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Abstract

In this paper, we study the lower iteration complexity bounds for finding the
saddle point of a strongly convex and strongly concave saddle point problem:
min, maxy F(x,y). We restrict the classes of algorithms in our investigation to
be either pure first-order methods or methods using proximal mappings. For
problems with gradient Lipschitz constants (L, Ly and L,y) and strong convex-
ity/concavity constants (@, and py), the class of pure first-order algorithms with
the linear span assumption is shown to have a lower iteration complexity bound of

Ly L.!zcy Ly 1 L,\z'y . .
Q1. 4+ G + o -In (6) , where the term T explains how the coupling

influences the iteration complexity. Under several special parameter regimes, this lower
bound has been achieved by corresponding optimal algorithms. However, whether or
not the bound under the general parameter regime is optimal remains open. Addi-
tionally, for the special case of bilinear coupling problems, given the availability of

. . [ L2 . .
certain proximal operators, a lower bound of 2 ﬁ . ln(é) is established under
x My

the linear span assumption, and optimal algorithms have already been developed in the
literature. By exploiting the orthogonal invariance technique, we extend both lower
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bounds to the general pure first-order algorithm class and the proximal algorithm class
without the linear span assumption. As an application, we apply proper scaling to the
worst-case instances, and we derive the lower bounds for the general convex concave
problems with u, = u, = 0. Several existing results in this case can be deduced from
our results as special cases.

Keywords Saddle point - Min-max problem - First-order method - Proximal
mapping - Lower iteration complexity bound

Mathematics Subject Classification 90C47

1 Introduction

In this paper, we establish a lower iteration complexity bound for the first-order meth-
ods to solve the following min-max saddle point problem

minmax F(x, y), (D)
Xy

which is of fundamental importance in, e.g., game theory [31,37], image deconvolu-
tion problems [9], parallel computing [39], adversarial training [4,12], and statistical
learning [1].

To proceed, let us introduce the following two problem classes.
Definition 1.1 (Problemclass F(Ly, Ly, Lyy, fx, ity)) F(-, ) is u-strongly convex
for any fixed y and F (x, -) is jy-strongly concave for any fixed x. Overall, the function
F is smooth and V F satisfies the following Lipschitz continuity condition

Vi F(x1,y) — Vi F(x2, I < Lyllxr — x2ll,  Vxp, x2,
IVyF(x, y1) = VyF(x, y2)Il < Lyllyr — y2Il,  ¥x, y1, »2
IViF(x, y1) — Vi F(x, y2)|l < Layllyr — y2Il, Yx, y1, y2
IVyF(x1,y) = Vy F(x2, I < Lyyllxr — x2ll, Vxp, x2, y.

2

We shall remark here that the constants in (2) may also be understood as the bounds
on the different blocks of the Hessian matrix V>F (x, y) if F is twice continuously
differentiable. That is,

sup [V, F(x, M)ll2 < Ly, sup [V, F(x, y)l2 < Ly, sup Vi, F(x,y)ll2 < Lyy.
X,y X,y

X,y

However, throughout this paper we do not assume either F (-, y) or F(x, -) is second-
order differentiable.
The second problem class is the bilinear saddle point model:

Definition 1.2 (Bilinear class B(Lyy, iy, ity)) In this special class, the problems are
written as
min max F(x, y) = f(x) +x" Ay = g(), @3)
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On lower iteration complexity bounds... 903

where f(x) and g(y) are both lower semi-continuous with f(x) being w,-strongly
convex and g(y) being wy-strongly convex. The coupling matrix A satisfies [|Allz <
Lyy.

For this special model class B(Lyy, x, ity), we assume the availability of the follow-
ing prox-operations:

. 1 . 1

prox,, (v) := argmin f(x)—f——”x—vH2 and  prox,,(u) := argm1ng(y)+—||y—u||2.
X X 2)/ y 20

“)

In this paper we shall establish the lower iteration complexity bound

L, L3, L, 1
o [+ =2 2 (2) | for (L Ly, Ly, 10 11y,
Mx Mx My My €

L)%y 1
Q -In (_) for B(nya Mx s /Ly)
Hx Ly €

with the proximal oracles (4). In particular, we first establish these lower bounds for
pure first-order and general proximal algorithm classes under the linear span assump-
tion. Later on we generalize the results for more general algorithm classes without
the linear span assumption through the orthogonal invariance technique introduced
by [25]. For more detailed applications of the orthogonal invariance technique in the
lower bound derivation, the interested readers are referred to [7,8,33].

