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Abstract. This paper establishes a linear convergence rate for a class of epsilon-subgradient descent methods
for minimizing certain convex functions d&". Currently prominent methods belonging to this class include

the resolvent (proximal point) method and the bundle method in proximal form (considered as a sequence of
serious steps). Other methods, such as a variant of the proximal point method given by Correa and Lemaréchal,
can also fit within this framework, depending on how they are implemented. The convex functions covered by
the analysis are those whose conjugates have subdifferentials that are locally upper Lipschitzian at the origin,
a property generalizing classical regularity conditions.

Key words. resolvent method — proximal point method — bundle method — bundle-trust region method —
subgradient

1. Introduction

This paper deals witb-subgradient descent methods for minimizing a convex function

f onR". The class of methods we consider consists of those treated by Correa and
Lemaréchal in [3], with the additional restrictions that the minimizing set be nonempty,
the stepsize parameters be bounded, and a condition for sufficient descent be enforced
at each step. We give a precise description of this class in Sect. 2.

Currently prominent methods belonging to this class include the resolvent (proximal
point) method and the bundle method in proximal form (considered as a sequence of
serious steps). The resolvent method was treated by Rockafellar [14,15] and by Brézis
and Lions [1], and has since been the subject of much attention. Implementations of
the proximal bundle method have been given recently by Zowe [19], Kiwiel [7], and
Schramm and Zowe [16], building on a considerable amount of earlier work; see [6]
for references. Certain other methods, such as the variant of the proximal point method
given by Correa and Lemaréchal in Algorithm 3.3 of [3], can also fit into the class we
consider, depending on how they are implemented.

We show that the methods we consider will converge with (at least) an R-linear rate
inin the sense of Ortega and Rheinboldt [10], in the case when they are used to minimize
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closed proper convex functiorfson R" that are of a special type: namely, those whose
conjugatesf* have subdifferentials that atecally upper Lipschitzianin the sense
defined in [11], at the origin. The following definition gives the specific property we
require. With one exception, throughout the paper we use an inner pregdyicin R"

that induces a norrii - || by the relation|x||? = (x, x). The notationB stands for the

unit ball of this norm. The exceptionis in Theorem 2, where we use similar conventions
butin a real Hilbert space.

Definition 1. A convex functionf on R" satisfies thenverse growth conditiomvith
modulusy if there exist a neighborhodd of the origin inR" and a constant. such
that for eachx* € U,

dF*(x*) C 9F*(0) + w[X*||B.

This inverse growth condition has been employed by Luque [9] (who attributed it to
Bertsekas), Zhang and Treiman [17], and Zhu [18].

For the problem of unconstrained minimization ofC& function, the standard
second-order sufficient condition (that is, positive definiteness of the Hessian at a mini-
mizer) implies that the function is strongly convex if restricted to a suitable neighborhood
of the minimizer, that the conjugate of this restricted function is finite near the origin,
and that the inverse growth condition holds. However, in the more general situation that
we consider here the inverse growth condition may hold even if the minimizing set is
not a singleton.

Rates of convergence for classes of methods overlapping those considered here have
previously been given by Luque [9] for the inexact resolvent method, and by Zhu [18]
for several classes of methods. The analysis of Luque requires that the subproblems in
the resolvent method be solved to increasing accuracy as the iteration proceeds. This
accuracy is measured in terms of the distance between the accepted point and the true
solution of the subproblem, a quantity that is not observable. The analysis of Zhu does
not require the measurement of unobservable quantities, but it does require boundedness
of the minimizing set. It also provides convergence rates defined only in terms of the
speed at which the function values approach the minimurh. @onvergence rates as
usually defined (in terms of the successive iterag@sre not provided; in fact Zhu does
not even prove that the sequerigg} converges.

By contrast, for the class of methods considered here we do not require boundedness
ofthe minimizing set. Further, we are able to show that the sequence of iterates converges
to aminimizer, and to prove conventional R-linear convergence in terms of that sequence.

The rest of this paper is organized in two sections. Section 2 describes precisely the
class of minimization methods we consider, and provides some useful information about
their behavior, including convergence. Section 3 then shows that their rate of convergence
is at least R-linear if the function being minimized has a nonempty minimizing set and
satisfies the inverse growth condition.

2. Epsilon-subgradient descent methods

In this section we describe the class of minimization methods with which we are
concerned, and we review some results about their behavior.
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Let f be a closed proper convex function &Y, which we wish to minimize.
The authors of [3] investigated a class @bubgradient descent methods for such
minimization. These methods proceed by fixing a starting pajine R" and then
generating succeeding points by the formula

Xn+1l = Xn — tnd;, d; € e, T(Xn), (1)

wherety is a positive stepsize parametay,> 0, andd,, f(xn) is theen-subdifferential
of f atxp, defined fore, > 0 by

e, f(Xn) = {x* | foreachz € R", f(2) > f(xp) + (X*,Z— Xn) —€n }.

