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Abstract. We present two new error bounds for optimization problems over a convex set whose objective
function f iseither semianalytic or y-strictly convex, with y > 1. Wethen apply these error boundsto analyze
the rate of convergence of a wide class of iterative descent algorithms for the aforementioned optimization
problem. Our analysis shows that the function sequence { f(5X)} converges at least at the sublinear rate of k¢
for some positive constant ¢, where k is the iteration index. Moreover, the distances from the iterate sequence
(XX} to the set of stati onary points of the optimization problem converge to zero at least sublinearly.

1. Introduction

Error bounds for a given subset S of an Euclidean space is an inequality that bounds
the distance from an arbitrary vector to Sin terms of aresidual function. The latter is
usually an easily computablefunction satisfying the property that r (x) > 0, ¥x € %" and
r(x) = 0iff x € S Inrecent years, there has been considerable interest in the study of
error boundsin mathematical programming. Thisis partly motivated by the applications
of error bounds which are rich and diverse. The application areas of error bounds
include, among other things, the rate of convergence analysis of iterative algorithms
for degenerate problems, the regularity and stability of inequality systems, weak sharp
minima, accurate identification of active constraints, the study of stationary/minimizing
seguences of convex programs, exact penalty functions, and more recently the analysis
of interior point methods for linear conic programs. For an excellent summary of the
theory and applications of error bounds, we refer the readers to the recent survey of
Pang [38] and the references cited therein.

In this paper, we consider error bounds and iterative algorithms for a general con-
strained differentiable minimization problem of the form:

minimize f(x)
subjectto x € X,

where X is a closed convex set. Let S denote the set of stationary points of the above
optimization problem which by definition satisfy x = [x — V f(x)]}, where [-]}; isthe
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projection operator to X. We present some new projection-typeerror boundsof theform
dist(x, § < ol|x — [x = V f)I%[177,

for some positive constantso and y, wheredist(x, S denotesthe distancefunctionfrom
x totheset S. Theseerror bound resultsare based on either the semianalyticity or y-strict
convexity of the objective function f (see Sect. 2 for definitions), and certain analytic
structure of X. Furthermore, we apply these new error boundsin the rate of convergence
analysisof iterative descent algorithmsfor theminimization of f over X. Itisshownthat
in general the convergencerate of { f(xK)} and {dist(x¥, S} issublinear (i.e., likek—¢ for
somee > 0). Theseresults extend the early work of [25]-{31] and [39,40] wherecertain
form of strong convexity is assumed. Our analysisisfairly general asit is applicableto
awide class of iterative descent algorithms, including a gradient projection algorithm
of Goldstein [11] and Levitin and Polyak [2]; a certain matrix splitting algorithm ([ 33,
36]), coordinate descent methods (see [1,5,7,22,35,42]); the extragradient method of
Korpelevich [16]; the proximal minimization algorithm of Martinet [34].

The rest of the paper is organized as follows. Section 2 presents the notions of
semianalyticity and derives the new error bound results. Section 3 introduces a general
algorithmic framework of [28] and establishes the rate of convergence for the iterate
sequence {xX} and the function sequence { f(x¥)}. The conclusions are given in Sect. 4.

2. New error bounds for optimization problems

Let usfirst introduce some definitions. We recall that a real-valued function f defined
on open subset U of R" isanalyticif it can be represented by a convergent power series
in the neighborhood of any point of U; a vector-valued function F from the open set
U into ™ isanalytic if each of its component functionsis analytic. A subset X of %"
is semianalytic if for each vector a € %" there are a neighborhood U of a and afinite
family of sets Xjj € ®",i=1,...,p,andj =1,...,q, each of theform

Xij={xeU: fijx=0 or {xeR": fij(x) <0}

for some real analytic function fjj on U, such that

P q
Xnu ={JXi-
i=1j=1
A subset X of )" is subanalytic if for each vector a € R" there exists a neighborhood
U of a such that X NU is the projection of a bounded semianalytic set A ¢ R"P for
some nonnegative integer p; i.e.,

