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Abstract

The softmax policy gradient (PG) method, which performs gradient ascent under
softmax policy parameterization, is arguably one of the de facto implementations
of policy optimization in modern reinforcement learning. For y-discounted infinite-
horizon tabular Markov decision processes (MDPs), remarkable progress has recently
been achieved towards establishing global convergence of softmax PG methods in
finding a near-optimal policy. However, prior results fall short of delineating clear
dependencies of convergence rates on salient parameters such as the cardinality of
the state space S and the effective horizon ﬁ, both of which could be excessively
large. In this paper, we deliver a pessimistic message regarding the iteration complex-
ity of softmax PG methods, despite assuming access to exact gradient computation.

Specifically, we demonstrate that the softmax PG method with stepsize 1 can take
Loooly) .
—|S> "7 iterations
n

to converge, even in the presence of a benign policy initialization and an initial state
distribution amenable to exploration (so that the distribution mismatch coefficient is not
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exceedingly large). This is accomplished by characterizing the algorithmic dynamics
over a carefully-constructed MDP containing only three actions. Our exponential lower
bound hints at the necessity of carefully adjusting update rules or enforcing proper
regularization in accelerating PG methods.

Keywords Policy gradient methods - Exponential lower bounds - Softmax
parameterization - Discounted infinite-horizon MDPs

Mathematics Subject Classification 60J10 - 90C30 - 90C40

1 Introduction

Despite their remarkable empirical popularity in modern reinforcement learning [35,
41], theoretical underpinnings of policy gradient (PG) methods and their variants [20,
23, 37, 43, 47] remain severely obscured. Due to the nonconcave nature of value
function maximization induced by complicated dynamics of the environments, it is in
general highly challenging to pinpoint the computational efficacy of PG methods in
finding a near-optimal policy. Motivated by their practical importance, a recent strand
of work sought to make progress towards demystifying the effectiveness of policy
gradient type methods (e.g., [1, 7-9, 11, 18, 22, 24, 31, 32, 34, 40, 53-55, 57, 59]),
focusing primarily on canonical settings such as tabular Markov decision processes
(MDPs) for discrete-state problems and linear quadratic regulators for continuous-state
problems.

The current paper studies PG methods with softmax parameterization—commonly
referred to as softmax policy gradient methods—which are among the de facto imple-
mentations of PG methods in practice. An intriguing theoretical result was recently
obtained by the work Agarwal et al. [1], which established asymptotic global con-
vergence of softmax PG methods for infinite-horizon y-discounted tabular MDPs.
Subsequently, Mei et al. [34] strengthened the theory by demonstrating that softmax
PG methods are capable of finding an e-optimal policy with an iteration complex-
ity proportional to 1/¢ (see Table 1 for the precise form). While these results take
an important step towards understanding the effectiveness of softmax PG methods,
caution needs to be exercised before declaring fast convergence of the algorithms. In
particular, the iteration complexity derived by Mei et al. [34] falls short of delineating
clear dependencies on important salient parameters of the MDP, such as the dimension
of the state space S and the effective horizon 1/(1 — y). These parameters are, more
often than not, enormous in contemporary RL applications, and might play a pivotal
role in determining the scalability of softmax PG methods.

Additionally, it is worth noting that existing literature largely concentrated on devel-
oping algorithm-dependent upper bounds on the iteration complexities. Nevertheless,
we recommend caution when directly comparing computational upper bounds for dis-
tinct algorithms: the superiority of the computational upper bound for one algorithm
does not necessarily imply this algorithm outperforms others, unless we can certify the
tightness of all upper bounds being compared. As amore concrete example, itis of prac-
tical interest to benchmark softmax PG methods against natural policy gradient (NPG)
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methods with softmax parameterization, the latter of which is a variant of policy opti-
mization lying underneath several mainstream RL algorithms such as proximal policy
optimization (PPO) [39] and trust region policy optimization (TRPO) [38]. While it is
tempting to claim superiority of NPG methods over softmax PG methods—given the
appealing convergence properties of NPG methods [1] (see Table 1)—existing theory
fell short to reach such a conclusion, due to the absence of convergence lower bounds
for softmax PG methods in prior literature.

The above considerations thus lead to a natural question that we aim to address in
the present paper:

Canwe develop alower bound on the iteration complexity of softmax PG methods
that reflects explicit dependency on salient parameters of the MDP of interest?

1.1 Mainresult

As an attempt to address the question posed above, our investigation delivers a some-
what surprising message that can be described in words as follows:

Softmax PG methods can take (super-)exponential time to converge, even in the
presence of a benign initialization and an initial state distribution amenable to
exploration.

Our finding, which is concerned with a discounted infinite-horizon tabular MDP, is
formally stated in the following theorem. Here and throughout, |S| denotes the size of
the state space S, 0 < y < 1 stands for the discount factor, V* indicates the optimal
value function, > 0 is the learning rate or stepsize, whereas V) represents the value
function estimate of softmax PG methods in the ¢-th iteration. All immediate rewards
are assumed to fall within [—1, 1]. See Sect. 2 for formal descriptions.

Theorem 1 Assume that the softmax PG method adopts a uniform initial state distri-
bution, a uniform policy initialization, and has access to exact gradient computation.
Suppose that 0 < n < (1 — y)?/5, then there exist universal constants c1, ¢2, c3 > 0
such that: for any 0.96 <y < 1 and |S| > c3(1 — y)~, one can find a y-discounted
MDP with state space S that takes the softmax PG method at least

C1 2%
—18] iterations )
n
to reach
1
— V*(s) — VP(s)] < 0.07. 2
|S|S€ZS[ (s) ()] < )

Remark 1 (Action space) The MDP we construct contains at most three actions for
each state.
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710 G.Lietal.

Table 1 Upper and lower bounds on the iteration complexities of PG and NPG methods with softmax
parameterization in finding an e-optimal policy obeying ||V* — VOl <e<0.15

Algorithm Iteration complexity References
Softmax PG upper bound Asymptotic Agarwal et al. [1, Thm. 5.1]
T2
2 G 1 IS i
Softmax PG upper bound o (Cspg (M) H i ‘OO I _y)%) Mei et al. [34, Thm. 4]
1

Softmax NPG upper bound O(W) Agarwal et al. [1, Thm. 5.3]

(1=y)°A2 ‘
Softmax PG lower bound i Mei et al. [34, Thm. 10]

L)

Softmax PG lower bound |S| This work

We assume exact gradient evaluation, and hide the dependencies that are logarithmic on problem param-
e . . . * . . . . . .
eters. Here, p denotes the initial state distribution, dﬁ / MH oo 18 the distribution mismatch coefficient,

a*(s) is the optimal action at state s according to 7*, Cspg(/\/l):z(infses inf;> x® (a"(s)ls))71
is a quantity depending on both the PG trajectory and salient MDP parameters, whereas A, :=
Minge s gxq*(s) | Q% (s, a*(s)) — Q*(s, a)} is the optimality gap w.r.t. the optimal Q-function Q*

Remark 2 (Stepsize range) Our lower bound operates under the assumption that
n < (1 — y)?/5. In comparison, prior convergence guarantees for PG-type meth-
ods with softmax parameterization (e.g., Agarwal et al. [1, Theorem 5.1] and Mei et
al. [34, Theorem 6]) required < (1 — y)3/8, a range of stepsizes fully covered by
our theorem. In fact, prior works could only guarantee monotonicity of softmax PG
methods (in terms of the value function) within the range n < (1 — y)2 /5 (see Agarwal
etal. [1, Lemma C.2]).

Remark 3 While we can also provide explicit numbers for the constants ¢y, ¢z, ¢3 >
0, these numbers are not informative, and hence we omit explicit numbers here to
streamline the proof a bit.

For simplicity of presentation, Theorem 2 is stated for the long-effective-horizon
regime where y > 0.96; it continues to hold when y > c¢g for some smaller con-
stant cog > 0. Our result is obtained by exhibiting a hard MDP instance—which is
a properly augmented chain-like MDP—for which softmax PG methods converge
extremely slowly even when perfect model specification is available. Several remarks
and implications of our result are in order.

Comparisons with prior results. Table 1 provides an extensive comparison of the
iteration complexities—including both upper and lower bounds—of PG and NPG
methods under softmax parameterization. As suggested by our result, the iteration
complexity O(CS2|Og (M) %) derived in Mei et al. [34] (see Table 1) might not be as rosy
as it seems for problems with large state space and long effective horizon; in fact, the
crucial quantity Cspq(M) therein could scale in a prohibitive manner with both |S]
and 1% Mei et al. [34] also developed a lower bound on the iteration complexity of
softmax PG methods, which falls short of capturing the influence of the state space
dimension and might become smaller than 1 unless ¢ is very small (e.g., ¢ < (1 — )3
for problems with long effective horizons. In addition, Mei et al. [33] provided some
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interesting evidence that a poorly-initialized softmax PG algorithm can get stuck at
suboptimal policies for a single-state MDP (i.e., the bandit problem). This result,
however, fell short of providing a complete runtime analysis and did not look into
the influence of a large state space. By contrast, our theory reveals that softmax PG
methods can take exponential time to reach even a moderate accuracy level.

Slow convergence even with benign distribution mismatch. Existing computational
complexities for policy gradient type methods (e.g., [1, 34]) typically scale polynomi-

ally in the so-called distribution mismatch coeﬁ‘icientl H %" ||OO where dg stands for
a certain discounted state visitation distribution (see (13) in Sect. 2), and u denotes
the distribution over initial states. It is thus natural to wonder whether the exponential
lower bound in Theorem 1 is a consequence of an exceedingly large distribution mis-
match coefficient. This, however, is not the case; in fact, our theory chooses u to be

. . . . dr .
a benign uniform distribution so that || 7" loo < |l ﬁ loo < |S|, which scales at most
linearly in |S].

Benchmarking with softmax NPG methods. Our algorithm-specific lower bound
suggests that softmax PG methods—in their vanilla form—might take a prohibitively
long time to converge when the state space and effective horizon are large. This
is in stark contrast to the convergence rate of NPG type methods, whose iteration
complexity is dimension-free and scales only polynomially with the effective horizon
[1, 11]. Consequently, our results shed light on the practical superiority of NPG-based
algorithms such as PPO [39] and TRPO [38].

Crux of our design. As we shall elucidate momentarily in Sect. 3, our exponential
lower bound is obtained through analyzing the trajectory of softmax PG methods
on a carefully-designed MDP instance with no more than 3 actions per state, when
a uniform initialization scheme and a uniform initial state distribution are adopted.
Our construction underscores the critical challenge of credit assignments [42] in RL
compounded by the presence of delayed rewards, long horizon, and intertwined inter-
actions across states. While it is difficult to elucidate the source of exponential lower
bound without presenting our MDP construction, we take a moment to point out some
critical properties that underlie our designs. To be specific, we seek to design a chain-
like MDP containing H = 0(%) key primary states {1,..., H} (each coupled
with many auxiliary states), for which the softmax PG method satisfies the following
properties.

e For the two key primary states, we have

S|

min {convergence-time(state 1), convergence-time(state 2)} >—. 3
n

o (A blowing-up phenomenon) For each key primary state 3 < s < H = O(ﬁ),
one has

1.5

convergence-time(state s ) = (convergence—time(state s — 2)) 3<s<H.

! Here and throughout, the division of two vectors represents componentwise division.
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Here, it is understood that convergence-time( state s ) represents informally the time
taken for the value function of state s to be sufficiently close to its optimal value.
The blowing-up phenomenon described above is precisely the source of our (super)-
exponential lower bound.

1.2 Other related works

Non-asymptotic analysis of (natural) policy gradient methods. Moving beyond tabu-
lar MDPs, finite-time convergence guarantees of PG/NPG methods and their variants
have recently been studied for control problems (e.g., [18, 19, 44, 58]), regularized
MDPs (e.g., [11, 24, 54]), constrained MDPs (e.g., [15, 50]), robust MDPs (e.g., [29,
60]), MDPs with function approximation (e.g., [1, 2, 10, 25, 30, 45]), Markov games
(e.g., [13, 14, 46, 49, 61]), and their use in actor-critic methods (e.g., [3, 12, 48, 51]).

Other policy parameterizations. In addition to softmax parameterization, several
other policy parameterization schemes have also been investigated in the context of
policy optimization and reinforcement learning at large. For example, [1, 24, 54, 56]
studied the convergence of projected PG methods and policy mirror descent with
direct parameterization, [4] introduced the so-called mallow parameterization, while
[33] studied the escort parameterization. Part of these parameterizations were proposed
in response to the ineffectiveness of softmax parameterization observed in practice.

Lower bounds. Establishing information-theoretic or algorithmic-specific lower
bounds on the statistical and computational complexities of RL algorithms—often
achieved by constructing hard MDP instances—plays an instrumental role in under-
standing the bottlenecks of RL algorithms. To give a few examples, Azar et al. [5],
Domingues et al. [16], Li et al. [28], Yan et al. [52] developed information-theoretic
lower bounds on the sample complexity of RL under multiple sampling mechanisms
(e.g., sampling with a generative model, online RL, and offline/batch RL), Li et al.
[27] established an algorithm-dependent lower bound on the sample complexity of
Q-learning, whereas Khamaru et al. [21], Pananjady and Wainwright [36] developed
instance-dependent lower bounds for policy evaluation. Additionally, Agarwal et al.
[1] constructed a chain-like MDP whose value function under direct parameterization
might contain very flat saddle points under a certain initial state distribution, high-
lighting the role of distribution mismatch coefficients in policy optimization. Finally,
exponential-time convergence of gradient descent has been observed in other noncon-
vex problems as well (e.g., [17]) despite its asymptotic convergence [26], although the
context and analysis therein are drastically different from what happens in RL settings.

1.3 Paper organization

The rest of this paper is organized as follows. In Sect. 2, we introduce the basics of
Markov decision processes, and describe the softmax policy gradient method along
with several key functions/quantities. Section 3 constructs a chain-like MDP, which is
the hard MDP instance underlying our computational lower bound for PG methods. In
Sect. 4, we outline the proof of Theorem 1, starting with the proof of a weaker version
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before establishing Theorem 1. The proof of all technical lemmas are deferred to the
appendix. We conclude the paper in Sect. 5 with a summary of our findings.

2 Background

In this section, we introduce the basics of MDPs, and formally describe the softmax PG
method. Here and throughout, we denote by A (X') the probability simplex over a set X,
and let | X'| represent the cardinality of the set X'. Given two probability distributions p
and g over S, we adopt the notation || 5 ||oo = maxecsS % and H é HOO = max;cs ﬁ.
Throughout this paper, the notation f(M) 2 g(M) (resp. f(M) < g(M)) means
there exist some universal constants ¢ > 0 independent of the parameters of the MDP

M such that f(M) > cg(M) (resp. f(M) < cg(M)), while the notation f (M) =<
g(M) means that f(M) > g(M) and f(M) < g(M) hold simultaneously.

Infinite-horizon discounted MDP. Let M = (S, {As}ses, P, r, y) be an infinite-
horizon discounted MDP. Here, S represents the state space, .A; denotes the action
space associated with state s € S, y € (0, 1) indicates the discount factor, P is the
probability transition kernel (namely, for each state-action pair (s, a), P(-|s,a) €
A(S) denotes the transition probability from state s to the next state when action
a is taken), and r stands for a deterministic reward function (namely, r (s, @) is the
immediate reward received in state s upon executing action a). Throughout this paper,
we assume normalized rewards such that —1 < r(s, a) < 1 for any state-action pair
(s, a). In addition, we concentrate on the scenario where y is quite close to 1, and
often refer to ﬁ as the effective horizon of the MDP.

Policy, value function, Q-function and advantage function. The agent operates by
adopting a policy &, which is a (randomized) action selection rule based solely on the
current state of the MDP. More precisely, for any state s € S, weuse (- | s) € A(Ay)
to specify a probability distribution, with 7 (a | s) denoting the probability of executing
action a € A when in state 5. The value function V7 : § — R of a policy 7—which
indicates the expected discounted cumulative reward induced by policy m—is defined
as

VseS: VT (s):=E |:Z yEr(sk, a) |s0 = s:| . 5)

k=0

Here, the expectation is taken over the randomness of the MDP trajectory {(sk s ak)} k>0
and the policy, where s = s and, for all k > 0, a* ~ 7(-|s*) follows the policy
7 and skt ~ P(-| s, a¥) is generated by the transition kernel P. Analogously, we
shall also define the value function V™ (1) of a policy = when the initial state is drawn
from a distribution p over S, namely,

V() 1= Ep [VT (9)]- ©)

Additionally, the Q-function Q" of a policy w—namely, the expected discounted
cumulative reward under policy 7 given an initial state-action pair (s°, a®) = (s, a)—
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714 G.Lietal.

is formally defined by

V(s,a) e S x A: 0" (s,a):=E |:Z yEr(sk, a) ’so =s,a° = a:| , (D
k=0

where the expectation is again over the randomness of the MDP trajectory {(s*, a*)} k>1
when policy 7 is adopted. In addition, the advantage function of policy 7 is defined
as

A" (s,a):=0"(s,a) — V" (s) ®

for every state-action pair (s, a).

A major goal is to find a policy that optimizes the value function and the Q-function.
Throughout this paper, we denote respectively by V* and Q* the optimal value function
and optimal Q-function, namely,

V*(s):=max V7 (s), 0*(s,a):=max Q" (s, a), foralls € Sanda € A,.
s m
9

Softmax parameterization and policy gradient methods. The family of pol-
icy optimization algorithms attempts to identify optimal policies by resorting to
optimization-based algorithms. To facilitate differentiable optimization, a widely
adopted scheme is to parameterize policies using softmax mappings. Specifically, for
any real-valued parameter 6 = [0(s, a)]seS.ac A, the corresponding softmax policy
79 := softmax(0) is defined such that

exp (6(s, a))

VseSandae Ay : mg(als):= .
Ywea, exp(6(s.a))

(10)

With the aim of maximizing the value function under softmax parameterization,
namely,

maximizeg V7 (w), (11)
the softmax PG method proceeds by adopting gradient ascent update rules w.r.t. 6:

U+ — 90 4y, VO (),  t=0,1,.... (12a)

Here and throughout, we let V®) = V7 “ and 00 = Q"(” abbreviate respectively
the value function and Q-function of the policy iterate z® =Ty in the ¢-th iteration,
and n > 0 denotes the stepsize or learning rate. Interestingly, the gradient Vy V7
under softmax parameterization (10) admits a closed-form expression [1], that is, for
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Fig.1 An illustration of the constructed MDP

any state-action pair (s, a),

VT () 1
0(s,a) 1—

dﬁ(’ () mg(als) A™ (s, a). (12b)
14

Here, d,’ (s) represents the discounted state visitation distribution of a policy 7 given

the initial state s© ~ u:

VseS: di(s)=(1-y) E [Zy"ﬂ”(s —s|s0)i| (13)

sO~p

with the expectation taken over the randomness of the MDP trajectory {(sk, ak )

under the policy 7 and the initial state distribution . In words, d (s) measures—

starting from an initial distribution u—how frequently state s will be visited in a

properly discounted fashion. Throughout this paper, we shall denote A®):= A™ © and
(t)( )= d”( ! (s) for notation simplicity.

3 Construction of a hard MDP

This section constructs a discounted infinite-horizon MDP M = (S, {A}ses, 7, P, ¥},
as depicted in Fig. 1, which forms the basis of the exponential lower bound claimed in
this paper. In addition to the basic notation already introduced in Sect. 2, we remark
on the action space as follows.

e Foreachstate s € S, we have A; C {ag, a1, a2 }. For convenience of presentation,
we allow the action space to vary with s € S, but it always comprises no more
than 3 actions.
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716 G.Lietal.

State space partitioning. The states of our MDP exhibit certain group structure. To
be precise, we partition the state space S into a few disjoint subsets

S =10} U Sprimary U Sagj UST US U S U---USy USU--- U Sy,
(14)

which entails:

o State O (an absorbing state);

e Two key “buffer” state subsets Sy and Sy;

o Asetof H — 2 key primary states Sprimary:={3, ..., H);?
e A set of H key adjoint states Sadjzz{T, 2,...,H};

e 2 H “booster” state subsets 5’\1, R §H, 3}, e, §ﬁ.

Remark 4 Our subsequent analysis largely concentrates on the subsets Sy, S2, Sprimary
and S,q;. In particular, each state s € {3, ..., H}is paired with what we call an adjoint
state 5, whose role will be elucidated shortly. In addition, state 1 (resp. state 2) can be
viewed as the adjoint state of the set Sy (resp. S2). The sets Sprimary and Saqj comprise
a total number of 2H — 2 states; in comparison, S; and S, are chosen to be much
larger and contain a number of replicated states, a crucial design component that helps
ensure the property (3) under a uniform initial state distribution. As we shall make
clear momentarily, the “booster” state sets are introduced mainly to help boost the
discounted visitation distribution of the states in S, Sz, Sprimary, and S,q; at the initial
stage.

We shall also specify below the size of these state subsets as well as some key
parameters, where the choices of the quantities cp, ¢b,1, cb,2, cm < 1 will be made
clear in the analysis (cf. (35)).

e H is taken to be on the same order as the “effective horizon” of this discounted
MDP, namely,

"= (15)
o The two buffer state subsets S; and S have size

ISil=cp1(1 =p)ISI  and  [S] = cp2(1 = p)IS]. (16)
e The booster state sets are of the same size, namely,

1Sil =+ 18ul =187 = -+ = 185l = e (1 = Y)IS]. (17)

2 While we do not include states 1 and 2 here, any state in Sy (resp. Sp) can essentially be viewed as a
(replicated) copy of state 1 (resp. state 2).
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Probability transition kernel and reward function. We now describe the probability
transition kernel and the reward function for each state subset. Before continuing,
we find it helpful to isolate a few key parameters that will be used frequently in our
construction:

1'3:=0.5y%, (18a)
pi=cp(l —y), (18b)
25 | 5
re:=0.5y37%, (18¢c)
where s € {1,2,..., H}, and ¢, > 0 is some small constant that shall be specified

later (see (35)). To facilitate understanding, we shall often treat t; and ry (s < H) as
quantities that are all fairly close to 0.5 (which would happen if y is close to 1 and
H = f_—“y for ¢y, sufficiently small).