Thus, forey, = 0 we have the ordinary subdifferential, whereas for posijvee have
a larger set. For more information about theubdifferential, see 8§25 of [12].

We point out that in this method the stepsize parameétease generally fixed in
advance, but the tolerancesare determined adaptively as each step is taken. This is
somewhat different from the situation in smooth optimization, where one generally uses
an adaptive method to determine the stepsizes.

In addition to requiring the functiom to satisfy certain properties, we shall impose
two requirements on the implementation of (1). They are stricter than those imposed
in [3], but they will permit us to obtain the convergence rate results that we seek. One of
these is that the sequence of stepsize parameters be bounded away from 0 axd from
namely, there arg. andt* such that for each,

O<t, <th <t* < o0. 2

The other requirement is that at each step a sufficient descent be obtained: specific-
ally, there is a constamh € (0, 1] such that for each,

f(xn+1) < f(Xn) +m ((d;:s Xl — Xn) — fn) . 3)

Note that because = —t71(xn+1 — Xn), the quantity in parentheses in (3) is non-
positive, and in fact negative ¥,+1 # Xn or if e > 0, so that we are working with
a descent method: that is, one that forces the function value at each successive step to
be “sufficiently” smaller than its predecessor. Indeedy,it= 0 and if the subgradient
is actually a gradient, this is a descent condition very familiar from the literature (for
example, see ([4], p. 101). However, thelescent condition in the general form given
here may seem somewhat strange. For that reason, we show next that some well known
methods satisfy this condition.

The first of these methods is the resolvent, or proximal point, method in the form
appropriate for minimization of . This algorithm is specified by

Xni1 = (I + tnd H) " (Xn):

that is, we obtairkn+1 by applying tox, the resolventd}, of the maximal monotone
operatord f. To see that this is in the form (1), note that the algorithm specification
implies that there isl; € d f(xn4+1) such that

Xn = Xn+1 + tndy,



44 Stephen M. Robinson

which is a rearrangement of (1). Further, for eaete have
f(2) = f(Xnt1) + (A5, Z— Xn41) = f(Xn) + (dy, Z = Xn) — €n,
where
en = f(Xn) — f(Xny1) — (df, Xn — Xn41),

which is nonnegative becaudg € 3 f(xn+1). Therefored; € 9., f(Xn). Moreover, we
have

f(Xn+1) = f(xn) + (d;, Xnt1 — Xn) — €n,

so that (3) holds withn = 1.

The resolvent method is unfortunately not implementable except in special cases.
Noting this, Correa and Lemaréchal gave a variant in Algorithm 3.3 of [3]. We are
concerned here only with the outer loop of that variant, in which we fix two parameters,
x > 1 andm € (0, 1), and for some sequence of positive stepsi{tgswe then require
successive points of the sequeiixg} to satisfy the two conditions

= [ 1) = f0ns1) — M nes = Xnll?] (4)
and
ty H O — Xng1) € 9y F(Xn). (5)

If the parametersn and« are required to satisiym < 1 and the stepsizdg are
bounded away from zero angb, then this algorithm satisfies our conditions (1), (2),
and (3). The second of these holds by choice oftgh@nd for the first part of (1) we
simply defined;: to be the left-hand side of (5). Now we defiagto be (xm)~15 and
rewrite (4) as

f(Xn+1) = Fn) — M Xng1 = Xall” — k1

= f(Xn) +m [(d;, Xn+]_ — Xn) — Gn] .

This shows that (3) holds. Further, as we requined< 1 we have:, > n and therefore
9y f(Xn) C 9, f(Xn), so that (5) implies the second part of (1). Therefore (1), (2), and
(3) all hold, so this algorithm fits within our class.

