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Abstract

Optimization algorithms can see their local convergence rates deteriorate when
the Hessian at the optimum is singular. These singularities are inescapable when
the optima are non-isolated. Yet, under the right circumstances, several algorithms
preserve their favorable rates even when optima form a continuum (e.g., due to
over-parameterization). This has been explained under various structural assumptions,
including the Polyak—t.ojasiewicz condition, Quadratic Growth and the Error Bound.
We show that, for cost functions which are twice continuously differentiable (C2 ), those
three (local) properties are equivalent. Moreover, we show they are equivalent to the
Morse—Bott property, that is, local minima form differentiable submanifolds, and the
Hessian of the cost function is positive definite along its normal directions. We leverage
this insight to improve local convergence guarantees for safe-guarded Newton-type
methods under any (hence all) of the above assumptions. First, for adaptive cubic reg-
ularization, we secure quadratic convergence even with inexact subproblem solvers.
Second, for trust-region methods, we argue capture can fail with an exact subproblem
solver, then proceed to show linear convergence with an inexact one (Cauchy steps).
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1 Introduction

We consider local convergence of algorithms for unconstrained optimization problems
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where M is a Riemannian manifold' and f: M — R is at least C' (continuously
differentiable).

When f is C? (twice continuously differentiable), the most classical local conver-
gence results ensure favorable rates for standard algorithms provided they converge to
a non-singular local minimum X, that is, one such that the Hessian v? f(x) is positive
definite. And indeed, those rates can degrade if the Hessian is merely positive semidef-
inite. For example, with f(x) = x*, gradient descent (with an appropriate step-size)
converges only sublinearly to the minimum, and Newton’s method converges only
linearly.

This is problematic if the minimizers of f are not isolated, because in that case the
Hessian cannot be positive definite there. This situation arises commonly in applica-
tions for structural reasons such as over-parameterization, redundant parameterizations
and symmetry—see Sect. 1.2.

Notwithstanding, algorithms often exhibit good local behavior near non-isolated
minimizers. As early as the 1960s, this has prompted investigations into properties
that such cost functions may satisfy and which lead to fast local rates despite singular
Hessians. We study four such properties.

In all that follows, we are concerned with the behavior of algorithms in the vicinity
of its local minima. Since we do not assume that they are isolated, rather than selecting
one local minimum x, we select all local minima of the same value. Formally, given
a local minimum X, let

S = {x € M : xisalocal minimum of f and f(x) = fs} (1)

denote the set of all local minima with a given value fs = f(x).

For f of class C2, it is particularly favorable if S is a differentiable submanifold
of M around x. In that case the set S has a tangent space TS at x. It is easy to see
that each vector v € TS must be in the kernel of the Hessian V2 f at X because the
gradient V f is constant (zero) on S. Thus, TzS < ker sz()f). Since x is a local
minimum, we also know that V2 f(X) is positive semidefinite. Then, in the spirit of
asking the Hessian to be “as positive definite as possible”, the best we can hope for is
that the kernel of V2 f(¥) is exactly T3S, in which case the restriction of V2 £ (%) to
the normal space Nz S, that is, the orthogonal complement of TS in Tz M, is positive
definite.

We call this the Morse—Bott property (MB), and we write u-MB to indicate that
the positive eigenvalues are at least ¢ > 0. The definition requires f to be twice
differentiable.

Definition 1.1 Let x be a local minimum of f with associated set S (1). We say f
satisfies the Morse—Bott property at x if

S is a C! submanifold around % and ker sz(i) =T;S. (MB)

! The contributions are relevant for M = R" too. We treat the more general manifold case as it involves
only mild overhead in notation, summarized in Table 2.
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If also (v, V2 f(%)[v]) > w|lv||® for some x > 0 and all v € N;S then we say f
satisfies wu-MB at x.

At first, a reasonable objection to the above is that one may not want to assume that
S is a submanifold. Perhaps for that reason, it is far more common to encounter other
assumptions in the optimization literature. We focus on three: Polyak—Lojasiewicz
(PL), error bound (EB) and quadratic growth (QG). The first goes back to the
1960s [81]. The latter two go back at least to the 1990s [22, 70].

Below, the first two definitions (as stated) require f to be differentiable. The distance
to a set is defined as usual: dist(x, S) = inf,¢g dist(x, y) where dist(x, y) is the
Riemannian distance on M.

Definition 1.2 Let x be a local minimum of f with associated set S (1). We say f
satisfies

e the Polyak—L.ojasiewicz condition with constant & > O (u-PL) around x if

1
fx)—fs = Z—IIVf(X)IIZ; (PL)
n

e the error bound with constant > 0 (u-EB) around x if
pdist(x, S) < IV f(x)ll; (EB)

e quadratic growth with constant i > 0 (1-QG) around x if
Mmoo 2.
fx) = fs= ) dist(x, S)7; (QG)

all understood to hold for all x in some neighborhood of x.

Note that all the definitions are local around a point x. Two observations are imme-
diate: (i) QG implies that x is a strict minimum relatively to S (1), meaning that
f(x) > fsforallx ¢ S close enough to X, and (ii) both EB and PL imply that critical
points and S coincide around x. Thus, both EB and PL rule out existence of saddle
points near x. By extension, we say that f satisfies any of these four properties around
a set of local minima if it holds around each point of that set.

1.1 Contributions

A number of relationships between PL, EB and QG are well known already for f of
class C': see Table 1 and Sect. 1.3. Our first main contribution in this paper is to show
that:

If f is of class C%, then PE, EB, QG and MB are essentially equivalent.

Here, “essentially” means that the constant ; may degrade (arbitrarily little) and the
neighborhoods where properties hold may shrink. Notably, we show thatif f is C? with
p > 2, then PL, EB and QG all imply that the set of local minima S is locally smooth
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(at least CP~1). We also give counter-examples when f is only C'. Explicitly, in Sect.2
we summarize known results for f of class C! and we contribute the following:

e Theorem 2.16 shows PL around x implies S is a C?~! submanifold around ¥ if f
is CP with p > 2. Remark 2.19 provides counter-examples if f is only C. If £ is
analytic, so is S, as already shown by Feehan [44].

e Lemma 2.14 is instrumental to prove Theorem 2.16 and to analyze algorithms. It
states that under PL the gradient locally aligns with the dominant eigenvectors of
the Hessian.

e Corollary 2.17 deduces that u-PE implies u-MB if f is C.

e Proposition 2.8 shows ©-QG implies n'-EB with u’ < p arbitrarily close if f is
C2. Remark 2.9 provides a counter-example if f is only C!.

e Proposition 2.4 shows u-EB implies u/-PE with i/ < w arbitrarily close if f is
C2.If f is only C! with L-Lipschitz continuous V f, Karimi et al. [52] showed
the same with u' = pu?/L.

In Sect.4, we study the classical globalized versions of Newton’s method. We
strengthen their local convergence guarantees when minimizers are not isolated but
the C? cost function satisfies any (hence all) of the above. The key observation that
enables those improvements is the fact that we may use all four conditions in the
analysis without loss of generality. Specifically:

o Cubic regularization enjoys superlinear convergence under PL., as shown by Nes-
terov and Polyak [76]. Yue et al. [97] further showed quadratic convergence under
EB. Both references assume an exact subproblem solver. Leveraging our results
above, we show that quadratic convergence still holds with inexact subproblem
solvers (Theorem 4.1).

e For the trust-region method with exact subproblem solver, we were surprised to
find that even basic capture-type convergence properties can fail in the presence of
non-isolated local minima (Sect. 4.2). Notwithstanding, common implementations
of the trust-region method use a truncated conjugate gradient (tCG) subproblem
solver, and those do, empirically, exhibit superlinear convergence under the favor-
able conditions discussed above. We discuss this further in Remark 4.14, and we
show a partial result in Theorem 4.9, namely, that using the Cauchy step (i.e., the
first iterate of tCG) yields linear convergence.

As s classical, to prove the latter results, we rely on capture theorems and Lyapunov
stability. Those hold under assumptions of vanishing step-sizes and bounded path
length. In Sect. 3, we state those building blocks succinctly, adapted to accommodate
non-isolated local minima.

1.2 Non-isolated minima in applications

We now illustrate how optimization problems with continuous sets of minima occur
in applications.

In all three scenarios below, we can cast the cost function f: M — R asacomposition
of some other function g: A" — R through amap ¢: M — N, where N is a smooth
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2.2

Fay) = (y - sin(@))? fla) =20+ 2sin( ) Fay) = Fe

J|

Fig. 2 (Left) Submanifold of minima where MB holds. (Middle) A C! function that satisfies QG but not
PL nor EB. (Right) A C! function that satisfies PE., yet whose set of minima is a cross

manifold (see Fig. 1 and [60]). If g and ¢ are twice differentiable, then the Morse—Bott
property (MB) for f = g o ¢ can come about as follows. Consider a local minimum
y for g. The set ¥ = ¢~ !(¥) consists of local minima for f. Pick a point ¥ € X.
Assume x — rank Dg(x) is constant in a neighborhood of x. Then, the set X is an
embedded submanifold of M around x with tangent space ker Dy (x). Moreover, the
Hessians of f and g at x are related by

V2f (%) = Dp(¥)* o V2g(9(%)) o Dp(¥). 2)

Therefore, if V2g(¢(x)) is positive definite, then ker V2 f(x) = T;X¥ and V2 f(X)
is positive definite along the orthogonal complement. In other words: f satisfies the
Morse—Bott property (MB) at x. We present below a few concrete examples of opti-
mization problems where this can happen.

Over-parameterization and nonlinear regression. Consider minimizing f(x) =
%||F(x) — b||? with F: R™ — R" a C? function. We cast this as above with g(y) =
%Hy —b||>and ¢ = F. Suppose X = el (b) = {x : F(x) = b} is non-empty
(interpolation regime), which is typical in deep learning. This is the set of global
minimizers of f. If rank DF (x) is equal to a constant r in a neighborhood of X, then
X is a smooth submanifold of R” of dimension m — r. If additionally the problem is
over-parameterized, that is, m > n > r, then X has positive dimension (see Fig.2 for
an illustration). The discussion above immediately implies that f satisfies MB on X.
See also Nesterov and Polyak [76, §4.2] who argue that PL holds in this setting.
Redundant parameterizations and submersions. Say we want to minimize g : N' —
R constrained to C € N If C is complicated, and if we have access to a parameteriza-
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tion ¢ for that set (so that ¢ (M) = C), it may be advantageous to minimize f = gog
instead. If the parameterization is redundant, this can cause f to have non-isolated
minima, even if the minima of g are isolated.

As an example, consider minimizing g: R”™*" — R over the bounded-rank
matrices C = {Y € R™ " : rankY < r}. A popular approach consists in lift-
ing the search space to M = R"™*" x R™" and minimizing f = g o ¢, where
¢: M — N is defined as ¢(L, R) = LR". The parameterization is redundant
because ¢(LJ “LRITY = ¢(L, R) for all invertible J. In particular, given a local
minimum Y € C of g, the fiber ¢~ !(Y) is unbounded, which hinders convergence
analyses (see [59]). However, if Y is of maximal rank r then D¢ has constant rank
in a neighborhood of ¢~ (¥). From the discussion above, it follows that f satisfies
MB on ¢~ ! (Y) if the (Riemannian) Hessian of g (restricted to the manifold of rank-r
matrices) is positive definite.

Similarly, Burer and Monteiro [25, 26] introduced a popular approach to minimize

a function g over the set of positive semidefinite matrices of bounded rank through
the map ¢: Y +— YYT. The resulting function f = g o ¢ can have non-isolated
minima. However, the same arguments as above ensure that MB holds at minimizers
of maximal rank when g is strongly convex (this setting is for example considered
in [103]). This further extends to tensors [63].
Symmetries and quotients. Some optimization problems have intrinsic symmetries.
For example, in estimation problems, if the measurements are invariant under partic-
ular transformations of the signal, then the signal can only be retrieved up to those
transformations. The likelihood function then has symmetries, and possibly a contin-
uous set of optima as a result. Sometimes, factoring these symmetries out (that is,
passing to the quotient) yields a quotient manifold, and we can investigate optimiza-
tion on that manifold [4]. In the notation of our general framework above, ¢ is then
the quotient map. In particular, ¢ is a submersion, so thatif y € A is a non-singular
minimum of g then f satisfies MB on ¢! (¥) (which is a submanifold of dimension
dim M — dim \). See also [24, §9.9] for the case where N is a Riemannian quotient
of M.

1.3 Related work

Historical note. Discussions about convergence to singular minima appear in the
literature at least as early as [82, §6.1]. Luo and Tseng [70] introduced the EB condi-
tion explicitly to study gradient methods around singular minima. The QG property
is arguably as old as optimization, though the earliest work we could locate is by
Bonnans and loffe [22]. They employed QG to understand complicated landscapes
with non-isolated minima. Lojasiewicz [68, 69] introduced his inequalities and used
them subsequently to analyze gradient flow trajectories. Specifically, he proved that
for analytic functions the trajectories either converge to a point or diverge. Concur-
rently, Polyak [81] introduced what became known as the Polyak—t.ojasiewicz (PL)
variant (also “gradient dominance”) to study both gradient flows and discrete gradient
methods. Later, Kurdyka [55] developed generalizations now known as Kurdyka—
Lojasiewicz (KL) inequalities. They are satisfied by most functions encountered in
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practice, as discussed in [9, §4]. In contrast, the Morse—-Bott property has received
little attention in the optimization literature. Early work by Shapiro [87] analyzes per-
turbations of optimization problems assuming a property similar to MB. There is also
a mention of gradient flow under MB in [49, Prop. 12.3].