We are now positioned to make precise descriptions of both P and r as follows.

e Absorbing state 0: singleton action space {ap},
P010,a0) =1, r(0, ap) = 0. (19)
This is an absorbing state, namely, the MDP will stay in this state permanently

once entered. As we shall see below, taking action ag in an arbitrary state will enter
state 0 immediately.

e Key primary states s € {3, ..., H}: action space {ag, a1, a2},
PO|s,ap) =1, r(s.ao0) =ry + y*prea, (20a)
P(s—1|s,a1)=1, r(s,ay) =0, (20b)
PO|s,a) =1-p, r(s,az) =rs, (20c)
P(s—2|s,a2)=p, (20d)

where p, 7, and rg are a_ll deﬁnid in (18).
e Key adjoint states s € {3, ..., H}: action space {ag, a1},

P(O|§v aO) = 1a r(Ev aO) = J/Tsa (213)
P(s|s,a1) =1, r(s,a;) =0, (21b)

where 7; is defined in (18a).
e Key buffer state subsets S| and S;: action space {ag, a1},

VsieSi:  P(0]|sy,a0) =1, r(s1,a0) = —y2, (22a)
PO|s1,ap) =1, r(si,a)) = y?, (22b)
Vs €8:  P(0]sy,a0) =1, r(s2, a9) = —y*, (22¢)
P(0|sy,ar) =1, r(sz,ap) = y*. (22d)
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718 G.Lietal.

Given the homogeneity of the states in S; (resp. S2), we shall often use
the shorthand notation P(-|1,a) (resp. P(-|2,a)) to abbreviate P(-|sy, a)
(resp. P(-|s2,a)) for any 51 € 51 (resp. so € Sp) for the sake of convenience.

e Other adjoint states 1 and 2: action space {ag, a1},

P01, a0) =1, r(1,ap) =y,
_ 1 _
P (s |17a1)=m, Vs1 € S, r(1,a1) =0, (23a)
1
P02, a9) =1, r2,a0) =y,
_ 1 _
P(s2]2,a1) = Sl Vsy € S, r(2,a1) =0, (23b)
2
where 7| and 1 are defmed in /g 1821)\. R
o Booster state subsets Sy, ..., Sy, Sy, . . ., S+ singleton action space {a;},
Vs'eS), se8:  P(s|s,a) =1/IS], (24a)
Vs'e&, seS:  P(s|s a)=1/|S; (24b)

foranys € {3,..., H},

Vs' € 8;,:  P(s|s,a) =1, (24c)
and for any 5 € {T,...,ﬁ},

Vs'€&s,: PGS, a) = 1. (24d)

The rewards in all these cases are set to be 0 (in fact, they will not even appear in
the analysis). In addition, any transition probability that has not been specified is
equal to zero.
Convenient notation for buffer state subsets S| and S;. By construction, it is easily
seen that the states in S (resp. S») have identical characteristics; in fact, all states
in S (resp. &) share exactly the same value functions and Q-functions throughout
the execution of the softmax PG method. As a result, we introduce the following
convenient notation whenever it is clear from the context:

VT(s)=: V7 (1), 0" (s1,a)=:0"(1,a), A7 (s1)=:AT(1) foralls; € Si;
(252)

V7 (s2)=: V" (2), 0" (s2,a)=: 0" (2,a), A" (s9)=:AT(2) foralls; € Sy;
(25b)

dZ(sl)zde(l), a(a|s)=:m(a|l), 6O(s1,a)=:60(1,a) foralls; € Sy;
(25¢)

dZ(sz)z:dZ(Z), w(a|sy)=:m(a|?2), O(s2,a)=:0(2,a) foralls; € Ss.
(25d)
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Optimal values and optimal actions of the constructed MDP. Before concluding
this section, we find it convenient to determine the optimal value functions and the
optimal actions of the constructed MDP, which would be particularly instrumental
when presenting our analysis. This is summarized in the lemma below, whose proof
can be found in Appendix A.3.

Lemma 1 Suppose that y*" > 2/3 and H > 2.
Then one has

V¥0) =0, V*es)=0*G,a)=y%, 1<s<H, (262)

V*E) = Q" Ga) =y**, 1<s<H. (26b)
and the optimal policy is to take action a1 in all non-absorbing states. In addition, for
any policy 7 and any state-action pair (s, a), one has Q7 (s, a) > —y>.

Lemma 1 tells us that for this MDP, the optimal policy for all non-absorbing states
takes a simple form: sticking to action a;. In particular, when y &~ 1 and y¥ ~ 1,
Lemma 1 reveals that the optimal values of all non-absorbing major states are fairly
close to 1, namely,

V*@s)~1 forallse{l,...,H}U{l,..., H}. 27)

Additionally, the above lemma directly implies that the Q-function (and hence the
value function) is always bounded below by —1, a property that will be used several
times in our analysis.

4 Analysis: proof outline

In this section, we present the main steps for establishing our computational lower
bound in Theorem 1. Before doing so, we find it convenient to start by presenting and
proving a weaker version as follows.

Theorem 2 Consider the MDP M constructed in Sect. 3 (and Fig. 1). Assume that
the softmax PG method adopts a uniform initial state distribution, a uniform policy
initialization, and has access to exact gradient computation. Suppose that 0 < n <
(11— y)2/5. There exist universal constants c1, c2, c3 > 0 such that: for any 0.96 <
y < land|S| > c3(1 — y)7, one has

V*(s) — VO(s) > 0.15, for all primary states 0.1H <s < H, (28)

provided that the iteration number satisfies

Cl 2%
t < —|S| ) (29)
n

@ Springer



720 G.Lietal.

In what follows, we shall concentrate on establishing Theorem 2, on the basis of the
MDP instance constructed in Sect. 3. Once this theorem is established, we shall revisit
Theorem 1 (towards the end of Sect. 4.3) and describe how the proof of Theorem 2
can be adapted to prove Theorem 1.

4.1 Preparation: crossing times and choice of constants

Crossing times. To investigate how long it takes for softmax PG methods to converge
to the optimal policy, we shall pay particular attention to a family of key quantities:
the number of iterations needed for V) (s) to surpass a prescribed threshold 7 (t < 1)
before it reaches its optimal value. To be precise, foreach s € {3, ..., H}U {T, - ,H}
and any given threshold t > 0, we introduce the following crossing time:

ty(t) := argmin {7 | vO(s) > t}. (30)

When it comes to the buffer state subsets S; and Sy, we define the crossing times
analogously as follows

t1(r):=argmin {1 | vO1) > t} and  f(r):=argmin {7 | v(2) > t}, 3D
where we recall the notation V® (1) and V® (2) introduced in (25).

Monotonicity of crossing times. Recalling the definition (30) of the crossing time
ts(+), we know that

V(l)(s) < T forall t < t5(ty), (32)

with 7 defined in expression (18a). We immediately make note of the following crucial
monotonicity property that will be justified later in Remark 8:

1(t2) < t3(13) < -+ < ty(TH). (33)

It will also be shown in Lemma 4 that #1(t1) < #(t2) when the constants cp. 1, ¢b 2
and cp, are properly chosen.

Remark 5 As we shall see shortly (i.e., Part (iii) of Lemma 8), one has #5(y t5) = #,(t)
foranys € {1, ..., H}, which combined with (33) leads to

() =fyn) <n@)=fyt) <n(m) =5(yn) < - <tgy)=tg(YTH).
(34)

Choice of parameters. We assume the following choice of parameters throughout the
proof:

N2
A=y w1 _ 1

0.96. 1, 0.19., , < —,
Y= em =1 h = T=""% cm — 79776
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A
1 4 b4
0) /
7 (ay | 1) ; ﬂ_(f,)(al |3) "
,/ r',ﬂ'(t)(al | 5)
N, z’,' /”’
\\%. /"/ /'/
- -
------------ »-- _
>

t

Fig. 2 An illustration of the dynamics of 70 (a 1) versus the iteration count z. The yellow line, the
middle red line, and the dark red line illustrate the dynamics of =™ (a; | 1), 7® (a1 | 3) and 7 (a1 | 5),
respectively

Ch2 1
g < P2 5 —
S ST 2016

(35)
In the sequel, we outline the key steps that underlie the proof of our main results, with
the proofs of the key lemmas postponed to the appendix.

4.2 A high-level picture

While our proof is highly technical, it is prudent to point out some key features that
help paint a high-level picture about the slow convergence of the algorithm. Recall
that a; is the optimal action in the constructed MDP. The chain-like structure of
our MDP underscores a sort of sequential dependency: the dynamic of any primary
state s € {3, ..., H} depends heavily on what happens in those states prior to s—
particularly state s — 1, state s — 2 as well as the associated adjoint states. By carefully
designing the immediate rewards, we can ensure that for any s € {3, ..., H}, the
iterate 7 (a; | s) corresponding to the optimal action a; keeps decreasing before
7O (ay | s — 2) gets reasonably close to 1. As illustrated in Fig. 2, this feature implies
that the time taken for 7 (a; | 5) to get close to 1 grows (at least) geometrically as s
increases, as will be formalized in (46).

Furthermore, we summarize below the typical dynamics of the iterates 6 (s, a)
before they converge, which are helpful for the reader to understand the proof. We
start with the key buffer state sets S; and S, which are the easiest to describe.

N

Dynamics of 8 (s, a) (for key buffer state sets S; and S»):

1. Initialization: 6@ (1,a9) = 0©1,a;) = 0 and 692, qp) =
09@2,a1)=0
2. All iterations (Lemma 4):

e 0(1,a;) and 6¥)(2,a;) keep increasing and remains the
largest

e 0D (1,ag) and 0¥ (2, ap) keep decreasing and remains the
smallest
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a(t)(57 a)?Lemma 5 Lenjlpa 6
—————— H(t)(s,al)
H(t)(&ag)
[0 T S S EU. S S it .
------ Q(t)(s,ao)
t572(7—572) tﬁ(TS) Lref ts(Ts)

Fig.3 An illustration of the dynamics of OO (s, @)}aefag,ay,ay} VS- iteration number ¢. The blue, red and

yellow lines represent the dynamics of 6 (s, ap), 0(’)(s, ay) and 6 (s, ap), respectively. Here, we use
solid lines to emphasize the time ranges for which the dynamics of 00 (s, a) play the most crucial roles in
our lower bound analysis

Next, the dynamics of 6 (s, a) for the key primary states 3 < s < H are much
more complicated, and rely heavily on the status of several prior states s — 1, s — 2
and s — 1. This motivates us to divide the dynamics into several stages based on the
crossing times of these prior states, which are illustrated in Fig. 3 as well. Here, we
remind the reader of the definition of 7, in (18).

Dynamics of 0 (s, a) (for key primary states 3 < s < H):

1. Initialization: 0@ (s, ag) = 0D (s, a1) = 00 (s, a2) =0
2. Initial stage: t < t;_>(75—2) (Lemma 5)

e 0¥ (s, ar) keeps decreasing and remains the smallest
e 00 (s, ap) keeps increasing and remains the largest
e 0W (s, ay) keeps increasing

3. Intermediate stage: f;_2(7s—2) <t < t;=7(7;) (Lemma 6)

° G(I)(s, a) keeps decreasing and remains the smallest
o 90 (s, ay) keeps increasing

4. Final stage (part 1): ,=7(7s) < t < tef (Lemma 7)

e 0 (s, ay) increases a little
e 00 (s, ap) keeps decreasing and approaches 0D (s, ar)
e 00 (s, ay) keeps increasing and becomes the largest

5. Final stage (part 2): t > t,of (Lemma 7)

e 0W (s, ar) keeps increasing and becomes the largest
e 01 (s, ay) decreases a lot
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4.3 Proof outline

We are now in a position to outline the main steps of the proof of Theorem 1 and The-
orem 2, with details deferred to the appendix. In the following, Steps 1-6 are devoted
to analyzing the dynamics of softmax PG methods when applied to the constructed
MDP M, which in turn establish Theorem 2. Step 7 describes how these can be easily
adapted to prove Theorem 1, by slightly modifying the MDP construction.

Step 1: bounding the discounted state visitation distributions

In view of the PG update rule (12), the size of the policy gradient relies heavily on the
discounted state visitation distribution d\\’(s). In light of this observation, this step
aims to quantify the magnitudes of d,(f ) (s), for which we start with several universal
lower bounds regardless of the policy in use.

Lemma 2 For any policy &, the following lower bounds hold true:

d7(s) = cmy (1 = )%, ifse{3,....,H), (36a)

d7(5) = cmy (1 — y)%, ifse(l,...,H}, (36b)
T emy (1 — V)2 _ o\ Cm L

d, (1) = G y( V)Cb’l ) (360)
. emy(=—p» o em 1

d,(2) = T y( )/)Cb’Z ST (36d)

As it turns out, the above lower bounds are order-wise tight estimates prior to certain
crucial crossing times. This is formalized in the following lemma, where we recall the
definition of z, in (18).

Lemma 3 Under the assumption (35), the following results hold:

V3<s<H, t<t(): d(s) < lden(1—y)% (37a)
V2<s<H t<t(n):  dE) < ldem(l—p), (37b)
1-— 8
Vi<n(m): dP@) < (1 + ﬁ) : (37¢)
S| Cb,2
Vi <t(m):  dP (D) < lden(l —y)?, (37d)
1-— 17
Vi < minfn (r), ()} : dP(1) < —L (1 - Cm>. (37¢)
|S] Cb,1

Remark 6 As will be demonstrated in Lemma 4, one has #(71) < f(1) for properly
chosen constants ¢y 1, b 2 and ¢y . Therefore, we shall bear in mind that the properties
(37d) and (37e) hold for any ¢ < #1(t7).

The proofs of these two lemmas are deferred to Appendix B. The sets of booster
states, whose cardinality is controlled by ¢, play an important role in sandwiching the
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initial distribution of the states in Sy, S2, Sprimary, and Sagj. Combining these bounds,
we uncover the following properties happening before V) (s) exceeds t;:

e For any key primary state s € {3, ..., H} or any adjoint state s € {1, ..., H}, one
has

2
dP(s) < (1-y)%.
e For any state s contained in the buffer state subsets S| and S, we have

1—y)?
and  dP(2) = (—,
w @ |S2]

(1-y)?

d(1) <
n IS

where we recall the size of S; and S in (16). In other words, the discounted state
visitation probability of any buffer state is substantially smaller than that of any key
primary state 3, ..., H or adjoint state. In principle, the size of each buffer state
subset plays a crucial role in determining the associated d;(f ) (s)—the larger the
size of the buffer state subset, the smaller the resulting state visitation probability.

o Further, the aggregate discounted state visitation probability of the above states is
no more than the order of

(1-y)? Hx1-y=o0(),

which is vanishingly small. In fact, state O and the booster states account for the
dominant fraction of state visitations at the initial stage of the algorithm.

Step 2: characterizing the crossing times for the first few states (S;, Sz, and 1)

Armed with the bounds on d l([ ) developed in Step 1, we can move forward to study the
crossing times for the key states. In this step, we pay attention to the crossing times for
the buffer states Sy, S as well as the first adjoint state 1, which forms a crucial starting
point towards understanding the behavior of the subsequent states. Specifically, the
following lemma develops lower and upper bounds regarding these quantities, whose
proof can be found in Appendix C.

Lemma 4 Suppose that (35) holds. If |S| > 1/(1 —y)?, then the crossing times satisfy

log3 |S|
14+ 17cm/cb1 1

IA

n(m) < n(y* —1/4) < n(w) < n(y*—1/4)

15 S
< 152 |51 (38a)
Cm n
In addition, if |S| > 320y° 5, then one has
cm(1=y)
n(n) > 11(y? — 1/4). (38b)
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For properly chosen constants cp,1, ¢b,2 and ¢y, Lemma 4 delivers the following
important messages:

e The cross times of these first few states are already fairly large; for instance,
IS
1(r1) < n(n) < o (39)

which scale linearly with the state space dimension. As we shall see momentarily,
while #1(71) and #(72) remain polynomially large, these play a pivotal role in
ensuring rapid explosion of the crossing times of the states that follow (namely,
the states {3, ..., H}).

e We can guarantee a strict ordering such that the crossing time of state 2 is at least
as large as that of both state 1 and state 1. This property is helpful as well for
subsequent analysis.

Step 3: understanding the dynamics of 09 (s, a) before ts_3(Ts_3)

With the above characterization of the crossing times for the first few states, we are
ready to investigate the dynamics of G(t)(s, a) (3 < s < H) atthe initial stage, that is,
the duration prior to the threshold #;_> (t5—2). Our finding for this stage is summarized
in the following lemma, with the proof deferred to Appendix D.

Lemma5 Suppose that (35) holds. Forany 3 <s < H andany 0 <t < t;_»(75-2),
one has

1
0 s, a1) = =3 log (1+ Ze-n(1 = ) (40)
and 0D (s,a9) > 0V (s,ar) > 0. (41)

Lemma 5 makes clear the behavior of 6 (s, a) during this initial stage:

e The iterate 6 (s, a;) associated with the optimal action a; keeps dropping at a
rate of log (0(\/%)), and remains the smallest compared to the ones with other

actions (since (s, a;) <0 <0 (s, az) < 0D (s, ap)).

e The other two iterates 6 (s, ap) and 6 (s, ay) stay non-negative throughout this
stage, with ag being perceived as more favorable than the other two actions.

e In fact, a closer inspection of the proof in Appendix D reveals that ) (s, ay)
remains increasing—even though at a rate slower than that of 0O (s, ag)—
throughout this stage (see (134) and the gradient expression (12b)).

In particular, around the threshold #;_»(7;—7), the iterate W s, ap) becomes as small
as

1
e(f) , 0( )
exp (6065, an) < V(=) 2(t-2)
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In fact, an inspection of the proof of this lemma reveals that

1
n(1l— )/)21‘3,2(1'5,2)

7Dy |s) < 0( ) when t = t;_»(t5_2).

This means that 7 (aj | s) becomes smaller for a larger #;_>(t;—7), making it more
difficult to return/converge to 1 afterward.

Step 4: understanding the dynamics of 09 (s, a) between t;_,(Ts_) and t.—7(T5)

Next, we investigate, for any 3 < s < H, the behavior of the iterates during an “inter-
mediate” stage, namely, the duration when the iteration count ¢ is between ;3 (Ts—2)
and #,—7 (7). This is summarized in the following lemma, whose proof can be found
in Appendix E.

Lemma 6 Consider any 3 < s < H. Assume that (35) holds. Suppose that

(5o 1) > (1) —— (“2a)
_1(t5—1) > t=—5 (15— _ a
s—1\ls—1 s—2\ls—1 Cmyn(l — )’)2
13(13) > (y* —1/4). (42b)
Then one has
e(tﬁ(fs))(& ay) < g(lsfz(fsfz))(s’ a)) and 9(fﬁ(fs))(s’ az) > 0. (43)

In particular, when s = 3, the results in (43) hold true without requiring the assump-
tion (42).

Remark 7 Condition (42a) only requires f;—1(73—1) to be slightly larger than
t;=5(ts—1), which will be justified using an induction argument when proving the
main theorem.

As revealed by the claim (43) of Lemma 6, the iterate 0 (s, ap) remains suffi-
ciently large during this intermediate stage. In the meantime, Lemma 6 guarantees
that during this stage, 0 (s, a1) lies below the level of #Us-2(%s-2)) (s g1) that has
been pinned down in Lemma 5 (which has been shown to be quite small). Both of
these properties make clear that the iterates 6) (s, @) remain far from optimal at the
end of this intermediate stage.

Step 5: establishing a blowing-up phenomenon
The next lemma, which plays a pivotal role in developing the desired exponential

convergence lower bound, demonstrates that the cross times explode at a super fast
rate. The proof is postponed to Appendix F.
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Lemma 7 Consider any 3 < s < H. Suppose that (35) holds and

() > ( 6300¢ >4 1 )
s—2\ls—2) = Cp(l—)/) Lmyn(l_y)z

Then there exists a time instance tref obeying t;—7(ts) < tref < t5(Ts) such that

§e) (5, ag) < 8 (s, ay) — log (m(l - y)) (45a)

1
00 (s.an) = — slog (1+ 20l =) a(m-n)) + 1. (45H)

and at the same time,

1.5
(5 = trer = 107 el (1 = ) (102(52)) (450)

The most important message of Lemma 7 lies in property (45¢). In a nutshell, this
property uncovers that the crossing time #;(7) is substantially larger than #;,_>(75—2),
namely,

1.5
(@) 2030 = ) (t2-2) (46)

thus leading to explosion at a super-linear rate. By contrast, the other two properties
unveil some important features happening between ,—7(ts) and #(zy) that in turn
lead to property (45¢). In words, property (45a) requires 8 ") (s, ag) to be not much
larger than 0ted (s, ay); property (45b) indicates that: when #;_,(75_») is large, both
0el) (5, ay) and 0 (s, ag) are fairly small, with @? (s, a») being the dominant one
(due to the fact ), 0tet) (5, @) = 0 as will be seen in Part (vii) of Lemma 8).

The reader might naturally wonder what the above results imply about 7 rf) (a1 | 5)
(as opposed to 8 (s, a1)). Towards this end, we make the observation that

exp (0r) (s, ay)) _ P (00 (s, ay))
Z exp (0D (s,a)) ~ exp (00D (s, a2))
9 exp (201D (5, ay) + 090 (s, ap))
(2) 1 1
~ 15 s 1 5
(=P =)~ 170 = 62m2)
47)

ﬂ-(lref)(a1 |s) =

where (i) holds true since ) _, 0t (5, a) = 0 (a well-known property of policy gradi-
ent methods as recorded in Lemma 8(vii)), and (ii) follows from the properties (45a)
and (45b). In other words, 7 ") (s, a1) is inversely proportional to (tY 2 (Ts— 2))3/ 2

As we shall see, the time taken for 77 re?) (a1 | 5) to converge to 1 is proportional to the
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inverse policy iterate (JT O s, a1))_1, meaning that it is expected to take an order of

3/2 . . .
(ts_z(‘l,'s_z)) / iterations to increase from m (ref) (s, a;) to 1.

Step 6: putting all this together to establish Theorem 2

With the above steps in place, we are ready to combine them to establish the following
result. As can be easily seen, Theorem 2 is an immediate consequence of Theorem 3.

Theorem 3 Suppose that (35) holds. There exist some universal constants cy, ¢3, ¢3 >
0 such that

S |7 1155021
605 = e = (@ls) (48)
provided that
c3
IS| > ———. 49)
(I—yp)°
Proof of Theorem 3 Let us define two universal constants C;: —m and Cy:=
10720c2 e log 3 . .
T e/ We claim that if one can show that
|$| 4 1.5L6=D/2] _1
15 2 O (G20 = )4S) : (50)

then the desired bound (48) holds true directly. In order to see this, recall that 7, < 1/2
by definition, and therefore,

15607211 i) |S|% 115/
> o= (1))

103) = () £ &2 (€2 18)

Here, (i) follows from (50) in conjunction with the assumption (49), whereas (ii) holds
true by setting c; = C1/Cz and ¢ = Cg’.