As an application of the above bound, we apply proper scaling to the worst-case
instances and show that the above result implies several exisiting lower bounds for
general convex-concave problems with bounded saddle point solutions. Specifically,
we have

L.R2 L. R.R, LyR2
Q(‘/ e A A i R ) for F(Ly, Ly, Lyy,0,0), and [[x*]| < Ry, [y*]| < R,.
€ € € :

and

and

LyyR:R
Q( a y) for B(Lyy,0,0), and [[x*| < Ry, |y*] < Ry.
€

For the above two lower bounds, we remark that under specific parameter regimes, the
first bound is known, see [25] for the case with L, = L, = Ly, and see [33] for the
case with L, = 0. However to our best knowledge, the first bound under a general set
of parameters as well as the second bound for bilinear problem class are not known.

@ Springer



904 J.Zhang et al.

Similar reductions can also be done for the problem classes with only one of u, and
iy equal to 0, for which the lower bounds have already been discovered in [33].
Such lower iteration complexity results shed light on understanding the performance
of the algorithms designed for min-max saddle point models. There are numerous
results in the literature prior to ours. As a special case of (1), the lower bound results
of convex minimization problem with F'(x, y) = f(x) has been well-studied in the
past decades. For convex problems, Nesterov’s accelerated gradient method have
achieved iteration complexities of O(y/L/¢) for L-smooth convex problems, and

@) <\/g -In (é)) for L-smooth and p-strongly convex problems respectively, and both

of them are shown to match the lower complexity bound for the first-order methods;
see [29].

However, for the min-max saddle-point models, the situation is more subtle. Due
to the convex-concave nature of F, the vector field

_( ViF(x,y)
Gx,y) = <_va(x,y>)

is monotone. Hence the convex-concave saddle point problem is often studied as a
subclass of the variational inequality problems (VIP); see e.g. [16,22,24,28,30,36]
and references therein. Although there have been plenty of studies on the variational
inequalities model, the roles played by different Lischitz constants on the different
blocks of variables have not been fully explored in the literature. In other words,
often one would denote L to be an overall Lipschitz constant of the vector field G,
which is of the order ® (max{Ly, Ly, Lyy}) in our case, and set u to be the strong
monotonicity parameter of G, which is of the order ® (min{jy, y}) in our case,
and no further distinctions among the parameters would be made. Hence the con-
sidered problems are of special instances in F(L, L, L, w, ). Under such settings,
many algorithms including the mirror-prox algorithm [24], the extra-gradient methods
[17,23], and the accelerated dual extrapolation1 [30] and so on, have all achieved the

iteration complexity of O (ﬁ -In (%)), and this complexity is shown to be optimal for
first-order methods in solving the problem class (L, L, L, i, it); see [26]. However,

under the more general parameter regime of F(Ly, Ly, Lyy, fLx, [Ly), these meth-
ods are not optimal. For example, Nesterov’s accelerated dual extrapolation method

[30] has a complexity of O (M

1 . .
iy I (;)), even if the algorithm are mod-

. . 12 L2, L2 1
ified carefully one can only guarantee a complexity of © ﬁ + ijjy + M—% -In (E) ,

both of which do not match the lower bound provided in this paper. More recently,
tighter upper bounds have been derived. In [19], the authors consider the problems
classof F(L, L, L, jix, ty) and achieve an upper bound of © ( / Mﬁiv - In3 (61)), which

matches our lower bound when Ly = Ly = Ly, = L up to alogarithmic term. In [38],
the authors consider the general problems class of F(Ly, Ly, Ly, ftx, ity), the pro-

! In Nesterov’s original paper [30], the author did not give a name to his algorithm. For convenience of
referencing, in this paper we shall call it accelerated dual extrapolation.
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LLy | Ly 3/ 12 1
oty +y oI (#xl@) In <?)>
where L = max{L,, Ly, Ly}, which almost matches our lower bound for the general

problem class. Despite the gap for the general problem class F(Ly, Lyy, Ly, ftx, (by),
given the availability of proximal operators the authors of [9,10] have derived an algo-

o (L)) We will

Hx ity

posed algorithm achieves an upper bound of ©

rithm for problem class B(Lyy, fty, ity) With complexity ©

prove in this paper that this result has matched the theoretical lower complexity bound
for its problem and algorithm classes, hence optimal.

