spulber (1995) obtained Bertrand equilibria in which firms choose prices
above marginal costs when faced with uncertainty about rivals’ costs. Sharkey
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1 See Shapiro (1989) for an exellent exposition of the two competing models.
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and Sibley (1993) find mixed-strategies in Bertrand games with fixed costs, while
Marquez (1997) finds such equilibria with asymmetric fixed costs.

In contrast to the natural occurrence of mixed-strategy equilibria in the afore-
mentioned works, the emergence of mixed-strategy equilibria in our environment
of complete information, no fixed costs, and constant marginal costs occurs only
under the restrictive condition of unbounded revenue. In a paper written con-
currently, Baye and Morgan (1997) examine a more general environment and
find sufficient conditions for the existence and uniqueness of the Bertrand para-
dox equilibrium (firms make zero profits). These conditions, which differ from
our conditions, are that the profit (of a firm without competition as a function
of price) must be bounded, lower semi-continuous and have a break-even price
where all prices below this price do not yield profit. While our environment is
more specific (causing the Bertrand paradox equilibrium to always exist), we are
able to obtain a necessary and sufficient (as opposed to only sufficient) condition
that eliminates the possibility of a mixed-strategy equilibrium.

In our environment, which is the typical Bertrand model, there are two firms
that produce a homogeneous good at marginal cfesting a decreasing demand
curveq = D(p) and there exists positive demand at some price exceeding costs.
They simultaneously announce prigesandp?. The firm announcing the lowest
price fulfills the entire demand. If the two firms announce the same price, the
demand is evenly split between them.

The pure-strategy equilibria of this model is marginal-cost prighg p? =
c. Neither firm has incentive to deviate from this price since a firm raising its
price will lose all sales and a firm lowering its price will lose money. To see this
is the only pure-strategy equilibrium consider the following cagés= ¢ and
p? > ¢, p? > pt > ¢, andp! = p? > ¢ (without loss of generality we assume
p? > pY). In the first two cases, firm 1 could increase its profits by raising its
price. In the third case, either firm can increase its profits by undercutting its
rival. Therefore, there is a unique pure-strategy equilibrium where firms earn
zero profits.

2 A mixed strategy equilibrium: An example

There may exist a mixed-strategy equilibrium of this model where prices an-
nounced always exceed marginal cost. Assume demand is givBx(Hy=p~—"
where 0< n < 1. Assume the firms choose prices according to the distribution

functionF(p) =1 — % for p > m, F(p) = 0 otherwise, andn > c. To
show that this is an equilibrium we note that for either firm the expected payoff
for submitting any pricgg > mis p~"7(p — ¢) (1 — F(p)) = m~"(m — c¢). Taking
the opponent’s strategy as given, any pure strategy chmieem will result in
lower expected profits for the firm. Hence, neither firm has incentive to deviate
from its strategy choice and this is indeed a Nash equilibrium.

In this Bertrand environment there exists a continuum of mixed strategy
equilibria.
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3 Characterization of equilibria

We now proceed to characterize the environments for which similar mixed-
strategy equilibria exist. To that effect, we prove several properties satisfied
by any equilibrium strategy. We recall that the support of a distribution func-
tion F is defined as the set of all points that satisfy for everye > 0 ,

F(x +¢) — F(x —¢) > 0. We denote by\; and A, the supports of the equi-
librium strategies of firms 1 and 2 respectively.

Lemma 1. No price strictly lower than ¢ belongs to the equilibrium support of
either firm.

Proof. Assume by way of contradiction that € A; andq < c. Firm 1 could
always guarantee itself zero expected profits by choosindence if, in equi-
librium, it attaches positive probability to an interval where it makes strictly
negative profits if it wins, it should have a zero probability of winning on that
interval. This would be the case only 4, was to the left of that interval, but
then firm 2 would win at least part of the time and could not be playing an
equilibrium strategy. Hence, mp < c is in Ay or in A;. O

Lemma 2. If ¢ belongs to the support of the equilibrium distribution of one of
the firms, then c is the only point in the support of the equilibrium distribution of
both firms.