Relationships between properties. Several articles have explored the interplay
between MB, PL, EB and QG in the last decades. The implication PL. = QG has arich
history. It can be obtained as a corollary from [50, Basic lemma] (based on Ekeland’s
variational principle; see also [41, Lem. 2.5]). It also follows from Lojasiewicz-type
arguments that consist in bounding the length of gradient flow trajectories [79, Prop. 1].
Likewise, Bolte etal. [19] study growth under Kt inequalities, with PL. = QG as a spe-
cial case. For lower-semicontinuous functions, Corvellec and Motreanu [35, Thm. 4.2]
show that u-EB = u-QG. They also find that ©-QG = %-EB for convex functions
[35, Prop. 5.3]. In a somewhat different setting, Drusvyatskiy et al. [40, Cor. 3.2]
prove that u-EB = u/-QG with arbitrary u/ < . With extra assumptions, they also
show u-QG = u/-EB but without control of u’. Later, Bolte et al. [21] proved an
equivalence between KL inequalities and function growth for convex and potentially
non-smooth functions. Their results seem to generalize to semi-convex functions. See
also [100] and [39] for equivalences between EB and QG. Karimi et al. [52] established
implications between several properties encountered in the optimization literature. In
particular, they also show that PL. and EB are equivalent, and that they both imply
QG. Liao et al. [65] extended this to a non-smooth and weakly convex setting. Li and
Pong [62] showed that EB implies PL. for non-smooth functions under a level set sep-
aration assumption, though with no control on the PL constant. Implications between
PL and EB are also reported in [42, Thm. 3.7, Prop. 3.8] for non-smooth functions
under broad conditions. In the context of functional analysis, Feehan [44] proved that
MB and PL are equivalent for analytic functions defined on Banach spaces. The work
of [94, Ex. 2.9] also mentions that MB implies PE. for C> functions. A more general
implication is given by Arbel and Mairal [8, Prop. 1] for parameterized optimization
problems. Previously, Bonnans and loffe [22] had exhibited sufficient conditions (sim-
ilar to MB) for QG to hold. As a side note, Marteau-Ferey et al. [71] proved that MB is
a sufficient condition to ensure that a non-negative function is globally decomposable
as a sum of squares of smooth functions.

Convergence guarantees. The error bound approach of Luo and Tseng [70] has
proven to be fruitful as multiple analyses based on this condition followed. Notably,
Tseng [91] proved local superlinear convergence rates for some Newton-type methods
applied to systems of nonlinear equations. They relied specifically on EB and did not
assume isolated minima. Later, Yamashita and Fukushima [96] employed EB to estab-
lish capture theorems and quadratic convergence rates for the Levenberg—Marquardt
method. Fan and Yuan [43], Behling et al. [12] and Boos et al. [23] generalized their
results (in particular to solutions with a non-zero residual). More recently, Bellavia
and Morini [14] found that two adaptive regularized methods converge quadratically
for nonlinear least-squares problems (assuming that EB holds).

An early work of Anitescu [6] combines the QG property with other conditions
to ensure isolated minima in constrained optimization, then deducing convergence
results. Later, QG has found applications mainly in the context of convex optimization:
see [67] for coordinate descent, [75] for various gradient methods, and [39] for the
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proximal gradient method. It is also worth mentioning that the definition of QG does
not require differentiability of the function. For this reason, QG is valuable to study
algorithms in non-smooth optimization too [36, 61].

The literature about convergence results based on Lojasiewicz inequalities is vast,
and we touch here on some particularly relevant references. Absil et al. [2] discretized
the arguments from [69] and obtained capture results for a broad class of optimization
algorithms. Lageman [56, 57] provided generalizations to broader classes of functions.
Later, such arguments have been used in many contexts to prove algorithmic conver-
gence guarantees, among which [9, 20] are particularly influential works. Moreover,
Attouch et al. [10] proposed a general abstract framework based on KL to derive cap-
ture results and convergence rates, and Frankel et al. [46] extended their statements.
See also [74] for a framework that encompasses higher-order methods. Li and Pong
[62] studied the preservation of Lojasiewicz inequalities under function transforma-
tions (such as sums and compositions). See also [11, 90] for the preservation of PL
through function compositions. Interestingly, the PL. condition is known to be a neces-
sary condition for gradient descent to converge linearly [1, Thm. 5]. Recently, Yue et
al. [98] proved that acceleration is impossible to minimize globally PL functions: gra-
dient descent is optimal absent further structure. Assuming PL., Stonyakin et al. [88]
formulated stopping criteria for gradient methods when the gradient is corrupted with
noise. Using Kt inequalities, Noll and Rondepierre [ 78] and Khanh et al. [53] analyzed
the convergence of line-search gradient descent and trust-region methods. L.ojasiewicz
inequalities have also proved relevant for the study of second-order algorithms and
superlinear convergence rates. A prominent example is the regularized Newton algo-
rithm that converges superlinearly when PL holds, as shown in [76]. More recently,
Zhou et al. [105], Yue et al. [97] provided finer analyses of this algorithm, respectively
assuming Lojasiewicz inequalities and EB. Qian and Pan [84] extended the abstract
framework of Attouch et al. [10] to establish superlinear convergence rates.

Stochastic algorithms have also been extensively studied through Lojasiewicz
inequalities, and we briefly mention a few references here. Dereich and Kassing [37,
38] analyzed stochastic gradient descent (SGD) in the presence of non-isolated min-
ima, using Lojasiewicz inequalities among other things. Local analyses of SGD using
PL inequalities are given by Li et al. [64] and Wojtowytsch [94]. Ko and Li [54] studied
the local stability and convergence of SGD in the presence of a compact set of minima
with a condition that is weaker than PL. As for second-order algorithms, Masiha et
al. [72] proved that a stochastic version of regularized Newton has fast convergence
under PL.

Lojasiewicz inequalities are also particularly suited to analyze the convergence of
flows. Notably, Lojasiewicz [69] bounded the path length of gradient flow trajectories
and Polyak [81] derived linear convergence of flows assuming PL. Related results
for flows but under MB are claimed in [49, Prop. 12.3]. More recently, Apidopoulos
et al. [7] considered the Heavy-Ball differential equation and deduced convergence
guarantees from PL. Wojtowytsch [95] studied a continuous model for SGD and the
impact of the noise on the trajectory.

Finally, we found only few convergence results based on MB in the optimization
literature. Fehrman et al. [45] derive capture theorems and asymptotic sublinear con-
vergence rates for gradient descent assuming that MB holds on the set of minima. They
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Table 2 Simplifications in the case where M is a Euclidean space

Exp, () Log, () ry,r, dist(x, ) inj(x)

M =R" x+s y—Xx identity Hx - y” +00

Here, F,)C) denotes parallel transport along the minimizing geodesic between x and y (assuming the points
are close enough)

also provide probabilistic bounds for stochastic variants. Usevich et al. [92] consider
optimization problems over unitary matrices. They propose sufficient conditions for
MB to hold at a local optimum and then exploit the induced PL condition to obtain con-
vergence rates. In order to solve systems of nonlinear equations, Zeng [99] proposes a
Newton-type method that is robust to non-isolated solutions. It enjoys local quadratic
convergence assuming a MB-type property. The algorithm requires the knowledge of
the dimension of the set of solutions.

Applications. Non-isolated minima arise in all sorts of optimization problems. It is
common for non-convex inverse problems to have continuous symmetries, hence non-
isolated minima (see [ 104]). In the context of deep learning, Cooper [34] proved that the
set of global minima of a sufficiently over-parameterized neural network is a smooth
manifold. In the last decade, there has been a renewed interest in Lojasiewicz inequal-
ities because they are compatible with these complicated non-convex landscapes. In
particular, a whole line of research exploits them to understand deep learning problems
specifically. As an example, Oymak and Soltanolkotabi [80] employed PL to analyze
the path taken by (stochastic) gradient descent in the vicinity of minimizers. Several
other works suggested that non-convex machine learning loss landscapes can be under-
stood in over-parameterized regimes through the lens of Lojasiewicz inequalities [11,
13, 66, 90]. Specifically, they argue that PL holds on a significant part of the search
space and analyze (stochastic) gradient methods. Chatterjee [30] also establishes local
convergence results for a large class of neural networks with PL inequalities.

1.4 Notation and geometric preliminaries

This section anchors notation and some basic geometric facts. In the important case
where M = R", several objects reduce as summarized in Table 2.

We let (-, -) denote the inner product on T, M—it may depend on x € M, but the
base point is always clear from context. The associated norm is ||v|| = +/{v, v). The
map dist: M x M — R, is the Riemannian distance on M. We let B(x, §) denote
the open ball of radius § around x € M. The tangent bundle is TM = {(x,v) : x €
Mand v € T, M}.

Moving away from x € M along the geodesic with (sufficiently small) initial
velocity v € Ty M for unit time produces the point Exp, (v) € M (Riemannian
exponential). The injectivity radius at x is inj(x) > 0. Itis defined such that, given y €
B(x, inj(x)), there exists a unique smallest vector v € T, M for which Exp, (v) = y.
We denote this v by Log, (y) (Riemannian logarithm). Additionally, given x € M
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and y € B(x, inj(x)), we let Ty : Ty M — TyM denote parallel transport along the
unique minimizing geodesic between x and y. If v = Log, (y), we also let ', = I'y.

Let X be a subset of M. We need the notions of tangent and normal cones to X,
defined below.

Definition 1.3 The fangent cone to a set X at x € X is the closed set

na-],

1
lim —Log, (xx) ‘xk eX,ty >0forallk, xp — x,t;y — 0} .
—+00 I

We also let NyX = {w € TyM : (w,v) < Oforallv e T,X} denote the normal
cone to X at x.

When X is a submanifold of M around x, the cones T, X and N, X reduce to the
tangent and normal spaces of X at x. (By “submanifold”, we always mean embedded
submanifold.)

Given x € M, we let dist(x, X) = inf,cx dist(x, y) denote the distance of x
to X. We further let projy (x) denote the set of minima of the optimization problem
minyex dist(x, y). If this set is non-empty (which is the case in particular if X is
closed), then we have:

Vi € X,y € projy (x), dist(y, ¥) < 2dist(x, ). 3)

Indeed, the triangle inequality yields dist(y, x) < dist(x,y) + dist(x, x), and
dist(x, y) = dist(x, X) < dist(x, X). Moreover, if y € projy(x) with dist(x, y) <
inj(y) then Log, (x) € N, X.

The set of local minima S defined in (1) may not be closed: consider for example
the function f(x) = sgn(x) exp —xiz)(l + sin(%)) with fs = 0. It follows that the
projection onto S may be empty. Notwithstanding, the following holds:

Lemma 1.4 Around each x € S there exists a neighborhood in which projg is non-
empty.

Proof Let U be an open neighborhood of x such that f(x) > fg forall x € U. Let
V1, V2 C U be two closed balls around x of radii § > 0 and 4—1‘8 respectively. Then
SNV = f~1(fs) NV, showing that S N V; is closed and the projection onto this
set is non-empty. Let x € V; and y € proj SNy, (x). Then dist(x, y) < %8 . Moreover,
for all y € S\V; we have dist(x, y') > %8. It follows that projg(x) = projgny, (x),
and this is non-empty. O

From these considerations we deduce that the projection onto S is always locally
well behaved.

Lemma 1.5 Let x € S. There exists a neighborhood U of X such that for all x € U

the set projg(x) is non-empty, and for all y € projg(x) we have dist(x, y) < inj(y).
In particular, v = Log, (x) is well defined and v € N, S.
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Fig.3 Implication graph when Cor. 2.17

f is C2. The main missing MB PL
pieces were PL. = MB and QG
= EB, both secured with the
right constants and under the Prop. 2.3 Prop. 2.4
right regularity assumptions Prop. 2.2

QG EB

Prop. 2.8

Proof Letl be a neighborhood of X where projg is non-empty (given by Lemma 1.4).
Given § < inj(X), the ball B(X,8) is compact for all § < §. Define h(8) =
inf veB(7.26) inj(x) on the interval [0, %]. The function /4 is continuous with 2(0) =
inj(x) > 0 so we can pick § > 0 such that § < h(§). Let x € B(x,8) NU and
y € projs(x). By definition of the projection we have dist(x, y) < dist(x, x) < é.
Moreover, inequality (3) yields dist(y, x) < 2dist(x, x) < 2§ so h(8) < inj(y). It
follows that dist(x, y) < § < h(§) < inj(y) and v = Logy(x) is well defined. The
fact that v is in the normal cone follows from optimality conditions of projections. O

Given a self-adjoint linear map H, we let A; (H) denote the ith largest eigenvalue
of H, and Apin(H) and Apax (H) denote the minimum and maximum eigenvalues
respectively.

2 Four equivalent properties

In this section, we establish that MB, PL, EB and QG (see Definitions 1.1 and 1.2)
are equivalent around a local minimum X when f is C2. Specifically, we show the
implication graph in Fig. 3.

It is well known that PL implies QG around minima: see references in Sect. 1.3.
Perhaps the most popular argument relies on the bounded length of gradient flow
trajectories under the more general Lojasiewicz inequality [2, 19, 68, 69, 79].