For the bilinear problem (3), when f is smooth and convex, g(y) = b y is linear,
the problem is equivalent to the following convex optimization problem

min{f (x) : ATx —b=0}.

Without using projection onto the hyperplane {x : ATx = b} which requires a matrix
inversion, pure first-order methods achieve O(1/¢€) complexity despite the strong con-
vexity of f; see e.g. [11,32,40]. Those iteration complexity bounds are shown to
match the lower bound provided in [33]. For more details on the lower and upper
bounds on this formulation, the interested readers are referred to [33]. Finally, for
the bilinear coupling problem (3), the authors of [13] show that a lower bound of

L3, : . . .
o ( /# -In (i)) can be derived, where i, stands for the minimum singular
HxyTHx Ry

value of the coupling matrix A. It is interesting that this result covers the linear conver-
gence phenomenon for pure bilinear saddle point problem [5] where f(x) = g(y) = 0.
Another remark is that, due to the special construction of the worst-case instance and
algorithm class, [13] cannot characterize the impact of L, and L as well as the lower
bound for proximal algorithm class.

Other than studies on the first-order algorithms, there are also studies on the higher-
order methods as well. For example, in [3] lower iteration complexity bounds for
second-order methods are considered, and in [2,27] lower iteration complexity bounds
are presented for general higher-order (tensor) methods. For smooth nonconvex opti-
mization, in [8] the iteration complexity lower bounds for first-order methods are
considered, while in [7] that for higher-order methods are considered.

Another line of research is for the non-conex/concave min-max saddle point prob-
lems; see [14,15] and the references therein. To guarantee convergence, additional
structures are often needed. For example, if one assumes that the solutions of the
problem satisfy the Minty variational inequality [18] then convergent algorithm can
be constructed. Another important situation is when F' is concave in y. In that case,
convergence and iteration complexity to a stationary solution is possible; see e.g. [21].
For more literatures in this type of problems, we refer the interested readers to [20]
and the references therein.

Organization This paper is organized as follows. In Sect. 2, we introduce two dif-
ferent algorithm classes (with or without proximal-operators). In Sect. 3, we construct
a worst-case example for problem class B(L.y, iy, ity) and derive the corresponding
lower iteration complexity bound for the algorithm class allowing proximal-operators.
An optimal algorithm is discussed in this case. In Sect. 4, we construct the worst-case
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906 J.Zhang et al.

example for problem class F(Ly, Ly, Lyy, iy, tty) and establish the corresponding
lower complexity bound for the first-order method (without any proximal oracles).
Optimal algorithms under several special parameter regimes are discussed. Finally,
we conclude the paper in Sect. 6.

2 The first-order algorithm classes
In this section, we discuss some preliminaries for the strongly convex and strongly
concave saddle point problem. Then, we shall introduce two algorithm classes to set

the ground for our discussion, and we shall also note specific known algorithms as
representative members in those algorithm classes.

2.1 Primal function, dual function, and the duality gap

First, we define @ (-) to be the primal function and W(-) to be the dual function of the
saddle point problem min, max, F'(x, y), respectively, with the following definitions

d(x) = mvax F(x,y) and Y(y) = n}in F(x,y). (@)

As the maximum of a class of uy-strongly convex function, we know @ (x) is a py-
strongly convex function. Similarly, W (y) is a i y-strongly concave function. We define
the duality gap as

A(x, y) == max F(x, y) — min F(x',y) =®(x) — ¥(y).

Suppose the unique solution of this min-max problem is (x*, y*). By the strong duality
theorem, we know for any x and y it holds that

d(x) > mi,n d(x)=d(x™) = F(x*, y*) = v (") = max W(y') > W(y).
x y

Together with the p,-strong convexity of ® and the w,-strong concavity of W, we
further have

Alx,y) = ®(x) — O(x*) + U (y*) — W(y) > %nx —x** + %uy — ¥ 1% (6)

Now, suppose that (X, y¢) is the approximate solution generated after k iterations
of an algorithm. Our aim is to lower bound the distance between (X, yx) and (x*, y*).
By (6), this would construct a lower iteration complexity bound in terms of the duality
gap as well.