XNU = TI(A),

where IT : R"P — K" is given by TT(x,y) = x for all (x,y) € R"TP. A vector-
valued function is semianalytic (subanalytic) if its graph is semianalytic (subanalytic).
The reference [6] provides an extensive study of semianalytic and subanalytic sets,
and [8, Sect. 2] summarizes several important examples of these sets and functions. The
following isalist of known subanalytic functions:
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(a) piecewise analytic functions defined over a semianalytic partition are semianalytic
(thus subanalytic);

(b) the pointwise supremum of a finite family of continuous subanalytic functionsis
subanalytic;

(c) the class of continuous subanalytic functions defined on a compact subanalytic set
is closed under algebraic operations;

(d) the image of a bounded subanalytic set by a subanalytic function is subanalytic but
this property is not valid if “subanalytic” is replaced by “semianalytic”.

In particular, semianalytic and subanalytic functions need not be smooth.
Below we state a local error bound result of Lojasiewicz [21] for a semianalytic
inequality systems (see also [23,24]):

Theorem1. Fori = 1,..., m, let gi(X) be a semianalytic function defined in %",
Suppose that the set Sdefined by

S={xef":gx <0} D
is nonempty. Then for every scalar p > 0, there exist positive scalars ¢ and y such that
distx, 9 < cllgeo+ IV, Vx e %" satisfying x| < p.

Now let us consider the following constrained minimization problem:
minimize f(x)
subject to x € X @
where f isadifferentiable semianalytic function and X is aconvex set defined by
X={x: 01X =<0, g2X) <0,...,gm(X) <0}

with each g; convex, differentiableand semianalytic. Noticethat x* isastationary point
of (2) if and only if

X* = [x* — V(X1

where [-];2 denotes the projection operator to the convex set X. Let S denote the set of
stationary points of (2). We will use Theorem 1 to show anew error bound for the set S.
In particular, for any x € %", we show that it is possible to use the residual function

X —=[x—=V f(X)]III
to bound the distance dist(x, S).

Theorem 2. Suppose f and gy, ... , gm are differentiable semianalytic functions, and
01, ..., gm are convex. Moreover, suppose the feasible set

X={X:01(X)<0,...,gmXx <0}

satisfies a constraint qualification (say, Sater condition) so that the Lagrangian multi-
pliersexistfor (2). Let Sbetheset of stationary pointsof (2) satisfyingx = [x—V f(x)];.
Then for each p > 0, there exists some constants y > 0 and o > 0 such that

dist(x. § < oflx — [x — VIILIY7,  Vx € %" satisfying x| < p.  (3)
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Proof. Let g(X) = (g1(X), 92(X), ..., gm(X)T. Fix any x € %" with ||x|| < p. Let
Zz=[x—-V f(x)];. By assumption, a constraint qualification (say, Slater condition)
is satisfied for X, the Karush-Kuhn-Tucker condition for the projection operation [~];2
gives

Z-X+VfX) —Vg@2 ' u=0 >0 u'(Az—b)=0.

Since x* € Sisequivalent to x* = [x* — V f(x*)]x, it follows that x* € Sif and only
if there exist some z* and A* such that

4
Let Sdenote the solution set of (4), that is,
S={(x*, 7, A%) : = {(x*, 2", \*) satisfies (4)}.

Since al the functions involved in the above system are semianalytic, we can apply
Theorem 1 to the system (4) and obtain

dist((x, 2, 1), S < allx — z|¥Y = ol x — [x — VFOIL IV,

where o and y are some positive constants depending of f, g1, ..., gm and p only.
Sincedist(x, § < dist((x, z, n), S), theaboveinequality easily impliesthe desired error
bound (3).