Definition 2.1 Let x be a local minimum of f with associated set S (1). We say f
satisfies the Lojasiewicz inequality with constants 6 € [0, 1[ and u > 0 around x if

1
If(x) — fsl* < o IV £ 0l *)
n

for all x in some neighborhood of x.

Notice that if f is L.ojasiewicz with exponent 6 then it is Lojasiewicz with exponent
0’ forall & < 6’ < 1 (though possibly in a different neighborhood). The case 6 = %
is exactly the (PL) condition.

Proposition 2.2 (P = QG) Suppose that f satisfies (L) around x € S. Then f
satisfies

F) = fs = (1= 0)y/20) ™ dist(x, §)77
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Fast convergence to non-isolated minima: four equivalent conditions

for all x sufficiently close to x. In particular, if 0 = %, this shows u-(PL) = u-(QG).

We include a classical proof in Appendix A for completeness, with care regarding
neighborhoods.

2.1 Two straightforward implications

In this section we show that MB = QG and EB = PL. These implications are
known and direct. We give succinct proofs for completeness. The first one follows
immediately from a Taylor expansion.

Proposition 2.3 (MB = QG) Suppose that f is C? and satisfies i-(MB) at x € S.
Then f satisfies (' -(QG) around X for all u' < .

Proof Let U be a neighborhood of x as in Lemma 1.5. Let d be the codimension of S
(around x). Given u/ < u, pick ¢ € 10, u — u'[ and shrink / so that for all x € U
and y € projg(x) we have )\d(sz(y)) > +e. Givenx € Y and y € projg(x), a
Taylor expansion around y gives

1 /
f) = fs =3, V2 f(mIvl) +o(lv]?) > MTH dist(x, ) + o(dist(x, S)%),

where v = Logy (x) is normal to S. We get the inequality '-(QG) for all x sufficiently
close to x. O

Proposition 2.4 (EB = PL) Suppose that f is C* and satisfies u-(EB) around X € S.
Then f satisfies 1’ -(PL.) around X for all i’ < u.

Proof Let U be the intersection of two neighborhoods of x: one where -(EB) holds,
and the other provided by Lemma 1.5. Given x € U/ and y € projg(x), a Taylor
expansion around y yields

1
F@ = fs =3, V2D +o(vl?)  and  Vf(x) =T, V2F(Iv] + o(llvl),

where v = Log, (x). Using the Cauchy—Schwarz inequality and the triangle inequality,
it follows that

1 1
fx) = fs = EIIUIIIIVZf(y)[v]II +o(lv*) < SV £l +o(lv]?).

Finally, EB gives that [[v] < LIVl so ) = fs < LIVFWI? +
o(IV £ () [1%). We get the inequality u’-(PL) for all x sufficiently close to X. O

Remark 2.5 Suppose that f is only C! and V f is locally L-Lipschitz continuous

around x. If «-EB holds around x then f satisfies PL. with constant “Tz around x [52,
Thm. 2]. (This still holds locally on manifolds with the same proof.) The constant
worsens but that is inevitable: see the example in Remark 2.19.
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2.2 Quadratic growth implies error bound

In this section, we show that QG implies EB for C? functions. Other works proving
this implication either assume that f is convex (see [35, Prop. 5.3], [52], and [39,
Cor. 3.6]) or do not provide control on the constants (see [40, Cor. 3.2]). For this, we
first characterize a distance growth rate when we move from & in a normal direction
(see Definition 1.3). Recall that for now S is not necessarily smooth, and therefore
N;S is a priori only a cone.

Lemma2.6 Let x € S and v € N;S unitary. Then dist(Exp;(tv),S) =t + o(t) as
t—0,1t>0.

Proof Let U be a neighborhood of x as in Lemma 1.5. Shrink ¢/ so that for all x € U
and y € projg(x) we have dist(y, X) < inj(x). Given a small parameter ¢ > 0, define
x(t) = Exp;z(tv) and let y(¢) € projg(x(¢)). From (3) we have dist(y(¢), x) < 2t,
and it follows that y(¢) — x as ¢t — 0. Define u(t) = Log,, ) (x (1)) and w(t) =
Log; (y(¢)). Then

dist(x(1), 8% = [u()I* = ll1v = w(®) + Ty u(@®) — tv + w®O[ = v = w®O | + 0(r?)

ast — 0 because ||F§(t)u(t) —tv+w(@)| = o(r) ast — 0[89, Eq. (6)]. In particular,
for all ¢ sufficiently small we have

dist(x (1), 8)* = 12 = 2t{w(1), v) + |w®)|> + 0(t?) > 12 = 2t{w(1), v) + o(1?).

Let I C R.q be the times when y(¢) # x. If inf I > 0O then the final claim holds
because y(#) = x for small enough ¢. Suppose now thatinf / = 0. Definer(¢) = Hz_(g\l
on I, and let A be the set of accumulation points of r(¢) ast — 0,7 € I. Then A is
included in the unit sphere and A C T;S by definition. Givena € Aand t € I, we

can use (a, v) < 0 to find that

dist(x (1), )2 = 12 — 2t ||w(O) | (r(t) — a +a, v) + 0(t2) > 12 — 42 ||r(t) — a|| + o(t?).

It follows that dist(x(¢), S)2 > 12 — 4¢2 dist(r(¢), A) + o(t2) = 12 + o(t?) because
dist(r(¢), A) — Oast — 0. O

Using this rate, we now find that QG implies the following bounds for V2 f in the
normal cones of S. Note that the following proposition does not yet show QG = MB,
because to establish MB we still need to argue that S is a smooth set.

Proposition 2.7 Suppose f is C* and satisfies (QG) with constant y around X € S.
Then for all y € S sufficiently close to x and all v € NS we have

(v, VZFDI]) = plv]? and IV2 D)1 = plvll.
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Fast convergence to non-isolated minima: four equivalent conditions

Proof Let U be an open neighborhood of x where «-QG holds. Let y € S N and
v € N,§. For all small enough ¢ > 0, we obtain from a Taylor expansion that

2

f(Exp,(tv)) — fs = ’5<v, V2 f(Iv]) +0(t%) = %dist(Expyav), S)?

w
S +o(?),

where the inequality comes from QG and the following equality comes from
Lemma 2.6. Take t — 0 to get the first inequality. The other inequality follows
by Cauchy—Schwarz. O

We deduce from this that, under QG, the gradient norm is locally bounded from
below and from above by the distance to S, up to some constant factors. This notably
secures EB.

Proposition 2.8 (QG = EB) Suppose f is C? and satisfies u-(QG) around x € S.
For all ,ub < uand A > Amax (sz(i)) there exists a neighborhood U of x such that
for all x € U we have

w’ dist(x, S) < [V f(x)| < A dist(x, S).

Proof Let!{ be aneighborhood of x asin Lemma 1.5. Shrink ¢/ so that for all x € I/ and
y € projg(x) theinequalities of Proposition 2.7 hold. Now letx € i/ and y € projg(x).
Define v = Log, (x) and y(r) = Exp, (tv), so that y = y(0) and x = y(1). Then a
Taylor expansion of V f around y yields

Fljlvf(‘x) = V2 f(y)[v] + r(x)where

1
r(x) = /O (r;vl oV2f(y(1)ol,, — sz(y))[v]dt.

The Hessian is continuous so r(x) = o(||v||) as x — x. Moreover, Proposition 2.7
provides that V2 F)IvI = vl so using the triangle inequality and the reverse
triangle inequality we get

vl (1 = o(D) < IV LI < 0l (Amax (V2 f (1)) + 0(1))

as x — x. We get the result if we choose x close enough to x. O

The first inequality in the previous proposition is exactly EB. In Proposition 2.4 we
showed that EB implies PL. when f is C2. Thus, it also holds that QG implies PL..

Remark 2.9 When f is only C! it is not true that QG implies EB or PL. To see this,
consider the function f(x) = 2x2 + x%sin(1//[x]) (see Fig.2). Itis C! and satisfies
QG around the minimum % = 0 because f(x) > x2. However, there are other local
minima arbitrarily close to x. Those are critical points with function value strictly
larger than f(x), which disqualifies EB and PL around x.
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Remark 2.10 Combining Propositions 2.2 and 2.8 (u-PE. = ©-QG and u-QG = u'-
EB), one finds that p-PE. implies u'-EB for C? functions. In fact, Karimi et al. [52]
show that u-PE implies u-EB for C! functions, globally so if PE holds globally.
Indeed, for x sufficiently close to x, we have

1
%dist(x, 8 < f@) = fs = IV @I,
i

where the second inequality comes from PE, and the first inequality is QG (implied
by PL).

Combining all previous implications, we obtain that MB implies PL. This is also
straightforward from Taylor expansion arguments.

Corollary 2.11 (MB = PL) Suppose that f is C* and satisfies 1-(MB) at x € S. Let
0 < i/ < . Then f satisfies u'-(PL) around x.

As a consequence, if f is u-MB on any subset of S then for all u' < u there
exists a neighborhood of that subset where f is u/-PL. When f is C? the size of
the neighborhood where PL holds can be controlled (to some extent) with the third
derivative. A version of this corollary appears in [94, Ex. 2.9] with a different trade-off
between control of the neighborhood and the constant p’. Feehan [44, Thm. 6] shows
a similar result in Banach spaces assuming that the function is C3.

2.3 PL implies a smooth set of minima and MB

The MB property is explicitly strong because it presupposes a smooth set of minima,
and it clearly implies PL, EB, and QG. It raises a natural question: do the latter also
enforce some structure on the set of minima? In this section we show that the answer
is yes for C? functions: if PL (or EB or QG) holds around X € S then S must be a
submanifold around x.

To get a sense of why S cannot have singularities, suppose that M = R? and that
around X the set of minima is the union of two orthogonal lines (a cross) that intersect
at x. Then it must be that V> f(X) = 0 because the gradient is zero along both lines.
However, if we assume PL then the spectrum of V2 f(x) must contain at least one
positive eigenvalue bigger than u for all points x € S\{x} close to x, owing to the QG
property. We obtain a contradiction because the eigenvalues of V2 f are continuous.

To generalize this intuition, we first show that PL induces a lower-bound on the
positive eigenvalues of V2 f.

Proposition 2.12 Suppose f is C* and u-(PL) around ¥ € S. If A is a non-zero
eigenvalue of V? f (X) then A > .

Proof Let 1 > 0 be an eigenvalue of V2 f (¥) with associated unit eigenvector v. Then

fExpz(tv)) — fs = %tz + o(tz) and V f(Exp;(tv)) = AT, ,v 4+ o(1).
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The PL condition implies %tz +o(?) < Z—L)thz + o(tz), which gives the result as
t— 0. O

The latter argument is inconclusive when A = 0. Still, we do get control of the
Hessian’s rank.

Corollary 2.13 Suppose f is C* and pu-(PL) around x € S. Then rank(V? f(x)) =
rank(VZf()E))for all x € S close enough to x.

Proof Since f is C? the eigenvalues of V2 f are continuous and the map x >
rank (V2 f(x)) is lower semi-continuous, that is, if x € M is close enough to x
then rank V2 f (x) > d, where d = rank V? f (). Furthermore, if y € S is sufficiently
close to X then Ag41 (V2 f(y)) < u by continuity of eigenvalues, and Proposition 2.12
then implies Ag41(V2f(y)) = 0. o

This allows us to show that V f aligns locally in a special way with the eigenspaces of
V2 f. This alignment will be particularly valuable to analyze second-order algorithms
in Sect.4.

Lemma 2.14 Suppose f is C2 and satisfies (PL) aroundx € S. Letd = rank(sz()E)).
Then the orthogonal projector P(x) onto the top d eigenspace of V> f(x) is well
defined when x is sufficiently close to x, and (with I denoting identity)

(I — P(x)V ()| = o(dist(x, S)) = o(|V.f (X))

as x — X. Additionally, if V? f is locally Lipschitz continuous around x then ||(I —
P)Vf()| = Odist(x,S)?) = O(|Vf(x)|?) as x — .

Proof Givenapointx € M,let P(x): T, M — T,.M denote the orthogonal projector
onto the top d eigenspace of V2 f(x). This is well defined provided Ag (V2 fx) >
*a+1(V2f(x)). Let U be a neighborhood of X as in Lemma 1.5. By continuity of
the eigenvalues of V2 f, we can shrink I/ so that for all x € U and y € proj s(x)
the projectors P(x) and P(y) are well defined. Given x € U, we let y € projg(x)
and v = Log, (x). Now define y (r) = Exp,(tv). A Taylor expansion of the gradient
around y gives that

Vfkx) = Fv(sz(y)[v] + r(x))wherer(x)

1
= /0 (Pt o V2F(r(x) o Ty, — V2 £ (1)) [vldr.

By Corollary 2.13, the rank of V? f is locally constant on S (equal to d) so V2 f(y) =
P(y)V?f(y) whenever x is sufficiently close to X (using the bound dist(y, ¥) <
2 dist(x, x) from (3)). It follows that

(I = P)Vf(x) =T = PO)T,(P()V? f(»)v] + r(x)).

NoticethatI'y, — Tasx — xand P(y) - P(X)asx — xso(/—P(x))T,P(y) = 0
as x — x. It follows that (I — P(x))V f(x) = o(J|v]|) as x — x. The claim follows
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by noting that ||v|| = dist(x, S) and the fact that dist(x, S) is commensurate ||V f (x)||
(as shown in Proposition 2.8).