@ Springer



On lower iteration complexity bounds... 907

2.2 Proximal algorithm class

First, let us consider the bilinearly coupled problem class (3) as introduced in Definition
1.2
minmax F(x,y) := f(x) + xTAy —g().
X y

For this special problem class, let us consider the lower iteration bound of the algorithm
class where the proximal oracles (4) are available.

Definition 2.1 (Proximal algorithm class) In each iteration, the iterate sequence
{(xk, yk)}kzo,l,,,. are generated so that (xk, yk) € H’; X H’;. These subspaces are
generated with HB = Span{x"}, Hg = Span{y°} and

A

HEH! = Span{x’, proxyl.f()?i — ¥ AY) (VR e ML,y e H;, 0<i<k}
HATL = Span{y’, prox,, (5 + 0; ATE) : VX e ML, ' e M), 0 <i <k}

)

Remark that when applying the proximal oracles, it is not necessary to use the most
recent iterate x* as the proximal center. Neither is it necessary to use the gradients
of the coupling term (namely the A" x and Ay terms) at the current iterate. Instead,
the algorithm class allows the usage of the combination of any points in the historical
search space. We shall also remark that the algorithm class in Definition 2.1 does not
necessarily need to update x and y at the same time, because setting x**! = x* or
yk+1 = yk also satisfies Definition 2.1. Thus this algorithm class also includes the
methods that alternatingly update x and y. Below is a sample algorithm in this class.

Example 2.1 (Algorithm 3 in [9]) Initialize with y = L%y, / %, o = L_l” /Z—‘;, and

0= 2\/%# Set ¥ = x0. Then the algorithm proceeds as
yF = prox, ,(yf + o ATF)
K = proxyf(xk — y Ayktlh (8

)z.k+l — xk+l +9(Xk+1 _ )Ck).

It can be observed that this algorithm takes the alternating order of update, by slightly
manipulating the index, it can be written in the form of (7) in Definition 2.1. The

2
complexity of this method is © (m -In (;))

2.3 Pure first-order algorithm class

In constrast to the previous section, here we consider the more general problem class
F(Ly, Ly, Lyy, iy, fy):

minmax F(x, y).
x oy
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908 J.Zhang et al.

For such problems, we refer to the algorithm class as the pure first-order methods,
meaning that there is no proximal oracle in the design of algorithms in this class.

Definition 2.2 (Pure first-order algorithm class) In each iteration, the sequence
{(xk, Yx)}k=0.1,... is generated so that (x*, vk € ch X H';, with 7—[2 = Span{x°},
H?, = Span{y°}, and

HET = Span{x’, V, F(¥', ") : V&l e HL, §' e Hi,0 <i <k} ©
HET = Span{y’, V, F(¥', §') : V' e HL, 5" € M., 0 <i <k}.

Similar to our earlier comments on the proximal algorithm class, in this class of
algorithms the gradients at any combination of points in the historical search space
are allowed. The algorithm class also includes the methods that alternatingly update
between x and y, or even the double loop algorithms that optimize one side until certain
accuracy is achieved before switching to the other side. At that level of generality, it
indeed accommodates many updating schemes. To illustrate this point, let us present
below some sample algorithms in this class.

The first example is a double loop scheme, in which the primal function ®(x) is

optimized approximately. Specifically, let y*(x) = argmax F (x, y), by Danskin’s the-
y
orem, VO (x) = Vi F(x, y*(x)); see e.g. [6,34]. Therefore, one can apply Nesterov’s

accelerated gradient method to minimize ® (x). The double loop scheme performs this
procedure approximately.

Example 2.2 (Double loop schemes, [35]) Denote oy = _/ L’;" and oy = /’Z—i, where

2
Lo, =1L, + f; is the Lipschitz constant of V& (x) (see [35]). Given (x°, y°) and

define 0 = x©, the double loop scheme works as follows:

xk+1 _ —k _ ;V F()Ek yk)

k+1 K ok for k=0,1,..,T)

_ o
x k+1+1+f(x

where the point y* is generated by an inner loop of accelerated gradient iterations

wH—l _u-}t+ 1 V F()E" u-)t)

0 -0 k—1
t+1 :

for +=0,1,...,7» and w"  =w’" =y

- N = | t+l t
w =w +l+f( —w')

Then, set y¥ := w’*! to be the last iterate of the inner loop.