It is then sufficient to prove the inequality (50), towards which we shall resort to
mathematical induction in conjunction with the following induction hypothesis

2444(s + 1
t5(1y) > t—(x )+$)2, for s > 3. 51)
emyn(l —y)

o We start with the cases with s = 1, 2, 3. It follows from Lemma 4 that

log3 |S] |S]

>t _ —_—, 52
) l(n)_1+17cm/0b17] 1’7 (52)

1 (1
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which validates the above claim (50) for s = 1 and s = 2. In addition, Lemma 7
ensures that

3 1.5
13(73) — max {IT(J/ - 1/4), tz(rs)}

v

107 100,c%5903 (1 — )2 (t1 (Tl))
9776

A — 53
= cmyn(l —y)? 43

where the last inequality is guaranteed by (52) and the assumption |S| >

4888 4 .. . . . . .
max { Crony (A Gy } This implies that the inequality (51) is satisfied
when s = 3.

e Next, suppose that the inequality (50) holds true up to state s — 1 and the inequal-
ity (51) holds up to s for some 3 < s < H. To invoke the induction argument, it
suffices to show that the inequality (50) continues to hold for state s and the inequal-
ity (51) remains valid for s + 1. This will be accomplished by taking advantage of
Lemma 7.]

Given that the inequality (50) holds true for every state up to s — 1, one has

S 1563721 4
a2 eane) = G (Cat1 =)

6300e \4 1
z ( ) CmY 27
ol =)/ Fen —y)

where the last inequality is satisfied provided that |S| > max {(%)4

35 4
Clcm)/(l—_)/)(” Co(1—p)*
thus leading to

}. Therefore, Lemma 7 is applicable for both s and s + 1,

1.5
ts(15) — tST](Ts) = lo_locpcgisrloj(l - V)z(t572(TS72)>

> 107106pcgl.5n0.5(1 _ J/)2

S 1.5L6=3)/2] _1
(e (ca1 =yt )
n

1.5

|S| 1.56=D/21 _4
> 012 (G0 = p)iS))
n

Here, the last step relies on the condition 10_10cpc9n'5no'5(1 — y)z(Cl Qﬂl)os > 1.
This in turn establishes the property (50) for state s (given that = (z;) > 0). In
addition, Lemma 7—when applied to s + 1—gives

1.5
o (o) = I5(Ee) = 107 0pch 2005 (1 = )% (101 (-0

> 10_106‘]36‘21'5)70'5(1 _ 7)2
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|S| 15l6=2721_1\ 15
CECHEN)
n

|$| 1.50/21
= 17 (G0 - )s)
2444(s + 2)
~emyn(l—y)*
where the last step foll 1 4888 4
p follows as long as |S| > max Cremy (=% Cai—p)7 . We

have thus established the property (51) for state s + 1.

Putting all the above pieces together, we arrive at the inequality (50), thus estab-
lishing Theorem 3. O

Step 7: adapting the proof to establish Theorem 1

Thus far, we have established Theorem 2, and are well equipped to return to the proof
of Theorem 1. As aremark, Theorem 2 and its analysis posits that for a large fraction of
the key primary states (as well as their associated adjoint states), softmax PG methods
can take a prohibitively large number of iterations to converge. The issue, however,
is that there are in total only O (H) key primary states and adjoint states, accounting
for a vanishingly small fraction of all |S| states. In order to extend Theorem 2 to
Theorem 1 (the latter of which is concerned with the error averaged over the entire
state space), we would need to show that the value functions associated with those
booster states—which account for a large fraction of the state space—also converge
slowly.

In the MDP instance constructed in Sect. 3, however, the action space associated
with the booster states is a singleton set, meaning that the action is always optimal. As
aresult, we would first need to modify/augment the action space of booster states, so as
to ensure that their learned actions remain suboptimal before the algorithm converges
for the associated key primary states and adjoint states.

A modified MDP instance. We now augment the action space for all booster states in
the MDP M constructed in in Sect. 3, leading to a slightly modified MDP denoted by

Mmodified:

e for any key primary state s € {3, ..., H} and any associated booster state s € Sy,
take the action space of 5 to be {ag, a1} and let

P(015,a0) =09, P(s|5,a0) =0.1, r(5, ap) =0.9y1,,
P(s|s,a1) =1, r(,a1) =0; (54)

e for any key adjoint state 5 € {1, ..., H} and any associated booster state 5 € Sy,
take the action space of 5 to be {ag, a;} and let

P05, a0) =09, PG5, a0) =0.1, &, a0) = 0.9y%1,,
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P(s|s,a) =1, r,a1) =0; (55)
e all other comoponents of M odified rfemain identical to those of the original M.

Analysis for the new booster states. Given that the dynamics of non-booster states are
un-affected by the booster states, it suffices to perform analysis for the booster states.
Let us first consider any key primary state s and any associated booster state 5.

e As can be easily seen,

QY G ap) = rG.ao) +y P(s15.a0) V() +y P(OF, ao) V" (0)
=0.9y7, + 0.1y VP (s),
VG a) =rG.a) +yPs[5.a)V 0 s) =y V),

where we have used the basic fact V¥ (0) = 0 (see (73) in Lemma 8). Given that
V®(5) is a convex combination of Q) (5, ap) and Q) (5, a1), one can easily see
that: if V) (s) < t,, then one necessarily has V" (5) < y 1,

e Similarly, the optimal Q-function w.r.t. 5 is given by

Q* (5, a0) = r(5,a0) + y P(s|5,a0)V*(s) + y P(0[5, ag) V*(0)
=09yt + 0.1y V*(s),
0%, a1) =r(,a1) +yP(s[5,a0)V*(s) = yV*(s),

which together with Lemma 1 and the definition (18) of 7, indicates that V*(5) =

Q*CS?’ Cll) — y25+1.
e The above facts taken collectively imply that: if V®)(s) < z,, then

V*E) = VOGE) >yt —yg = y(yzs — O.Syz?s) > 0.22, (56)

provided that y is sufficiently large (which is satisfied under the condition (35)).

Similarly, for any key adjoint state 5 and any associated booster state 5, if V) (5) <
y Ts, then one must have

V*E) - VO > 0.22. (57)

Repeating the same proof as for Theorem 2, one can easily show that (with slight
adjustment of the universal constants)

L)

1 Q1=
ts (1) = t5(yT5) > —|$|2 - foralls > 0.1H. (58)
n

This taken together with the above analysis suffices to establish Theorem 1, given the
following two simple facts: (i) there are 2Hcy (1 — v)|S| = 2emen|S| booster states,
and (ii) more than 90% of them need a prohibitively large number of iterations (cf. (58))
to reach 0.22-optimality. Here, we can take cp,cp, > 0.18 which satisfies (35). The
proof is thus complete.
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Table 2 Summary of notation and parameters

S, Ag, y State space, action space associated with state s, discount factor

P(s'|s,a) Probability of transitioning from state s to state s’ upon execution
of action a

r(s,a) Immediate reward gained in state s when action a is taken;
r(s,a) € [-1,1]

n Stepsize or learning rate

70, 9® Policy estimate and its associated parameterization in the 7-th
iteration

VT, y@ ), v* Value function of 7, value function of Ay ), optimal value function

07, 00, o* Q-function of 7, Q-function of ), optimal Q-function

AT, A Advantage function of 7, advantage function of 7 ®)

" Initial state distribution (used in defining the objective function
(11))

dﬁ s d{f ) Discounted state visitation distribution of 7 and 7 ®) from initial

state distribution p

2s
Tss P> Is Useful quantities: 7y = 0.5y 3

25 | 5
re=05y3 16

,p=cp(l —y)and

H Number of key primary states: H = l”_—hy

S1, S Buffer state subsets: |S1| = cp,1(1 — p)IS|, [S2] = cp2(1 — ¥)|S]|
3‘; Booster state sets w.r.t. state s: IST;I =cm(l —p)|S|

Sprimary: Sadj Set of key primary states, set of key adjoint states

K Adjoint state associated with primary state s

M, Mpodified MDPs constructed to prove Theorem 2 and Theorem 1

ts(T) Crossing time: arg min{t | y® (s) > 1}

5 Discussion

This paper has developed an algorithm-specific lower bound on the iteration complex-
ity of the softmax policy gradient method, obtained by analyzing its trajectory on a
carefully-designed hard MDP instance. We have shown that the iteration complexity
of softmax PG methods can scale pessimistically, in fact (super-)exponentially, with
the dimension of the state space and the effective horizon of the discounted MDP of
interest. Our finding makes apparent the potential inefficiency of softmax PG methods
in solving large-dimensional and long-horizon problems. In turn, this suggests the
necessity of carefully adjusting update rules and/or enforcing proper regularization in
accelerating policy gradient methods (Table 2).

Our work relies heavily on proper exploitation of the structural properties of the
MDP in algorithm-dependent analysis, which might shed light on lower bound con-
struction for other algorithms as well. For instance, if the objective function (i.e.,
the value function) is augmented by a regularization term, how does the choice
of regularization affect the global convergence behavior? While Agarwal et al. [1]
demonstrated polynomial-time convergence of PG methods in the presence of log-
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barrier regularization, non-asymptotic analysis of PG methods with other popular
regularization—particularly entropy regularization—remains unavailable in existing
literature. How to understand the (in)-effectiveness of entropy-regularized PG meth-
ods is of fundamental importance in the theory of policy optimization. Additionally,
the current paper concentrates on the use of constant learning rates; it falls short of
accommodating more adaptive learning rates, which might be a potential solution to
accelerate vanilla PG methods. Furthermore, our strategy for lower bound construc-
tion might be extended to unveil algorithmic bottlenecks of policy optimization in
multi-agent Markov games as well. All this is worthy of future investigation.
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A Preliminary facts
A.1 Basic properties of the constructed MDP

In this section, we provide more basic properties about the MDP we have constructed
(see Sect. 3). Specifically, we present a miscellaneous collection of basic relations
regarding more general policies, postponing the proof to Appendix A.4.

Lemma 8 Consider any policy w, and recall the quantities defined in (18). Suppose
that y*1 > 1/2 and 0 < cp < 1/6.

(i) Forany state s € {3, ..., H}, one has
3
yit_i < 07 (s,a0) =ry + 17 pT2 < vi1, (59)
Q" (s,ap) =yV"(s — 1), (59b)
O"(s,ap) =rs +ypV7(s —2) Sy%ts. (59¢)

If one further has V™ (s —2) > 0, then Q7 (s, az) > y%rkl.
(ii) If V7' (s) > t, for some s € {3, ..., H}, then we necessarily have

wai|s) > —2. (60)
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(iii) Foranys € {1, ..., H}, one has
Q"(,a0) =ytrs and Q" (5,a1) =y V" (s), (61)

where we recall the definition of V™ (1) and V™ (2) in (25). In addition, if
m(ay|s) > 0, then

VT() > yts  holds ifand only if V" (s) > 5. (62)
This means that: if 7@ (a1 |5) > 0 holds for all t > 0, then one necessarily has

t:(y Ts) = 13(Ty). (63)

(iv) For any policy 7, we have

0"(l,a0) = —y%, 0"(,a1) =y V(1) =—y*mao| ) +y*na ),
(64a)
0" (2,a0) = —y*, Q" Q,a1) =y*, V™) =—y*n(a|2) +y*n(a2).
(64b)

(v) Consider any policy w obeying min, s w(a|s) > 0. For everys € {3,..., H}, if

VT (s) > y%rs occurs, then one necessarily has V™ (s — 1) > t,_1.
i) If V(s —2) < typand w(ay |s — 2) > 0, then

Q7 (s,a0) — Q7 (s, a2) = yp(yts-2 — V(s —=2)) > 0.
IfVi(is—1)<t_1and V7' (s —2) > 0, then
min {Qn(s9a0)s Qn(s9a2)} - QN(S,Cll) > (l - )/)/8

(vii) Consider the softmax PG update rule (12). One has for any s € S and any 0,

AV () o _
Xa:—ae(s,a) =0 and Xa:e (s,a) =0 (65)

Remark 8 As it turns out, invoking Part (v) of Lemma 8 recursively reveals that: for
any 2 <s < H and any ¢ < t¢(t,), we have

V(s < yY?ty <1y forall s’ obeyings <s' < H. (66)

This in turn implies that £, (1) < 13(13) < --- < ty(7y) according to the definition
(30).
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Let us point out some implications of Lemma 8 that help guide our lower bound
analysis. Once again, it is helpful to look at the results of this lemma when y =~ 1 and
yH ~ 1. In this case, the quantities defined in (18) obey 7, ~ r; & 1/2, allowing us
to obtain the following messages:

e Lemma 8(i) implies that, under mild conditions,
0" (s,ap) = Q" (s, az) ~ 1/2

holds any s € {3, ..., H} and any policy 7. In comparison to the optimal values
(27), this result uncovers the strict sub-optimality of actions ag and a3, and indicates
that one cannot possibly approach the optimal values unless 7 (a; | s) ~ 1.

e As further revealed by Lemma 8(ii), one needs to ensure a sufficiently large
w(ay | s)—i.e., w(ay |s) > (1 — y)/2—in order to achieve V7 (s) % 1/2.

e Lemma 8(iii) establishes an intimate connection between V7 (s) and V7 (5): if we
hope to attain V7 (5) g 1/2 for an adjoint state 5, then one needs to first ensure
that its associated primary state achieves V7 (s) £ 1/2. The equivalence property
(63) allows one to propagate the crossing time of state s to that of state s.

e In Lemma 8(iv), we make clear that the Q-functions w.r.t. the buffer states are
independent of the policy in use.

e Lemma 8(v) further establishes an intriguing connection between the crossing time
of state s and that of the preceding state s — 1.

e Lemma 8(vi) uncovers that: (a) if V"™ (s — 2) is not sufficiently large, then the
Q-value associated with (s, ag) dominates the one associated with (s, ap); (b) if
V7 (s—1)is notlarge enough, then the Q-value associated with (s, a1 ) is dominated
by that of the other two.

e As indicated by Lemma 8(vii), the sum of the iterate 6 (s, a) over a remains
unchanged throughout the execution of the algorithm.

Another key feature that permeates our analysis is a certain monotonicity property
of value function estimates as the iteration count ¢ increases, which we discuss in the
sequel. To begin with, akin to the monotonicity properties of gradient descent [6], the
softmax PG update is known to achieve monotonic performance improvement in a
pointwise manner, as summarized in the following lemma. The interested reader is
referred to Agarwal et al. [1, Lemma C.2] for details.

Lemma 9 Consider the softmax PG method (12). One has
Vi) = vy and  Q"V(s,a) = Vs, @)

for any state-action pair (s, a) and any t > 0, provided that 0 < n < (1 — y)?/5.

The preceding monotonicity feature, in conjunction with the uniform initialization
scheme, ensures non-negativity of value function estimates throughout the execution
of the algorithm.

Lemma 10 Consider the softmax PG method (12), and suppose the initial policy
7O |s) for any s € S is given by a uniform distribution over the action space
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Ay and 0 < n < (1 — y)?/5. Then one has
Vi>0,¥seS: V() >0.

Proof The only negative rewards in our constructed MDP are r (s1, ag) for s; € S; and
r(s2, ap) forsy € Sy. When 7@ (- | s1) is uniformly distributed, the MDP specification
(22) gives

Vs € S;: VO(s) = 0.5 (s, ap) + 0.5r(s1,a;) =0.

Similarly, one has V@ (sy) = Oforalls; € S;. Applying Lemma 9, we can demon-
strate that V) (s) > VO (s) > O forany s € S|US, and any 7 > 0. From the Bellman
equation, it is easily seen that the value function V®) of any other state is a linear com-
bination of {r(s,a)|s ¢ Si,s ¢ Sa}, (VO(s1)|s1 € Si}and (VO (1) |52 € S»),
which are all non-negative. It thus follows that V®)(s) > 0 for any s € S and any
t>0. O

A.2 A type of recursive relations

In addition, we make note of a sort of recursive relations that appear commonly when
studying the dynamics of gradient descent [6]. The proof of the following lemma can
be found in Appendix A.5.

Lemma 11 Consider a positive sequence {x;};>0.

(i) Suppose that x; < x;—1 for all t > 0. If there exists some quantity c; > 0 obeying
axo < 1/2 and

Xt > X — clxtz_l forallt > 0, (67a)
then one has
1
X = — forallt > 0. (67b)
26‘1t =+ %

(ii) If there exists some quantity ¢y, > 0 obeying
X < X1 — cuxtz_l forallt > 0, (68a)

then it follows that

forallt > 0. (68b)
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(iii) Suppose that 0 < x; < ¢y forallt < ty and x;y > cx for some quantity ¢y > 0.
Assume that

Xt > X—1 + C_xtz_l forall0 <t <t (69a)

for some quantity c_ > 0. Then one necessarily has

14+c_
o < =% (69b)

c_X0

(iv) Suppose that
0<ux <x_1+ c+xt2_1 forall0 <t <t (70a)
for some quantity c > 0. Then one necessarily has
1 _ L
>0 T (70b)
C+

A.3 Proof of Lemma 1

(i) Letus start with state 0. Given that this is an absorbing state and that 7 (0, ag) = 0,
we have V*(0) = 0.

(i1) Next, we turn to the buffer states in S} and S;. For any s; € Sj, the Bellman
equation gives

Q*(s1,a0) = r(s1,a0) + yV*(0) = —y%; (71a)
Q*(s1,a1) = r(s1,a1) + yV*(0) = y2. (71b)

This in turn implies that V*(s;) = Q*(s1, a1) = y2. Repeating the same argu-
ment, we arrive at V*(s2) = Q*(s2,a1) =r(s2,ay) = y4 for any s € Ss.

(iii) We then move on to the adjoint states 1 and 2. From the construction (23), the
Bellman equation yields

0*(1,a0) = r(1,a0) +yV*(0) =y < y/2,

oM ay=r@a)+ 1= 3 Vi) = é PIRACIESE

S
I 1| S]ES] 51631

where the last identity follows since V*(s1) = y2. This in turn indicates that
Vv*(1) = max{Q*(1, ap), 0*(1, a;)} = y3, provided that 2 > 1/2. Similarly,
repeating this argument shows that V*(2) = >, aslong as y* > 1/2. As before,
the optimal action in state 1 (resp. 2)is aj.
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(iv)

)

(vi)

(vii)

The next step is to determine V*(s) for any s € {3,..., H}. Suppose that
V*is—2) = y¥ 3 and V*(s —1) = y*~!. Then the construction (20)
together with the Bellman equation yields

0*(s,a0) = r(s,a0) + yV*(0) = rs + y*pre_z < 2/3;

Q*(s.a1) =r(s.a)) +yV*(s — 1) = yy* ! =y,

Q*(s,ax) = r(s,a) +y(1 = p)V*©0) +ypV*(s — 2)
=ry+ py> 2 <2/3.

Consequently, one has V*(s) = Q*(s,a;) = yzs—namely, aj is the optimal
action—as long as y2* > 2/3.

We then turn attention to V*(5) forany s € {3, ..., H). Suppose that V*(s) =
yzs . In view of the construction (21) and the Bellman equation, one has

0", a0) = r(5,a0) + yV*(©0) = y7s < 1/2;
0*G,a1) =r(, a) +yV*(s) = p>Hl

2s+1__with the optimal action being

Hence, we have V*(5) = 0*(5,a1) = y
aj—provided that y>*1 > 1/2.
Applying an induction argument based on Steps (iii), (iv) and (v), we conclude

that
V) =9y*  and  V*(3) = p¥Tt! (72)

forall 3 < s < H, with the proviso that y2 > 2/3 and y?/+!1 > 1/2.

In view of our MDP construction, a negative immediate reward (which is either
—y? or —y%) is accrued only when the current state lies in the buffer sets S
and S, and when action ag is executed. However, once ay is taken, the MDP
will transition to the absorbing state 0, with all subsequent rewards frozen to
0. In conclusion, the entire MDP trajectory cannot receive negative immediate
rewards more than once, thus indicating that Q7 (s, @) > min{—y?2, —y*} =
—y? irrespective of 7 and (s, a).

A.4 Proof of Lemma 8

Proof of Part (i). Before proceeding, we make note of a straightforward fact

V7 (0) =0, (73)

given that state O is an absorbing state and (0, ag) = 0.
For any s € {3, ..., H}, the construction (20) together with (73) and the Bellman
equation yields

Q]T

(s,a0) = r(s,a0) + y V™ (0) = ry + y? pts_2; (74a)
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Q" (s,a1) =r(s,a) +yV (s — 1) =yV (s — 1); (74b)
O"(s,a) =r(s,a) +y(1 = p)VTO)+ypV™' (s =2) =rs +ypV™(s = 2).
(74c)

Recalling the choices of 7y, rs and p in (18), we can continue the derivation in (74a)
to reach

0™ (s ap) = 0.5y T43 4 (1 — )y T3
3 nys x a1 .
= Y211 =05y376 < Q"(s,a0) <0.5y372 =yp21,.

Here, the last inequality is valid when ¢, < 1/6, given that y% + lTy g < 1 holds
forany y < 1.
In addition, combining (74c) with (72), we arrive at

Q" (5. @) < ety pV* G =D =05y T+ 4 (1 — )y 2 <05y F T =y b,

4s _
3

This is guaranteed to hold when ¢, < 1/6, given that y% + 1_ Ly 3 < y +
1-

—y 5 < lisvalidforall y < 1ands > 3. Moreover, if one further has V7 (s — 2) >
0, then it is seen from (74c¢) that

5

0% (s,a2) > 1, =05y 316 =3
,a2) > rs = 0.5y =V T—1- (75)

Proof of Part (ii). By virtue of the construction (20), we can invoke the Bellman
equation to show that

V7 (s) =m(ao|s)Q" (s, a0) + (a1 |s)Q" (s, ar) + m(az|s)Q" (s, a2)
=m(ayls)-yV™(s —1)+m(ag|s)Q" (s,a0) + w(az|s)Q" (s, a2)
1
<m(ar )y +{xaols) + 7@ |}y
1

=y¥rarls) +y 5 (1 —w(a ). (76)
Here, the second identity comes from (74b), the penultimate line follows from (59),
(72), as well as the facts V7 (s — 1) < V*(s — 1), while the last inequality exploits
the fact w(ag | s) + w(ax |s) = 1 — m(ay | 5).

If V*(s) > 1y, then this together with the upper bound (76) necessarily requires
that

1
T < y¥r@ls) +yin(l —nas)),

which is equivalent to saying that

1 1 1
2 |s) > rs—yzlrs _ 1;)/21 . 1—122 431—7/ _ > 1—1/_
yBoyin 2y3-yr y3 y3d4yn 2

(77)
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Putting these arguments together establishes the advertised result (60).

Proof of Part (iii). For any 5 € (3, ..., H)}, in view of the construction (21) and the
Bellman equation, one has

Q" (s, a0) = r(s,ap) + y V™ (0) = yts;
0" (5,a1) =r(s,a) +yV™(s) =y V" (s).