Suppose now that V2 f is locally Lipschitz continuous around x. Then P is also
locally Lipschitz continuous around x [93, Thm. 1] and (I — P(x))[", P(y) = (I —
Px),(P(y) — Fv_lP(x)) = O(]|v]]). Moreover, we have r(x) = 0(||U||2) SO
it follows that (I — P(x))Vf(x) = O(|v||?) as x — X. We conclude again with
Proposition 2.8. O

The lemma below exhibits a submanifold Z that contains x. It need not coincide
with the set of minima S. However, they do coincide if we assume that PE. holds. This
is the main argument to show that S is locally a submanifold whenever f is PL and
sufficiently regular.

Lemma 2.15 Suppose f is CP with p > 2. Let x € S and defineld = {x € M :
dist(x, X) < inj(x)}. Let P(x) denote the orthogonal projector onto the image of
V2 f(X). Then the set

Z={xelU: PETIVf(x)=0)

is a CP~! embedded submanifold locally around x. If f is analytic then Z is also
analytic.

Proof We build a local defining function for Z. Let d be the rank of V2 f(x) and
ui, ..., uqg beasetof orthonormal eigenvectors of v? f(x) with associated eigenvalues
Aoy hg > 0. Wedefineh: U — R? ash; (x) = (u;, ijVf(x)).Clearly,h(x) =0
if and only if x € Z. The function & is CP~! if f is CP, and analytic if f is analytic.
For all x € Tz M we have

Dh; (F)[X] = (u;, V2 F@E]) = (V2 F@)Muil, £) = hi(ui, %).

It follows that D% (x) has full rank. Thus, Z is a submanifold around x with the stated
regularity. O

A result similar to Lemma 2.15 is presented in [31, Lem. 1] for Banach spaces. We
are now ready for one of our main theorems, regarding the regularity of the set of local
minimizers S (1).

Theorem 2.16 Suppose f is CP with p > 2 and satisfies (PL) around x € S. Then S
is a CP~! submanifold of M locally around X. If f is analytic then S is also analytic.

Proof We let d denote the rank of V2 f (x). By Corollary 2.13, rank V2 f(y) = d for
all y € S sufficiently close to x. We let / € B(x, inj(x)) be a neighborhood of x
such that for all x € U the orthogonal projector P(x): Ty M — T,.M onto the top
d eigenspace of V2 f(x) is well defined (it exists because eigenvalues of V> f are
continuous). Lemma 2.15 ensures that

Z={xelU: PETIVf(x)=0)
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is a submanifold around x. Clearly, SNU € Z holds. We now show the other inclusion
to obtain that S and Z coincide around x. From Lemma 2.14 we have ||V f(x)| <
PV + o(IVf(X)|) as x — Xx. Moreover, the triangle inequality gives
1PV < [(P() = TEPETHV )] + [ PETEV f(x)]. By continuity
of P we have P(x) — F;P()E)ij = 0(1) as x — x so it follows that

IV < IPETIV L)+ oIV f ()1

as x — x. We conclude that P()E)Ffo(x) = 0 implies V f(x) = 0 for all x
sufficiently close to x. This confirms that Z € & N U around x because all critical
points near x are in S by PL. O

The codimension of S is equal to the rank of V2 f on S, as expected. A similar result
holds for Banach spaces when the function is assumed analytic [44, Thm. 1]. Around
X, the set of all minima of f and S coincide when PL holds. Hence, Theorem 2.16
implies that the set of minima of f is a submanifold around x. Using the QG property
we now deduce that PL implies MB.

Corollary 2.17 If f is C? and u-(PL) around % € S then it satisfies j1-(MB) at X. The
same holds if f is u-(EB) or u-(QG) rather than u-(PL).

Proof Apply Theorem 2.16 to get that S is locally a C! submanifold around x. Propo-
sition 2.2 gives (QG) around x. Finally apply Proposition 2.7 to normal eigenvectors
of V2 f(x). This yields that the normal eigenvalues are at least ;.. We obtain the same
result if we suppose pu-EB or -QG instead of p-PL. This is because they both imply
w'-PL for u’ < w arbitrarily close to . Taking the limit 1’ — o gives u-MB. O

Remark 2.18 (Connections to the distance function) Given a closed set X C M, the
function f(x) = L disty (x)? clearly satisfies QG. If f is C? with p > 2 in a neigh-
borhood of X then Theorem 2.16 applies, revealing that X is a C”~! submanifold. This
question is of independent interest, see for example [15] for a proof when assuming
p=3.

Remark 2.19 (Structure when f is only C!) Theorem 2.16 requires f to be C>. And
indeed, if f is only C' the set of minima may not be a submanifold. We provide two
examples.

2.2 . .. . C
The function f(x,y) = =2 is C! and PL around the origin, yet its minimizers

x24y?
form a cross (see Fig.2).? Incidentally, f is \/LE-EB but only %-PL around the origin,

confirming that the constant worsens for the implication EB = PL when f is only
cl.

Additionally, let X € M be aclosed set and suppose that the distance function dist x
is C! around X (such a set is called proximally smooth [32]). For f(x) = L distx (x)2,
we find that V f(x) = x — projy(x), meaning that f is PL around X with constant
u = 1. This holds in particular for all closed convex sets, yet many such sets fail to be
CY submanifolds (e.g., consider a closed square in M = R?). This provides further
examples of C! functions satisfying PE yet for which the set of minima is not C°.

2 We thank Christopher Criscitiello who found this function.
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Remark 2.20 (Restricted secant inequality) It is possible to show equivalences with
even more properties. For example, as in [101], we say f satisfies the restricted secant
inequality (RSI) with constant 1 around X € S if (V f(x),v) > udist(x, S)* for
all x in a neighborhood of x, where v = —Log,(y) and y € projg(x). From simple
Taylor expansion arguments, we find that ;«-MB implies ©/-RSI for all &' < u. By
Cauchy—Schwarz, we also find that p-RSI implies p«-EB for C! functions (see [52]).
It follows that for C? functions RSI is also equivalent to the four properties that we
consider.

Remark 2.21 (Other Lojasiewicz exponents) The PL condition is exactly (L) with
exponent § = % We comment here about other values of 6. First, suppose f is C! and
V f locally Lipschitz continuous. If f is non-constant around ¥ € S then it cannot
satisfy (L) with an exponent 6 < % around x. This is because these assumptions are
incompatible with the growth property from Proposition 2.2. See also [1, Thm. 4]
for an algorithmic perspective on this. Now suppose f is C> and satisfies (£.) with
exponent § around x € S.1f 6 € [%, %[ and V2 f is Lipschitz continuous around %
then PL holds around x. Furthermore, if 6 = % and f is additionally C> then PL also
holds around x. We include a proof of these observations in Appendix B.

3 Stability of minima and linear rates

In this section, we consider two types of algorithmic questions: the stability of minima
and standard local convergence rates. We review some necessary classical arguments,
taking this opportunity to generalize some of them to accommodate non-isolated min-
ima. This will serve us well to analyze algorithms in Sect. 4.

3.1 Capture for sets of non-isolated minima

Typically, global convergence analyses of optimization algorithms merely guarantee
that iterates accumulate only at critical points. The set of accumulation points may be
empty (when the iterates diverge). Worse, it may even be infinite when minima are not
isolated. See [2, §3.2.1]and [18, §5.3] for examples of pathological functions for which
reasonable algorithms (such as gradient descent) produce iterates with continuous sets
of accumulation points. The latter issue cannot occur when minima are isolated.
What kind of stability results still hold when minima are not isolated? Consider
an algorithm generating iterates as xxy; = Fy(xg, ..., xp), where Fy is a descent
mapping: it satisfies f (Fy(xk, ..., x0)) < f(xz) forall xg, ..., xo € M. Many deter-
ministic algorithms fall in this category, including gradient descent and trust-region
methods under suitable hypotheses. The standard capture theorem asserts that if the
iterates generated by such descent mappings get sufficiently close to an isolated local
minimum then the sequence eventually converges to it (under a few weak assump-
tions) [16, Prop. 1.2.5], [4, Thm. 4.4.2]. The result can be easily extended to a compact
set of non-isolated local minima that satisfies several properties that we define now.
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Definition 3.1 We say X € M is isolated from critical points if there exists a neigh-
borhood U of X such that x € ¢/ and V f(x) = 0 imply x € X.

Note that the points in X do not need to be isolated: the set X may be a continuum
of critical points. It is clear that if X C &S (1) is isolated from critical points then there
exists a neighborhood U/ of X such that f(x) > fs for all x € U\ X, where fs is the
value of f on X. The capture result below, based on [4, Thm. 4.4.2], states that if the
set of minima X € § is both compact and isolated from critical points then it traps
the iterates generated by all reasonable descent algorithms. A key hypothesis is that
the steps have to be small around local minima: that is typically the case.

Definition 3.2 An algorithm which generates sequences on M has the vanishing steps
property on a set X € M if there exists a neighborhood ¢/ of X and a continuous
function n: M — Ry with n(X) = 0 such that, if x; is an iterate in U, then the next
iterate xx1 satisfies

dist (g, xp41) < n(xe). (VS)

We say that the algorithm has the (VS) property at a point X € S if it holds on the set
{x}.

Proposition 3.3 (Capture of iterates) Let X be a compact subset of S isolated from crit-
ical points. Consider an algorithm that produces iterates as xy+1 = Fr(xk, ..., x0),
where Fy, is a descent mapping. Assume that it satisfies the (VS) property on X. Also
suppose that the sequences generated by this algorithm accumulate only at critical
points of f. Then there exists a neighborhood U of X such that if a sequence enters U
then all subsequent iterates are in U and dist(xg, X) — 0.

Proof There exists a compact neighborhood V of X such that V' \ X does not contain
any critical point and f(x) > fgs for all x € V\X. The (VS) property implies that
there exists an open neighborhood W of X included in V such that for all k € N,
x; € Wand xg—_q,...,x0 € M we have Fy(xg,...,x0) € V. The set V\W is
compact, and we let « > fs denote the minimum of f on this set. We define
U= 1{x €V : f(x) < «a}, which is included in V¥ by minimality of o. Now let
K e N,xx € U and xg_1,...,x9 € M. Then we have Fg(xg,...,xo) € V by
definition of WW. Moreover, Fx is a descent mapping so f(Fk(xk,...,X0)) < «,
and it implies that Fx (xg, ..., xo) € U. It follows that xg 1 is in ¢/ and all subse-
quent iterates are also in /. Now we show that {x;} converges to X. The sequence
{xx} eventually stays in a compact set (because xy € U C V for all k > K) so it
has a non-empty and compact set of accumulation points that we denote by .A. Then
A C X because A C V and the only critical points in V are in X. The set of accu-
mulation points of {dist(xg, .A4)} is {0} (because {x;} is bounded). So we deduce that
limy—s 400 dist(xg, X) < limg_, 4 dist(xg, A) = 0. O

This statement does not guarantee that the iterates converge to a specific point, but
merely that dist(xx, X) — 0. Notice that we do not require any particular structure
for X nor any form of function growth. The assumptions on the mappings F are also
mild.
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However, we need X to be compact and this cannot be relaxed. Indeed, consider
the function f: R> — R defined as f(x, y) = exp(x)y?. The set of global minima
is X = {(x,y) € R?> : y = 0}, and it contains all the critical points of f. Con-
sider the update rule (xx+1, Yk+1) = (xk — y,f, vk ). It satisfies the descent condition
because f (Xk+1, Vk+1) = exp(— y,%) f (xk, yr) for all k. The distance assumption (VS)
also holds because dist((xe+1, yk+1)s (v, yi) = dist((x — ¥, yi), (v, yi)) = ¥g-
However, the sequence {dist((xx, yx), X)} is constant (and not converging to zero)
even if we initialize the algorithm arbitrarily close to X (but not exactly on X).

The vanishing steps property is a reasonable assumption. When M = R”, many
optimization algorithms have an update rule of the form xz4+; = xj + s and the vector
sk is small if xj is close to a local minimum (e.g., sy = —o V f(xx) with bounded
ay). For a general manifold M, algorithms produce iterates as xx41 = Ry, (sx), where
R: TM — M: (x,s) — R\(s) is a retraction [24, Def. 3.47]. Specifically, for all
(x,5) € TM the curve c(t) = R, (¢s) satisfies c(0) = x and ¢'(0) = s.

To ensure vanishing steps, we must control the distance traveled by retractions. We
let ¢, > 1 be such that

dist(R(s), x) < c¢|ls]l (RD)

forall (x, s) € TM where ||s|| is smaller than some fixed positive radius. For R = Exp
(including the Euclidean case) the choice ¢; = 1 is valid for all s. More generally, ¢,
can be set arbitrarily close to 1 for all retractions as long as the radius is sufficiently
small [86, Lem. 6].

3.2 Lyapunov stability and convergence to a single point

Pathological behavior such as a continuous set of accumulation points can be ruled out
assuming L.ojasiewicz inequalities. In this case, local minima are stable for a variety
of algorithms, even without compactness hypothesis (in contrast to Proposition 3.3).
This in turn ensures that the iterates converge to a single point. In this section, we
review arguments from [2], [10, Lem. 2.6], [21, Thm. 14] and [81, Thm. 4].

A central property to obtain convergence to a single point is a bound on the path
length of the iterates. We make this precise in the following definition.