For simplicity, we have applied a specific scheme of acceleration [29] which does
not work for nonstrongly-convex problems. In principle, the FISTA scheme can also
be used. For this scheme, with properly chosen 77 and 7>, the iteration complexity

Ly . .
O( e ,L\,Lv \/Zln )ls achievable.
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In the following, we also list examples of several single loop algorithms, including
the gradient descent-ascent method (GDA), the extra-gradient (EG) method [17] (a
special case of mirror-prox algorithm [24]), and the accelerated dual extrapolation
(ADE) [30].

Example 2.3 (Single loop algorithms) Let L = max{Ly, Ly, Ly}, p = min{uy, @y}
Given the initial solution (x°, y%), the algorithms proceed as follows:

k1 — ok _ o v F ook vk
GDA) {x k= V F(xk, yh)

YU = Yk 4 vy F (K, y0)

(EG) )"C'k+l — )Ck _ UZVXF(xk7 yk) q xk+l — xk _ nZVxF(ik+l; yk+l)
~ n ~ ~
= Y+ mVy R b YA = K Oy F @R R

=k (VP GK h) 4+ fh Ve FE )

(ADE) k+1 __ k+ LV F( k k) LV F(‘“k-H ~k+l)
y _.y 773 L+/L y X 7y + L+/L y X 3y

where n; = O (%) m=0 (%) 3 =0 (%) The iterative points (X!, ¥+1) in
(ADE) are the same as that in (EG), except that 1, is replaced by 73.

The original update of (ADE) algorithm is rather complex since it involves the handling
of constraints. In the unconstrained case, it can be simplified to the current form, which
is a mixture of (GDA) and (EG). The corresponding iteration complexity bounds are

O (L n (1)) for (GDA), and O (£ In (1)) for both (EG) and (ADE),

2.4 General deterministic algorithm classes without linear span structure

Although all the reviewed first-order methods satisfy the linear span property in the
proximal algorithm class in Definition 2.1 and the pure first-order algorithm class
in Definition 2.2, this does not exclude the possibility of the deriving an algorithm
that does not satisfy the linear span property. Therefore, we also define the general
deterministic proximal algorithm class and the general deterministic pure first-order
algorithm class as follows, whose iteration complexity lower bound can be generalized
from their linear span counterpart through the technique of adversary rotation.

Definition 2.3 (General proximal algorithm class) Consider the problem (3) in
the problem class B(Lyy, iy, (ty), denote 6 = (Lyy, iy, ty) as the corre-
sponding problem parameters. Let algorithm .4 belong to the general proxi-
mal algorithm class. Then A consists of a sequence of deterministic mappings
{(A}C,A;,A;,AL), (.A%,Ai,Ai,A%)...} such that the iterate sequence

{(xk, yk)}kzo,l,m and the output sequence {()Zk, &k)}kzo,hm are generated by

(xk, )Zk) = A§ (9; x9, Ayo, ey xk1 Ayk_l; prox)/kf(uk)) ,

10
OF, 35 o= AL (6: 50, ATXO, L y* =1 AT prox,,  (09)) {10
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910 J.Zhang et al.

where uf = AI;(Q; X0, AY0 xR ApRy ok = .Aﬁ(@; VO, ATXO, R
ATx*1 and (x¥, y9) is any given initial solution.

One remark is that the input of the proximal mapping prox,, (-) is constructed with
other inputs to the A%, i.e., there could be another deterministic mapping A to generate
avector uf = A (0; x0, Ay0, ..., x*=1, Ay*=1) and then proxykf(uk) is passed to the
mapping .AX. This AX does not need to be linear. The situation for v and A¥ is similar.
Similar to the general proximal algorithm class, the general pure first-order algorithm
class is defined as follows.

Definition 2.4 (General pure first-order algorithm class) Consider the problem (1)
in the problem class F(Ly, Ly, Ly, fix, ity), denote 6 = (Ly, Ly, Lyy, ftx, (ty) as
the corresponding problem parameters. Let algorithm A belong to the general pure
first-order algorithm class. Then A consists of a sequence of deterministic mappings
{A}C, A;, A)%, A?,, ...} such that the iterate sequence {(x*, y¥)};—o.1.... and the output

sequence {()Ek, jzk)}k:(),l,”_ are generated by

(o, %) = AR (0: 20, Vi F(x0,y0), L XL v PRy D))

- _ 1 e (11)
K, 55 = AL (6: 50, Vy F(0,30), oy 71 VPO, A D)

given any initial solution (x°, y°).