Regarding state 1, we have

0" (1, ap) = r(1,a0) + yV*(0) = yt;

T T T 1 o T
Q (1,a1)=r(1,a1)+V@2S,€SIV (s") = y V(1.

Similarly, one obtains Q7 (2, ag) = y 2 and Q7 (2, a;) = y V™ (2).
Next, let us decompose V7 (5) as follows:

V()

7(ag |5) Q" (5, a0) + (a1 |5) Q" (5, ar)
yTsm(ao |5) + ym(ar DV (s) =yt + ym(ar |5V (s) — 1),

where we have used 7w (ag | 5) + m(a; | §) = 1. From this relation and the assumption
mw(ay |s) > 0, itis straightforward to see that V7 (5) > yt, if and only if V7 (s) > ;.
The claim (63) regarding #,(7y) and #(y 75) then follows directly from the definition
of t; (see (30) and (31)).

Proof of Part (iv). For any s; € Si, the Bellman equation yields

O™ (s1, a0) = r(s1,ap) +yV™(0) = —y> +0 = —y?,
Q7 (s1,a1) =r(s;,a;) +yV™(0) = y> +0 = 2,

and hence
V™ (s1) = m(ao | 1) Q7 (s1, ao) + 7(ar | s1) Q™ (s1, a1) = —y>w(ao | s1) + y2m(ar | s1).

A similar argument immediately yields that for any s, € Sy,

0" (s2,a0) = —y*, Q" (s2,a1) =y*, and
V™ (s2) = —y*m(ao | $2) + y*m(ar | 52).

These together with our notation convention (25) establish (64).
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Proof of Part (v). Suppose instead that V7™ (s — 1) < 7,_;. In view of the basic
property (62) in Lemma 8, this necessarily requires that

Vi — 1) < yT5-1. (78)

Taking (78) together with the relation (59b) allows us to reach
0" (s,a) = yV™( —1) < 21,1 = y31,. (79)

In addition, the properties (59a) and (59¢) imply that

1 1

Q"(s,a0) <y?ty  and Q" (s,a) < y?T.
Putting everything together implies that
VT(s) < maX{Q”(s, ao), Q" (s, a1), Q" (s, az)] <yit,

which contracticts the assumption V7 (s) > y 2 7,. This establishes the claimed result
foranys € {3,..., H}.

Proof of Part (vi). First, due to explicit expressions of the Q functions (74a) and (74c¢),
one has

0™ (s,ap) — Q" (s,a2) = ¥*pts2 —ypV™ (s — 2) = y p(y 152 — V7 (5 — 2)) > 0,

where the last relation holds since V™ (s —2) < yt3_» when V7 (s — 2) < 1,7 (see

(62)).
In addition, following the same derivation as for (79), we see that the condition
V7(s — 1) < 751 implies

Q" (s, a1) < y’ts-1.
It is also seen from Part (i) of this lemma that
Q7(s,a0) =yt and  Q7(s,a2) = vV 1y,
provided that V7™ (s —2) > 0. Combining these two inequalities, we arrive at the
claimed bound
7/3/2Ts—1 - V2Tx—l

YU —-y)na
T 112

min { Q7 (s, ap), Q7 (s, a2)} — Q7 (s, a1)

v

=1 =p)/8,
where the last inequality holds if 2/313/6 > 15 > 1/2.
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Proof of Part (vii). According to the update rule (12), we have—for any policy 7—that

AV () 1 i ]
X e = Dy @@l (@ s.m - V)

a

= ﬁdﬁ"(s) (Za:ﬂe(a |$)Q™ (s, a) — V™ (s) Za:n(;(a |s)> =0,

where we have used theidentities ), mg(a | s) = land V7 (s) = >, mw(a|s) Q" (s, a).
As a result, if Za 9© (s,a) = 0, then it follows from the PG update rule that
3,00 (s,a) =0.

A.5 Proof of Lemma 11
Proof of Part (i). Dividing both sides of (67a) by x;x;_1, we obtain

1 1 ClXi—1
2 —_—
Xt—1 Xt Xt

If c1xo < 1/2, then the monotonicity assumption gives cjx; < 1/2 for all + > 0. It
then follows that

Xt 1 . i Xl . i e

Xt—1 Xt Xt Xt

>1—caxi—1 > =4

N =

Xi—1
Apply this relation recursively to deduce that

1 1 1
— < —+42 < < — 4+ 20t
Xt Xr—1 X0

This readily concludes the proof of (67b).

Proof of Part (ii). Similarly, divide both sides of (68a) by x;x;_ to derive

1 1 CuXi—1 1
S - - S — — Cu,
Xt—1 Xt Xt Xt

given the monotonicity and positivity assumption 0 < x; < x;_;. Invoking this
inequality recursively gives

—

1 1
—Z +CuZ"'Z_+Cut’
Xt Xr—1 X0

thus establishing the advertised bound (68b).
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Proof of Part (iii). We now turn attention to (69b). As is clearly seen, the non-negative
sequence {x;} majorizes another sequence {y;} generated as follows (in the sense that
xy >y forall0 <t <1ty)

y=x0 and y =y_1+ c_ytz_l forall0 <t <1 (80)
Dividing both sides of the second equation of (80) by y;_1y;, we reach

1 1 _ 1 c_
=_+C_)’t 12_ =
V-1 Wt Y o l4+c e

To see why the last inequality holds, note that, according to the first equation of (80)
and the assumption x;_; < ¢y (and hence y;—1 < x;—1 < ¢y), we have

Yt
Yi—1

=1l4c_y—1 <1+4c_ck.

As aresult, we can apply the preceding inequalities recursively to derive

1 1 c_ 1 c_ c_

= > > + fo =
Yo 1 I+ccx Yio I+ c_cx 1+ c_cx

1o,

and hence we arrive at (69b),

14+c_c 1+4+c_c
fo = = = =,
-0 X0

Proof of Part (iv). The proof of (70b) is quite similar to that of (69b). Let us construct
another non-negative sequence {z;} as follows

zo=x0 and zz =21+ c+z,2_1 forall 0 <t < ¢. (81)

Comparing this with (70a) clearly reveals that z; > x;. Divide both sides of (81) by
Z:Z2t—1 to reach

1 _ 1 Tt—1

1
=—+tcy < — +cq,
-1 3t 2t <t

where the last inequality is valid since, by construction, z; > z;—1. Applying this
relation recursively yields

1 1
— < — + 41,
20 2ty

which taken together with the fact zg = xo and z;, > x;, leads to

1 1 1 1

20 Z10 X0 x10

fo =
Cyq Ct
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B Discounted state visitation probability (Lemmas 2-3)

In this section, we establish our bounds concerning the discounted state visitation
probability, as claimed in Lemma 2 and Lemma 3. Throughout this section, we denote
by P(- | ) the probability distribution when policy 7 is adopted. Also, we recall that
1 is taken to be a uniform distribution over all states.

B.1 Lower bounds: proof of Lemma 2

Consider an arbitrary policy , and let {sk}kzo represent an MDP trajectory. For any
s € {3, ..., H}, it follows from the definition (13) of dﬁ that

o0
dZ(s) =(1-y) Zyk]P’(sk =55~ ,u,n)
k=0

> (1 - y)yIP)(s1 =s51s"~u, rr)

>0 -y)y Z IF’(sl =s|s0 =s/,71)]P’(so =s/|s0 ~ )
s'eSs

1Ss|

S|

=1-y)y- =cmy(1—p)% (82)

Here, the penultimate identity is valid due to the construction (24) and the assumption
that p is uniformly distributed, whereas the last identity results from the assumption
(17). This establishes (36a). Repeating the same argument also reveals that

dT(5) > cmy (1 — y)?

forany s € {1, ..., H}, thus validating the lower bound (36b).
In addition, for any s € S;, the MDP construction (24) allows one to derive

o0
di () =1 =p) Y V'P(s" =sls~p.7) =y = )P(s" = 515"~ p, 7)

k=0
>yl =y)P(s' = 515" € §)P(so € Si |s° ~ p)
1S em 1
=y(l-y) — —=yl—-y)— - —.
YT s s TV T s

Here, the last line holds due to the fact that p is uniformly distributed and the assump-
tions (16) and (17). We have thus concluded the proof for (36¢). The proof for (36d)
follows from an identical argument and is hence omitted.
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B.2 Upper bounds: proof of Lemma 3

B.2.1 Preliminary facts

Before embarking on the proof, we collect several basic yet useful properties that
happen whent < t;(t;). The first-time readers can proceed directly to Appendix B.2.2.
Properties about Q) (5, a). Combine the property (61) in Lemma 8 with (32) to
yield that: for any 1 <s < H and any ¢ < t;(7y), one has

090G, a))=yVO(s) < yr, = 0V, ao) (83)

In addition, combining the property (61) in Lemma 8 with (66) yields: for any 2 <
s <H,

V@O (s’) < max {Q(’)(?, ap), 0V (s’, al)} = max {yrs/, yV(’)(s’)} =y1y (84)

holds for all s” obeying s < s’ < H and all ¢ < f,(t5). As a remark, (83) indicates
that a1 remains unfavored (according to the current estimate Q) before the iteration
number hits #; ().

Properties about Q) (s + 1, a) and Q® (s + 2, a). First, combining (84) with the
relation (74) reveals that: forany 2 <s < H — 1 and any ¢ < #(1y),

QW (s + 1,a0) = rep1 + Y2 prs_1 = repts (85a)
0D +1,a1) =yVOE) < yir, =y, (85b)
0D(s+1,a) =rep1 +ypV DG —1) > rep (85¢)

hold as long as V® (s —1) > 0 (which is guaranteed by Lemma 10). Similarly, (84)
and (74) also give

0V (s +2,a0) = repa + v prs

Qs +2,a) =yVOG+1) =yt = v ropa,

V(s +2,a2) = rsp2 +ypVO®) < rys2 +v7p7

forany 1 <s < H —2and any ¢t < #;(t;). Consequently, we have

0V +1,a) <min{QV(s +1,a0), 0V(s + L,ap)}, if2<s<H-1
(86a)

0" (s +2,a2) = Q" (s +2, ap), ifl<s<H-2
(86b)

for all # < (7). In other words, the above two inequalities reveal that actions a; and
ay are perceived as suboptimal (based on the current Q-function estimates) before the
iteration count surpasses f(7y).
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Next, consider any 2 < s < H — 1 and any ¢ < f,(ts). It has already been shown
above that

0V +1,a) 2 Qs+ 1L,a), acfag a). (87a)
A similar argument also implies that, for any ¢ < #(ty),
0(s +2,a0) = Q¥ (s +2,a), (87b)
which forms another property useful for our subsequent analysis.

B.2.2 Proof of the upper bounds (37a) and (37b)

We now turn attention to upper bounding d,(f )(s) forany s € {3,..., H}. By virtue
of the expansion (82), upper bounding d,(f )(s) requires controlling P(sk =550 ~
uw, n(t)) for all £ > 0. In light of this, our analysis consists of (i) developing upper
bounds on the inter-related quantities P(s* = 5|5 ~ u, 7®) and P(s* = 55" ~

u, n(’)) for any k > 0, and (ii) combining these upper bounds to control d,(f )(s). At
the core of our analysis is the following upper bounds on the 7-th policy iterate, which
will be established in Appendix B.2.6.

Lemma 12 Under the assumption (35), for any 2 < s < H and any t < t;(75), one
has

7D |5) <7Dag|5) and 70a|5) <1/2. (88a)
Furthermore,

7Dy s+ 1D <min {7 |s+ 1), 7Pz |s + 1} and 7 (ar|s + 1)< 1/3
(88b)

hold if2 <s < H — 1, and
aDar|s+2) <7Dgls+2) and 7P(ar|s+2)<1/2 (88¢)

holdif 1l <s < H —2.

In words, Lemma 12 posits that, at the beginning, the policy iterate 7 *) does not assign
too much probability mass on actions that are currently perceived as suboptimal (see the
remarks in Appendix B.2.1). With this lemma in place, we are positioned to establish
the advertised upper bound.

Step 1: bounding IP’(sk = 5|50 ~ ,u,r[(’)). For any t < t,(75) and any s €
{3, ..., H}, making use of the upper bound (88a) and the MDP construction in Sect. 3
yields

P(s® = 515" ~ u, ") = 1/|S],
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P(s' = 515"~ pu,7®) <P(s° € &) + V(a1 |HPG° =5)
IS 218

<-—=+- == =2cn(1 —y),
SI 27181 T IS "
[P(sk =55~ pu, n(’)) =7 |5) IF’(skfl =55~ pu, n(t))
1
< E]P’(sk_1 = §|s0 ~ W, n(l))

for all k > 2. Note that the above calculation exploits the fact that u is a uniform
distribution.

Step 2: bounding P(s* = 5|5 ~ u, 7). Given that 4 is a uniform distribution,
one has

P(s° =5|s" ~ u,7®) = 1/|8] (90a)

for any s € S. With (88b) and (88c) in mind, the MDP construction in Sect. 3 allows
one to show that

P(s' =51s" ~ p, 7®) < P(s° € &) + 7 Var [s + DPG" =5 + 1)
+7Da s +2) P =5 +2)
_ IS5 1 L 2155

= SI T 3IS] 218 TS|

=2cm(l —y) (90b)

holds forany 2 < s < H — 2 and any ¢ < (1), and in addition,

]P’(s" =50~ p,7?)
= n(t)(al s+ 1) ]P)(Skil =s+1 |SO ~ U, N(t))
+ 7D |s +2)P(s* ' =5 +215° ~ u, 7®)
1 1
<3P = st llso ~ @) 5P =5 42150~ e (900)

hold for any k > 2,2 < s < H — 2, and any ¢t < t;(t5). Moreover, invoking (88b)
and the MDP construction once again reveals that

IF’(sk =H-1 |s0 ~ W, n(t)) < n(’)(al | H) ]P’(ski1 =H | 5O ~ uw, nm)
1
3
P(sk =ﬁ|s0 ~ ,u,n(t)) =0

IA

IF’(SIFI =H |s0 ~ W, n(t))

hold for any £ > 2 and any ¢ < #;(7,). In addition, it is seen that

Sp] | 1
+ _
|S] |S]

P(s' =H = 115" ~ . 7) < P(s” € Sg=p) + PG = H) =
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2|8l
< T =2cm(1 —p),
]P’(sl = ﬁ|s0 ~ /,L,T[(t)) < IF’(SO € gﬁ) = @ =cm(l —y).

Step 3: putting all this together. Combining the preceding upper bounds on both
P(s* = 5|59 ~ u,7®) and P(s* = 5]s° ~ pu, 7) (k > 1) and recognizing the
monotonicity property (33), we immediately arrive at the following crude bounds

max o {P(SO =s5|s"~ M,J'rm), IP’(SI =s5|s"~pu, n(’))} <1/IS| € 2cm(1 —y)
Ts

3<s<H,t<ty

max {IP’(SO :§|s° ~ W, rr(’)), P(sl = Elso ~ ,u,rr(’))} <2cp(l—y)

2<s<H,t<ts(t5)

max P(s* ' =5s" ~ u, 7®)

max ]P’(sk =s5|s"~p, n(’)) <
2<s<H, t<ts(ts)

3<s=<H.,t<ts(t5)

max P(s* ' =5 |s" ~ p, n([))
3<s<H, t<ts(1s5)

5
6
max IP’(sk =55~ p, JT([)) < 3
2<s<H t<ts(ty) 6

for any k > 2. It is then straightforward to deduce that

3<s<H,t<ts(ty)

5 k—1
max  P(s* = 55"~ p,n?) < <6> 2em(1—y)  Ola)

5 k—1
max  P(s* =550~ p,7®) < (8) 2em(1 =) (91b)

2<s<H,t<ts(t5)

for any £ > 1. In turn, these bounds give rise to

o
d0(s) = (1= 1) Y Y P(s* = 5150 ~ pu, 7 ®)
k=0

o0 5 k—1
< <1—y){2cm(1 ‘V”Z(E) 2cm<1—y)}
k=1

2em(1 = ) = ldem(1 — p)? (92a)

< 2en(l ="+ 157

forany3 < s < H andany ¢ < f,(ts). This establishes the claimed upper bound (37a)
as long as Lemma 12 is valid. Further, replacing s with 5 in (92) also reveals that

dP(s) < lden(1 —y)? (92b)
forany 2 <s < H and any ¢ < (1), thus concluding the proof of (37b).
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B.2.3 Proof of the upper bound (37¢)
We now consider any s € S>. From our MDP construction, we have

]P’(so =s|s"~ M,n(t)) =1/|8],
]P’(s1 =55~ pu, n(t)) < IP’(s1 =s51s¢ S, n(’))IP’(sO S5 :9\2)
+P(s' =515 =2, 7)) P(s" = 2)
1 |52| 11 2155 2em
+ — = =< = s
|$2| 181 181 18] T 1S IS] cb,2|S]
IP’(sk =5 |s0 ~ W, T[(t)) < IF’(S =3 |sk_1 =72, JT(I)) IP’(sk_l = §|s0 ~ W, n(’))

<—P(sF = §|s0 ~u,7®
215 ( )

for any k > 2 and any s € S». In addition, our bound in (91b) gives

P(s* 1 =215 ~ u, 7 ®) < (8) 2em(1 =)

for any kK > 2 and any ¢ < t>(12). Consequently, we arrive at

1 P em(1 —9) (5\F72
< P =215 ~ p 7@ Sm—<_>
|S2 ( ) |S2] 6

k=2
Cm 5
— . (94)
cp,2|S] (6 )

Armed with the preceding inequalities, we can derive

IP’(sk =s|s"~p, n(’))

A

o
diP ) =0 =y) Y y*P(s" =515~ pu,x®)
k=0

k=2
— k Cm
« y){|8| o |S| Z cbz|S|< ) }
1—vy 20m> Cm(l_)/) 1—vy ( Scm)
<—(1+==)+ = LY
S| ( eny)  (T=5/6)c2lS| ~ IS] ena

for any s € &> and any ¢t < (1), thus concluding the advertised upper bound for
NS 82.

B.2.4 Proof of the upper bound (37d)
It follows from our MDP construction that

P(s"=T|s" ~ pu, ™) = 1/I8],
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- ~ S
]P’(s1 =1 |s0 ~ ,u,n(t)) < ]P’(so € ST) —HP’(SO = 3) = u + —.
ISI S|
Moreover, for any k > 2 and any ¢ < 3(73), one can derive
]P’(sk =115~ pu, n(’)) =7, |3) IE”(sk_1 =35~ p, n(t))
5\ k=2
< (5) 2em(1 —y), 95)

where the last inequality arises from (91a). Putting these bounds together leads to

o0
dPM) =1 =) y'P(F =T~ p, x?)

k=0
1 151 X r5\k2 ~
S(l—)/){E‘FV(E‘FE)‘F];(g) 2em(l —y)
2|55 1 B 2
5(1—1/){ S| +1_5/62cm(1—y)}—14cm(1 V)7,

where we have used the assumption that |§T| = cp(l — ¥)|S|. When t < t(12),
the monotonicity property (33) indicates that ¢t < #3(t3), thus concluding the proof of
(37d).

B.2.5 Proof of the upper bound (37e)

In view of our MDP construction, for any s € S| and any ¢ < min{t{(71), t2(12)} we
have

P(s0=s|s0~,u,n(t)):l/|8|,

P(s' =51~ u,7?0) <P(s' =5s" € gl,n(’))P(sO € :9\1)
—l—]P’(s1 =s|s"=T, 71(’)) ]P’(so =1)

LIS, 11 _ 1 28] _ 2w

< el e T ,
ISl SISl ST (S (S cb,11S|
IP’(sk =s|s0~pu,7?) < ]P(sk =s|s¥ =1, 7)) IP’(sk_l =11s"~u, 7

1 _ 2¢ 5\~
< — P =150~ 7)) < — <_) ’
|S1] ( ) b, 11S] \ 6

where k is any integer obeying k > 2. Here, the last inequality comes from (95). These
bounds taken collectively demonstrate that

o0
dP(s) =1 -1 Y y*P(s* = 515" ~ . 7®)
k=0
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1 2Cm  2Cm k=3
<(1-— —
= y){|8|+y conlS] 2 cb1|8|(>

k=2
6
_ 6 . 2c (1 — _
51—V<1+2ﬂ>+5 ml=7) 1 V(1+17Cm>
S| Cb,1 (1 —=5/6)cp,11S] S| Cb,1

for any s € S| and any ¢t < min{z;(t1), £2(72)}. This completes the proof.

B.2.6 Proof of Lemma 12

In order to prove this lemma, we are in need of the following auxiliary result, whose
proof can be found in Appendix B.2.7.

Lemma 13 Consider any state 1 < s < H. Suppose that0 <n < (1 —y)/2.
(i) If the following conditions

09(s,a0) — QV(s,a1) > 0, 09 (s, a) — QW (s,a1) =0
7 Vay |s) < min {7 Vag|5), 7 V(az|5)}

hold, then one has (a1 | s) < 1/3and7D(ay | s) < min {n(’)(ao [5), 7D (ay |
s)}.
(ii) If the following conditions
0" (s,a0) — 0 (s,a2) = 0 and 7" P(az|s) <7 (ao|s)

hold, then one has 1 (as | s) < 1/2 and 1D (az | s) < 7P (ag | 5).
(iii) If the following conditions

09, a0) — 0V, a1) =0 and 7 V(a1 |5) < 7" D(ag|5)

hold, then one has w1 (ay |5) < 1/2 and 7V (a1 |5) < 79 (ag | 5).

Remark 9 In words, Lemma 13 develops nontrivial upper bounds on the policy asso-
ciated with actions that are currently perceived as suboptimal. As we shall see, such
upper bounds—which are strictly below 1—translate to some contraction factors that
enable the advertised result of this lemma.