Proof. Without loss of generality assume tleabelongs toA;. At prices arbitrarily
close toc, firm 1 is making profits arbitrarily close to zero. If there is a pajnt
strictly greater thare in A, then firm 1 can earn strictly positive expected profits
by choosing a point strictly betweenandqg. These profits are greater than the
expected profits for prices arbitrarily close ¢aand contradict the fact thatis

in A;. Thus, any poing in A, must satisfyq < c. By Lemma 1, we then have
A, = {c}. Thus, we have shown thatdfbelongs toA;, thenA; = {c}; similarly,
sincec is then inAy, it must be thatA; also equals{c}. Therefore, both firms
supports are equal tfc}. O

Lemma 3. At equilibrium the supports of the two distributions must be the same.

Proof. If ¢ belongs to the equilibrium support of either firm, the Lemma holds.
Assume then that is not in the equilibrium support of either firm. Hence, there
exists afd > 0 such that the equilibrium supports of both firms are contained in
[26, ) (by Lemma 1, prices less thancannot be in the equilibrium support of
either firm).

Assume there is a point in Ay but not inA,. From using the definition of
support, there must exist an> 0 such thatF'(x +¢) — F}(x —¢) > 0 and
[X — 2e,x + 2¢] is not in Ay. If no g > x + 2¢ belongs toA,, firm 1 has a zero
probability of winning on k—e, x+¢]. In this case, firm 1 could strictly increase
its expected profits by moving the probability assignedxo-[e,x + €] to the
pricec + 6. This is in contradiction to firm 1 playing an equilibrium strategy.

Assume then there is a poigt> x + 2¢ in A,. The profit atq if firm 2 wins
must be strictly greater than the profit ox f ,x +¢]. If it were not, firm 2
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could move some probability mass int® { £,x +¢]. This would increase its
probability of winning without giving up profits and generate higher expected
profits, in contradiction to firm 2 playing an equilibrium strategy. Gebe the
lowest price inA;, to the right ofx +2¢ (note thafj exists since we assumed there
are points in the support of firm 2 to the rightxof 2¢, and the support is a closed
set). Since demand is decreasing and price changes continuously there cannot be
a discrete upward jump in revenue as price increases. Thus, since winning profits
are strictly higher afj than on k — ¢, x + ¢], there must exist a point between

X +¢ andq that yields higher profits than any point ik f ¢, x +¢]. Firm 1 could
increase its expected profits by moving the probability assignes tog], X + <]

to this point, in contradiction to firm 1 playing an equilibrium strategy. Thys,

is contained inA,. Similarly, A, is contained in&; and hence we have shown
that in equilibrium both supports coincide.

Lemma 4. An equilibrium distribution, whose support does not contain ¢, cannot
possess any atoms.

Proof. Assume that firm 1 placed a probability massdof>- 0 on a pointq
(q > c). Sinceq € A4, from Lemma 3 it must also be that € A,. We will
now show that firm 2 cannot place a positive mas®n g, and that prices in
(q,q +¢) do not belong toA; for a small enough > 0.

First, we show that firm 2 does not place a positive masg.@ince demand
is decreasing and price changes continuously forsny 0, firm 2 could choose
a priceq’ lower thanqg such that the winning profits a’ is no more thare’
less than the winning profits @ (D(q)(g — ¢) — D(@')(q’ — ¢)) < €). The
probability of winning will be higher ati’ thanqg by at leasty/2. The expected
profit atq’ minus the expected profit gtis equal to P’) - 7(q’) — Pr@) - 7(q) =
(Pr@")—Pr@))=(q") —Pr@)(w(q) — =(q’)) where Pr is the probability of winning
and 7 is the winning profit. Since Pg() — Pr(@) > $ and=(q) — 7(q’) < €,
this difference is greater than(q’) - g — Pr@) - ¢’. Sincen(q’) > 0, there is a
small enoughe’ such that this is strictly positive. Thus, firm 2 can increase its
expected profits by moving the probability magsto a point slightly less than
g, in contradiction to firm 2 playing an equilibrium strategy.