A remark is that the gradients V,F(-,-) and V, F(.,-) actually do not need to be
taken on the previous iterates {(xo, yo), (xl, yl), e (xk_l, yk_l)}. Similar to the
proximal case, they can also be taken on some other {(ug_l, v,?_l), (”11—1’ v,i_l),
(ufj,v],fjll)} that are generated by some mappings {(Aﬁ_l’O,A’,j*I‘O), (A];_l’l,
A{j_l’l), - (Aﬁfl’kfl, A{j_l’k_l)}. The reason that we do not consider this more
general form is twofold. First, the simpler form in Definition 2.4 has already cov-
ered all the discussed algorithms. Second, this more general form actually shares the
same iteration complexity lower bound, despite the technical complications involved.
Therefore, in this paper we shall only include the gradients at the past iterates as the
input to the algorithm.

3 Lower bound for proximal algorithms
3.1 The worst-case instance

Let us construct the following bilinearly coupled min-max saddle point problem:

Ly ’
minmax F(x, y) = 2|22+ =2xTay - D2 —pTy  (2)
x oy 2 2 2
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On lower iteration complexity bounds... 911

where b is a vector to be determined later, and the coupling matrix A (hence A2 and
A%) is defined as follows:

2 -3 1
| Il ~3 6 —4 1
L -12 -1 1 -4 6 —4 1
A= 1 -1 LAY = -1 At = e e

s 1 46 —4 1

-1 S, 1 —4 6 —4

1 45
(13)

Note that AT = A and ||A|s < 2. Therefore (12) is an instance in the problem
class B(Lyy, tx, fty). It is worth noting that the example (12) is the same as that in
Proposition 2 of [13], which is a parallel work focused on pure first-order algorithm
class. Here, we use the same example to elaborate the lower bound of the proximal
methods over the general bilinear coupling class B(Lyy, ftx, [ty), as well as a warmup
for the discussion of more complex problem class F(Lyx, Ly, Ly, fix, iy).

Denote e; to be the i-th unit vector, which has 1 at the i-th component and 0
elsewhere. Then by direct calculation, one can check that A? satisfies the following
zero-chain property (see Chapter 2 of [29]).

Proposition 3.1 (Zero-chain property) For any vector v € R", ifv € Span{e; : i < k}
forsome 1 <k <n — 1, then A>v € Span{e; : i <k + 1}.

This means that if v only has nonzero elements at the first k entries, then A2y will
have at most one more nonzero entry at the (k + 1)-th position.
For problem (12), the proximal operators in (7) can be written explicitly:

2
. - .M 1 . YiLlxy .
prox,, (% — ;i AF;) = argmin — [x||* + =— |x — (& — " AF) }
1 L
= X — Yioxy Ay
L+ yipy 2(1 + yipx)
€ Span{%;, A¥;}. (14)
Similarly, for the y block, we also have
yi —oib 0iLyy

prox,,, (i + o; A %) = A%; € Span{$;, A%;, b}. (15)

Ttoimy 201+ 0ijt)

Let us assume the initial point to be x° = y0 = 0 (Hg = H(}), = {0}) without loss of
generality. Directly substituting (14) and 15 into Definition (2.1) yields

H! C Span{0} H2 C Span{Ab} H3 C Span{Ab)} H* C Span{Ab, A3b)
H) C Span{b} H3 C Span{b} H3 < Span{b, A%b} H} < Span{b, A%b}

We formally summarize this observation below:
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912 J.Zhang et al.

Lemma 3.2 For problem (12), for any k € N, if the iterates are generated so that
(ks yi) € Hy x HE, with HE and HY defined by (2.1), then based on (14) and (15)
the search subspaces satisfy

{0}, k=1

HE .
"7 |Span{A%Ab):0<i <[] -1}, &k

" G g<i<]| K
and HygSpan A“b:0<i< 2 —1t.

3.2 Lower bounding the duality gap

Let us lower bound the dual gap, which is upper bounded by the whole duality gap.
To achieve this, let us first write down the dual function of problem (12) as

1 L2
U(y)=minF(x,y)=—=y (- A4pu,-1)y=>b"y. (16
x 2 4ty

For this j1y-strongly concave dual function, we can characterize the optimal solution
y* directly by its KKT condition VW (y*) = 0. However, the exact solution y* does
not have a simple and clear form, so we choose to characterize it by an approximate
solution y*.