With Lemma 13 in place, we proceed to prove Lemma 12 by induction. Let us start
from the base case with # = 0. Given that the initial policy is chosen to be uniformly
distributed, we have

7@ 15) =7 Pag|s) = 7 P(az |5), 3<s<H;

7O (ar15) =7 (ao |9, l<s<H
Therefore, the claim (88) trivially holds for ¢t = 0.
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Next, we move on to the induction step. Suppose that the induction hypothesis (88)
holds for the z-th iteration, and we intend to establish it for the (¢ + 1)-th iteration.
Apply Lemma 13 with Conditions (83) and (88a) to yield

7 (ay 15) < 7V (g |5)

with the proviso that0 < n < (1—1y)/2. Clearly, this also implies that 7D |5) <
1/2. Further, invoke Lemma 13 once again with Condition (87) and the induction
hypothesis (88) to arrive at

7@ s+ 1) <min {7V |s + D, 7 V(@ s+ 1}, if2<s<H-1;

7 (a5 +2) <7V |s +2), if1<s<H-2.
A straightforward consequence is 7+ (ay |s + 1) < 1/3 and 7+ (ay | s +2) <
1/2. The proof is thus complete by induction.
B.2.7 Proof of Lemma 13
First of all, suppose that Q¥ (s,a0) — Q@(s,a;) > 0 and 7 D(ag|s) >
7D (ay | §) hold true. Combining this result with the PG update rule (12) gives
00 (s, an) =0""(s, @) + 5 d“ D) Piars) AP (s, an)
<UD, a) + 5 d(’ D5y VD(ay |5) AY"V(s, ap).
Consequently, applying this inequality and using the PG update rule (12) yield
0D (s,a1) — 6 (s, ap)
=006, a) + yd” Dis)y " Dar |5) A"V (s, ap)
— 6"V (s, a0) — yd” D) Piao]s) A" V(s, ap)
= {6V an - 9<’*”(s,ao)}
Hr @l — 7@ 9] [ Zod 0 s 07

where the last line arises by combining terms and invoking the assumption
7 Dag|s) = 7 V(ar |9).
Additionally, it is seen from the definition of the advantage function that

|40 (s, ap)| = max |07 (5, )| + max |V ()] < 2, ©8)
T,a n
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where the last inequality follows from Lemma 1. Recognizing that d,(f -b (s) <1, one
obtains

T a<n, (99)

|—dl D 5)A s, a0)| = <
1 l—y

1—

with the proviso that 0 < n < (1 — y)/2.
Substituting (99) into (97) then yields

ON = [0 Vs, an =0 Vs, ap |} + {7 D@ 19 - 7@ |9}

= {0 s.an =0 Vs, ap)| = {6V (s, a0) — 04V s an} =0,
(100)

where both the first line and the last identity rely on the fact that 0¢~D (s, a;) <
0=V (s, ag)—an immediate consequence of the assumption 7~V (a; | s) < 7D
(ag | s). To see why the inequality (100) holds, it suffices to make note of the following
consequence of softmax parameterization:

7Py ls) —a"Par|s) =7 Va | S){ exp [0V (s, a0) — 67V (s, an)] - 1}

@ exp [0V (s, a0) — 0V (s,an)] -1
~ exp [0 D(s,a0) — 00 D(s,an] + 1

(b)
< 0" V(s,a0) — 0" Vs, ay),

where (b) follows since ‘:U_ri < x for all x > 0, and the validity of (a) is guaranteed
since
-1 -1
2Dar ) exp (097D (s, a1)) - exp (09D (s, ap))
Y. exp (09=D(s,a)) ~ exp (0¢=V(s,ap)) +exp (0¢D(s, ap))

1
exp [9(’—1)(s, ag) — 6= s, al)] +1

To conclude, the above result (100) implies that
7o) = 7 s). (101)
Repeating the above argument immediately reveals that: if
0" V(s,a) = Q" V(s,an and 7 Vazls) = 7 Viar |9),
then one has 7@ (ay | ) > 7 (a; | s), which together with (101) indicates that
7D (ay |s) < min {7 D(ag|s), 1 (a2 ]s)}
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7 ag|s) +nP@]s) + 70 @ls) 1

) -
= 7w(arls) < 3 3

This establishes Part (i) of Lemma 13.
The proofs of Parts (ii) and (iii) follow from exactly the same argument as for Part
(i), and are hence omitted for the sake of brevity.

C Crossing times of the first few states (Lemma 4)

This section presents the proof of Lemma 4 regarding the crossing times w.r.t. S1, S,
and state 1.

C.1 Crossing times for the buffer states in S; and S;

We first present the proof of the relation (38a) regarding several quantities about #
and 1;.

Step 1: characterize the policy gradients. Our analysis largely relies on understanding
the policy gradient dynamics, towards which we need to first characterize the gradient.
Recalling that the gradient of VO wrt. 6,(1, ap) (cf. (12b)) is given by

oVOw 1

d @ D e an - vOm)
4

30(1,a)) 1—
= ﬁd,(f)(l)ﬁ(’)(al | 1)[Q(’)(1,a1)
— 7@ 10" (1, a0) — 7 (ar | l)Q(’)(l,al)}
= ﬁd,&”(l)n”(al D@0 | D]V an - 001, )}
= %d}?(l)n‘”(al | D@ | 1) >0, (102)

where in the last step we use Q¥ (1,a;) — Q@ (1, ag) = 2y? (see (64)). The same
calculation also yields

VO _ 2y
902,a1)  1-—

4
dP)n® (a1 12)7(ag|2) > 0. (103)
1%

As an immediate consequence, the PG update rule (12a) reveals that both 6 )1, ay)
(resp. )1, a1))and 09 (2, ay) (resp. 7® (2, ay)) are monotonically increasing with
t throughout the execution of the algorithm, which together with the initial condition
7@y 1) = 7@ 1) = 7Oy |2) = 7@ |2) as well as the identities
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001, a1) =—09(1,a0) and 0D (2, ar) = =00 (2, ap) (due to (65)) gives
7Dy |1) <7Pay | D) and 7P (ag|2) < 7P (ay |2)forall s > 0. (104)

Step 2: determine the range of 7 (- | 1) and 77 ) (- | 2). From the basic property (64),
the value function of the buffer states in S;—abbreviated by V(1) as in the notation
convention (25)—satisfies

VO = =27 D@ | 1) + y2n D@1 | 1) = —y? +2y27 D@ 1),  (105)
given that 7 (ag | 1) + 7@ (a; | 1) = 1. Therefore, for any ¢ < t1(y? — 1/4)—which

means V(1) < y? — 1/4 according to the definition (31)—one has the following
upper bound:

VO = —p? 427D | 1) < y? — 1/4.
This is equivalent to requiring that
() N 2\—1
7 a1 <1-@By7)" =7/8 (106)

and, consequently, 7@ (ag|1) = 1 — 7@ (ay | 1) > 1/8 forany t < 1;(y* — 1/4).
Putting this and (104) together further implies—for every t < t1(y> — 1/4)—that:

1/8 <7 W(ag|1) <7nW(ay | 1) <7/8. (107)

Step 3: determine the range of policy gradients. In addition to showing the non-
negativity of SXS)% and gg((; 23 for all + > 0, we are also in need of bounding their

magnitudes. Towards this, invoke the property (107) to bound the derivative (102) by

2 0 2
Ty 4D (1) < I _ v
20 —y) * 7T 86(1,a) T 2(1—y)

dP (1) (108)

for any r < t;(y? — 1/4), where we have used the elementary facts

i 1 —x) =7/64 and 1 —x) = 1/4.
1/821;27/8” x) =7/64 an o?fglx( X =1

Similarly, repeating the above argument with the gradient expression (103) leads to

Ve 4
W _ 7 0 forall t > 0; (109a)
30Q2,a1) ~ 2(1—y) *

AV () Tyt
> d?P forall0 <1 < n(y* — 1/4). 109b
00(2,a1) — 32(1—y) ) orall0 <7 <n(y /4) (109b)
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Further, note that Lemma 2 and Lemma 3 deliver upper and lower bounds on the
quantities d,(f) (1) and dfp (2), which allow us to deduce that

VO _ Tyiem
90(1,a1) ~ 32cp1l|S]|
VO _ Ty em
30(2,a1) ~ 32cp2|S|
VO _ y (4 17em/cp.1)

forallt < t;(y* —1/4); (110a)

forallt < t2(y4 —1/4); (110b)

for all 1 < min {t;(11), 2(r2) }; (110c)

30(1,ay) — 21S]
VO  y*(1+8cm/cv2)

< . forallt <t . 110d
90Q2.a1) — 218 orall? < n(z2) (110d)

Step 4: develop an upper bound on 7, (y> — 1/4). The preceding bounds allow us
to develop an upper bound on 71 (y2 — 1/4). To do so, it is first observed from the fact
001, agp) = —0D (1, ar) (due to (65)) that

601,
7O(a 1) = exp (611, @) —1- ! .
exp (00)(1, ag)) + exp (V) (1, ar)) 1+exp(200(1, ap))

Recognizing that V(1) < y%—1/4 occurs if and onlyif 7@ (ay 1) < 1— @&yH!
(see (106)), we can easily demonstrate that

0 1 2 1 2
0 (1,a1)§§10g<8y —1) 5510g7 forallt<t1(y —1/4). (111)

If 1 (7/2 - 1/4) > [%ﬁfylsl—‘ then taking t = (%Z;bnlls'—l together with
(110) and (12a) yields

77/30m _ 7y3cm

001, > 001, + -
(1,a1) = (1, a1) n32Cb,1|S| n32cb’1|8|

t >log7,
thus leading to contradiction with (111). As a result, one arrives at the following upper
bound:

321log(7)ch.11S| - 15¢p,1|S]
77/30m7’l B Cm1 ’

n(m) <n(y*—1/4) < (112)

with the proviso that y > 0.85 (so that ] < y? — 1/4).
An upper bound on 7, (y* — 1/4) (and hence #,(12)) can be obtained in a completely
analogous manner

15¢p2|S|

h(n) <n(y*—1/4) <
Cm1)
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provided that y > 0.95 (so that 7o < y* — 1/4). We omit the proof of this part for the
sake of brevity.

Step 5: develop a lower bound on #, (7). Repeating the argument in (106) and (111),

we see that VO (2) > 1y if and only if 70y |2) > % + 2% which is also equivalent
to

1 1
— -1 >§log3,

1
62, a) =  log <l
2 2y

as long as 2t» > y*. Of necessity, this implies that (2, a;) > %log3 when
— |S|log3 : : :
t = (). Ifnh(n) < 77 (1+8cm/e02)” then invoking (110) and (12a) and taking

t = (1) yield

4 4
8c ny“t 8cm

9(1‘)(2’ ay) < 9(0)(2,611) + ny_ (1 + _m) t = (1 + _> <
2|S| Ch,2 2|S| Ch,2

thus resulting in contradiction. We can thus conclude that

|S|log3 |S|log3
ny# (1 + SCm/cb,z) n(1 4+ 8cm/cv2)

n(w) > (113)

As an important byproduct, comparing (113) with (112) immediately reveals that
n(r) = n(y® = 1/4) 2 n(n), (114)

with the proviso that 1+;(C)§30b2 > 15;:’1 and y > 0.87 (so that y%> — 1/4 > 17).

Step 6: develop a lower bound on 7 (7]). Repeat the analysis in (106) and (111) to
show that: V@) (1) > 7 if and only if

1
001, ar) 2 §1°g<1
2 2y2

1 1
=N -1] > Elog&

Clearly, this lower bound should hold if + = #;(r7). In addition, in view of (114),
. _ |S|log3 . _

one has min{t;(t1), (1)} = t1(71). If t1(71) < 0T Tenan D) then setting t =

t1(71) = minfz;(t1), t2(12)} and applying (110) and (12a) lead to

2+ em/en) _ ny*t(+ Tem/enn) _

001, a1) <0901, a1)+1n = l1og3
T ’ 2|S| 2|S| -2 ’
which is contradictory to the preceding lower bound. This in turn implies that
Sllog3 S|log3
n(t) > [5]log [51log (115)

> .
ny2( + 17em/ep) — n(1+17cem/cv.1)
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C.2 Crossing times for the adjoint state 1

We now move on to the proof of (38b). Note that we have developed a lower bound
on t>(12) in (113). In order to justify the advertised result #2(12) > tT(y3 — 1/4), it
thus suffices to demonstrate that

|S]log3

’%
(3 —1/4) < — 121082
T ey

(116)

a goal we aim to accomplish in this subsection.
To do so, we divide into two cases. In the scenario where #1(t]) > tT(y3 — 1/4),
the bound (112) derived previously immediately leads to the desired bound:

150,118 _ _ |S|log3
emn ~ n(1+8cm/cp2)’

t(y® —1/4) < ni(n) <

with the proviso that 15(_0:]’" <7 +§Si ?bez. Consequently, the subsequent analysis con-

centrates on establishing (116) for the case where

() < t7(y® — 1/4).

In what follows, we divide into three stages and investigate each one separately, after
presenting some basic gradient calculations that shall be invoked frequently.

Gradient characterizations. To begin with, observe from (12) that

WO _ 1
30(1,a;) 11—

4P Mr O (@il Lan - VO D)

1 — _ _ _
mdﬁ(l)n(f)(am) 00T any— Y 79al1)Q”(. a)

acfag,a1}
1 - - - - _
= ——d (D7 (a 117 (a0 | 1) (T ap) = (T, ap) ),

L=y
(117a)

which makes use of the fact 7 (ag | T) + 7 (a; | T) = 1. Analogously, we have

VO () L O T O 1T O T o7
e = Ty 7@ Dr @ DT a) - 0T ap).
(117b)

Stage 1: any ¢ obeying ¢ < #1(t1). We start by looking at each term in the gradient
expression (117a) separately. First, note that when ¢ < tl_(n), one has VO (1) < 14,
which combined with (61) in Lemma 8 indicates that ) (1, a;) = y VO (1) < y1; =
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0D (T, ag). In fact, from the definition (18a) of 7, the property (61) and Lemma 10,
we have

1/2> 09T, a0) > 0V (T,a1) =yV?P(1) > 0.

Additionally, recall that #1(71) < #2(72) (see (114)). Lemma 3 then tells us that
d,(f )(T) < 14cem (1 — y)2 during this stage. Substituting these into (117a) and using
7®(ag|1) < 1, we arrive at

®)
EAAHCONS

_ —Tem(1 — ) ® 1), 118
2 o an 2 em(1 =) (ar | 1) (118)

which together with the PG update rule (12) also indicates that 60 (1, ar) (and hence
x® (a 1] 1)) is monotonically non-increasing with ¢ in this stage. Invoke the auxiliary
fact in Lemma 14 to reach

AV ()
90(1, ar)

> —14nem(1 = )| (ar 1 T)]

n(’H)(al 1) — n(’)(al 1) > Znn(’)(al | 1)
2

Taking the preceding recursive relation together with Lemma 11 and recalling the
initialization 7 ¥ (a; | 1) = 1/2, we can guarantee that

— 1
® 1) > forallt <t 119
7D (ar|1) = Bnem( — p)r 12 orallz <1 (t1) (119)

provided _that 14ncy (1 — y) < 1. In conclusion, the above calculation precludes
x® (a1 | 1) from decaying to zero too quickly, an observation that is particularly useful
for our analysis in Stage 3.

Stage 2: any ¢ obeying t1(t]) < t < t;(y> — 1/4). The only step lies in extending
the lower bound (119) to this stage. From the definition (31) of #;(71) as well as the
monotonicity of V® (1) (see Lemma 9), we know that

vOM) > vy > ¢, forallt > 11(11),

provided that n < (1 — y)?/5. This taken together with the property (61) in Lemma 8
reveals that

0T a) — 0V (T,ap) =0 forallt = 1 (z1),
and hence (") (a; | T) is non-decreasing in ¢ during this stage. Therefore, we have

_ — 1
() 1) > 7 @) 1) > t>t 120
7 ay 1) = n (ar 1) = Wnem( — e +2° >t (1), (120)
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where the first inequality follows from the non-decreasing property established above,
and the second inequality follows from the lower bound (119). In fact, we have estab-
lished a lower bound on 7z *) (a1 | D that holds for the entire trajectory of the algorithm.

Stage 3: any 7 obeying 1, (y> — 1/4) <t < tT(y3 — 1/4). To facilitate analysis, we
single out a time threshold ¢’ as follows:

/::min{tln(’)(ao 1) < 1/2}. (121)

We begin by developing an upper bound on 7 ) (ao |T) for any r > max{t’, 1 (y* —
1/4)}. Towards this, with the help of (61) in Lemma 8 we make the observation that:
for any ¢ > t1(y? — 1/4), one has

0V T, a) - 0V (T,a)) =yVPM) —ym = y(y> —1/4) —y1 = 0.1 (122)
as long as y > 0.92, which combined with (117b) indicates that

VO (w)

— " 0 forallt > 1 (y? —1/4). 123
261 ag) >ty /4 (123)

Recognizing that d Z (1) > cmy (1—y)? (see Lemma 2), we can continue the derivation
(117b) to derive

g;((;(a’g < e =P D)0
= —0.05¢my (1 — )P (ag | 1)
for any r > max{t’, f (y2 — 1/4)}, which implies
7@ D=7 @ D =1-7@y|T)>1/2 foranyt > 1
Invoke Lemma 14 to arrive at

VO (n)
901, ag)

A

7D (ag | T) = 7P (a | T) < gn(’)(ao )

_n 2O T
= —zeeny (=)@ D]

WOw -
N 80(T,ap) —
x® (ao | 1) < 1/2 for this entire stage, one can apply Lemma 11 to obtain

provided that 2n

—1, which is guaranteed by n < (1 — y)/2. Recalling that

1
Lemy(l — y)(t — max {t/, 11 (y2 — 1/4)}) +2

7 (ao|T) < (124)
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for any 7 > max{t’, r;(y* — 1/4)}.

With the above upper bound (124) in place, we are capable of showing that the
target quantity tT(y3 —1 /4) is not much larger than max{r’, t; (y> — 1/4)}. To show
this, we first note that the value function of the adjoint state 1 obeys (see Part (iii) in
Lemma 8)

vOD =7 | DOV, ap) + 7 (ar IOV (T, ay)
=yurD(ao| D +yr(a [HVO D)
=ynr@ D +y VO {1 =7 D)
>y a1 +y <V2 - 1/4) [1 — 7 (ag IT)}
=y {a =y + 14} 7 0@ D + v -y /4,
where the inequality holds since V® (1) > y2 — 1/4 in this stage (given that r >

t1(y? — 1/4)). Recognizing that 0.5)/2/3_— y% +1/4 < 0 for any y > 0.85, we can
rearrange terms to demonstrate that V(1) > y3 — 1/4 holds once

_ 1—vy
0]
m(ao|1) = .
4y (y* — 1/4 = 0.5y%/3)

In fact, for any y > 0.85, the above inequality is guaranteed to hold as long as
7 (ag|1) < 1 — y since 4y (y? — 1/4—0.5y*/3) < 1. In view of (124), we
can achieve 7 (ag|T) < 1 — y as soon as ¢ — max {t', #;(y> — 1/4)} surpasses

40

———=——. As a consequence, we reach
cmyn(l—y)

40

ol = 14) < max [V 062 — 1|+

(125)

Armed with the relation (125), the goal of upper bounding r7(y* — 1/4) can be
accomplished by controlling ¢’. To this end, we claim for the moment that

v 112111 (y2 — 1/4)
J— y .

(126)

If this claim holds, then combining it with (125) and (112) would result in the advertised
bound (116):

9972¢p,11S]| 40 |S] - |S|log 3

’;
(y? —1/4) < = + ’
1()’ / ) T ytemn emyn(1—y)* = 4y*n = (1 +8cm/cv2)
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b 1
where the penultimate inequality relies on the assumptions 2= < 79776 and |S| >

3(210V =, and the last one holds as long as 71/ <

to establish the claim (126).

log3
14+8cm /b2

To finish up, it suffices

Proof of the claim (126). It is sufficient to consider the case where t’ > 1 (y2 — 1/4);
otherwise the inequality (126) is trivially satisfied. Since Lemma 2 tells us that dﬁ e

cmy (1 — )%, we can see from (117a) that, for any ¢ with ny?:—1/4)<t<t,

WO _ 1
01,a;) 11—y
> 0.05cmy (1 — )7 (@ | 1) > 0,

dP M@ | D70 (@ 1 D[ an) - 0T, a0

where the last line follows by combining (122) and the fact that 7 (ag | 1) > 1/2 for
any ¢t < 1’ (see the definition (121) of t’). According to Lemma 14, we can demonstrate
that

aVO ()
30(1, ay)

_.12
> 0.05nemy (1 = )7 (a1 1T)]

(t+1)(a1 |j — n(’)(al | 1) > r}n(t)(a | 1)

for any 7 obeying t1(y> — 1/4) <t < t'. Invoking Lemma 11, we then have

1 +0.025 1—
' < + ncmy(2 ¥) Gt —1/4)
0.05ncmy (1 — ) (1> =1/4)(q; | T)
40
+(y?—1/4)

<
newmy (1= y)w @010 0y )

OO F2)

2 _
B 11218 (y% — 1/4)
%

as claimed, where the second line follows from (120).

C.3 Auxiliary facts

In this subsection, we collect some elementary facts that have been used multiple times
in the proof of Lemma 4. Specifically, the lemma below makes clear an explicit link
between the gradient V, V) () and the difference between two consecutive policy
iterates.

Lemma 14 Consider any s whose associated action space is {ag, a1 }.
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gy ®
. Ifdvz(“) < 0, then one has

30(s,ay)
v ®
JT(H'I)(a] I5) — 71(1)(01 |s) > 2;7n(’)(a1 |S)W,(al3' (127)
° [fn(t+1)(a0 | s) >1/2and —1 < 2n ggé?;’l‘)) < 0, then we have
V()
(t+1) 0 0w 2 128
T (a1]s) =7 (ar]s) < 2" (arls) 90(s, ay) (128)
o IfBV“)(M) > 0and if 7"V (ag | s) > 1/2, then one has
30 (s,a;) — 0 - ’
vV ®
n(’+1)(al |S) _ n(’)(m |s) > nn(’)(al |S) ae(s’(a’j; (129)

Proof of Lemma 14 We make note of the following elementary identity

201 e 102 _ ,—01+02

It et (e + e ) (e? + =)

—601 6

—_° ¢ 201-62) _

=% 6, 6 5 \¢
evl + e 1 2 + e 2

0 0
(1) ()
e + et ) et 4 =02 '

which allows us to write

7D (ay |s) = 7O (ar |s) = 2D (ag | )7 (ar | 5)
{exp [29,+1(s, ay) — 29;(&111)] - 1}

()
BV'(M)]_l}_

4D ®
=7 (ag|s)7" (ar|5) {exp [Zn 30(s, ar)

(130)

)
o If ggé% < 0, then one can deduce that

VO () oV ()
130) > 257 D () a9r Wy ® —_—
(130) = 2z 2 ao | s)w™ (a1 15) 55— = = 2w Plar ) e

where the first inequality relies on the elementary fact e¥ — 1 > x for all x € R,

~ t+1 CAARIN)
and the second one holds since 7+ (ag | s) < 1 and 556y < 0.
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o If —1 < 273Y W < 0 and 7 +V(ag | 5) = 1/2, then one has

VO _ 2O (ar|5) VO ()

130 < (t+1) (1) )
(130) < 07" (ag | s)7' (ar |'s )39(S ap) = 2 30(s, ar)

where the first inequality comes from the elementary inequality e* — 1 < 0.5x for
any —1 < x < 0, and the last inequality is valid since 71("“)((10 | s) > 1/2 and

VO
oGy =0
o If 2200 > 0 and if D (ag | 5) > 1/2, then it follows that
oV () VO ()
130) > 2z @D ® e S )] oV
(130) = 2p "V (ag | s)7'" (a1 'S)ae( 5z (arls )30(s,a1)
as claimed in (129). O

D Analysis for the initial stage (Lemma 5)
This section establishes Lemma 5, which investigates the dynamics of ) (s, a) prior

to the threshold #,_7(75_2). Before proceeding, let us introduce a rescaled version of
7@ (s, a) that is sometimes convenient to work with:

70 (s, a):=exp (9<f>(s, a) — max 9(’)(s,a/)) (131)
a’'e Ay

for any state-action pair (s, @). This is orderwise equivalent to 7® (s, a) since

exp (9(’)(s, a)) - exp (9(’)(s, a))

=(t) _ _ . @® .
(s, a) = = =ns,a);
(5. 4) maxged, exp (0 (s, a)) ~ Y yea, exp (00 (s, a’)) (5. 4)
(132a)
205 a) = exp (e(t)(s, a)) - exp (Q(t)(S, a)) — 3705, ).
’ maxge 4, exp (00 (s,a)) = 13 e q exp (09(s, a)) ’
(132b)

D.1 Two key properties

Our proof is based on the following claim: in order to establish the advertised results
of Lemma 5, it suffices to justify the following two properties

1 1
. <7 |s) < o y
+56cmn(1 — y)r — L+ FEn(d —y)ot

and  Q¥(s,a2) =V (5) >0 (134)

(133)
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hold for any ¢ < #;,_»(t;—2). In light of this claim, our subsequent analysis consists of
validating these two inequalities separately, which forms the main content of Sect. D.2.