Definition 3.4 An algorithm which generates sequences on M has the bounded path
length property on a set X € M if the following is true. There exist a neighbor-
hood U of X and a continuous function y: M — Ry with y(X) = 0 such that, if

Xr,...,Xg € M are consecutive points generated by the algorithm and which are all
in U4, then
K-1
> distCo, xe41) <y (ap). (BPL)
k=L

We say that the algorithm has the (BPL) property at a point x € M if it does so on
the set {x}.
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Here we think of the algorithm as an optimization method with some fixed hyper-
parameters. The definition is given for a generic set X but the bounded path length
property is usually only satisfied around local minima. Combined with the vanishing
steps property, bounded path length ensures stability of local minima. For comparison,
Absiletal. [2] and Attouch et al. [10] deduce (BPL) from a function decrease condition.
Here, we factor out (BPL) to enable analysis of algorithms that do not satisfy that
decrease condition.

Proposition 3.5 (Lyapunov stability) Suppose that an algorithm satisfies the (VS)
and (BPL) properties at x € M. Given a neighborhood U of X, there exists a neigh-
borhood V of X such that if a sequence generated by this algorithm enters )V then all
subsequent iterates stay in U.

Proof The set U/ contains an open ball of radius §, > 0 around x in which the (BPL)
and (VS) properties are satisfied with some functions y and 5. By continuity of n
there exists an open ball WV centered on x of radius §,, that satisfies §,, + n(x) < g,
for all x € W. Likewise, by continuity of y, there exists an open ball ¥V C W of
radius §, > 0 around X such that for all x € V we have §, + y(x) < 8. Suppose
that an iterate x;, is in V. For contradiction, let K > L be the first index such that
xx+1 ¢ B(x, 8,). We deduce from the triangle inequality and the (BPL) property that

K—1
dist(xg, %) < dist(er, %) + Y dist(o, xep1) < 8y + ¥ (x) < Su.
k=L

It follows that xx € W. Using again the triangle inequality we find dist(xg 41, X) <
dist(xg, x) + dist(xg, xg+1) < 8y + n(xx) < §,. This implies that xg is in
B(x, 8,): a contradiction. ]

In particular, this excludes that the iterates diverge. We can also guarantee that
accumulation points are actually limit points.

Corollary 3.6 Suppose that an algorithm satisfies the (VS) and (BPL) properties at
x € M. If it generates a sequence that accumulates at x then the sequence converges
to X.

Proof Let U be a neighborhood of x. From Proposition 3.5 there is a neighborhood
V such that if an iterate is in V then all subsequent iterates are in /. Since x is an
accumulation point we know that such an iterate exists. Repeat with a sequence of
smaller and smaller neighborhoods of x. O

Many optimization algorithms generate sequences that accumulate only at critical
points. In that scenario, we can deduce that the sequence converges to a point, provided
that it gets close enough to a set where (VS) and (BPL) hold.

Corollary 3.7 Consider an algorithm that satisfies the (VS) and (BPL) properties on
asetX € M andlet x € X. Let U be a neighborhood of X such that if a sequence
generated by this algorithm accumulates at a point xoo € U then x is in X. There
exists a neighborhood V of x such that if a sequence enters V then all subsequent
iterates stay in U and converge to some xo, € U N X.
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Proof The setl{ contains a compact neighborhood /5 of x such that the (VS) and (BPL)
properties hold on B N X. From Proposition 3.5 there exists a neighborhood V of x
such that if {x;} enters V then it stays in 3. The set B is compact so {x;} has at least
one accumulation point xo, € B. Our hypotheses ensure that xo, must be in X since
B C U. We conclude with Corollary 3.6. O

The conclusions of Corollary 3.7 are similar to the ones in [2, Prop. 3.3] and [10,
Thm. 2.10].

We describe below the argument that Absil et al. [2] used to show that many gradient
descent algorithms satisfy (BPL) around points where f is Lojasiewicz. We say that
the sequence {xy} satisfies the strong decrease property around x € M if there exists
o > 0 such that

FO) = fOxp) 2o |V (x|l dist(xg, xk1) and  x, €S = xppr=xr  (4)

whenever x is sufficiently close to x, as introduced by Absil et al. [2].

Lemma 3.8 Suppose that f satisfies (L) around x € S with constants 6 and . If an
algorithm generates sequences {xy} that satisfy (4) around x then it satisfies the (BPL)
property at X with

y(x) = Ifx) — fsI'P.

1
o(1—0)v2u
We include a proof of this statement in Appendix C for completeness. In fact, the
algorithm would still satisfy the (BPL) property under the more general Kurdyka—
Lojasiewicz assumption (see [2, §3.2.3]). In practice, many first-order algorithms
(including gradient descent with constant step-sizes or with line-search) generate
sequences with the strong decrease condition (4), as shown in [2, §4].

3.3 Asymptotic convergence rate

To conclude this section, we briefly review classical linear convergence results for gra-
dient methods under the PL. assumption, as needed for Sect. 4. Proofs are in Appendix D
for completeness. It is well known that gradient descent with appropriate step-sizes
converges linearly to a minimum when f satisfies PL. globally and has a Lipschitz
continuous gradient [81]. The same arguments lead to an asymptotic linear conver-
gence rate when PL holds only locally. We say that the sequence {x;} satisfies the
sufficient decrease property with constant @ > 0 if

F) = fFGt1) = o V£ o2 ®)

whenever xy is sufficiently close to a point x. The classical result below follows from
that inequality [81].

3 Notice that Absil et al. [2] do not assume vanishing steps, but in that case the property can fail when X is
not a global minimum. The statement of Corollary 3.7 accounts for this technical point.
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Proposition 3.9 Let {x;} be a sequence of iterates converging to some x € S and
satisfying (5). Suppose f satisfies (PL) around x with constant © > 0. Then the
sequence { f (xr)} converges linearly to fs with rate 1 —2wpu. Moreover, {||V f (xi) ||}
and {dist(xy, S)} converge linearly to zero with rate /T — 201 < 1 — wu.

In the case where M is a Euclidean space and R, (s) = x + s, it is well known
that the sufficient decrease condition (5) holds for many first-order algorithms when
V f is Lipschitz continuous. This is also true for a general manifold M and retraction
R as we briefly describe now. We say that f and the retraction R locally satisfy a
Lipschitz-type property around x € S if there exists L > 0 such that

L
FRx($)) = f(0) +(Vfx),s)+ EIISII2 (6)

for all x close enough to X and s small enough. Note that if f o R is C? then the
inequality (6) is always (locally) satisfied. It is a classical result that (6) implies suffi-
cient decrease for gradient descent with constant step-sizes. This yields the following
statement.

Proposition 3.10 Suppose f satisfies u-(PL) around x € S. Also assume that (6)
holds around x. Let {x}} be a sequence of iterates generated by gradient descent with
constant step-size y € 10, %[, thatis, xp41 = Ry (—=y 'V f(x)). Given aneighborhood
U of x, there exists a neighborhood V of x such that if an iterate enters V then the

sequence converges linearly to some x5, € U NS with rate \/1 —2u(y — %yz).

4 Aiming for superlinear convergence

Under fairly general assumptions, the PL condition (which is compatible with non-
isolated minima) ensures stability of minima and linear convergence for first-order
methods, as recalled in the previous section. We now assume f is C? and investigate
superlinear convergence to non-isolated minima.

A natural starting point is Newton’s method which, in spite of terrible global behav-
ior [51], enjoys quadratic convergence to a non-singular minimum, provided the
method is initialized sufficiently close. Unfortunately, this does not extend to non-
isolated minima.

We exhibit here an example showing that the MB property is in general not suf-
ficient to ensure such a strong convergence behavior. The update rule is x4 =
xi — V2 £ (xx) [V f (xx)] (we may use the pseudo-inverse instead). Consider the cost
function f(x, y) = %()c2 + 1)y2, whose set of minima is the line S = {(x, y) € R?:
y = 0}. The gradient and Hessian of f are

2

2 2
Vi) = [(xzxi 1)y] and V7 (x.y) = [;xy o J .
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One can check that f satisfies (MB). To see how Newton’s method behaves on f,
notice that

2 -1 _ 1 X3+ x
\% f(x7y) vf(-x9y)_3xz—_1|:(x2_1)y]

whenever 3x2 # 1. Let x(1) = \/132 and y(t) = +/t. We can choose ¢t € 10, 1] as
small as desired to make the point (x(¢), y(¢)) arbitrarily close to S. Yet computing
the Newton step at (x(¢), y(z)) results in a new point at a distance %% from the
optimal set S: that is arbitrarily far away. The failure of Newton’s method stems from
a misalignment between the gradient and some eigenspaces of the Hessian.

The usual fix for Newton’s method is to regularize it. This yields two classes of
algorithms in particular: regularized Newton with cubics and trust-region methods.
We will show that cubic regularization enjoys satisfying local convergence properties,
even in the presence of non-isolated minima. In contrast, the picture is less clear for
trust-region methods.

Throughout, we make several local assumptions around a point x € S as stated

below. The first two are Lipschitz-type properties.

A1 The Hessian V? f is locally L y-Lipschitz continuous around x for some Lz > 0.

A2 There exists a constant L', > 0 such that the Lipschitz-type inequality

Ly

1
(s, V2 f(0)[s]) < ?nsn3

FR(s) = f() = (s, V() = 3

holds for all x close enough to x and all s small enough.

These assumptions typically hold (locally). For the retraction R = Exp, the first
implies the other (with the same constant). This is true in particular when M is a
Euclidean space and R, (s) = x + s. The third assumption concerns the two classes
of algorithms we consider. At every iterate xi, they build a local model of the cost
function around x; based on a linear map Hj. We require it to be close to the Hessian
V2 f (xx). That holds in particular if Hy = V2 f(xz).

A3 For all k£ the map Hj is linear, symmetric, and there is a constant Sy > 0 such that

1He = V2 F ol < BullV f ()l

whenever the iterate x; is close enough to x.

Finally, we let ¢, > 1 be such that the retraction satisfies (RD) for sufficiently small

tangent vectors (which is enough for the local analyses below).

4.1 Adaptive regularized Newton

The regularized Newton method using cubics was introduced by Griewank [48] and
later revisited by Nesterov and Polyak [76]. An adaptive version of this algorithm was
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proposed by Cartis et al. [27, 28], with extensions to manifolds by Qi [83], Zhang and
Zhang [102] and Agarwal et al. [5]. The adaptive variants update the penalty weight
automatically: they are called ARC. We consider those variants, and more specifically
an algorithm that generates sequences {(xx, ¢x)}, where xi is the current iterate and
Sk is the cubic penalty weight. The update rule is x¢4+1 = Ry, (sx) for some step sy.
At each iteration k, we define a linear operator Hy : Ty, M — T,, M and the step si
is chosen to approximately minimize the regularized second-order model

1
mi(s) = f () + (s, VL)) + 5 (s, Hils]) + %IISIP N

in a way that we make precise below. We require Hy to be close to V2 f(x;) as
prescribed in A3.

In the literature, there are a number of superlinear (but non-quadratic) convergence
results for such algorithms. Assuming the PL. condition, Nesterov and Polyak [76]
showed that regularized Newton generates sequences that converge superlinearly, with
exponent4/3. Later, assuming a Lojasiewicz inequality with exponent 6 € [0, 1[,Zhou
et al. [105] characterized the convergence speed of regularized Newton depending on
6. In particular, they also show that the PE. condition implies superlinear convergence.*
More recently, Qian and Pan [84] developed an abstract framework that encompasses
these superlinear convergence results, and Cartis et al. [29, §5.3] reviewed superlinear
convergence rates of ARC under Lojasiewicz inequalities.

There is also a quadratic convergence result: Yue et al. [97] employed a local error
bound assumption to show quadratic convergence for the regularized Newton method.
As discussed in Sect. 2, this assumption is equivalent to local PL., making their result
an improvement over the superlinear rates from the aforementioned references. This
underlines one of the benefits of recognizing the equivalence of the four conditions
MB, PL, EB and QG, as some may more readily lead to a sharp analysis than others.

Note that the results in [97] assume that the subproblem is solved exactly, meaning
that sx € argming my(s). Several authors proposed weaker conditions on s (only
requiring an approximate solution to the subproblem) to ensure convergence guaran-
tees: this is important because we cannot find an exact solution in practice. Agarwal et
al. [5] for example, following Birgin et al. [17], establish global convergence guaran-
tees assuming only that my (sx) < my(0) and || Vmg(sp)|| < «|lsx || for some k > 0.
For their results to hold, they require Hy = v? fk (0), where ﬁ = f o R, is the pull-
back of f at x. This choice of Hj is compatible with A3 for retractions with bounded
initial acceleration (which is typical).

We revisit the results of Yue et al. [97] to obtain an asymptotic quadratic conver-
gence rate for ARC under the PL. assumption, even with approximate solutions to the
subproblem. Specifically, throughout this section we suppose that the steps sy satisfy

mi(s) < my(0) and IVmi (sl < «llse IV f )l ®)

4 In fact, Zhou et al. [105] show a superlinear convergence rate only assuming that 6 € ]0, _%[ and that
v2 f is Lipschitz continuous. However, these assumptions imply PL as noted in Remark 2.21.
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for some k > 0. At each iteration k, we define the ratio

J ) — f Ry (5)

—omg(0) — m(si) + 5 skl

©))

(as do Birgin et al. [17]), which measures the adequacy of the local model. Iteration
k is said to be successful when o is larger than some fixed parameter o, € ]0, 1[. In
this case, we set x;+1 = Ry, (sx) and decrease the penalty weight so that ¢z 1 < ¢x.
The update mechanism ensures that ¢y > ¢pin for all k, where ¢nin > 0 is a fixed
parameter. Conversely, the step is unsuccessful when g < o.: we set xx41 = x¢ and
increase the penalty so that ¢x4+1 > ¢x. The explicit updates for ¢4 are stated in [5].
We prove the following result for this algorithm.