]

One drawback of above theorem is that the exponent y is in genera difficult to
determine and that the error bound holds only over a compact set. Our next result gives
an global error bound with the exponent explicitly determined. To achievethis, we need
to make additional assumptions on the objective function f and the constraint set X. In
particular, we consider the following restricted version of problem (2):

minimize f(x)
®)

subjecttox € X = {x e %" : Ax > b}

where A isamatrix and a is vector of matching dimension, f : " — R isay-strictly
convex differentiable function in the sense,

(VEX) — VIi(y),x—y) >olx -y, foralx, yen (6)

Here y > lisaconstant. Clearly, the case y = 1 corresponds to the standard notion of
strong convexity. Since f isy-strictly convex, the minimization problem (5) has exactly
one solution, say x*, which must satisfy the following optimality condition

X* = [x* — Vf(x")]}.
The next theorem states that, for any x € %", we can use the residual function
Ix =[x — Vo Ix

to bound the distance || x — x*||.
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Theorem 3. Suppose f isa y-strictly convex function satisfying (6) for somey > 1.
Let x* be the unique optimal solution for (5). Then there holds

X — x*|| < o [x —x - Vf(x)];”%, vx € W (7)

Proof. Fix any x € R". Since the constraints are linear, the Karush-Kuhn-Tucker
condition holds:

Vixy—ATA=0 A>0AT(AX* —b)=0. (8)

Let z = [x — V f(x)]. Then the Karush-Kuhn-Tucker condition for the projection
operation -], gives

z—x+Vix)—ATu=0 n>0 pun'(Ax—Db)=0. ©)
Subtracting (8) from the above equation, we obtain
Z— X+ VX — Vix) —AT(u —1) =0.
Multiplying both sides by (x — x*) and rearranging the terms yields
(X —2z,X—X*) = (VX)) — VF(X*), X — X*) + (x — x*, AT(u — 1))
> o} = X — (x = x*, AT(u = 1)

where o > 0is aconstant due to the y-strict convexity of f (cf. (6)). By further using
(8)«9), we see

(x = x*, AT (i = 1)) = (AX = X*), = 2)
= (A(X = X), 1) + (AKX" = X), 4)
= (b— Ax*, u) + (b — Ax, 1)
<0.
Combining this with the previousinequality, we obtain
(X —z,X—X*) > o||x — x*|| 17,

Using Cauchy-Schwartz inequality and simplifying yields

X=X <077 Ix—2IF =07 |x—[x=Vil| 7.

The proof is complete.
]

In the case of strong convexity (i.e., y = 1), Theorem 3 is well known and was
derived in the more general setting of strongly monotone variational inequalities [37,
Theorem 3.1]. Simple (unconstrained) examples show that the error bound (7) in general
doesnot holdwithout y-strict convexity of f.Oneof themaindifficultiesto establish (7)
is the non-uniqueness of optimal solutionsin the absence of strict convexity. However,
if f hasacertain composite structureand convex, the above error bound still holds. This
was shown in the work of Luo and Tseng [25].
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3. Rateof convergence of iterative algorithms

In the convergence analysis of iterative descent algorithms for minimizing a convex
function over a convex set, a key role played by error boundsis to establish the rate of
convergenceof the sequence of functionsand iterates. Previously, such convergencean-
alysisinvariably assumes strong convexity in which case the optimal solution is unique
and the proof of convergence becomesrelatively easy. In particular, we only need to ar-
guethat thefirst order optimality condition will holdin thelimit. Sincethereisaunique
solution satisfying thefirst order optimality condition, the convergence of the algorithm
follows. This line of argument is not applicable to problems without strong convexity
or when the objective function is nonconvex. It turns out that error bounds can help to
establish iterate convergencein this case. So far there are many such results obtained for
awidevariety of algorithms; theseinclude the Goldstein-L evitin-Polyak gradient projec-
tion algorithm for convex minimization problems[9, 28] and an extension to monotone
variational inequalities [3,16]; the Martinet-Rockafellar proximal algorithms for con-
vex minimization and set-valued inclusion [12,17,20, 28,32] and its extensions [15, 4];
coordinate descent methods and the related dual relaxation methods [14, 26, 30]; matrix
splitting methods for symmetric, monotone linear complementarity problems and vari-
ational inequalities [27,19]; and asynchronous versions of some of these methods [31,
39]. Several papers have presented a unified treatment of these convergenceresults; see
e.g. [25,28,40].

3.1. Apreliminary result

Intheforthcominganalysis, wewill need thefollowing useful rate of convergenceresullt.