For practical minimization of nonsmooth convex functions a very effective tool
is the well known bundle method, which as is pointed out in [3] can be regarded as
a systematic way of approximating the iterations of the resolvent method. The method
uses two kinds of steps, “serious steps,” which as we shall see correspond to (1), and
“null steps,” which are used to prepare for the serious steps. Specifically, by means of
a sequence of null steps the method builds up a piecewise affine mirfooérft Then
a resolvent step is taken, usifignstead off:

N —1
xnrr = (1 +t0f) o), (6)
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and it is accepted if

) = fOns2) = m [ 0w = fome)] 7)
Now from (6) we see that
Xn+1 = Xn — tndly,
with d* € 3 f (xn,1). Then for eactz € R" we have

f(2) = f(2 = f(Xns1) + (A}, Z2— Xnp1) = F(Xn) + (A7, Z— Xn) — €n,

where we can write, as
€n = [f(xn) - f(xn)] + [f(xn) — f(Xny1) — (0, xn — xn+1>] , (8)

which must be nonnegative sindeminorizes f andd; € 3f(x,:1). In fact, f is
typically constructed in such a way thé(x,) = f(xn), so the first term in square
brackets is actually zero (this will be the case as long as a subgradieatgf belongs
to the bundle). In that case we have from the minorization property and (8)

f(xn) — fOtn+1) = f(xn) = FOnr1) = (A, Xn — Xny1) + en,
so that (7) yields
f(xn) — f(Xny1) = M [(d;, Xn — Xn+1) + Gn] ;

that is, (3) holds. Therefore the bundle method, if implemented with boutaddits
within our class of methods.

Although our proof of R-linear convergencein Sect. 3 therefore applies to the bundle
method, it must be noted that this analysis takes into account only the serious steps,
whereas for each serious step a possibly large number of null steps may be required to
build up an adequate approximatiénTherefore our analysis does not provide a bound
on the total work required to implement the bundle method. Such bounds have been
investigated, for example, in a recent paper of Kiwiel [8], using a completely different
approach from that employed here.

We have now seen that some well known methods fit into the class we analyze. In the
analysis we use the following theorem, which summarizes the convergence properties
of this class.

Theorem 1. Let f be a lower semicontinuous proper convex functiorikn having

a nonempty minimizing seX.. Let Xo be given and suppose the algorithm (1) is
implemented in such a way that (2) and (3) hold. Then the seqUertgenerated
by (1) converges to a poimt, € X, { f(Xn)} converges tanin f, and

i(||d:||2+en) < 0. )

n=0

In particular, the sequencesy} and{||d;||} converge to zero.
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Proof. Note that for each we have(d;, Xnt+1 — Xn) = —tn||d,*;||2. From (2) and (3) we
obtain

m (16512 +€n) = m (tnlIG512 + €n) = fO0) — foxns),

so for eactk > 1 we have

k-1

MY (LIGI2 + en) = Fx0) — F040 = FOxo) — min .
n=0

and consequently

o0
mY_ (tldiI? +en) = foxo) — min ,
n=0

which establishes (9). The condition (2) shows that the sum dftlseinfinite, so that
Conditions (1.4) and (1.5) of [3] hold. Moreover, (3) shows that for each

f(Xn+1) < FO) + M (A, Xn+1 — Xn) — €n) < FOxn) — Mgl 112,
so that Condition (2.7) of [3] also holds. Then Proposition 2.2 of [3] showd{ thiag) }

converges to mirf and thaf{x,} converges to some elemeqtof X..
o

In this section we have specified the class of methods we are considering, and we
have given two examples of concrete methods that belong to this class. Moreover, we
have adapted from [3] a general convergence result applicable to this class. In the next
section we present the main result of the paper, a proof that the convergence guaranteed
by Theorem 1 will under additional conditions actually be at least R-linear.

3. Convergence-rate analysis

In order to prove the main result we need to use a tailored form of the well known
Brgndsted-Rockafellar Theorem [2]. We give this next, along with a very simple proof.
The technique of this proof is very similar to that given in Theorem 4.2.1 of [5], but

this version gives slightly more information and it holds in any real Hilbert space. For
a multifunctionT we use the notatiofx, y) € T to meany € T(X).

Theorem 2. Let H be a real Hilbert space and It be a lower semicontinuous proper

convex function oid. Suppose that > 0 and that(x., x}) € d. f. For each positives
there is a unique/g with

(% + Bys. Xt = B71yp) € ot. (10)

Further, [lyg| < %2,
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Proof. Define a functiorg on H by

a(y) = (1/2)[ly — BXZ11% + f(xe + BY).

Theng is lower semicontinuous, proper, and strongly convex; its unique minirgjzer
then satisfies @ 9g(yp), which upon rearrangement becomes (10); justification for the
subdifferential computation can be found ég., Theorem 20, p. 56, of [13]. In turn,
(10) implies

f(xe) = f(xe + BYp) + (Xt — BYp, Xe — (Xe + BYp)).-
But thee-subgradient inequality yields

f(Xe + BYp) = f(Xe) + (X, (Xe + BYB) — Xe) — €,

and by combining these we obtain

0> (X — B7Yyp, —Byp) + (X, Byp) — € = llypl® — e,

which proves the assertion abdjyis||.
|

Here is the main theorem, which says that under the inverse growth condition the
e-subgradient descent method is at least R-linearly convergent.