Lemma 3.3 (Approximate optimal solution) Let us assign the value of b as b :=
2

—‘I;;iel. Denote o := 4‘2’21:“", and let ¢ = % ((2 +a)— V2 +a)?— 4) € (0, 1)

be the smallest root of the quadratic equation 1 — (2 + a)g + g> = 0. Then, an
approximate optimal solution y* can be constructed as

i
$r=-—1— for i=12 ..n (17)
l—gq

The approximation error can be bounded by

qn+l

- — 18
a(l —q) (18

9% = y*Il <

where Y7 is the i-th element of y*. Note that g < 1 and the lower bound is dimension-
independent, hence we are free to choose n to make the approximation error arbitrarily
small.

Proof First, let us substitute the value of b into the KKT system VW (y*) = 0, by
slight rearranging and scaling the terms, we get

a2 Mty ) e A
L2, L2,
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Using the definition of @ and b, the equation becomes
(A’ +al)y* =ey.
Substituting the formula of A2 in (13), we expand the above equation as

(I+a)y;—y; =1
i+ Q2+a)y;—y;=0
: (19)
—In s+ QC+a)y, =y, =0
—yi 4+ Q4 a)yr=0.

By direct calculation, we can check that y* satisfies the first n — 1 equations of the
KKT system (19). The last equation, however, is violated, but with a residual of size
q"t1 /(1 — ¢). In details,

n+1

(A +a-Di*=ei+ 5 e
(A2 +a-Dy* =ey.

This indicates that y*—y* = %~(A2+a1)_1en.Note thata='7 = (A%4al)~! > 0,
we have the approximation error bounded by (18). O

Note that in Lemma 3.3, we have chosen b  e;. By the zero-chain property in
Proposition 3.1 and Lemma 3.2, we can verify that the subspaces H%k’l and H%k
satisfy

HIF MK C Span{b, A%, ... A** Db} = Span{ey. ez, ... er}.  (20)
This implies that for both y2* and y?~!, the only possible nonzero elements are the first

k ones, which again implies that the lower bound of || y?¥ —y*||Z and || y2*~! — y*||? will
be similar. For simplicity, we only discuss this lower bound for y2#. The counterpart for

y%~1 can be obtained in a similar way. Therefore, we have the following estimations.
n
Lemma3.4 Assume k < 5 andn > 2log, (ﬁi) Then
2k 29 0 2
Iy= = y*II° = Elly =7 2D

where y° = 0 is the initial solution.

Proof By the subspace characterization (20), we have

2k S 2 q* \/ 2 4 2(n—k) q* A
Iy =51 = 09 = +qt 4+ PR > 3 = =y =L
v =3 j§+1 SR =T Ve e q A= 500 -5
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where the last inequality is due to the factthatg < 1,k < %, and yO = 0. If we choose

n to be large enough, then $* and y* can be made arbitrarily close to each other. Hence
we can transform the above inequality to (21). More details of this derivation can be
found in Appendix A. O

Using Lemma 3.4 and (6), it is then straightforward to lower bound the duality gap
by

Myl =011

A2k 2Ky >
x™,y7) = ¢q D)

Summarizing, below we present our first main result.

Theorem 3.5 Let the positive parameters jiy, [ty > 0 and Ly, > 0 be given. For any

integer k, there exists a problem instance from B(Lyy, [Ly, [Ly) of form (12), withn >
2

max {210gq (52552} ) ,4k}, where A € R™" as defined in (13), and b = —i{:’:EI.

For such a problem instance, any approximate solution (%, ) e H]; X H’; generated
by the proximal algorithm class under the linear span assumption (7) satisfies

3 Iy — 012
and 5% — y*|? > ¢F - T——,

16
(22)

kRl =50

max F (3, y) — min F(x, 5%) > ¢
y X 32

2
where g = 1 + 2‘?# ) (Mau,v) + Hxlty
Xy

Proposition 3.6 Under the same set of assumptions of Theorem 3.5, if we require the
duality gap to be bounded by €, the number of iterations needed is at least

£ _ 02 12 1
P N T S 2 o om(=)]. @
32e¢ Mx Ly €

The proof of Proposition 3.6 is in Appendix B.

3.3 The general proximal algorithm class

Note that Theorem 3.5 is derived for the proximal algorithm class with the linear
span assumption, in this section, we will apply the orthogonal invariance technique,
introduced in [25], to generalize the result of Theorem 3.5 to the general proximal
algorithm class without the linear span assumption.