Theorem 4. Letr : W" — R, bearesidual function for a subset S of R". Let there
beaset X > Sand let {x} ¢ X be arbitrary sequence. Suppose there exist positive
constants 8, c and y such that all x€ € X withr(x*) < § there hold

(A1) r(xK) > Ofor all k;
(A2)

roXth —r(x6) < —cr(x4y. (10)

Then the following statement holds.

1. The sequence {r (x¥)} convergesto zeroand y > 1.
2. If y = 1, then the sequence {r (x)} convergesto zero at least Q-linearly; that is, for
all k sufficiently large there holds
rh < (L—-oredd. (11)

3. If y > 1, then there exist positive scalar o such that for all k sufficiently large:

1
r(x¥) < ok 1. (12)
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Proof. Notice that the assumptions (A1) and (A2) imply that the sequence {r (x*)} is
monotonically decreasing. Therefore, the sequence {r »(x*)} hasalimit, say r . Clearly,
re° > 0. Taking limit in (10) yields
re <r® —cr>)”,
which further impliesr > = 0. Next we rewrite (10) to obtain
rH) < r(d) (1 — er(xr 1), VK. (13)

Sincer(x¥) — 0andr(x¥) > 0, it followsthat y > 1.
We now estimate the rate of convergence for the sequence {r (x¥)} when y = 1. In
this case, the inequality (13) implies

rxh <rx 1 —o, vk,

so the sequence {r (x*)} convergesto zero Q-linearly.
It remains to estimate the rate of convergence for the sequence r(x¥) for the case
y > 1. Inthis case, we show inductively that (12) holds, or in other words, the sequence

{r(x¥)} converges to zero at least like o/klf_y, for some o and ¢. Suppose (12) holds
for some k. Let us consider the case k + 1. First we notice the following elementary
inequality from calculus:

y(1—cy"™) <y(1-cy*™), Vyel0,yl, whenyissufficiently small. (14)
1 1 ¢ < 1 for al largek, where € > ( 1 (15)

— - = _— > —1).

o1 ) S kT gek, %

The inequality (14) is due to the fact that the derivative of the function y (1 — cyV—l)
at y = Oisequal to 1, which is positive. The second inequality (15) can be inferred as
follows. Let e = CT— (y — 1), which is positive under the assumption € > y — 1. Since
y > 1, it follows from Taylor expansion that

kr—1 1 y—1
= (1— m)

y —1+0.5¢
1-— forall | Kk
> 1 (for al large k)
C—0.5¢
1- —1405=tc-0.
> K1 (usey — 14 0.5¢ =€ — 0.5¢)
o
<]1-—-—
f— k’

where the last step follows from € > 0. This shows the validity of (15).
Using the inequality (14) and the inductive hypothesisr (x) < o/k”~1, we obtain
from (13) that

rX) < rod) (1 - erxyr 1)

o Cay_l o
S ke (1 - W) ,  forall sufficiently largek.
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Therefore, to complete the induction, we only need to argue that there exists some o
such that

y—1
% <1_ Cak ) = & +01)V—1' (16)
Let usselect ao > 0 such that
co?t>y—1
Then the previousinequality (16) follows directly from (15) by identifying€ = co 1.

This completes the proof of (12).
]

Theorem 4 shows that the exponent y in (10) characterizes the rate of convergence
completely. It is seen that in general the sequence {r (x)} convergesto zero sublinearly,
with the rate becoming faster as y gets closer to 1. When y = 1, the fastest rate
is achieved: the sequence {r(x*)} converges to zero Q-linearly. In Sect. 3.3, we shall
specialize Theorem 4 to some specific iterative algorithms and perform the rate of
convergence anaysis.