Theorem 4.1 Suppose Al, A2, A3 and (PL) hold around x € S. We run ARC with
inexact subproblem solver satisfying (8). Given any neighborhood U of X, there exists
a neighborhood V of x such that if an iterate enters V then the sequence converges
quadratically to some xoo € U N S.

We first adapt an argument from [5, Lem. 6] to show that ARC satisfies the vanishing
steps property (VS) defined in Sect.3.1.

Lemma 4.2 Suppose A3 holds around a point x. There exists a neighborhood U of
X such that if an iterate xj is in U then the step-size has norm bounded as ||sx|| <
1N(xk, k) < 1N(Xk, Smin), where

3V 3
i) = [T 3
s 2¢

and A () = max (0. B[V £ )| = hain (V2£ (X))

In particular, ARC has the (VS) property around second-order critical points with
n(x) = c:n(x, ¢min), Where c; controls possible retraction distortion as in (RD).

Proof The model decrease in (8) and the model accuracy A3 ensure
3 1 2 1 2
Sellsl® = =3(sk. V£ () + 3 V2 f (eo)lise] + 5 (i = V2 F (i)l
1
< 3lsell (19 0l + 3 A GO lsel ).

Divide by ||s¢|| and solve the quadratic inequality for ||sx|| to get the result, recalling
Gk = Smin- ]
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The function 7 is indeed continuous with value zero on S, as required in (VS).
To obtain the vanishing steps property we only relied on the decrease requirement
my (sx) < mi(0). Assuming a PL condition and a locally Lipschitz continuous Hessian,
we now derive sharper bounds for the steps. We rely on the fact that the gradient of
the model my (7)

Vimy(si) = V f(xx) + Hilsi] + cellskllsk (10

is small. We will exploit the particular alignment of V f given in Lemma 2.14. In
the following statements, given a point x € S and d = rank (V2 f(x)), we let
P(x): TyM — T, M denote the orthogonal projector onto the top d eigenspace
of V2 f (x). This is always well defined in a neighborhood of by continuity of eigen-
values. Additionally, we let Q(x) = I — P(x) be the projector onto the orthogonal
complement.

Lemma 4.3 Suppose that Al, A3 and u-(PL) hold around x € S. Given ¢ > 0,
W < wand AF > max (V2 f (%)), there exists a neighborhood U of % and a constant
Ly = 0 such that if xi is an iterate in U and sy is a step satisfying (8) then

IVl < 1PGosill < (1 +6) IVl
| w4+ skllskll

1-&)70———"—
A%+ crllskl

and (11D

1
10wl = (e + BV F 01 + (L + Ly dist(xx, §). - (12)

Proof Let U be a neighborhood of X where the orthogonal projector P(x) is well
defined for all x € U. Let x; € U and si be a step that satisfies (8). We first bound the
term P (xy)sx. Multiply (10) by P (xx) and use commutativity of P (xx) and V2 £ (xi)
to get

(V2 £ (0 + selsell D P sk = P (= V. () + Vi (5) = (Hi = V2 £ (e))se] ).

If we apply A3 and (8), we find that |[Vmg(sg) — (Hy — sz(xk))[sk]n < (k +
BV f (xi) sk |l when x is close enough to x (shrink ¢/ as needed). Consequently,
the previous equality yields

| P )V f i)l — (e + BNV f ) | sl
(V2 f(x) + skllsell

- | P )V f )l + G+ BV f Gl skl
- Aa(V2 f(x1)) + sk llskll

< 1P (xe) sk

Lemma 2.14 gives that | P(x)Vf(x)|| = IV )| + o(IV f(x)]]) as x — x. More-
over, the steps s vanish (as shown in Lemma 4.2), so we obtain the bound (11) when
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xi is sufficiently close to x. We now let Q(x) = I — P(x) and consider the term
O (xg)sx. Multiply (10) by Q(x) to obtain

QxR Vi (sk) = Qxi)V £ (xx) + V2 £ (xx) Q(x)s + Q) (Hi — V2 f (x)) k]
+ Sk llskll Q (xk) Sk -

Taking the inner product of this expression with Q(xx)sk, applying the Cauchy-
Schwarz inequality, dividing by ||sx||, and using A3 yields

Skl QeI = 10V F (ol + (I F (ol + A G 1 Qs

where A is as in Lemma 4.2. Solving the quadratic inequality gives

1
10kl = —(VATCEIVI GO +KIVS (ol +Ax).

Local Lipschitz continuity of V2 f provides A (xx) < By |V f (x|l + Ly dist(xx, S)
when xy is close to x. Via Lemma 2.14, it also provides a constant L, > 0 such that

MOV fxp)ll < Ly dist(xg, S) when xy is sufficiently close to x. This is enough
to secure (12). O

Using these bounds, we now show that || P (xx)sk|| cannot be too small compared
to ||sk || when xj is close to a minimum where PL. holds.

Lemma 4.4 Suppose that Al, A3 and pu-(PL) hold around x € S. Given ¢ > 0 and
A% > Amax (sz()?)), there exists a neighborhood U of x and a constant Ly > 0 such
that if xi is an iterate in U and sy is a step satisfying (8) then || P (xg)si|l > r|skll
where r > 0 is the constant

r—‘ll——1 with 7= (1 = &) min
- 72 B ‘min ’
L+7 (2 + el + o/Gum) (k + By + FAEEa o)

Proof Assume x; is sufficiently close to x for the projectors P(x;) and Q(xx) to be
well defined. Define v, = || P (xg)skll, vy = 1O (xx)sk|l and & = E—;’ (consider vy # 0

as otherwise the claim is clear). We compute that v%, = (1 — 1 4352) |lsx|I> and find
a lower-bound for &£. Remark 2.10 gives that dist(xz, S) < %||Vf(xk)|| when x; is

sufficiently close to x. Together with the bound on v, in Lemma 4.3, this gives

Vq

< IV.f @l (K+/3H n Ly +Lqﬁ>
Sk w

Combining this with the lower-bound on v, in Lemma 4.3, we find

(1 —e&)ck
(A + illsel) (k + par + L/

>
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With Lemma 4.2 we can upper-bound ci|lsill < /3ckIVFfGll + %A(xk), and
consequently, ¢illskll < (1 + ,/cx) whenever x; is sufficiently close to x. We finally
notice that the resulting lower-bound on £ is an increasing function of ¢x. Therefore,
we get the desired inequality by using ¢x > Smin- O

From this we deduce a lower-bound on the quadratic term of the model.

Lemma 4.5 Suppose that Al, A3 and u-(PL) hold around ¥ € S. Given n° < p,
there exists a constant r > 0 (provided by Lemma 4.4) and a neighborhood U of x
such that if x; € U then the step satisfies

(st, V2 f ()i ]) = 12 Ise %

Proof Letr > 0 be a constant and ¢/ a neighborhood of x as in Lemma 4.4. Shrink U/
for the projectors P and Q to be well defined in U. If x4 is in &/ we compute

(st, V2 £ ) lsk]) = (P )sk, V2 F [P )sel) + (Q(x)s, V2 () [Q (o) sel)
> 2 (V2 F )P il + Amin (V2 £ ) 1 Q ()il

where we used || P (xg)sk|l > r|lsk]l. We obtain the result by noticing that the second

term is lower-bounded by max (0, —Amin (V2 £ (x¢))) [k 1. ]

We now show that the ratio gy is large when x is close to a local minimum where
PL holds. The upshot is that iterations near S are successful.

Lemma 4.6 Suppose that A1, A2, A3 and pu-(PL) hold around x € S. Forall ¢ > 0
there exists a neighborhood U of x such that if x; € U then g > 1 — ¢.

Proof Let ti(s) = f(xx)+ (s, Vf(x))+ %(s, Hji[s]) be the second-order component
of the model my. Then,

_ SRy () —ls) _ 1 Ly lsk P + 3Bu IskllPIIV £ (o)
%(0) — (k) ~ 6 % (0) — T (s%) '

where the bound on the numerator comes from A2 and A3. The denominator is given
by

1 — ok

1
7(0) — T (sg) = —(sk, V.f(xp)) — 5(81(, Hi[si])

1 1
= — (s, Vmp(sp)) + §<5k» (Hy — V2 f ) Isi]) + §<5ks V2 £ (o) sk D)
+ sxllsill,

where we used identity (10) for the second equality. With the Cauchy—Schwarz inequal-
ity, A3 and (8), we bound the two first terms as

(s, Vg (si))| < €IV £ o) llIs||* and
sk, (He — V2 F ) IseD) | < Br IV f ol skl
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If we combine these bounds with Lemma 4.5, we find that given u" < [, there exists
r > 0 and a neighborhood U/ of the local minimum x such that

el = w(0) — telse) = wrlisel?,

Ly skl +3Bu IV f (x|
6,ubr2
around second-order critical points so we can guarantee 1 — o; becomes as small as
desired. O

and therefore 1 — gy < . Owing to Lemma 4.2 the steps s; vanish

We can now show that the iterates produced by ARC satisfy the strong decrease
property (4) around minima where PL holds.

Proposition 4.7 Suppose that Al, A2, A3 and pu-(PL) hold around x € S. Given
W < wand A* > Amax (V2 (X)), there exists a neighborhood of ¥ where ARC

D
satisfies the strong decrease property (4) with constant o = +£~, where c; is defined

2 AE?
in (RD) and r > 0 is provided by Lemma 4.4.

Proof From Lemma 4.6, there exists a neighborhood &/ of x in which all the steps are
successful. Given an iterate x; in U, success implies xx+1 = R, (s¢) and therefore,
by definition of o (9),

S o) = f k1)

_ B Sk i3) — _ 1
= ou(mi© = mi(s) + - lsel’) = —eu( (st V£ G0) + 35t Hlsil))-
Also, taking the inner product of (10) with s; and using (8) yields
(s, Hilskl) < —(se, V£ () + 6 IV F o lHlsell>.

Multiply the latter by — %" and plug into the former to deduce
Ok
o0 = fourn) = =2 (o0 V@) + IV @olllsel ). (13)

We now bound the inner product (s, V f(xz)). Let d = rank V2 £ (%) and restrict
the neighborhood U/ if need be to ensure A (V2 f(x0)) > 0 and Ag(VZf(xp) >
Aa+1(V2f(xx)). In particular, the orthogonal projector P(x;) onto the top d
eigenspace of V2 f(xy) is well defined. Let Q(xx) = I — P(xg). Decompose
sk = P(xx)sk + O (xx)sk and apply the Cauchy—Schwarz inequality to obtain

{5k, Vf (i) = (Px)sk, V f (i) + 119 xi) V f () [l siel- (14)

The second term is small owing to Lemma 2.14. Let us focus on the first term. To this
end, multiply (10) by P (x;) to verify the following (recall that V2 f(x;) and P (x;)
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commute):

PV f(xx) = =V f(xx) P(xi)sk + P (xi) Vg (si) — P(xx) (He — V2 f (X))
— Skllskll P Ceg)Sk.

On the one hand, we can use it with A3 and (8) to lower-bound the norm of P (xi)sy,
through:

1P i)V f ()l < (M(sz(Xk)) + §k||5k||) 1P (x)sill + (e + BEDIV f i) skl

On the other hand, we can use it to upper-bound (s, P(xx)V f(xx)), also with A3
and (8) and using the fact that P (xi)si lives in the top-d eigenspace of V2 f(xp), like
ok

(s, P(x)V f (xi0))
< — (Ra (V2 £ @) + sillsil) 1P sl + G+ BV £ oo llse Il PCoosell
Combine the two inequalities above as follows: use the former to upper-bound one of

M (V2fCw) - ra(V2f @) Feilsell
MOV f0) = (V2O +selsell =

the first factors || P (xi)sk || in the latter. Also using
1, this yields:

Aa(V2f (xi)
_MVZ—M 1P (xi)V f Cei) TP (xie) sl

+ 2@ + BV f i) sk TP Ceidsell. - (15)

(i, Pep)V f(xp)) <

We now plug this back into (14). Using Lemma 2.14 for its second term and also
Lemma 4.2 which asserts |[|s| is arbitrarily small for x; near x, we find that for all
& > 0 we can restrict the neighborhood I/ in order to secure

A (V2 (xp))

(50 VI 0 = =700

1P )V f i) P (sl + €llV f Ca) [l sl
(16)

Lemma 4.4 provides a (possibly smaller) neighborhood and a positive r such that
| P(xp)sill = rliskll. Also, for any 6 > 0, Lemma 2.14 ensures || P(xx)V f(xp)|| >
(1 =8IV f(x)]l upon appropriate neighborhood restriction. Thus,

ra (V2 £ (x0))

sk, V() < — (}L](sz(xk))

(I=8)r— 8) IV f Qe sl a7
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Now plugging back into (13) and possibly restricting the neighborhood again,

ok (Ad(vzf(xk»

S ) — f(xe1) = 7 M(Vz—f(xk))(l —8r—¢e— K||Sk||> IV f G skl

(18)

The result now follows since we can arrange to make ¢, § and ||si || arbitrarily small;
to make Ad(sz(xk)) and kl(sz(xk)) arbitrarily close to u and Amax(sz()E))
(respectively); and to make g larger than a number arbitrarily close to 1 (Lemma 4.6).
The final step is to account for potential distortion due to a retraction (RD): this adds
the factor ¢;. O

If we combine this result with Lemma 3.8 we obtain that ARC satisfies the bounded
path length property (BPL). In Lemma 4.2 we found that it also satisfies the vanishing
steps property (VS). Moreover, if the iterates of ARC stay in a compact region then
they accumulate only at critical points [27, Cor. 2.6]. As a result, Corollary 3.7 applies
to ARC: if an iterate gets close enough to a point where PL holds then the sequence
has a limit. We conclude this section with the quadratic convergence rate of ARC.