We now move on to justify the above claim, namely, Lemma 5 is valid as long as
the two key properties (133) and (134) hold true. First, recall that Lemma 12 together
with (33) and Lemma 4 tells us that

0D (s,ap) =0V (s, a) = 0V (s,a1) forallt < t;_5(t5_2) < t5_1(T5—1)
(135)

for any 3 < s < H. Next, note that the gradient takes the following form (cf. (12))

WVOw 1
0(s,a) 1—

dP ()7 als)(QV(s,a) = VI (5)),  a € lao, a1, a2}
Y
(136)

which together with the assumption Q¥ (s, az) — V©(s) > 0 (cf. (134)) implies that

CAAMD)
m >0 forallt <t;_o(t5_2).

Consequently, 0D (s, ap) keeps increasing before ¢ exceeds f;_>(7s—2). This com-
bined with the relation (135), the initialization 6© (s, ag) = 6© (s, a2) = 0 and the
constraint ), 0@ (s, a) = 0 (see Part (vii) of Lemma 8) reveals that

0D (s,a0) > 0V (s, a2) >0>0(s,a1) forallt < t;_5(t5-2), (137)

thereby confirming the desired property (41).
Further, given the non-negativity of ) (s, ay) stated in (137), one can readily derive

7D(ar | s) = exp (9(1)(5, ar) —max 0 s, a/)) = exp (9(’)(s, ap) — 0D s, ao))
u/

— exp (29(%, a)) + 09, az)) > exp (29<’>(s, al)),

where the last line also makes use of the identity 8 (s, ag) = —0© (s, a1)—0P (s, a»)
(see Part (vii) of Lemma 8). With this observation in mind, the assumed property (133)
directly leads to the advertised result (40).

D.2 Proof of the properties (133) and (134)

This subsection presents the proofs of the two key properties, which are somewhat
intertwined and require a bit of induction. Before proceeding, we make note of the
initialization 7@ (a; | s) = 1, which clearly satisfies the property (133) for this base
case. Our proof consists of two steps to be detailed below. As can be easily seen, com-
bining these two steps in an inductive manner immediately establishes both properties
(133) and (134) for any ¢ < t;_2(15-2).
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Step 1: justifying (134) for the t-th iteration if (133) holds for the t-th iteration

We first turn to the proof of the inequality (134), assuming that (133) holds for the 7-th
iteration. According to (132) and (133), we have

) D) 1
T ay|s) = zw (a1 |s) > . (138)
3 34+ 168cmn(1 — y)t
By virtue of the auxiliary fact (146¢) in Lemma 15 (see Sect. D.3), one has
0" (s, a0) — 0" (s, ) < rp (139)

1
VTs—2

B -y +

Given that p:=cp(1 — y) for some small constant 0 < ¢, < 20]W’ the above two
inequalities allow one to ensure that

09 (s, a0) — 0V (s, a2) < (y** — yHr,m1rD(ar | 9). (140)

With the above relation in mind, we are ready to control Q(’ )(s,a2) — VWD(s) as
follows

0 (s, a2) — VW(s) = (Zn‘”(a | s)) QWG ax) =) 790" (s, a)

=70 [9(0V 6. a2) = 0¥ s.a)
— 700 19(00 (s, a0) = 0 (s, 2))

> (ar |)(y** — yHre1 — (Q(’)(s, ap) = 06, a2)>
> 0.

Here, the second lines arise from the auxiliary facts in Lemma 15, while the last
inequality is a consequence of (140). Then we complete the proof of the inequal-
ity (134).

Step 2: justifying (133) for the (t + 1)-th iteration if (134) holds up to the t-th iteration

Suppose that the inequality (134) holds up to the #-th iteration. To validate (133) for
the (¢ + 1)-th iteration, we claim for the moment that

. v ®
lden( — RO |5 < LW _m¥

< . = 221 Y’ ails) <0 (141

as long as t < #;(t,). Let us take this claim as given, and return to prove it shortly.
Recall from (135) that

0D (s, ap) = 6V (s,a) = 0V (s, ar)
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and hence H,gz,x(s) =00 (s, ap) is increasing with ¢ during this stage, and as a result,

00D (s, a1) — 00 (s, ar) + O (s) — O () < 0TV (s, @) — 0@ (s, @1) <0
The gradient expression (136) combined with the satisfaction of (134) up to the z-

th iteration implies that ) (s, ay) is increasing up to the ¢-th iteration. Given that
A )(s,a) = 0 (see Part (vii) of Lemma 8), we can derive

6 (5) — 64ED () = 6D (s, ag) — 6V (s, ap)
=0 (s, a1) —0D(s,a1) + 0V (s, a0) — 0D (s, a2)
>0 (s, a1) — 0D (s, a1),

thus indicating that
0D (5, a1) = 00 (s, a1) + Oiiae(s) — O () 2 2(00 V5, a1) = 005, an)).
These combined with Lemma 16 in Sect. D.3 guarantee that
FE D@ [9) =7 0@ [9) 2 280 1) (0 s, a) = 00 (s,an)
7D 15) = 70 15) <0770 (@ 1) (04 (s, an) — 605, a) ).
and as a consequence,

VO (w)
00 (s, 1)_

<077y |s) - n

270 (ay | s) - nag—— <7D (ay |5) =70 (ay |s)

VO ()
30(s,ay)’

Taking this collectively with (141), we reach

e =~ [Far19)] =719 - 7@ |9

VAR PO ?
=S -y [70@n] . a4

Apply Lemma 11 together with the initialization 7 (a; | s) = 1 to arrive at

1 1
7D s 143
[ 56ean( 1D~ O =rern g ey Y
Proof of the inequality (141). Recall the gradient expression (136):
WD _ L gm0 @ 19)(006s.a0 — VO®). (14
0(s,a;) 11—y * ’ ’
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each term of which will be bounded separately.
The first step is to control Q® (s, a;) — V¥ (s), towards which we start with the
following decomposition

0s.a) = V() =0 an -3 xal)0"(s.a)

= 7O 9)(0" (s, a0) — 0¥ a))
— 721920, a) - 0V, an). (145)

The auxiliary facts stated in Lemma 15 (see Appendix D.3) imply that
0 (s, a0) = 0V (s,an) = 0V (s, a2) = 0V (s, a1) = (2 = ¥z,
while Lemma 1 and Lemma 10 tell us that
0" (s,a0) — Q¥ (s,a1) < V*(5) =0 =p™.

At the same time, the auxiliary fact (146a) in Lemma 15 (see Appendix D.3) taken
together with the gradient expression (12b) guarantees that

VO (u) . VO (w) N VO (u)
30(s, ap) — 30(s,ax) — 30(s,ar)

and hence 0¥ (s, a;) < 0V (s,a2) < 60D (s,ap) (or equivalently 7@ (a;|s) <
7D (ay | s) < 7D (ag | s)) during this stage. As a result,

7D |s)y<1/3 and 1>7Dag|s) +7D@]|s) =2/3.

Substituting the preceding bounds into the decomposition (145), we arrive at

0V (s.a) = VO(s) = = (7@ 9) + 7 (@] ))
min { 0 (s, a0) = 0G5, an), (s, @) = 0¥ s, an)

3
2 3 2 2yt l—vy

< ——(y2 — = —— 1— < -

< 3(1/ Y )Ts—1 31+\/7( y) = g

]

provided that y > 0.85. Meanwhile, it follows from Lemma 1 and Lemma 10 that
0 (s,a) — VP (s) 20— V*(s) > —L.
Further, from Lemma 3, we have learned that ¢,y (1 — y)2 < d,(f) (s) < e (1 —
y)? for any ¢ < 1,(ty). Substituting the above bounds into (144) and invoking (132),

we establish the desired inequality (141).
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D.3 Auxiliary facts

We now gather a few basic facts that are useful throughout this section. The first lemma
presents some preliminary facts regarding the difference of Q-function estimates across
different actions in the current setting; the proof is deferred to Appendix D.3.1.

Lemma 15 Consider any t < ty_»>(t5_2). Under the assumption (35), the following
are satisfied
0" (s, ap) > QW (s, a2) > 0 (s, a1). (146a)
0V(s.az) — 0V(s.ar) = (v — yH)ze1, (146b)

0Vs.a0) = 065 a) = yp) ; (146¢)
7 =yt

VTY 2

Remark 10 Lemma 15 makes clear that—before ¢ exceeds t,_»(ty_2)—action ag is
perceived as the best choice, with a; being the least favorable one. In the meantime,
it also reveals that (i) Q(’ )(s, an) is considerably larger than Q(’ )(s, ay), while (ii) the
gap between 0W (s, ag) and QW (s, a) decays at least as rapidly as O(1/¢) in this
stage.

The second lemma is concerned with the consecutive difference between two
rescaled policy iterates. The proof can be found in Appendix D.3.2.

Lemma 16 Suppose that 0 < n < (1 — y)/6. Foranyt > Oand any3 < s < H,
define 041} (s):= max, 00 (s, a). If we write

7@ ls) =70 s)
= 7O [9)(0 s a) = 60 a) + Oans) — 058 9))  (147)
for some ¢ € R, then we necessarily have

cell, 1.5  if6" (s, a)) =00 (s,ar) and 0% (s) = 65E" (5):
ce (072,11 if6" V(s a1) <0V (s, ar) and %) (s) < 64 (5).

D.3.1 Proof of Lemma 15

In view of Lemma 10, one has y )(s —2) > 0 forall ¢+ > 0. Therefore, the relation
(59) yields

0V (s,a) =1 +ypV DG —2) = ry =y,

In addition, for any ¢ < t;_2(t5—2) < t;—1(Ts—1) < t;=(¥Ts—1) (see Lemma 8 and

S
Lemma 4), we have V¥ (s — 1) < yt,_1, and hence it is seen from the relation (59)
that

09 (s,a2) — 0V(s,a1) = QW (s, a0) —y VO (s — 1) > (¥ —yH1,o1 > 0,
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as claimed in (146b). Also, Part (i) of Lemma 8 tells us that

00 (s, a0) — QV(s,a2) = rs + y*pry_2 —rs —ypV P (s = 2)
=yp(rr2-vOGc=2) =20,

where the last inequality holds for any ¢ < #;_2(ts—2) (see Part (iii) of Lemma 8).
These taken together validate (146a).

It remains to justify (146c¢), which is the content of the rest of this proof. The main
step lies in demonstrating that, for any ¢ < #;(7y) andany 1 <s < H,

y1, — VO@) <

< - : (148)
Bl — )i+

If this were true, than taking it together with the following property (which is a con-
sequence of (59))

0V(s.a0) = Vs, a) = yp (yr2 —VOG=D), (149

would establish the inequality (146c¢). It then boils down to justifying (148). Towards
this, we first make the observation that

VOE) -yt =70 15) 09, a0) + (a1 |5) 005, a1) — y

= 7D | Dyt + 70 150V G. ar) — y1,
=70 |96 @) - vz, (150)

where the second line holds since Q(’)(E, ap) = y T, (see (61)). Additionally, recall
from the definition that for any ¢ < #,(ts), one has V®(s) < 1, and hence

VOwy 1
00(s,a;) 1 —

~ 7@ 900G, a) — 7@ 150G, an)

~a @7 @ 19(0"6 a

= P ET @ |97 @ 196 a) ~ 0, a))
-y

1
= ——dP®7 @ |97 @ 15)(y VO - yz) <0, (5D
-y

where the last line makes use of the identities in (61). This means that 6 ® (3, a;) keeps
decreasing, and hence o (s,a1) < 0 given the initialization 9© (5,a1) = 0. As an
immediate consequence, one has (5, ag) = —0®(5,a;) > 0 and 7@ (ag |5) >
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1/2. Taking this observation together with (151) and Lemma 2 gives

ovOw _ 1

a0 @70 (@057 (@ 15)( 006 an — 096 ao))
14

0, a)) 11—
1
= —dP e @ | H7 @ 9)(QVG a) — 7,
-7
C — —
= 21— @ 19(QV6 @) —yr) <0.

Moreover, combine (151) with Lemma 3 and Lemma 1 to yield

VO | _ 1
493|006, ar) — v,
0G0 | = T @G~y
1 _
= ——lden(1 = (|QVG a0 + y5,) < 28em(l =),

-y
If 28cmn(1 — y) < 1/2, then the above inequalities taken together with Lemma 14

give

7V (@ |5) — 7@ [5) < %’70 - V>[ﬂ(’)<al |§>]2(Qm(§’ a1) = fo)
(152)

for all ¢ < £,(z). This combined with (150) and the monotonicity of Q) (s, a1) (see
Lemma 9) gives

y = VOIE) = 7@ 15 (rn - 006 an)
=7 @ 19 (rn - 0V an)
< [7@ 19 - 2 - p[r@ 9] (ve - 06.an))
(rm— 0“6 an)

- {1 - W(m - v<f>(§))}(yrs - V“)(E)),

where the penultimate line follows from the inequality (152) for the iteration r — 1, and
the last identity makes use of (150). In conclusion, we have arrived at the following
inductive relation

1— 2
yzs — VI E) <y — VOE) — W(m ~VO®),

which bears resemblance to the recursive relations studied in Lemma 11. Recognizing
that yt, — vOE) < y Ts—2 (since vOE >0 according to Lemma 10), we can
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invoke Lemma 11 to derive

)
yTs — V() < .
Bl — )t + S

Putting the above pieces together concludes the proof of (146c).

D.3.2 Proof of Lemma 16

From the definition (131), direct calculations lead to

70 (ay |5) =7 (ar |s) = exp (9(”1)(&611) O (s ))
—exp (G(I)(s, ar) — Qr(nt;x(s))
=70 (q Is){ exp ((9(“”(& a)) — 60 (s, ar)
+ 0h(s) — B ) — 1.

According to Lemma 1, we have |Q¥ (s, a)| < 1and |V®(s)| < 1, which indicates—
for any action a € {ay, a1, ap}—that

av®
6006 @) —0(’)(s,a)‘ - ' 96( (M))‘
s, a
1
= ——d 7" @|9)|eV .0 - VO < 3,
l—y * 3

provided thatn < (1—y)/6. Animmediate consequence is that |9,g;'§(l)(s) 6‘(’)X(s)| <

1/3 and hence
0D (5. a1) = 60(s, a1) + 6liax(5) — 08 )] = 2/3.

This taken together with the following elementary facts

(e" —1)/x €[l1,1.5) for0<x <2/3, and
(e* —1)/x €(0.72,1] for —2/3 <x <0

establishes the claim (147).

E Analysis for the intermediate stage (Lemma 6)

We now turn attention to Lemma 6, which studies the dynamics during an intermediate
stage between #;_5(75—2) and ;= (7).
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E.1 Main steps

Key facts regarding crossing times. Our proof for Lemma 6 relies on several crucial
properties regarding the crossing times for both the key primary states and the adjoint
states, as stated in the following two lemmas.

1222

Lemma 17 Suppose that (35) holds. There exists some constant 0 < ¢y < = such
that:
) 0 (]
to(y* — 1/4) — max {tﬁ(y% L_1/4), ts(‘cs)} <0 (153)
n(l—y)
holds for every3 < s < H, and
o
(2 = 1/4) = max {1 (v — 1/4), s} = s (54)
n(l—y)
holds for every 1 <s < H.
Lemma 18 Suppose that (35) holds and
13(13) >yt = 1/4). (155)
Then for every 3 < s < H, we have
£ 2S—1/4)—r(r)<ﬂ (156a)
s\V s(Ts _’7(]_3/)2’
2s¢
2s—1
t—7 —1/4) — t— < —7-. 156b
S—l(y / ) S—l(rs) — n(l _ y)2 ( )
In addition, if we further have t;_1(ts—1) > t;=5(Ts—1) + n(%s_c;)z’ then
(27 = 1/4) < = (x). (156¢)

Furthermore, (156¢) still holds for s = 3 without requiring the assumption (155).

The proofs of the above two lemmas are postponed to Appendix E.2 and Appendix E.3,
respectively. Let us take a moment to explain these two lemmas; to provide some
intuitions, let us treat y ~ 1. Lemma 17 makes clear that: once the value function
estimates for states s — 1 and s are both sufficiently large (i.e. L, VOG—1) 2 > 0.75
and V@ (s) Z 0.5), then it does not take long for V@ (s) to (appr0x1mately) exceed
0.75. A similar message holds true if we replace s (resp. s — 1) with 5 (resp. s).
Built upon this observation, Lemma 18 further reveals that: the time taken for VO (s)
(resp. V® (s — 1)) to rise from 0.5 to 0.75 is fairly short.
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Proof of Lemma 6 We are now in a position to present the proof of Lemma 6. To begin
with, recall from Lemma 8 that: for any ¢ < #,—(t;) < #;=7(7s—1), one has

0V, an =yVOE=1 < yr, =min [0V, a0, 0¥ an) | (157)

Given that V¥ (s) is a convex combination of { Q) (s, a)}ae(ag.a.a2}» On€ has V' (s) —
Q(’) (s, a1) = 0, which together with the gradient expression (136) indicates that

aV“Nu)<

09(s,ay) — (158)

and hence 0 (s, a;) is non- increasing with ¢ for any ¢t < t;=7(t,). Additionally, we
have learned from Lemma 18 that

t—7(Ts) > tﬁ(yzs . 1/4) (VTS 2) = ts—Z(Ts—2)7

where the second inequality holds since y>*~> — 1/4 > yt,_,,f and the last iden-
tity results from Part (iii) of Lemma 8. This combined with the non-increasing
nature of 0)(s, a1) readily establishes the advertised inequality 9(’ﬁ(r“))(s, ay) <
9(ts—2(7s72))(s’ ai).

The next step is to justify 9(’ﬁ(m)(s ap) > 0. Notice that for r > t,_2(75_2),
we have V(s —2) > 7,_5, and then V(s —2) > y1,_5 by (62), which leads
to QW (s, ay) > Q¥ (s, ap) by (59) in Lemma 8. Recall (157) that Q¥ (s, a;) <

Y7, < min {Q(’)(s, a0), 00, az)}. Then, one has Q) (s, az) — V®(s) > 0, which
together with the gradient expression (136) indicates that

WVOm

0(s,ar) — (159)

and hence 00 (s, ap) is non-decreasing with ¢ for any t < #,—7(ty). This establishes
01N (5, ay) > 0. o

E.2 Proof of Lemma 17

For every t > max {tﬁ(yzs_l — 1/4), t; (‘L’S)}, we isolate the following properties
that will prove useful.

o The definition (30) of #,—(-) together with the monotonicity property in Lemma 9
requires that VOGE=1) > st 1 — 1/4, and hence it is seen from (59) that

0V (s,a)) =yVOs —1) > y* —y/4 (160)
e In the meantime, since ¢ > #;(7y), Lemma 8 (cf. (60)) guarantees that

7D (ar|s) = (1 —y)/2. (161)
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e Given that #,(ts) > t;_»2(ts—2) (see (33)) and the monotonicity property in
Lemma 9, one has V® (s — 2) > t,_», and thus we can see from (59) that

09 (s, ) — 0V (s,a0) =y p(VV (s —2) — 75-2) = 0. (162)

e In addition, Lemma 8 ensures that both Q) (s, a») and Q® (s, ag) are bounded
above by y!/27,. Therefore, it is easily seen that

00(s,a1) = y* —y/4>yV20, > 0D(s,a2) = 0V(s,a0),  (163)

where the first inequality comes from (160), the second one holds when 2% >
0.75, and the last inequality has been justified in (162).
e Moreover, given that VO (s) > 7, (since ¢ > ,(ty)), one further has

0" (s, a) — max { Q¥ (s, a2), 0" (s, a0)}
> VO (s) — max {0 (s, a2), 0“5, ap)}

> Ty — yl/zts > 0. (164)

Here, the first inequality comes from (163), while the penultimate inequality is a
consequence of (163).
e We have seen from the above bullet points that
0V (s,a) > VP (s) > max {0V (s, a2), 0 (s, @)}, (165)

which combined with the gradient expression (136) reveals that

VO ()
20(s, ay)

(166)

VO VO
> (0 > max s .
a6 (s, ap) 06(s,az)

With the above properties in place, we are now ready to prove our lemma, for which
we shall look at the key primary states 3 < s < H and the adjoint states separately.

Analysis for the key primary states. Let us start with any state 3 < s < H, and control
ts(yzs — 1/4) as claimed in (153). As before, define

o) (s):=max, 09 (s, a).

From the above fact (166), we know that 6 (s, a;) keeps increasing with ¢ while
0D (s, ag), 0@ (s, ay) are both decreasing with 7. As a result, once 0 (s, a;) =
Gr(égx(s), then 0 (s, a1) will remain equal to Gr(ﬁgx(s) for the subsequent iterations.