3.2. A general algorithmic framework

The agorithmic framework illustrated below follows from the work of Luo and
Tseng [28]. Suppose f : RN — % is a continuously differentiable function whose
gradient is Lipschitz continuous on some nonempty closed convex set X in R", i.e,

IVIX) = VIWI < LIIx =yl Vxe X, yeX, 17

where L isapositive scalar and || - || denotes the usual Euclidean norm. The set X may
be specified by linear equalities and/or convex inequalities. We are interested in finding
astationary point of f over X, i.e.,, apoint x € K" satisfying

X =[x — VX1, (18)

where [~]; denotes the orthogonal projection on to X. We assume that infycx f(xX) >
—oo and that the set of stationary points, denoted by S, is nonempty. Well known
examples of this problem include linear programs and quadratic programs, among
others. We consider the class of feasible descent methods and, in particular, methods
that update the iterates according to the formula

XKL= XK — VK + 9, k=0,1,... (19)

where oK is a positive scalar and € is a sufficiently small “error” vector depending on
xK (see (19)). Here we assume the following error estimates holds for all k > 0:

€€ < reaf|x — X<, for somex > 0. (20)
and
fOHL) — F(X) < —ial| XK — x¥F12 for somes > 0, (21)

The condition (21) ensures sufficient descent at each iteration.
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The above scheme (19) is a broad class that includes

(a) agradient projection algorithm of Goldstein [11] and Levitin and Polyak [2];

(b) acertain matrix splitting algorithm ([33,36]), coordinate descent methods (see [1,
5,7,22,35,42));

(c) the extragradient method of Korpelevich [16];

(d) the proximal minimization algorithm of Martinet [34].

The reference [28] provides a detailed justification of why the above listed algorithms
can be cast in the framework (19) and satisfy the conditions (20)—21).

3.3. Convergence analysis

We proceed to establish the linear convergence of iterative descent al gorithms described
by (19)—(21). We need to make two assumptions on the function f.

Assumption 1 (Local error bound). For every v > infyex f(X) there exist scalars
y > 0, y and t > 0 such that

dist(x, § < 7llx — [x — V fC01% 177, (22
for all x € X with f(x) < vand||x — [x — V()1 <.

Assumption 2 (Proper separation of isocost surfaces). There exists a scalar € > 0
such that

xe§ yeS fx#fy, = Ix-yl>e

Noticethat Assumption 2 holdsautomatically if f isconvexinwhich case Sconsists
of only one connected convex piece. There are many problems that satisfy the above
two assumptions. For example, it is known from the early error bound researches that
Assumptions 1 and 2 hold if any of the following conditions hold:

() (Semianalytic case; see Theorem 2) f isdifferentiable and semianalytic with com-
pact level sets. X = {x : g1(X) < 0,...,gm(X) < 0} satisfies a constraint
qualification such as Slater condition. Each g; is convex differentiable and semian-
alytic. In this case Assumption 1 holds with some y > 0.

(b) (y-Strictly convex case; see Theorem 3). f is y-strictly convex satisfying (6) and
X ispolyhedral.

(c) (Quadratic case; seeLemma3.1 of [27]). f isquadratic (possibly nonconvex). X is
apolyhedral set. In this case Assumption 1 holdswith y = 1.

(d) (Composite case; see [25]).

f(x) = (0, X) + 9(Ex), VX,

where E is an m x n matrix with no zero column, q is a vector in R", and g
is a strongly convex differentiable function in #™ with Vg Lipschitz continuous
in M. X isapolyhedral set. In this case Assumption 1 holdswith y = 1.
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(e) (Dual functional case; see Theorem 4.1in[30]).

f(x) = (g, x) + rynng{(Ex, y) =gy} VX,

whereY isapolyhedral setin ™, E isan m x n matrix with no zero column, g is
avector in ", and g is a strongly convex differentiable function in %™ with Vg
Lipschitz continuousin \{™. X isapolyhedral set. In this case Assumption 1 holds
withy = 1.

Based on Assumptions 1 and 2 and using Theorem 4, we can establish the following
rate of convergenceresults.

Theorem 5. Let Assumptions 1 and 2 hold. Let x°, x1, x?, . .. be any sequence which,
together with some sequence of scalars {«X} satisfying liminf; ok > 0 and some se-
quence {eX} in ®", satisfies (19)—(21). Then

(@) If error bound exponent y in (22) is equal to 1, then {f(x¥)} converges at least
Q-linearly and {x*} converges at least R-linearly to an element of S.
(b) If y > 1, then { f(x¥)} converges at |least sublinearly at therate k7.