Proposition 4.8 Suppose that {x;} converges to some x € S and that f is (PL) around
Xx. Also assume that Al, A2 and A3 hold around x. Then {dist(xy, S)} converges
quadratically to zero.

Proof From Lemma4.6 all the steps are eventually successful. In particular, the penalty
weights eventually stop increasing: there exists ¢max > 0 such that ¢y < ¢max for all
k. Let u[’ < w (where u is the PL constant) and 2> Amax (V2 f(x)). We first apply
the Pythagorean theorem with the upper-bounds from Lemma 4.3. Together with the
upper-bound in Proposition 2.8, it implies for all large enough & that

2
2_ 2. 2 2 A 1 t 2
lskll* < cy dist(xg, S)” where ¢7 = E + -5 ((K + Bg)A" + Ly + an/gmin) .

min (19)

We now let vy = s — Log,, (Xk+1), which is always well defined for large enough k.
Using EB (given by Remark 2.10), we obtain that for all large enough k£ we have

. 1
dist(xg 41, S) = ;”Vf(karl)”

Ly x
= I T3 Y Gkp) = V() = V2 f () [Logy, (kg 1)]

— V2 Flvr] — (Hk — V2 f @) Ise] — skllsk llsk + Vg (sg)

)

where we used identity (10) for Vmy. Now the triangle inequality, A3 and (8) give

. l /Ly .
distCocr1,8) = (S5 dist ot xe 0 + 25wl + gilse I + e+ B IV S G llsel ).
(20)
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Notice that dist(xg, xk+1) < cr|lsk]l using (RD). We now bound the quantity |jvg]|.
For all x € M, since DR;(0) = I, the inverse function theorem implies that R
is locally invertible and DR;1 (x) = I. It follows that there exists a neighborhood
U C B(x, inj(x)) of x such that for all x, y € U the quantity Rx_l(y) is well defined
and satisfies

R () = Ry (x) + DR (0)[Log, ()] + O (dist(x, y)?) = Log, (y) + O(dist(x, y)?).

In particular, using the identity s; = R;kl (xx+1), we find that there exists a constant

¢y such that |jvg|| < co dist(xg, xk+1)2 holds for large enough k. Combining this
with (20), we obtain

. 1//L
dist (i1, 8) < ((THcE + Aeac? + e ) sl + (e + BV £ (o) ||Sk||>-

Finally, using (19) and the upper-bound from Proposition 2.8, we conclude that

2
ct /L
dist(xgy1, S) < ¢4 dist(xg, 5)2 where ¢, = —1<7Hcr2 +)»t62Cr2 + §max>
n
A8
+ ;(K + Bu)cr. o

The quadratic convergence rates of the sequences { f (xx)} and {||V f (xx)||} follow
immediately by QG and EB. Theorem 4.1 is a direct consequence of Corollary 3.7
and Proposition 4.8.

4.2 Trust-region algorithms

In this section we analyze Riemannian trust-region algorithms (TR), which embed
Newton iterations in safeguards to ensure global convergence guarantees [3]. They
produce sequences {(xx, Ag)}, where xi is the current iterate and Ay is the trust-
region radius. At iteration k, we define the trust-region model as

1
mi(s) = f () + (s, V) + 5 (s, Hils]). 2y

where Hy : Ty, M — Ty, M is alinear map close to V2 f (xx), satisfying A3. The step
sk is chosen by (usually approximately) solving the trust-region subproblem

min my(sg) subjectto |sgll < Ag. (TRS)
SkETka
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The point x; and radius Ay are then updated depending on how good the model is, as
measured by the ratio

_ SO0 = Ry ()

mp(0) — my (s)

(If the denominator is zero, we let p = 1.) Specifically, given parameters p’ € 10, %[
and A > 0, the update rules for the state are

1 : 1
10k if pr < 7,

Ry, (sp) if pp > o/, _
x5k i Pk > o Akt = \min@Ay, &) if p > 3 and [Isgll = Ay,

Xk+1 = .
+ X otherwise,

Ak otherwise.

Shortcomings of trust-region with exact subproblem solver. There exist algorithms
to efficiently solve the subproblem exactly (up to some accuracy). Can we provide
strong guarantees in the presence of non-isolated minima using an exact subproblem
solver? Assume for simplicity that Hy = V2 f(xx). We recall [77, Thm. 4.1] that a
vector s € Ty, M is a global solution of the subproblem (TRS) if and only if ||s]| < Ay
and there exists a scalar A > 0 such that

(V2f ) +al)s = =V (), »(Ax—sl) =0 and Vf(xi)+rl > 0.
(22)

As mentioned in [66, 94, 95], if f is convex in a neighborhood of x then S is locally
convex, hence affine. Assuming that S is not flat around x, it follows that V2 f must
have a negative eigenvalue in any neighborhood of x. Consider an iterate x; close to
%, and for which V2 f(x;) has a negative eigenvalue. Conditions (22) imply A > 0
and hence ||s|| = Ay, meaning that s is at the border of the trust region. Consequently,
even if x is arbitrarily close to x, we can arrange for the next iterate to be far away (if
the radius Ay is large). This shows that capture results such as Corollary 3.7 fail for
this algorithm.

As an example, define f: R2 - R as flx,y) = %+ y2 — 1)2. The set of
minima is the unit circle, on which f satisfies MB. Given ¢ > 0, define x(¢#) = 0 and
y() = 1 — t. Consider the subproblem (TRS) at (x (), y(z‘))T with exact Hessian
V2 f and with parameter A. For small enough ¢ there are two solutions:

[ A2 _ 121=2)°
§ = |:i A 4(;1)2i| .
t(t—2)
2(t—1)

The criterion (22) with A = 4¢(2 —t) confirms optimality. We find thats — (£A,0) "
as t — 0, so the tentative step is far even when ¢ is small. We could arrange for that
step to be accepted by adjusting the function value at the tentative iterate. That rules
out even basic capture-type theorems. This type of behavior does not happen when
the Hessian is positive definite at the minimum.
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Trust-region with Cauchy steps. As just discussed, TR with an exact subproblem
solver can fail in the face of non-isolated minima. However, practical implementations
of TR typically solve the subproblem only approximately. We set out to investigate
the robustness of such mechanisms to non-isolated minima.

Our investigation is prompted by the empirical observation that TR with a popular
approximate subproblem solver known as truncated conjugate gradient (tCG, see [3,
33]) seems to enjoy superlinear convergence under PL, even with non-isolated minima.
We confirmed this subsequently [85] using significant additional machinery.

As a more direct illustration, we show the following theorem, regarding TR with a
crude subproblem solver that computes Cauchy steps (see (25) below). It is relevant
in particular because tCG generates a sequence of increasingly good tentative steps,
the first of which is the Cauchy step.

Theorem 4.9 Suppose A2, A3 and p-(PL) hold around x € S. Let U be a neigh-
borhood of x. There exists a neighborhood V of x such that if a sequence of iterates
generated by TR with Cauchy steps enters )V then the sequence converges linearly to

some xoo € U NS with rate |1 — )Lrl:j’ where Amax = AmaX(sz(xoo)).

A local convergence analysis of TR with Cauchy steps is given in [73] for non-
singular local minima. Here, we prove that the favorable convergence properties also
hold if we only assume PL..

To prove Theorem 4.9, we first establish a number of intermediate results only
assuming the subproblem solver satisfies the properties (23) and (24) defined below.
We then secure these properties for Cauchy steps. First, given a local minimum x € S,
we assume that the step sy satisfies the sufficient decrease condition

. IV £ Gol?
mk<0>—mk<sk)Zc,,HVf(xk)nmm(Ak, NG, BV f<xz<>l>\> (23)

whenever the iterate xy is sufficiently close to x. (If the denominator is zero, consider
the rightmost expression to be infinite.) This condition holds for many practical sub-
problem solvers and ensures global convergence guarantees in particular (see [4, §7.4]
and [24, §6.4]). Second, given a local minimum x € S, we assume that there exists a
constant ¢g > 0 such that

Isell < eslIV f il (24)

when xi is sufficiently close to x.

We find that the ratios { py } are large around minima where these two conditions hold.
This is because they imply that the trust-region model is an accurate approximation
of the local behavior of f. It follows that the steps {s;} decrease f nearly as much as
predicted by the model.

Proposition 4.10 Suppose that A2 and A3 hold around x € S. Also assume that the
steps sy satisfy (23) and (24) around x. For all ¢ > 0 there exists a neighborhood U
of X such that if an iterate xy is in U then py > 1 — ¢.
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Proof We follow and adapt some arguments from [4, Thm. 7.4.11], which is stated
there assuming v? f(x) > 0. We can dismiss the case where V f(xx) = 0 because it
implies pr = 1. Using the definitions of m; and px we have

_ f Ry, (s)) — mp(sp)
mp(0) — my(sg)

1 — pr

Assuming x; is sufficiently close to X, we bound the numerator as f(Ry, (sx)) —

/ r 2
mi(se) < S llsell® < 2S5 |1V £ (o) |12 using A2 and inequality (24). Combining
this with the sufficient decrease (23) and A3 gives

Ly lselllIV f () |

- IV £l .
6¢) mln(Ak, V2 £ () I+-Bu va(xk)”)

I—pr <

. . . . L, c?
If Ay is active in the denominator then we obtain 1 — p; < #;‘ IV f (xx)|l because

Lyl
IV LN (192 f ol +
BullV f(xr) ||). In both cases this yields the result. m]

skl < Ag. Otherwise, using (24) we obtain 1 — p; <

This result notably implies that the trust-region radius does not decrease in the
vicinity of the minimum x. It means that the trust region eventually becomes inactive
when the iterates converge to x. We now employ the particular alignment between the
gradient and the top eigenspace of the Hessian induced by PL (see Lemma 2.14) to
derive bounds on the inner products (V f (x), V2 f (x)[V f (x)]).

Proposition 4.11 Suppose that f is u-(PL) around ¥ € S. Let u”> < p and \* >
AmaX(sz()_c)). Then there exists a neighborhood U of X such that for all x € U we
have

WV FEOI? < (VF&), VIV < AFV £

Proof By continuity of eigenvalues, there exists a neighborhood ¢/ of x such that for all
x € U we have Apax (V2 f(x)) < A% The upper-bound (V f(x), V2 f(x)[V f(x)]) <
AV £ (x)]1? follows immediately. We now prove the lower-bound. Let d be the rank
of V2 f(%). Given x sufficiently close to x, we let P(x): T, M — T, M denote the
orthogonal projector onto the top d eigenspace of V2 £ (x). From Lemma 2.14 we have
(I — P)VF@)? =o(|VF(x)|?) as x — x. If we write Q(x) = I — P(x), we
obtain

(VF(x), V2LV L)
= (P()VF(x), V2F@) PV LX) +(Q)Vf(x), VEF(x) Q)Y f(x))
> Aa(V2 NIV + oIV F ()%

asx — X. O
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Combining these results guarantees a linear rate of convergence.

Proposition 4.12 Suppose that A2, A3 and u-(PL) hold around x € S. Let {x;} be
a sequence of iterates produced by TR converging to x. Assume that the steps s

satisfy (23) and (24) around x. Then the iterates converge at least linearly with rate

1 - i:’al;, where Amax = )\max(vzf(f))

Proof We can assume that V f (xz) is non-zero for all k£ (otherwise the sequence con-
verges in a finite number of steps). We show that the sequence satisfies the sufficient
decrease property (5). Given u” < w and A" > Anax (V2 f(X)), Proposition 4.11
and A3 ensure that

1 IV f )12

1
M S Ve, KV el —

IA

for all large enough k. We let 0 < ¢ < % and Proposition 4.10 implies that py > 1 —¢
for all large enough k. In particular, the radii { A } are bounded away from zero (because
the update mechanism does not decrease the radius when p; > }1). Combining the
definition of p; and the sufficient decrease (23) gives

(I -¢)cp 2
FOw) = f 1) = pr(me(0) — my(sy)) = TIIVf(Xk)II
for all large enough k. We can now conclude with Proposition 3.9. O

We are now in a position to prove Theorem 4.9. The Cauchy step at itera-
tion x; is defined as the minimum of (TRS) with the additional constraint that
sr € span(V f(xx)). We can find an explicit expression for it: when V f(xx) # 0,
the Cauchy step is s; = —#{V f (xi), where

(25)

: IV f )2 Ak :
1 = m‘“((Vf(xw,Hk[Vf(xk)])’ ||Vf(xk)”) it (Vf (), He[V f (x0)]) > 0,
4 otherwise.

k
IV Gl

Cauchy steps notably satisfy the sufficient decrease property (23) globally withc¢, = %
(see [33, Thm. 6.3.1]). We now prove that they also satisfy (24) around minima where
PL holds.