Second, we show that prices iq,{ + ¢), for a small enougl > 0, do not
belong toA,. Since demand is decreasing and price changes continuously, for
any ¢’ > 0 there exists am such thatp € (q,q + ¢) implies D(p)(p — c) —
D(g)(g — ¢)) < €”. The probability of winning will be higher ay thanp by
at leasto/2. The expected profit a minus the expected profit @t is equal to
Pr@) - =(q) — Pr) - m(p) = (Pr@) — Pr(p))w(a) — Pr(p)(m(p) — w(q)) where Pr is
the probability of winning andr is the winning profit. Since Pgj — Pr({p) > g
andr(p) — 7(q) < £”, this difference is greater thar(q) - % — Pr(p) - ¢”. Since
7(q) > 0, there is a small enougif such that this is strictly positive. Thus, firm
2 can increase its expected profits by moving probability mass from anptiod
g, in contradiction to firm 2 playing an equilibrium strategy.

If no price g’ > q belongs tdA,, then firm 1 has zero probability of winning
atqg and can increase its expected profits by moving the probability i&ssn
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g to a price greater than but still below any point in the currerd; (which
equalsAy). If there is aq’ € A, with g’ > q +¢, we proceed as in Lemma 3
to show that firm 1 could increase its expected profits by moving the mass
currently atg to a higher price. Thus in any case, we reach a contradiction to
firm 1 playing an equilibrium strategy.

Hence, the equilibrium distribution of firm 1 cannot contain any atoms and
similarly for firm 2.0

The above Lemmata lead to the following proposition.

Proposition. There exist equilibria other than marginal-cost pricing if and only
if pIi_}m p - D(p) = co. Furthermore these equilibria are characterized by the

following family of distribution functions (indexed by mc):

MaXy <mD (m')(m" — c)

1(n) = E2(p) = 1 _
PP =F0) = 1= e oD ()P —0)

forp>m, (1)

where F* and F? represent the firms’ price choicés.

Proof. We now know that an equilibrium can only be either marginal-cost pric-
ing or a pair of non-atomic mixed strategies starting at points strictly albove
Hence, the only equilibria other than marginal-cost pricing can be represented by
distribution functionsG1(p') andG?(p?). By Lemma 3, the supports @&* and

G? must be the same. Leh denote the infimum of the supports amddenote

the supremum of the supports. By definiti@(m) = 0 andG'(m) = 1. These
distributions would constitute an equilibrium if and only if the following two
conditions are satisfied. First, a firm must earn the same expected profit at each
point in the support. Second, this profit must be weakly greater than the profit at
points not on this support. Denote the expected profit of choosing a price in the
support for firm 1 bya(a? for firm 2). To satisfy the first condition, it must be

the case that

o =D(phH(p' - ¢) (1 — G3(ph) for all pin the support. (2)
Therefore by the boundary conditions f@&? (recall that the support of both
distributions has the same infimum),

o' =D(m)(m —c) (3)
By Egs. 2 and 3,

D(m)(m — c)
D(p)(p —©)

By a similar process, we can show similar equalities holddaf®and G1. Thus,
any equilibria must satisfy Eq. 1.

G3(p)=1- for all p in the support.

2 The notation used in the proposition captures the idea that players concentrate their probability
only on those regions where the winning profit is increasing in price.
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These constructs will be legitimate distribution functions and thus yield strate-
gies if and only ifD(p)(p — ¢) approaches infinity ap approachegn (since
demand is decreasing(p)(p — c) approaches infinity is equivalent - D (p)
approaching infinity) yielding thalE' (m) = 1.3 Since demand is non-increasing
in price, M must be infinite.

To conclude this proof we will now show th&?! and G? are indeed equi-
librium strategies. The first condition for equilibrium is satisfied by construc-
tion. The second condition for equilibrium is satisfied sir@gm) = 0 and
D(m)(m — c) > D(p)(p — c) for all p < m imply that no firm could do better
by submitting a price outside the support. Hence, the strategies constructed in-
deed constitute an equilibrium. These distribution functiGhsoincide with the
proposed distribution functions'.