Proof. If r(x) = 0 for somek = k, thenr(xK) = O for al k > k and the conclusions of
the theorem hold trivially. So, in what follows, we assumer (x¥) > 0.
By (19), we have

XL = (XK — oV XK + €95
Thistogether with the nonexpansive property of the projection operator [-] ;2 implies
XK = XK — &V FOTE || < XK — XKFL 4 )X — [xK — kv 1|
< X=X 4 €4

It is known that, for any x € X and d in ®", ||x — [Xx — ad];gn/a is monotonically
decreasing with o > 0 (see[10, Lemma 1]), so the left-hand side of the aboverelation
is bounded below by min{1, ak}(|xX — [xk — V f(x¥)]% . Also using (20) to bound the
right-hand side of the above relation, we obtain

al| X$ — XK = VITE | < @4 r) XK — X<

where = min{1, liminfxo*} > 0. By (21), we have f(x¥) < f(x°) for all k and xK —
xt1 — 0. The above relation implies X< — [x — v f(x¥)]% — 050, by Assumption 1,
thereis an index k and a scalar v > 0 such that, for all k > k, (22) holds with x = x.
Thisimplies
K ok K ok Kyp 1L/ T+e\" ok kgt ”
X = X < 7| X< = X< = VT | sr(—) X = XK vk> K,
o
(23)

where XX denotes an element of Sfor which ||xkK — x| = dist(xX, §. Combining (23)
with xK — xkt1 — 0 gives

xK — %K - 0, (24)
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so XK — xkt1 . 0. Then, Assumption 2 impliesthat XK eventually settles down at some

isocost surface of f,i.e, thereexist anindex k > k and ascalar © such that
fX) =0 Vk>k (25)

Fix any index k > k. Since xK € X and XX is a stationary point of f over X, we
have (V f(xK), xk — xK} > 0 and from the Mean Value Theorem that f(x*) — f(x¥) =
(V (), xK — XKy, for some y& e %" lying on the line segment joining XK with xX.
Upon summing these two relations and using (25), we obtain

D — fOX) < (VS — VA, 2= x6)

< IV F(y*) — VIR [IKE — x¥|
< LJIsK = xK)2,

A

where the last inequality follows from the Lipschitz condition (17) and |k — xK|| <
|Ix¥ — %K||. This together with (24) yields

lim inf f(x¥) > o. (26)
r—-o0

Fix any indexr > f. Since x**1 is obtained by projecting x* — oKV f(x¥) + €€ onto
X (cf. (19)) and XX € X, we have

(XK — oKV F(xK) + & — XKL xk+1 _ gky >,
We also have from the Mean Value Theorem that
D) — £(X6) = (V (E9), X — %K),

for some vector £X € 9" lying on the line segment joining XK with x*+1. Combining
these two relations and using (25), we obtain

fOKHL) — 5 = (VF(EK) — VF(xXN), X — ) (v £(xK), XK1 — %K)

i 1 i
< |V F(EK) — VFOR) XK — K| + 07<xk — XKL gk Xk gk

1 _
< (Lusk — x| + 5<||xk — XKL 4 ||ek||>) XL — %K.

Using the inequalities [|£% — xK|| < |IxkKt1 — xK|| + %% — xK|| and ||xKt1 — %K) <
XK1 — XK 4 ||x¥ — %K|| and (20), we deduce that there exists some constant «3
(dependingon L, «, k1, 7) suchthat

k+1 - ok k k k+1\2
fOXTH) — 0 < w3 (1K = XN+ 1X€ = X))

By using the estimate (23) to bound the term [|xX — xK||, we can further simplify the
above relation to obtain

fOETL) — § < s XK = XY vk > k,
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where y = max{1, y} and k4 > 0is a constant (depending on «, k1, «3). Combining
thiswith (21) yields

f(Xk+1) —D< ka

<7 )w(f(xk)— fINY7 vk > k.
K2

Let us cast this inequality into the form (10) by defining r(x¥) := f(x¥) — ¥ so that
Theorem 4 becomes applicable. By (26) and the fact { f(x¥)} is a monotonically de-
creasing sequence, it follows that r(xK) > 0 for al k, Rewriting the above inequality
yields

k+1 ka k k+1y11/7 0
O < S Sk YT vk
which further implies

r(x) < K“l = (O —r YT 1 rod) —redh, - vk= k

(k2)

Sincey > 1andr(xK) — r(x¥t1) | 0 (recal xk — xk+1 — 0), it follows

r(xX) — r(XF Y7 > r(xk) — rxdktLy,

Thus, we obtain from the above inequality that

K4 - N
r(x) < <1+ W) oK) —rkHInY7 vk > k.