Proposition 4.13 Suppose that A3 and ju-(PL) hold around ¥ € S. Given i° < u,
there exists a neighborhood U of x such that if an iterate xi is in U then the Cauchy
step satisfies ||sg || < -5 IV f (il

Proof Given y,b < W, Proposition 4.11 and A3 yield that (V f(xx), H [V f(xx)]) >
WV £ (xp)||? if xy is sufficiently close to x. It implies that the step-sizes defined
in (25) are bounded as t,f < %, which gives the result. O
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In particular, this proposition shows that TR with Cauchy steps satisfies the (VS)
property at x with n(x) = ﬁ |V f(x)]|, where ¢ is as in (RD). Furthermore, Cauchy
steps satisfy the model decrease

1
mic(0) — my(s) > S IVl llsill,

as shown in [2, Lem. 4.3]. It implies that TR with Cauchy steps generates sequences
that satisfy the strong decrease property (4) with o = zp—c/r, where ¢; is as in (RD), and
o’ is defined in the algorithm description in Sect.4.2. See [2, Thm. 4.4] for details
on this. As a consequence, TR with Cauchy steps satisfies the bounded path length
property (BPL) at points where a Lojasiewicz inequality holds (Lemma 3.8). More-
over, if the iterates of this algorithm stay in a compact region then they accumulate
only at critical points [4, Thm. 7.4.4]. We can finally combine the statements from
Corollary 3.7 and Proposition 4.12 to obtain Theorem 4.9.

Remark 4.14 The model decrease (23) is not a sufficient condition for the strong
decrease property (4) to hold. As aresult, it is not straightforward to determine whether
the bounded path length property (BPL) holds for a given subproblem solver: see [2,
§4.2] for a discussion of this.

5 Conclusions and perspectives

We showed the (local) equivalence (up to arbitrarily small losses in constants) of MB,
PL, EB and QG (Sect.2). We then revisited classical capture results compatible with
non-isolated minima to factor out the roles of vanishing step-sizes and bounded path
lengths (Sect. 3). The MB property and the alignment of the gradient with respect to
the Hessian eigenspaces (Lemma 2.14) are particularly adapted to analyze second-
order algorithms. Accordingly, assuming the above conditions we establish quadratic
convergence for ARC with inexact subproblem solvers and linear convergence for TR
with Cauchy steps (Sect.4).
We conclude with a few research directions:

e In Sect.4.2 we analyze a simple subproblem solver (Cauchy steps) for TR. It is
natural to explore more advanced subproblem solvers. For example in [85] we
show superlinear convergence for a truncated CG method assuming MB.

e In Sect.4.2 we argue that TR with an exact subproblem solver cannot satisfy
a standard capture property in the presence of non-isolated minima. However,
establishing capture is only a means to an end. It may still be possible to obtain
other satisfactory guarantees.

e More generally, using the tools from Sects.2 and 3, there is an opportunity to
revisit analyses of other algorithms that currently require strong local convexity.
For example, Goyens and Royer [47] control the global complexity of hybrid TR
algorithms for strict saddle functions, and currently require non-singular minima.

e Likewise, Remark 2.20 illustrates equivalence of MB with the restricted secant
inequality (RSI). Showing MB implies RSI is direct. The converse is facilitated
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via equivalence of MB with EB. There may be other local properties in the literature
that turn out to be equivalent to these.

A Lojasiewicz and function growth

We review here the classical arguments at the basis of Proposition 2.2. Given an initial
point xg € M, we let x: I — M denote a solution of the negative gradient flow

X(@)=-Vf@) with x(0) =xg (GF)

on the maximum interval /. The following is classical [69], restated succinctly to
highlight neighborhood assumptions.

Lemma A.1 Suppose f satisfies (L) with constants 0 € [0, 1[ and n > 0 in a neigh-
borhood U of x € S. Also suppose that f(x) > fs for all x € U\S. Let x be a
solution to (GF) for some xo € U\S. Suppose that forallt € 10, T[ we have x(t) € U
and V f(x(t)) # 0. Then the path length is bounded as

T
/ " () lldr <
0

Proof Define h(t) =
inequality provides:

1 -6
a0~ sl

Wm' f(x@) — fs|'?. Forall ¢ € [0, T[, the Lojasiewicz

IVFEE)I> _  IVFE@)I?

= —h@.
VG~ V2r(fG@0) — f3)° ®

"1 = IV f (x )]l =

It follows that [} |lx'(t)lldr < [} —h'(t)dt = h(0) — h(T) < h(0). o

As shown below, this bound implies that the trajectories are trapped and have a
limit point if x¢ is close enough to S.

Proposition A.2 (Lyapunov stability) Suppose that f satisfies (L) around x € S and
let U be a neighborhood of x. There exists a neighborhood V of x such that if xo € V
then the solution x to (GF) is defined on [0, 400, and x(t) € U for all t > 0.

Proof The setlf contains a ball 5 centered on x of radius 81 such that (i) f satisfies (£.)
with constants 6 and w in B, and (ii) f(y) > fs forall y € B\S. By continuity of f
there exists an open ball VV € B of radius §, around X such that for all y € VV we have

o a1t
(1_9)m|f(y) fsI'™ + 82 < 61.

Given xg € V, let x: I — M be the maximal solution to (GF). Suppose that {t € I :
t > 0and x(r) ¢ B} is non-empty and let 7 be the infimum of this set. Then x(¢t) € B
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forall 0 <t < T. Suppose first that there exists ¢ € [0, T'[ such that V f(x(¢)) = 0.
Then x(t') = x(¢) for all ¢/ > ¢, which is impossible. So V f(x(t)) # 0 for all
t € [0, T[. It follows that the assumptions of Lemma A.1 are satisfied, and the path
length is bounded as

T
/ " () lldr <
0

This implies that

1 e 10
Wi R

T
dist(x(T), x) < / llx’(2)||dz + dist(xo, X) < 81,
0

and hence that x(T') € B. This is a contradiction and we deduce that x(¢) € B for all
t € I. Therefore, the total path length of x is bounded, and the escape lemma [58,
Lem. A.43] implies that x is defined for all # > 0. O

Corollary A.3 Suppose that f satisfies () around x € S. There exists a neighborhood
V of x such that for all xo € V the solution to (GF) is defined on [0, +o0o[ and has a
limitin S.

Proof Letl be acompact neighborhood of x such that f satisfies (L) around all points
inU/ NS, and such that all critical points of f in ¢/ are in S. Let V be a neighborhood
of x associated to U/ as in Proposition A.2. Let x: [0, +00o[ — M denote a solution
of (GF) starting from xo € V. Then x(¢) € U for all > 0. The set I/ is compact so x
has an accumulation point x, € U. This is a critical point for f so xo, € S. Itis also
Lyapunov stable because f satisfies (£.) around x, (Proposition A.2). We deduce that
lim x () = Xoo- m]

From this we deduce that the L.ojasiewicz inequality implies the local growth of f
announced in Proposition 2.2.

Proof of Proposition 2.2 Let U be a neighborhood of x where (£.) holds with constants
w and 0. Proposition A.2 and Corollary A.3 give a neighborhood V of x such that for
all xo € V the solution to (GF) is defined on [0, oo[, stays in I/ at all times, and has a
limit xoo € S. Then, Lemma A.1 provides the first inequality in

1 o0
———|f(x0) — fsI'? > / Ilx’(#) ldr > dist(xo, xo0) > dist(xp, S),
(1-0)21 0 *
which concludes the proof. O

B Other Lojasiewicz exponents

We prove here the statements of Remark 2.21. From Proposition 2.2, there exists ¢ > 0
such that

F(x) = fs = cdist(x, S)T7 (26)
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for all x sufficiently close to x.

Assume first that f is C' and V f is L-Lipschitz continuous around x. Then f (x) —
fs < % dist(x, S)? for all x sufficiently close to x (see for example [24, Cor. 10.54]).
When 6 < %, this inequality is incompatible with (26) if f is non-constant around x.

Now assume that f is C2 and V2 f is L-Lipschitz continuous around X. Define
h: (y,v) — (v, V2 f(y)[v]). Lipschitz continuity of V2 f gives that [24, Cor. 10.56]

t? L,
fExpy(tv)) — fs = S h(y.v) < 1

for all y € S close enough to x, all unitary v € N,S and ¢ > 0 small enough. Take
t — 0 and invoke Lemma 2.6 to see that 4(y, v) must be positive for this inequality
to be compatible with the function growth (26) when 6 € [%, %[. We conclude that
there is a compact neighborhood V of x such that 4(y,v) > Oforally e VNS
and v € N, S unitary. The function / is continuous and the set D = {(y,v) : y €
VNS, v € NyS unitary} is compact so p1 = inf(y ,)ep £(y, v) is positive. Now let
W be a neighborhood of x as in Lemma 1.5 such that for all x € WV the projection
projg(x) is included in YV N'S. Then for all x € W we have

f&) = fs =h(y,v) +o([v]) = pdist(x, S)* + o(dist(x, S)*),
where y € projg(x) and v = Log, (x). We conclude that QG holds around x, which
implies PE, as shown in Sect.2.2.

Now assume that f is C3. The argument is similar in this case. Let y € S and
v € Ny & unitary and assume that 2(y, v) = 0. Then a Taylor expansion gives

FEXD(10)) = fs = o(r*)
because the third-order term vanishes. This is incompatible with the function

growth (26) when y is close to x and 6 € [%, %]. So h(y, v) must be positive and
we conclude with the same arguments as above.

C tojasiewicz and bounded path length
Proof of Lemma 3.8 Let U be an open neighborhood of x such that (i) f satisfies (L)

with constants 6 € [0, 1[ and u > 0 in U, (ii) f(x) > fs for all x € U and (iii)
condition (4) holds in /. For all x € U we have

1
0<I|f(x)— fsI* < ﬂnwmu% andso V) > v2ulf(x) — fsl’.

Letxy, ..., xx be consecutive iterates in /. For such an iterate xi, either V f (x) = 0
and dist(xg, xk+1) = 0, or Vf(xx) # 0 and f(xx) > fs. In this second case,
combining the lower-bound on ||V f(x)|| above with the strong decrease condition
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in (4), we find that

I fla) — fara1)
o2 | f ) — fsl?

((f(xk) - fs)l_e - (f(xk+1) - f8)1_0>’

dist(xg, xg41) <

1
W

where the second inequality comes from

I‘)dt

SO = FOre) /f("“ R
S (xe1) | f(xr) — fs

| f Gx) = fs1?

/'f(Xk) 1
< ——dr
SfCort1) It — fsl°

1 - -
= —((rew = £9)"™ = (fGsn = £5)' ™).

Summing the bound on dist(xg, xx4+1) overk = L, ..., K—1 gives the (BPL) property.
]

D tojasiewicz and linear convergence rate

Proof of Proposition 3.9 Let U be a neighborhood of x where PL holds. The sufficient
decrease (5) and (PL) give

FOg) = f) < =0l Vol < —2una(f () — fs)

for large enough k. Adding f (xx) — f.s on both sides yields

1) = fs < (1 =20 (f (%) = fs),

showing the linear rate for function values. We now prove the rate for {||V f (xx)||}
and {dist(xx, S)}. The sufficient decrease (5) gives that for large enough k we have

ol VF P < ) = fOrs1) < F) = fs,

andso  |[Vf(xp)] < (f(xk) - fS)'

1
w
This shows that {||V f(xx)||} converges linearly to zero with rate /1 —2wu. For

{dist(xx, S)} we use the local quadratic growth (Proposition 2.2). For all x sufficiently
close to x we have

fx)— fs> %dist(x, S)?%, andso  dist(xx, S) < %(f(xk) — fg).
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We conclude that dist(x, S) converges linearly to zero with rate /1 — 2wpu. O

Proof of Proposition 3.10 When x; is sufficiently close to X, the Lipschitz-type prop-
erty (6) implies

L
O = FOn) = £ = fRe(s0) = =((VF o)) + SIsel?). @D

Plugging si = —y V.f (x) yields f(x) = f (xir1) = (1= 5¥)IV.f )l sell. The
number 1 — %y is positive because y € ]0, %[. So this algorithm satisfies the strong
decrease property (4) around x with constanto = cir(l — %y), where ¢; is asin (RD). It
further satisfies (BPL) by Lemma 3.8, so Corollary 3.7 ensures capture of the iterates.
Equation (27) additionally gives f (xk) — f (xk1) = (v — 52) IV £ (x0)|I?. It follows
that the iterates satisfy the sufficient decrease (5) withw = y — %yz. We obtain the
linear convergence rate with Proposition 3.9. O

Using performance estimation, it is possible to derive sharper convergence rates
for gradient descent with constant step-sizes under the PL assumption [1, Thm. 3].
The Lipschitz-type property (6) also implies the sufficient decrease (5) for gradient
descent with backtracking line-search.

Proposition D.1 Suppose that f andR satisfy (6) around x € S. Let {x;} be a sequence
of iterates generated by gradient descent with Armijo backtracking line-search con-
verging to x. Then {xi} satisfies (5) with

. (- 2B(1 — 0))
w=omin (&, ——— ).
L
Proof See [24, Lem. 4.12] for the Riemannian case. m]

See also [53] for more results on line-search with Lojasiewicz inequalities.
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