Note that ifp - D(p) does not tend to infinity, these equilibria cannot exist
and hence the “only if” partd

4 Summary

We have demonstrated that standard Bertrand competition may lead to Nash
equilibria with positive profit levels. This was done by constructing mixed strat-
egy equilibria where firms’ strategies are price distribution functions that entail
prices above marginal cost. These strategies are equilibrium strategies only for
environments with demand curves that yield unbounded revenues.

It is interesting to note that these equilibria co-exist with the standard
marginal-cost-pricing equilibria. Furthermore, similar to the usual case, the ex-
istence of Bertrand competition serves to potentially reduce the firms’ profits
compared to the monopoly situation. In environments where such equilibria ex-
ist, the firms’ profits in these equilibria are finite (given &yin the proposition)
and involve strictly positive production levels. However, it should be remarked
that those equilibria can be ranked and if the firms were to coordinate on their
best equilibrium outcome, profits would tend to infinity. A monopoly, in contrast,
would always make infinite profits by producing infinitesimal amounts.

We considered the case of two identical firms. If thereraidentical firms
(n > 2), the basic results remain the same. Lemma 1 will be slightly different
in that any equilibrium in which the winning price ¢sthere is the possibility of
a price higher thar being chosen by — 2 or less firms. Lemmata 2, 3 and 4
hold as well as the Proposition. However, the equilibrium distribution functions
constructed in the Proposition while still yielding positive levels of profits, would
be slightly different.

If the two firms have different marginal costs, the usual, pure strategy,
Bertrand scenario leads to the low cost firm serving all the market at a price
equal to the marginal cost of the high cost firm. Mixed equilibria again exist if

3 Notice that the numerator in Eq. 1 is always strictly greater than zero. Demand is decreasing and
there is positive demand at some price exceeding marginal costs theévRye D (m’)(m’ —c) >
0 for allm > c.
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and only if revenues are unbounded. However, they are harder to characterize
and the Lemmata don't necessarily hold. Detailed analysis of this scenario is a
topic of future research.

We examine an environment with several assumptions about the demand
curve and firms costs under Bertrand competition and determine for this en-
vironment the necessary and sufficient condition for mixed-strategy equilibria.
Our environment is quite general, since environmental assumptions about the
demand curve are not strong. First, a demand that isn’t decreasing would be
inconsistent with the assumption that the lower price firm receives all the de-
mand. Second, a demand that is zero at all prices above costs is uninteresting
since all firms either produce nothing or charge marginal costs. However, the
necessary and sufficient condition we find for equilibria other than marginal-cost
pricing (unbounded revenue) is unreasonable. In any conceivable market, the
revenue function is bounded. Hence, realistic market environments will satisfy
our environmental assumptions about the demand curve but violate the neces-
sary condition for mixed-strategy equilibria. Thus for realistic markets, we have
shown that marginal-cost pricing is the outcome of the Bertrand pricing game
even when allowing for mixed-strategies.

References

Baye, M.R., Morgan, J. (1997 ecessary and sufficient conditions for existence and uniqueness of
Bertrand paradox outcomeBrinceton Woodrow Wilson School, Discussion Paper in Economics
186

Bertrand, J. (1883) Book review of theorie mathematique de la richesse sociale and of recherches
sur les principles mathematiques de la theorie des richedsesal de Savant67: 499-508

Cournot, A. (1838)Recherches sur les principles mathematiques de la theorie des richEsdigs.

New York

Kaplan, T.R., Wettstein, D. (1997) Mixed strategy equilibria with constant-returns-to-scale technol-
ogy. Monaster Center Discussion Pap@7—4

Marquez, R. (1997) A note on Bertrand competition with asymmetric fixed destmomics Letters
57: 87-96

Shapiro, C. (1989) Theories of oligopoly behavior. In: Schmalensee, R., Willig, R.D. téaisdbook
of industrial organization vol. INorth-Holland, Amsterdam, Chap. 6, pp. 329-414

Sharkey, W., Sibley, D. (1993) A Bertrand model of pricing and erfigonomics Letterd1: 199—

206

Spulber, D.F. (1995) Bertrand competition when rivals’ costs are unkndaurnal of Industrial

EconomicsA3: 1-11