Then, upon simplifying and rearranging terms, the above inequality becomes

(k)7

Y
(ko) V7 +K4) roa =

O —rd < — (
This shows that Assumption (A2) of Theorem 4 holds. Since r(x¥) > 0 for all k,
Assumption (A1) of Theorem 4 also holds and we can conclude:

(@ If y = 1, then y = 1 and {f(x¥)} converges at least Q-linearly to ©. Since
XK — xk+1)12 is of the order f(xK) — f(xkt1) (cf. (21)), this implies that {xX}
convergesat least R-linearly in this case. Since dist(xX, 9 — 0 (cf. (24)), then the
point to which {xK} convergesis an element of S.

(b) If y > 1, then y = y > 1. In this case, there exists some o > 0 such that
r(x¥) < o k17, foral largek. Sincer (xK) = f(xK) — , thisfurther impliesthat the
function sequence{ f(xK)} convergesto o sublinearly at theratek~” . By combining
(21) with (23), we have

dist(xX, S = O(||x* — x¥F11 27y = O((f(x¥) — f(x*F1)Y2), for large k.

This shows that the sequence {dist(xK, S)} convergesto zero at the sublinear rate of
kA=1/2y

This completes the proof of the theorem.



New error bounds and their applications to convergence analysis of iterative agorithms 353

Theorem 5 extends the rate of convergence results reported in [25-27] for the case
where X isapolyhedral set and for thecase y = 1. By theearly discussions, the gradient
projection method, the extra-gradient method, the proximal point minimization method
and the matrix splitting method all satisfy the conditions (19)—21). Therefore these
methods all generate a sequence which converge to a stationary point, as long as the
problem to be solved satisfies Assumptions 1 and 2. Of course, the rate of convergence
dependson the error bound exponent y . The af orementi oned methods have been studied
extensively. Unfortunately, the existing analysistypically requires some nondegeneracy
assumption on the problem (such as uniqueness of the solution) which does not hold
for many “real-world” problemsor problemstransformedin away (e.g., by introducing
artificial variables) so to bring about structures suitable for decomposition.

Noticethatinthecasey > 1, Theorem 5 doesnot make any claim on the convergence
of the iterate sequence {xX}; it only states the (sublinear rate of) convergence of the
function sequence { f(xK)} and the distance sequence {dist(x¥, 9}. It remainsto be seen
if the iterate sequence convergesor not in this case.

4. Concluding remarks

In this paper we have derived two new projection type error bounds and applied them
the (rate of ) convergenceanalysis of iterative descent algorithms. It has been shown that
the error exponents of the associated projection type error bounds are closely related
to the rate of convergence of functional and iterate sequences. In particular, we have
shown that in general the functional sequence convergessublinearly at aratek =€, where
kistheiteration index and ¢ is a positive constant related to the error bound exponent.
Our convergence analysisis applicable to awide class of well known iterative descent
algorithms and to afairly genera class of constrained minimization problems (convex
Or NON-CONVeX).

In closing, we point out a possible direction to further extend the current work.
Specifically, the error bound provided by Theorem 3 assumesthat the objective function
f isay-strictly convex function. It remains to be seen if this error bound result can be
extended to the case where f has a composite structure

f(x) = (0, X) + 9(Ex), VX,

where E is a matrix with no zero column, q is a vector, and g is a y-strictly convex
differentiable function with Vg Lipschitz continuous. The above composite structure
was considered by Luo and Tseng [25] where they established alocal error bound with
exponent y = 1 under the assumption that g is strongly convex.
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