This allows us to divide into two stages as follows.

e Stage 1: the duration when 0 (s, a;) < Qrggx(s). Our aim is to show that this

stage contains at most O(W) iterations. In order to prove this, the starting
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point is again the gradient expression (136):

ovOw _ 1
00(s, ay) T 1-
> emy (1= )7 D(ar 19)(Q7 (s, a1) — VO (s)), (167)

dP ()7 (ar |9)(QV (s, a1) — V()
Y

where the last line relies on Lemma 2 and the fact Q) (s, aj) > V©(s) (cf. (165)).
Regarding the size of Q) (s, a;) — V¥ (s), we make the observation that

0¥(s.a1) = V() = 7o |5) (2 s, 1) = 05, a0)
+ 701926 a) = 0V (s, a2))
> (7 (ag |5) + 7P (az | s))

(W6.an— max 0V, a)
aclag,az}

() 1

s (Q()(s aj) — max Q()(s a))
a€{ag,az}

(m) 1

=16

(;);( 2 _ 4 -yl 2 ) =

Here, (i) follows since 6% (s, a;) < Gmax(s) during this stage and, therefore,
7D (ay|s) < 1/2; (ii) arises from the relation (163); and (iii) holds whenever
25 _ 3 /4 > 5/8. Substitution into (167) yields

VO 1 1
_— > 1 (t) > 1 _ A(t) ’ 168
306 ap = 16y =Tl = gemy(d —y)marls),  (168)

where the last inequality comes from (132). In addition, recall that 0D (s, ap) is

increasing with ¢, while 0 (s, ap) and 6@ (s, ay) are both decreasing (and hence

e,ﬁigx (s) is also decreasing). Invoking Lemma 16 then yields

7D (@ |s) =70 s)
= 70 [9(6 (s, a1) = 05, a1) + 6 (5) — 095" ()

= 70 [9(6 ) s,a1) =05, a1))

v 1
W s ey = p[FO@19)]

—0 —_ >
Tolar]s) nger S 2 1

where the last line arises from (168). Given this recursive relation, Lemma 11

implies that: if 7 (a1 | s) < 1 (or equivalently, (s, a;) < Or(éé),x(s)), then one

@ Springer



Softmax policy gradient methods can take exponential... 777

necessarily has

- 1+ ggemny (1 —y) - 2
0,1 = 1 (t0) — 1 (to.1)
wemny (L —y)m(ay|s)  ggemny (I —y)miot(a; |s)
240

S —27
emny (1 —y)

with 7o 1:= max {t l(yzs 1 _1/4), tv(tq)} Here, the last inequality relies on the
property (161).
e Stage 2: the duration when 0 0D (s, a;) = Gr(é;x(s). For this stage, we
intend to demonstrate that it takes at most 0( ! )2) iterations to achieve
max {7 (ag | s), 7D (az|s)} < (1—y)/8.To thlS end, we again begin by study-
ing the gradient as follows:

WO _ 1
00 (s, an) T 11—

= eny( =906, a) = V)

4P 19)(0 6 @) - V)

< %cmy(l - y)ﬁ(’)(az | s)(Q(t)(s, ay) — V(t)(s)>.

Here, the first inequality comes from Lemma 2 and the fact Q) (s, az) < V¥ (s)
(see (165)), whereas the last inequality is a consequence of (132). In order to
control Q¥ (s, ap) — VO (s), we observe that

0(s.a2) = V() = 7@ |5)(Q(s.a2) = Q5. )
+ 7001 5)(2 (s, a2) — 05 a0) )
=70 [9)(y" 2 =y +y/4)
+70@9yp (VO =2 —7-2)
< %(VUZ —y 4 y/4) +yp < —%

where the second line arises from (163) and (162), and the last line holds since
VO =2) < 1 as well as the fact 7 (a; | s) > 1/3 during this stage (since
0D (s, ay) = Qmax (s)). Putting the above two bounds together leads to

v w _ 1

30 (s Clz) = 720m)’(1—)/)7'((t)(a2|s) (169)

Next, Lemma 16 tells us that

7D (@] 5) = 70 (@) = 07270 (@2 ] 5)(0 (5, a2) = 65, a2)
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NORI I O)
< 07272 9)(0"+V(s.a2) = 095, @)

VO ()
30(s, az)

< —0.01ncnmy (1 — y)[ﬁ(')(az | S)]

=0.727D(ay |s) - n

2

where the first inequality makes use of the facts 0UtD (s, ar) < D (s, ay) and
Brax(s) = 0D (s, ap) < 09D (s,a1) = B (5) (see (166)). Denoting by f0,>
the first iteration in this stage, we can invoke Lemma 11 to reach

7109 (qy | ) < 1 .
0.0Incmy A —y)(t —192) + 1

(170)

As a consequence, once ¢ — fy 2 exceeds

800
nemy (1 —y)?’
then one has 7® (ay | s) < (1 — y)/8. The same conclusion holds for ag as well.

Combining the above analysis for the two stages, we see that: if

240 800 1040

+ =
nemy (L —y)?  nemy(1— )2 nemy (1 —y)?

r—1,1 =

with 79, 1:=max {;=7(y>~! — 1/4), 1,(z,)}, then one has
7@ ]s) =1-7aols) —x(@]s) = 1 = (1 =y)/4,
which combined with (163) leads to
V() =290 s a) = (1= (1= y)/4)(y> —y/4) = > — 1/4.
This means that one necessarily has ¢ > ,(y?* — 1/4). It then follows that

ts(y* — 1/4) — max {5 (>~ = 1/4), 1,(10) } = t,(y* — 1/4) — 10,1
1040

S —7
nemy (1 —y)?

thus concluding the proof of (153).
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Analysis for the adjoint states. We then move forward to the adjoint states {1, ..., H}
and control tg(yzs+1 — 1/4) as desired in (154). The proof consists of studying the
dynamic for any ¢ obeying

max {1, (2 = 1/4), s} =1 = 5(y2 = 1/4).

Once again, we divide into two stages and analyze each of them separately.

e Stage 1: the duration where 0 (5, a;) < 6 (5, ap). We aim to demonstrate that
it takes no more than O(m) iterations for (s, a1) to surpass 0 (s, ap).
In order to do so, note that

AV () 1 _ _ _ _ _
0G0 = Ty @ 97 @ 50V an - 06 a)
> Semy (= a0 15) > 0 a7

Here, the last line applies Lemma 2 and makes use of the fact

09, a1) — 0V, a0) =y VI (s) — vyt = y(y* — 1/4 —15) > 1/8.
(172)

where the inequality comes from the assumption ¢ > (yzs —1 /4) as well as the
monotonicity property in Lemma 9. As a result, the PG update rule (12a) implies
that 6 (5, ay) is increasing in ¢, and hence 0V, ag) is decreasing in ¢ (since
> 0W (s, a) = 0); these taken collectively mean that

0"V, a) =0V, a1) + 67, a0) — 0"V (S, ag)
> 05, a1) - 6095, a1) > 0.

Invoking Lemma 16 then reveals that

7@ 15 - 7@ 15 2 7@ 19 (0 G an) — 00 G an)
+69G.a0) — 0V, a0) )

=70 150G a) - 00 G an))

VO ()
30, a1)

1
_ A(t) —
> Ty nemy (1 J/)[ﬂ (a1 IS)]

=7 (ar|5)

2

where the last inequality relies on (171) and (132). Given this recursive relation,
Lemma 11 tells us that: one has 7® (a; |'s) > 1 (which means a; becomes the

@ Springer



780 G.Lietal.

favored action by (131)) as soon as t — #p 3 exceeds

2 B 96 B 1152
wnemy (1= )70 (ay |5) ~ nemy (1 — y)m@3(ar |5) ~ nemy (1 —y)?

where #o 3:= max { ts(y* — 1/4), tf(fs+1)}. Here, the last inequality is valid as
long as

703 () |5) > (1 —y)/12 (173)

holds. It thus remains to justify (173). Towards this end, observe that for any

IA

VOE) =79 15096, a) + 7V (a1 150V, ar)
=7D(ag |5)yts + 71D (ar 15y VP (s)

Ts+1
=yt + 7% 19y (VOO - 1) <y +70@ 9y,
and, as a result,

_ Ts+1
7O |5) = 2 — ¢ =

provided that y > 0.9 (so that y3 — y > 0.3(1 — y)) and y3¥ > 0.7. This
concludes the analysis of this stage.

e Stage 2: the duration where 6)(5,a;) > 0“5, ap). Similar to the above
argument, we intend to show that it takes at most O(W) iterations for

7W(ag|5) < 1 — y to occur. From the gradient expression and the property
(172), we obtain

VOw 1
90(s,ap) 1 —

dP @ (a0 |57 (@ 1906 a0) — 0V )
4

< —icmy(l —y)rD(ag|5) < —icmy(l — 7D (ag |5),
- 16 — 48

where the first inequality uses Lemma 2 and the property 7 ) (a; | 5) > 1/2 (since
0D (s, ay) = 0 (5, ap)), and the last inequality relies on (132). Repeating a similar
argument as above, we can demonstrate that

2

~ o~ _ 1 ~ _
n(l+1)(a0 |5) — n(t)(ao |5) < —%ncmy(l — y)l:n'(t)(ao | s)] (174)
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This combined with Lemma 11 implies that

1
Hnemy (L —y)(t —to4) +1°

7 (ag|5) < (175)

with 794 denoting the first iteration of this stage. Consequently, one has
7 (ag|5) < 1 — y—and therefore 7 (ag |5) < 1 — y according to (132)—as
soon as ¢ — fp 4 exceeds

70
nemy (1 —y)2%

Finally, if 7 (ag | 5) < 1 — y, then one has

VOE) =10 507G, ap) + 7@ 190" . ar)
=7 (ao |9yt + 7 (@1 5y V(s)
> 71D (ag |9y 7 + (1= 70 19)y (v¥ = 1/4)
=7 (a |3) (yfs —y2t— V/4) +y>@ Tt —y/4
>(1—y) (yrs —yt— J//4) +yPt —yja =yt 14,
where the first inequality holds by recalling that r > £,(y> — 1/4). Consequently,

putting the above pieces (regarding the duration of the two stages) together allows us
to conclude that

) ) 1152 70
l}(yzﬁl — 1/4) — max [ts(yb —1/4), t?(Terl)} < ey (L= 7)2 + vy (1= 7)?
1222
~ nemy(—y)?

as claimed.

E.3 Proof of Lemma 18

Before proceeding, we first single out two properties that play a crucial role in the
proof of Lemma 18.

Lemma 19 The following basic properties hold true forany2 <s < H:

ts(T5) = tﬁ(fs); (176a)
tﬁ(fs) > t—1(Ts—1)- (176b)

The proof of this auxiliary lemma is deferred to the end of this subsection. Equipped
with this result, we are positioned to present the proof of Lemma 18. To begin with,
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we seek to bound the quantity 7, (y>* — 1/4) — t,(ts). Apply Lemma 17 with a little
algebra to yield

(]
2 Is (Ts)

n(l—y)?

. (1, 25—1 _ C—O

= max {ts—l(y 1/4) ts(fs), O} + }’](1 _ y)2
177)

K2 = 1/4) = 1) = max [ (2 = 174, 10 | +

With the assistance of the bound (176a) in Lemma 19, we can continue the bound in
(177) to derive

__ ¢
n(l—y)?
(178)

O = 1/4) = 1(5) < max [ (27 = 1) — 1=1(5), 0] +

co

:tj()/zs 1 1/4)—t l(fg)—f-m.

N

To continue, we shall bound the quantity ;= 1()/25 L /4) — t;=(ts). Similar to
the derivation of the inequality (177), we can apply Lemma 17 to show that

2T = 14 — () < max {27 = 1), () )
co

Ty
_ 25—2 P o
= max {11037 = 1/4) 1), 0] 4 - s
25-2 _ o
< max {11077 = 14—t (o, 0f + o
_ 25—2 _ €0
=ty 1/4) =t (t5-1) + n(l —)/)2’ (179)
where the third line makes use of (176b) in Lemma 19.
Applying the inequalities (178) and (179) recursively, one arrives at
2s 252 2co
t(y” —1/4) — t5(z5) < sy —1/4) —ts_1(z5—1) + — <.
n(l—y)
2(s — 3)co
<6y —1/4) —n(m) + ——. (180)
nl—y)
To continue, note that Lemma 17 and the bound (176a) give
6 5 o
B0 =14 = max {07 = 1/4), 60 | + 2
n(l—y)
o
t(y° — 1/4) < max {t2(y —1/4), tz(‘r3)} R
<max{t (* — 1/4), 15(¢ )}+ Co
= 2y — , 13(73 —_—,
n(l—y)?
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which together leads to

n° — 14 < max [0t = 1A, ) |+ 2 s
Plugging back to (180) leads to
KO = 1/4) - 15 = max [0t = 1/4), 5@ | - ()
2c 2(s — 3)c
=T
= H, (182)

where the last step arises from the assumption (155), that is, (y* —1/4) < 13(w3).
Further, the above inequality taken together with (179) yields

2s —4d)cy co _ 2s — 3)cp
nl—y)>  nl—y)2  nl—y)?

We have thus established (156a) and (156b).
Finally, we turn to the proof of (156c). In view of (156b), one has

(@ = 1/4) — () < (183)

25¢

IE(VZP3 —1/4) — t;5(15-1) < m

In addition,

to7(Ts) — 53(Ts—1) = (Y T—1) — 5(Ts—1) = fs—1(Ts—1) — L5 (Ts—1)

—1(Ts— Tg— > —F,
= lg—1{ls—1 s—2\"s 1 (1 )/)2

where the identity in the first line comes from Part (iii) of Lemma 8, and the last
inequality uses the assumption #;_1(75—1) > t;=(T5-1) + %Sfo)z. Combining the
above two inequalities justifies the validity of the advertised inequality (156¢). Then,

we establish (156¢) for s = 3 through Lemma 4, which gives

tr(y® = 1/4) < () = 13(xs), (184)
where the last inequality comes from (176b).

Proof of Lemma 19 To begin with, the claim (176a) holds when s = 2 as a result of
the inequality (38b) in Lemma 4. We now turn to the case with 3 < s < H. In view
of the property (59) in Lemma 8, we have

max {00 (s,a0), 0.} = vir <7 and QO =yVOG D).
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Recognizing that V) (s) is a convex combination of { (s, a)} , we know

a€{ag,ay,az}
that if V¥ (s) > t,, then one necessarily has Q¥ (s,a;) > 7y, or equivalently,
V(s —T1) > 7,/y > 1. This essentially means that #,(t,) > —(ty), thus estab-
lishing the claim (176a).
Similarly, Lemma 8 (cf. (61)) also tells us that
0¥ G a0) =yt and QU E a) =yVO(s).
This means that if V® (s — 1) < 7,_1, then

VOG=T = max {006 —T,a0), 06— T.an| = yrr = 1.

Consequently, we conclude that £, () > #;_1(7s—1), as claimed in (176b). ]

F Analysis for the blowing-up lemma (Lemma 7)

In this section, we establish the blowing-up phenomenon as asserted in Lemma 7.

F.1 Which reference point t,.s shall we choose?

Let us specify the time instance f,f as required in Lemma 7 as follows

hesi=min {1 € =), 165 | el = 7@ |9) < 7@ 9)], (185)

where cref € (0, 1/3) is some constant to be specified shortly.

Existence. An important step is to justify that (185) is well-defined, namely, there
exists at least one time instance within [tﬁ(rs), ts(ts)) that satisfies cref(1 —

Y)7D(ag|s) < ¥ (ay | s). Towards this, we note that if the time instance t,—(T5)
obeys
cref(1 — Y)m(ag |s) <w(ar|s)  whent = t;—(1y),

then we simply have fref = £,—(7;). We then move on to the complement case where

cref(1 — y)m T (ag | 5) > 7T @y | ),

orequivalently, 0% (5 ag) > 0GTE) (5 a1) — log(cref(1 — ¥)).  (186)

To justify that the construction (185) makes sense, it suffices to show that the endpoint
t;(15) obeys

cref(1 — ) @D (ag | 5) < 7D (qy |5). (187)

@ Springer



Softmax policy gradient methods can take exponential... 785

In order to validate (187), recall that the inequality (60) in Lemma 8 ensures that

1_
G (g | s5) > . V’

given that V#(®) (s) > ;. Therefore, the inequality (187) must be satisfied when
cref < 1/2, given that the left-hand side of (187) obeys

1 —_
cref(1 — TS (ag |5) < cpef(l — y) <

This in turn validates the existence of (187) for this case.

Several immediate properties about fs and #,—(7;). We pause to single out a
couple of immediate properties about the 7 constructed above as well as t;,=7(ty).
Consider the case where #;—7(t,) obeys

cref(1 — ) 51D (ag | 5) < 76T | 9),
orequivalently,  8“=1T) (s, ap) < 0= (s, ay) — log (cref(1 — 1)),
then one has fref = £,=7(75) (as discussed above). As can be clearly seen, #,—(;)

satisfies the advertised inequality (45a) by taking cref > cp/8064. Additionally, let us
first recall from (156¢) in Lemma 18 that

t;—7(7s) = max Htsj(yzs—3 = 1/4), tST](Ts)}~
This combined with Lemma 6 (see (43)) tells us that

Q(IST](TA'))(S, a)) = Q(IST.(TJ))(S’ a) < @(lsfz(fxfz))(s’ ap)

1 CmY
< —5log (1+ 3501 - pamo).  (188)
2 35
where the last relation utilizes the bound (40) in Lemma 5. This leads to the advertised
bound (45b).
As a result, the claims (45a)-(45b) only need to be justified under the assumption
(186).

Organization of the proof. In light of the above basic facts, the subsequent proof
focuses on the scenario where (186) is satisfied, namely, the case where

F=7(Ts) < fref-
We shall start by justifying that ) (s, a1 ) has not increased much during [5=7(Ts), tres],
as detailed in Appendix F.2 and F.3 (focusing on two separate stages respectively).

This feature will then be used in Appendix F.4 to establish the claims (45a)-(45b), and
in Appendix E.5 to establish the claim (45c¢).
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F.2 Stage I: the duration where 89 (s, a;) < 89 (s, ao)

Suppose that at the starting point we have 6= (s, a5) < 0%=1F) (5, ag); other-
wise the reader can proceed directly to Stage II in Appendix F.3. The goal is to control
the number of iterations taken to achieve G(t)(s, a) > ou )(s, ap). More specifically,
let us define the transition point

ranz=min {11695, 2) 2 60 (s, @0), 1 = 1;=(x)}. (189)

In this subsection, we seek to develop an upper bound on #tran — ;=7 (7s), and to show
that 6 (s, a;) — 6T (s, a1) < 1/2 holds throughout this stage.

Preparation: basic facts and rescaled policies. Before moving forward, we first gather
some basic facts. To begin with, from the definition (185) of #.f, we know that the
inequality cref(1—y)7 P (ag | ) > 7@ (a1 | s) holds true forevery t € [t=—(Ty), fref),
or equivalently,
6" (s, a0) > 0 (s, ar) —log (cref(1 — y)) forall 1 € [1—(xy), fref).  (190)

In the case considered here, we have—according to (190) and (189)—that

0D (s, ag) > 0V (s, ar) — log (cref(1 — ) and 6 (s,ap) > 0 (s,a2) (191)
for any ¢ obeying £,—7(t;) <t < min{fyan, tef}. This means that

0D (s, ap) = max 0 (s,a) andhence 7 (ag|s) > 1/3 (192)
a

holds for any ¢ obeying #;—7(ts) <t < min{fran, fref}, provided that 0 < cref < 1.
Moreover, let us introduce the rescaled policy 7 (a | s) as before

70 (| s):=exp (9(%, a) — max 0 s, a’)).
a'e Ay

In view of (192), the rescaled policy can therefore be written as

7(ay | s) = exp (0 (s, az) — 0V (s, ap)) = exp (20U (s, a2) + 0V (s, ay))
#0(ar|5) = exp (09 (5, a1) — 09 (5, a)) = exp (26)(s, ar) + 69 (s, a2))
(193)

for any ¢ with r;=7(ty) < ¢t < min{tyan, fref}, Where we have used the constraint
>, 0¥ (s, a) = 0 (see Part (vii) of Lemma 8).

Showing 0 (s, a;) — 0G5 ap) < 1 /2 by induction. In the following, we seek
to prove by induction the following key property

0 (s,a1) — 06T (5, a1) < 1/2 (194)
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for any ¢ that obeys #,—(75) <t < min{fyan, tef} and

225
cpemn(1 = )2 exp (01 (s, ar))

t—t—(1y) < =7 (195)

We shall return to justify (195) for all # within this stage later on. In words, the claim
(194) essentially means that 6 (s, a;) does not deviate much from 617 (s, a;)
during this stage. With regards to the base case where t = #;—(7;), the hypothesis
(194) holds true trivially. Next, assuming that (194) is satisfied for every integer less
than or equal to + — 1, we intend to establish this hypothesis for the ¢-th iteration,
which is accomplished as follows.

First, Lemma 1 and Lemma 10 tell us that Q@ (s, a;) — V¥ (s) < 1. It then follows

that

WO 1
30(s,a;) 11—
< ldemn(1 — )P (ay | s),

a7 @ 9]0V, an) - V)
4

which relies on the bound d,(f) (s) < ldep(1 — y)2 stated in Lemma 3. As a result, it

can be derived from the PG update rule (12a) that

1 o)
00 5. an) = 0T s.ap) = 3 n%
J=t=7(Ts)
t—1
< > Man—paPals)
J=t—7(Ts)
< lemn(1 =) —t1()  max 7P |s).

ty(Ts)<j<t

(196)

Regarding the term involving /) (a1 | 5), we observe that for any () < j <t

; ) (ii) 3
7 Parl) 27D ls) < exp (569 .an) (197)
W s
< exp (5(9(’ﬁ<fs>>(s,a1) + 1/2)). (198)

Here, (i) is a consequence of (132), (ii) holds since (in view of (193), 0W (s, ag) > 0,
and Y, 0V (s,a) = 0)

7 (ay |5) = exp (29<f>(s, ar) + 09 s, az))

< exp (29<f'>(s, a1) +0.509 (s, ar) +0.509) (s, a0)>
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= exp (1.59(j)(3, al))»

whereas (iii) follows from the induction hypothesis (194) for any r;—(7y) < j < t.
Combine the inequalities (196) and (198) to reach

00 (s, a1) — 0T (s, ar) < ldemn(l — y)(t — (1))

3
exp (E(e“ﬁ(ﬁ))(s, an) +1/2)).