Theorem 3. Let f be a lower semicontinuous, proper convex functionfdhthat
satisfies the inverse growth condition with modulus 0. Assume that has a nonempty
minimizing selX,, and that starting from some thee-subgradient descent method (1)
is implemented with (2) and (3) satisfied at each step.

Then the sequendep} produced by (1) converges at least R-linearly to a limit
Xs € Xy

Proof. Consider the step fromy to Xn+1. From (1) we find that); € 9, f(xn), and by
applying Theorem 2 we conclude that there is a uniguéth ||y|| < erl/z and with

(xn +uty dy — Y 2y) e af.

For anyk let ux be the projection ok on the optimal seiX,. We have shown in
Theorem 1 thalld}}|| ande, converge to zero. Therefore there is solsuch that for
n > N the pointd’ — /2y will lie in the neighborhood) associated with the inverse
growth condition. For such the condition yields

H Xn + u*?y) — UnH <pfdy— /fl/zyH :

Therefore

1%, — Unll < [ (%0 + #22y) — un|| + £¥2)yl
< wl|dg — w2y + pli2e? (11)
< uldzll + 2u12e/?.
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Next, let f, = min f; write ¢, for f(xn) — f, = f(Xn) — f(un), andoy, for utn*l. Using
the fact thatl: € d¢, f(Xn), together with (11), we obtain

Pn < —<d:, Un — Xn) +€n
1/2
< uld % + 202 dE len/® + en
1/2\ 2 12
= (2131 + 2 (12)

2
1/2,1/2 1/2
= (o047 21ds + %)

For any real numbers, 8, andy, the Schwarz inequality applied td, 8) and(«, )
yields

m+ﬁm§(1+ﬁfﬁQﬂ+y§”?

Using this in (12) we obtain

1/2 2 ek
¢n < [(1+an> (tnlldh 12+ €n) } )

= @+ 0w (talldg 12 +€n)
But from (1) and (3) we have
tlldi 12 + €n < M F(xn) — FXny)],

and we also havé(xp) — f(Xn+1) = ¢n — dn+1- Therefore (13) yields

¢n < (L+ oM (@n — dnsa).
which, sincet, > t, > 0, implies

Pni1 < 0%¢n,

with

9:[1—ny(1+ug4ﬂyz
Therefore for fixed\ and anyn > N we have
¢n < k02", (14)
with
K= 972N¢N.

Now from Theorem 4.3 of [17] we find that for some> 0 and allz with d(z, X.)
sufficiently small the inequality

f(2) > f, +yd(z, X,)? (15)
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holds. We know thatl(x,, X,) converges to zero, so for ailat least as large as some
N’ > N we have from (14) and (15)

Y2 <0, (16)

£ 1= d(xn, Xi) < Y2

with
-1/2,—N ,1/2
A=y /29 N

Now let x, be the unique limit of the sequenge,}, as established in Theorem 1.
We have established a suitable bounddoxy,, X.), but we need to find such a bound
for the error||x, — X||. The remainder of the proof does this.

From Equation (1.3) of [3] we have, for ayye R",

IXn+1 = YIIZ < %0 = YIZ + 1112 + 2L f(Y) = FOxn) + enll.
If we restrict our attention to points e X, we may simplify this to
X2 = YIZ = %0 = Y12 + 2t [tallG5 12 + €n — 6]

For j > n > N’ we then use the fact thit < t* for all k to obtain the upper bound

-1
I = YIZ = lxn = Y12+ 26 > [tell 12 + e — o]
k=n
j—1
< It = Y12 + 26 ( ) [tel6 1% + e = 9n).
k=n

The condition (3) gives

f(Xky1) < FOW) + MG Xier1 — Xi) — ek) = F(x) — m [tkuol’k*n2 + ek] ,

from which we conclude that
j—1
> [telldkl? + ] = m™fow) = )] < m .
k=n
Therefore
IXj = YIIZ < %0 — yII* + 2t (M~ — 1)¢n,
and by taking the limit ag — oo we find that
X = YIZ < %0 — YI> + 2t*(m~* — 1)¢n.

Now sety = up, to obtain

X« — Unll? < 2+ 2t*(m™ = Lygpn.
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The bounds (14) and (16) now yield, for> N/,

X« — Un|l < 70",

with

r= (/\2 Lot ml - 1)/()1/2.

Then we have, using (16) again,

[Xn — Xl < &n + X — Unll < (A + D)O",

so that{x,} converges at least R-linearly to the lintt, as claimed.
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