Consequently, under the constraint (195), the preceding inequality implies that

225
cpemn(1 — )2 exp(@ T (s, ay))
3
exp (5(9(Iﬁ(rs)) (s,a1) + 1/2)>

_ 3150e exp (2041 (5, ay))
B cp(l =)

0D (s, ar) — 06T (s, a1) < 1demn(l —y)

1
<= 1
=5 (199)

where the last inequality makes use of (188) and the assumption (44). These allow us
to establish the induction hypothesis for the 7-th iteration, namely,

0D (s, ar) — 0T (s, a1) < 1/2. (200)

Validating the constraint (195) and upper bounding min{tyan, fref} — t-—7 (7). It

s—1
remains to justify the assumed condition (195) for all iteration within this stage. To

this end, suppose instead that
t—=(ts) + r< min{tran, tef}, (201)

where 7 is defined in (195). We claim that the following relation is satisfied

~ (f_ CpC
70 ]s) =7 Pazs) = 22

2
—»2|gze-D
= 21— [7 V@l 9)] 202)

for any t obeying t,—(75) <t < t;—(1s) + 7 < min{tyan, tref}). Equipped with this
recursive relation, we can invoke Lemma 11 to develop a lower bound on 7O (ay |s),
provided that an initial lower bound is available. In order to do so, in view of the
expression (193), we can deduce that

7T (a5 | 5) = exp (29(’37(’5))(& az) + 0T (s, a1)>

> exp (615, an)),

where the last relation is due to the bound §=1(%)) (s, ap) = 0 (see (43) in Lemma 6).
Combining the above two inequalities and applying Lemma 11 (see (69b)), we arrive
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at 7 (s, a) > 1/2—and hence 7 (s, az) > 7V (s, ag)—as soon as t — t-—(1;)
exceeds
1+ T n(1 = p)?
Hon(1— PR T @ |s)

This together with the definition of #an thus indicates that

1+ 25 n(1 —p)?
Tsgn (1= )27 T (ay | 5)
1+ Fsgn(l = y)?
(1 —y)2exp (0T (s, ap))
1.5
D51 — )2 exp (0T (s, a1))’

ftran — L—7(Ts) <

IA

IA

CpCm

provided that =5 n(1 — ¥)? < 0.5. This, however, contradicts the assumption (201).
As a consequence, we conclude that £,—(t5) +7 > min{tyan, tref}, thus indicating that

~ 225
min{fran, fref} — f;=7(7s) <1 < — .
’ cpemn(1 — )2 exp (0T (s, ay))

(203)

Showing that #,,n = min{tyan, #ref}. We now justify that fian < fref, S0 that the upper
bound (203) leads to an upper bound on #yan — =7 (7). Suppose instead that

ftran = tref, OF equivalently, t#ef = min{tiran, fref},

and we would like to show that this leads to contradiction. By definition of #.f, we
have

6l (s, ag) < 0% (s, ay) — log (cref(1 — 7).

This further yields

max {e(tref) (S, 00)7 e(l‘ref)(s’ al)} < Q(tref)(s, al) — 10g (Cref(l — V))
< 0T (5, a1) + 172 — log (cref(1 —p)) <0,

where the second inequality arises from (194), and the last one makes use of (188)
as long as #,_»(ts—2). However, this together with the constraint ) _, Oltet) (5, a) = 0
implies that

G(Iref)(s’ @) = _Q(Iref)(s’ ap) — Q(Iref)(s’ a;) > 0 > max ie(tref)(s’ a), Q(Zref)(s’ al)}-
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which, however, implies that #,ef > ftran (according to the definition of f#an) and leads
to contradiction. As a result, we conclude that

ftran < Frefs (204)

and the bound (203) then indicates that

225
cpemn (1 — )2 exp (0T (s, ap))

ftran — L=7(Ts) < (205)

F.2.1 Proof of the inequality (202)

From the relation (193), one can deduce that

7D (az]s) =7 V(az | s)
= exp (29<’)(s, a) + 69 ¢s, al)) —exp (20(’_1)(s, ay) + 017V, a1)>
=70-D(q, |s)[ exp (29<’>(s, a2) — 20D (s, az) + 0O (s, ay) — 04V, al)) - 1]
zﬁ““mﬂwPM%xm)—w““@ﬂy+emman—m“Wamﬂ

VD () av“—”uw)
30 (s, az) d9(s, ay)

=715 n(2 (206)

for any ¢ with tm(l’s) <t < min{tyan, tef}, Where the inequality above follows from

the elementary fact ¢* — 1 > x for any x € R. Therefore, the difference between
N D G o

7O (ay | s)and TV (ay | 5) depends on both 339(3 ai’)‘) nd agg(é u(‘)‘) , motivating us
to lower bound these two derivatives separately.

Step 1: bounding ?)g(s 2‘2‘))

and any t > t,—7(7y),

First, we make the observation that for any 3 < s < H

0V (s,a) — 0V(s,a0) = yp(VI (5 =2) —y1om2) = yp(y* > = 1/4 - y1,00)
> E = M (207)
8 8

holds as long as y (y>*~3 — 1/4 — yt,) > 1/8. Here, the first identity comes from
(59) in Lemma 8, and the first inequality holds for any ¢ > ;= (y —1/4)—a
consequence of the monotonicity property in Lemma 9. As a result for any ¢ obeying
t;=7(t5) <t < min{#yan, tref} We have

0(s,a2) = VO(5) = 7 (ao |5)( 0 (s, a2) — (s, a0))
+ 7019006, a2) - 005 a))

- Cp(l -¥) _ n(t)(al Is) > Cp(l -¥)

_ 1—
= 24 = 24 Cref( Y)
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1 —
> M, (208)
48
where the first inequality combines (207) with the facts that 7D (ag|s) > 1/3 (see
(192)) and 0 < Q¥ (s, az), 0 (s,a;) < 1 (see Lemma 1), and the last line holds by
observing (see (185))

7@y |5) < eref(1 — )T =TT (g | 5) < cref(1 —y)  forall 1 € [(T5), tref)

and using the assumption cef < ¢p/2. Consequently, for any ¢t > #,—(t,), the gradient
w.r.t. B (s, ap) satisfies

AV (s) 1
= dD(s)m® ( (5. ap) — VO )
30(s,a0) 1—p# () (ax|s)| QY (s, az) (s)
> Cp:rgy a1- )/)2710)([12 |s) > C;;Céa)/ (1- y)zﬁ(’)(az Is) = 0.

(209)

where the first inequality above also makes use of the lower bound in Lemma 2.
In fact, the above lower bound holds true regardless of ¢, as long as t > t,—(zy)

where we have shown that Wa(l;) is bounded from below by 0. One can thus

conclude that the iterate 6 (s, ap) increases with ¢.

Step 2: boundlng 06, ((1”) Regarding the gradient w.r.t. (s, a;), we have

WVOwy 1
(s, a;) 1—

=] _lyd/(f)(s)”(t)(al |S){7T(t)(ao | S)(Q(')(s,al) — QW(s, ao))

+70@ (0", a) - 0¥, a)]

~aP 6@ 19(06.a) - VO s)

1 1
Z 1 __ydg)(s)ﬂ(t)(al |S)(]'[(t)((10 | S) —+ n(t)(az | S))()/Ts — yf‘[s)’

where the last line follows since (see Lemma 8 and the fact that t > #,— (1))
max { Q" (s, ap), Q5. @)} < y?1,. QV(s.a) = yVOG— 1) = y1,.

In addition, recognizing that 7 ® (ag | s) +7 @ (az | s) < 1andd (s) < 14cpm(1—y)2
(see Lemma 3), we can continue the above bound to obtain

v ® 1-—
(M) — ldep (1 — y)ﬂ(t)(al |S)fsl/2 Y

> _Tc (1 — y)27® ’
a6 (s, al) - Y em(1 = y)mw(ar|s)

(210)
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where the last inequality is due to 7y < 1/2 and 0 < y < 1 and the bound (132).

Step 3: connecting 7 (a; | s) with 7® (a, | s). The above lower bound (210) on

gg((:é’f)) is dependent on 7 )(ay | s). However, the desired lower bound (202) is only

a function of 7 (ay | s). This motivates us to investigate the connection between
7O (a; |s) and T (ay | 5).
To this end, let us write

70Dy |5) = 7D (ay | 5) exp (9<f—1>(s, ap) — 04D, az)). @11)

As aresult, one only needs to control the quantity exp (9 Y _1)(s, ay) — E1Y _1)(s, az)).
In order to do so, we make use of the induction hypothesis (194) for the (t — 1)-th
iteration to show that

exp (0(’_1)(s, apy) — oD, ag)) < exp (6(’ﬁ(”))(& ap) +1/2 — 00D, az))

Q)
< exp (9(“”(’5”(& ap) +1/2 — o1, az))
(ii)

< exp (9@‘*2(’572))(& a) +1 /2).

Here, (i) follows from the fact that 6 (s, ay) increases with 7 (see (209)); and (ii)
comes from the inequality (43) in Lemma 6 as well as (188). Recalling Lemma 5, one
has

exp (9<’—1>(s, ap) — 0=V, a2)> < exp (9%72(%*2”(& an) + 1/2)
exp(1/2) - YCp

< 9
U+ B — )2 o) 1090
212)

where the last inequality is satisfied provided that #;_>(75—2) > - Com-

1050%¢
rmV3
bining (210) with (211) and (212), we arrive at

35 ﬂ(l—)/)zcg

VD cpem
30(s,a;) — 150

(1= y)?7 " D(ay | s). (213)

Step 4: combining bounds. Putting the above pieces together and invoking the expres-
sion (206) yield for y > 0.96,

A (D) 3V(H)(u))

=(1) _ =1 > 7= . (2
7 ay|s) -7 (a2]s) =7 (a]s)-n 36 (s, a2) 90(s, ay)

S 2 c¢pe
= |7 Va9 | n T (1 =),
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which concludes the proof of the advertised bound (202).

F.3 Stage II: the duration where 8 (s, a;) > 80 (s, ao)

We now turn attention to the case where ¢ lies within [#ian, fref), Which is a non-empty
interval according to (204). In this case one has

0D (s, a2) = 60V (s, ag), orequivalently, 7 (s,ar) > 7V (s, a0), (214)
as a consequence of the definition (189) of tan. Again, from the definition (185) of #ef,

the inequality crer(1— )7 @ (ag | s) > 7 (ay | 5) holds true for every ¢ € [fyan, fref)
or equivalently,

0" (s, ap) = 0V (s,a1) — log (cref(1 — ) forallt € [teran, tref)- (215)

The goal of this subsection is to show that 8 (s, a;) —0tan) (s, a;) < 1/2 throughout
this stage.

Preparation. From the above conditions (214) and (215), we have
7D, a) > 7V(s,a0) > 71V(s,a;) andhence 7V(s,ar) >1/3. (216)

We now look at the gradient w.r.t. 6 (s, ag), for which we first observe that

0(s.a0) = VO(5) = 1@z 5) (0 (s, a0) — 05, @)

+ 70 19)( Qs a0) = 0V (s, 1))

0 _ o=y W o=y

< T cref(l —y) < 36 0. (217)

Here, (i) follows from the inequalities (207) and (216), whereas (ii) holds true as long
as cref < ¢p/72. Consequently,

WO 1
90(s, ap) 1 —

a7 @ [9(0V . a0) = V() <0,
4

thus indicating that 6® (s, ag) is decreasing with 7.

Key induction hypotheses. Again, we seek to prove by induction that
0@ (s ar) — 0 (s, a1) < 1/2, 1 € [fyran, tref)- (218)

For the base case where ¢ = fyan, this claim trivially holds true. Now suppose that the
induction hypothesis (218) is satisfied for every iteration up to t — 1, and we would
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like to establish it for the #-th iteration. Towards this, we find it helpful to introduce
another auxiliary induction hypothesis
1

(@)
T (ao | s) < — ;
1+ %77(1 — ¥)2(i — tran)

foralli € [tyan, t). (219)

As an immediate remark, this hypothesis trivially holds true when t = fyan + 1. In
what follows, we shall first establish (218) for the 7-th iteration assuming satisfaction
of (219), and then use to demonstrate that (219) holds for i = ¢ as well.

Inductive step 1: showing that 0 (s, a;) — 0%an) (s, a1) < 1/2. Towards this, let
us introduce for convenience another time instance

Ti=arg max 69 (s, a), (220)

i:tyran<i<t

which reflects the time when 0 (s, ay) reaches its maximum before iteration ¢. In
order to establish the induction hypothesis (218) for the ¢-th iteration, it is sufficient
to demonstrate that

0D (s, ar) — 0% (s, ar) < 1/2. (221)

As before, let us employ the PG update rule (12a) to expand 6 ® (s,ap)—0an) (s qy)
as follows

-1
00 (s, a) — 04 (s,a) = Y n

i=ttran

M (222)
30 (s, ay)’

avO )
30 (s,ay)’

For each gradient invoking Lemma 3, Lemma 1 and Lemma 10 tells us that

VO 1
0(s,a)) 11—y

dP()rD(ar15)(QW (s, a1) = VO (9)) < 1em( — y)mr D(ar | 9).
(223)

In addition, a little algebra together with (216) leads to

7O l9) =70 19) =exp (00 6,a) = 0905, 2))

i 3 1 . 1,
& exp (59(’)(& a) + 509 (s, a0) = 507, az))

= exp (%9(0(& a]))\/m

(i) 3.6 1
e
I+ Sggn(1 — )7 — tiran)
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for any i obeying t;—(75) <1 < 7, where the first inequality comes from (132), (i)
makes use of ), 0@ (s, a) = 0, and (ii) follows from the induction hypothesis (219)
along with the definition (220) of 7.

Putting the above bounds together with (222) and (223) guarantees that

-1
~ 3 9~
00 (s, a1) — 0= (s,a1) < Y l4emn(1 —y)exp (59“><s,a1>)

i =ftran

1

U+ S5m0 (1 = )2 — tgan)

B ldcmnexp (300 (s, ap)) 1+ i !
\/% i=l‘tran+1 m
225792cmn ([ — t 3,6
S\/ cm( tran) exp (590)(&31)) (224)
¢p

Given that 0D (s, ag) > 0D (s, ar) —log (cre(1—y)) (see 215) and Y, 6D (s, a) =
0, one obtains

7D (ap | 5) = exp (9<7>(s, ao) — 0D s, a2)> — exp (29<7>(s, a0) + 0D s, a1)>
> exp (300 (s, an) — 21og (crer(1 = 1)) ),

which combined with the inequality (219) thus implies that

exXp (%0(7)(3, al)) < Cref(l — )/) ﬁ(ﬁ(ao | S) < Cref(l — ‘}/)

%n(l - V)ZG_ ftran)

(225)
As a consequence of the inequalities (224) and (225), we obtain
60 (5. ar) — 0 (s, ap) < \/ 225792¢mn T — tiran) Cref(1 = ¥)
CpCm ~
CP VBB 01— y2F ~ tan)
8064 1
< e (226)
Cp 2

where the last line holds as long as cref < ¢p/16128. This in turn establishes our induc-
tion hypothesis (221)—and hence (220) for the ¢-th iteration—assuming satisfaction
of the hypothesis (219).

Inductive step 2: establishing the upper bound (219). The next step is thus to
justify the induction hypothesis (219) when i = ¢. To do so, we first pay attention
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to the dynamics of 0D (s, ag) for any fyan < i < 1. Recognizing that 0D (s, ay) =
max, 6 (s, a) (see (216)) and doa 0@ (s, a) = 0, we can express

70 (ag | s) = exp (9<")(s, ag) — 69, a2)> — exp (29<">(s, ao) + 69, al)).
This allows one to obtain

ﬁ(i)(ao |s) — ﬁ(i+])(ao | s) = exp (29(i)(S, ap) + 9(”(3’ al))
jh —exp (26(i+1)(s, ag) + 00+ s, al))
= 20 [){1 — exp (20915, a0) — 2095, a0) + 69V (5, an) — 6V s, a)) )

VD () av(“(m)}'

90(s,a0) | 96(s. a1) (227)

=7D(qq |s)[l — exp (27]

With the above observation in mind, we claim for the moment the following recur-
sive relation

7D(ag|s) =7V (ag|s) >

2
7@
= T -7 0@l | @28

for any i obeying fyan < i < t, whose proof is deferred to the end of this section. If

this claim were true, then (67b) in Lemma 11 allows us to conclude the desired bound

1

(1)
T (aols) < — .
1+ L;gg n(1 = ¥)2(t — trran)

(229)

Proof of the inequality (228). Combining (217) and the lower bound on dﬁf )(s) in
Lemma 2, we have

8V(i)(li) o 0 .
—89(s ) = < tmy( —y)w (aols)<Q (s,a0) =V (S))

< 108 20—y 7D (ag ) s),

where the last inequality also makes use of (132). In addition, invoking the inequali-
ties (223) and (132) gives

VoW _
00 ay)

= ldem(1 — )7 (ag | s) exp (0<">(s, a)) — 09 s, ao)). (230)

ldem(1 — )7 D(ar |s) < ldem(1 — )T (ay | 5)
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Recall that forany i € [firan, fref), one has 0 (s, ag) > 0V (s, ar) —log (cref(1— 1)),
or equivalently,

exp (9(i)(5, ar) — 09, ao)) < cref(1 — ).

It thus follows that

V@

300G an = Meretem(l = y)?* 7 (ao | 5).
As a result, the above bounds taken collectively lead to

VO  avO(u)
90(s,ap) 090(s,ar)

CpC ~
= [ = TR =)+ lcreren(1 = 1) [0 | 5)

< —%‘1(1 — )= D(ag | 5),

provided that cef/cp < 1/1568. In addition, similar to (230), we can easily see that

3‘/([)(#) )
< 14nem(1— y)wD(ay |s) < Mnem(1 —y) < 1/3,  (231a)
"90(s, a1
av<l> :
V() < 14nem(1 — y)wDag |'s) < 14nem(1 —y) < 1/3 (231b)
89(s ap)

as long as nep (1 — y) < 1/42.
Substituting the preceding bounds into (227), we immediately arrive at

VOG0 | v
30(s.a0) | 90(s. ay)

. v @ ov®
> ;T\(l)(d() | S)E 9 (1) . ()
2 0(s,ap) 00(s,ay)

7o |s) — 7V (ag | 5) =7 (ao | s) {1 —eXp (277

< NCpCm
- 224

(1 =y [#aw19)]

. . 0 &
where the first inequality holds due to the fact —1 < 27 ?ag(s fl’g)) +7 ?,g(v fl’f)) < 0aswell

as the elementary inequality 1 — e¢* > —x/2 aslong as —1 < x < 0. This establishes
the inequality (228).

F.4 Proof of the claims (45a) and (45b)

We are now ready to justify the claims (45a) and (45b). Combining (194) and (218),
we reach

0D (s, ay) — 0GTE) (s, ap)
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00 (s, a1) — 041D (5, ay), if —(7,) <t < tyran
- (0(’"3”)(s, ay) — 00=T®) (5 al)) + (9(’)(s, ay) — §lwn) (s, al)), if fyran <t < tef

< max (G(i)(s, ay) — 9<rﬁ(t‘))(3,al))

t—7(7s) <i <ttran

+  max (9<’.)(s,a1) 79("’3")(s,a1)> <1.

ttran <I <Iref

This taken collectively with (188) leads to

_ 1
01 (s, a) < 0T (s, a1) + 1 < = log (1 + %n(l - )/)fsfz(fsfz)) +1,

as claimed in (45b).
In addition, recalling the definition (185) of #f, we have

6! (s, ag) < 01D (s, ay) — log (cref(1 — 7)),

which clearly satisfies (45a) as long as cyef > ¢p/16128.

F.5 Proof of the claim (45¢)

Finally, we move on to analyze what happens after iteration #.f, for which we focus
on tracking the changes of 7)(ay | s). In this part, let us only consider the set of ¢
satisfying

7 (ay |s) < 7 (az | 9).

Note that at time #,f, the inequalities (45a) and (45b) are both satisfied, which together
with the property 7@ (a; | s) < 7D (az | 5) yield

70 (ay | s):=exp <9<’> (s, a1) — max 8Os, a)) — exp (9<f>(s, ap) — 600, ag)).
a
Then, if cref < ¢p/1000, we have

7D ]s) =70 1) = exp (6 5,a1) = 05, a2))
—exp (075, a1) 005, @)
=70 [9){exp (60 s, a1) = 0+ (s, @)
9D (s, ap) + 00, az)) - 1]

VO () VO ()
36 - ) b O]
(s,ay) 30 (s, ay)

VO VO }

=7D(a; | s) max [ exp (n

=70 's)'znmax{ae(s a)  90G.a)
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< S6emn(1 — 2 [0 19)] (232)

. . . gy 9y ®
Here, the first inequality holds if 7 3;/(; El’f)) - Zg(; 2’2‘))

e* —1 < 2x forany 0 < x < 1), and the last line is valid since

< 1 (given the elementary fact

AV (1) ) ) ® o
30(s, ay) - 1_ydﬂ ()™ (ay |S)(Q (s,a;)—V (s))

< w1 = ) Dar |s),
WO _ 1
(s, ar) 1 —
+7 (a0 [9)(0 5. a2) = 05, a0)) |

G 1
= Ao @9 (06 @) - 0. a)
(

ydl([)(s) {TL’([)(QI |S)<Q([)(S, az) — Q(’)(s,a1)>

W
> —lden(1— )@ (ar | 5),

where (ii) holds since Q¥ (s, a2) > QW (s, ag) (cf. (207)), and (i) and (iii) make
use of Lemma 1 and Lemma 3. In addition, these bounds also imply that n gg((;)fl’f)) —

% < 1 hold as long as 28ncy, (1 — ) < 1, thus validating the argument for the

first inequality in (232).
Armed with the above recursive relation (232), we can invoke Lemma 11 to show
that

1 1 1
7 (ref) (a1 ]s) 75 (@) (ay | 5) - 7 Uref) (ai]s)

56cmn(l — y)? ~ 56cmn(1—y)? ]

_ -2
-y

Ig (Ts) — lref = (234)

where the last inequality holds since (in view of (132) and (60)).
70ay|s) = 7Dy |s) = (1 —y)/2  foranyt > 1,(zy).

In order to control #;(75) — fef Via (234), it remains to upper bound 7 (ted) (g | s).
Towards this end, it is seen that

77 (tref) (a1]s) = exp (g(tref) (s,a;) — 0 (fref) (s, a2)) = exp (zg(tref) (s,a1) + 0 (ref) (s, ao))

= exp (39“’“) (s, ar) —log (M))

16128
- 16128¢3
N CmY 2 15
ep(1 =) (1+ B0l = y)2t2(5-2)
3
< 16128e¢ (235)

¢ 1.5°
ep(1 =) (01 =y 2(-2))
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where the first line uses Za 0 Uref) (s, a) = 0, the second line relies on the inequality
(45a), and the last one applies the inequality (45b). Substitution into the relation (234)
yields

1.5
1(5) = tres = 107 0pcf 031 = ) (t2(m-2))

thus establishing the advertised bound.
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