Consider the bilinear problem class B(Lyy, iy, ity) and the corresponding worst
case problem (12) with F(x, y) = 2 ||x|> + %xTAy — B yI? = by, where A
and b are defined in accordance with Theorem 3.5. We define the orthogonally rotated
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problem as

L
minmax Fuy (¥, y) i= F(Ux, Vy) = %||x||2+ﬂxTUTAVy—%||y||2—bTVy,

2

24)
where U,V are two orthogonal matrices. Therefore, it is clear that Fy y €
B(Lyxy, tx, ty). Let (x*, y*) be the saddle point of F (x, y), thenitis clear that the sad-
dle point of Fyy v (x, y) is (x*, y*) = (U "x*, V T y*). Consequently, the lower bound
for the general proximal algorithm class is characterized by the following theorem.
Theorem 3.7 Let A be any algorithm from the general proximal algorithm class
decribed in Definition 2.3. We assume the dimension n is sufficiently large for sim-
plicity. For any integer k, then there exist orthogonal matrices U,V s.t. Fyy €
B(Lyy, fLx, ity), when applying A to Fy v with initial solution (x9, y9) = (0, 0), the
iterates and output satisfies

(@050 G5 ) CUTHE s VIS and

(ik, yk) e UTHik—‘rl x VTHﬁ;k-‘rl’
where Hﬁc, 'H; are defined by Lemma 3.2. Consequenty, by Theorem 3.5,

Ak+2
q
—ly* = yO?

~k T.x)12
-V >
Iy YT = 6

L2
where q is given in Theorem 3.5. As a result, it takes 2 (, / M—”MV‘ -log (é)) iterations
to output a solution with O (¢€) duality gap.

For the proof of this theorem, we only need to construct the orthogonal matrices
U,V such that when the algorithm A is applied to Fy v, the subspace inclu-
sion argument {(x°,)°), ..., &%, y5)} € UTHI x VIHF! and (35, 55)
UTHHH x V—'—'H;‘,k‘Irl holds. As a result,

4k+2
I = VI 1P =1V =y 1P = min lly = "I = 1" =001
EHy'-H 16

With this argument, the latter results follow directly from the discussion of Theorem
3.5. The proof of this theorem is presented in Appendix C.

3.4 Tightness of the bound

We claim the tightness of the derived lower bound by the following remark.

Remark 3.8 (Tightness of the bound) Consider the algorithm defined in Example 2.1,

2
from [9,10]. The achieved upper complexity bound is O (‘ / ML;MV -In (%)), and it
x by
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matches our lower bound. This means that our lower bound (23) is tight and the
algorithm defined in Example 2.1 is an optimal algorithm in the proximal algorithm
class in Definition 2.1.

4 Lower bound for pure first-order algorithms
4.1 The worst-case instance

In this section, we consider the lower complexity bound for the pure first-order method
without any proximal oracle. In this case, only the gradient information can be used to
construct the iterates and produce the approximate solution output. Similar as before,
we still consider the bilinearly coupled problems:

1 L 1
min max F(x, y) := sz(BxAz—i—,uxl)x—i—%xTAy— EyT(ByAeruyl)y—bTy
x oy
(25)
where b is a vector whose value will be determined later. The coefficients B, :=

%, By = L}A‘;’“ and the coupleing matrix A is defined by (13). Note that || A2 <

2and ||A ||§ < 4, we can check that problem (25) is an instance from the problem class
F(Lyx, Ly, Lyy, jtx, ity). This time the subspaces H’;’s and H';’s are generated by the
following gradients:

VoF(x,y) = (BeA2 + o Dx + 55 Ay,
VyF(x,y) = —(ByA2 +uyDy + %Ax _b

Following Definition 2.2, by letting x* = y° = 0 we have

H! < Span{0} H2 C Span{Ab} H3 C Span{Ab, A%(Ab)}
H) C Span{b} H3 C Span{b, A%b} H3 C Span{b, A’b, A%b}

By induction, we get the general structure of these subspaces.

Lemma 4.1 For problem (25) and for any k € N, if the iterates are generated so that
(X%, k) € HfC X 'H’;, with Hl; and H’; defined by (2.2), then we have

k {0}, k=1 k i . .
Mt _ and M < Span{A¥b:0<i<k-1].
* 7 |Span {A%(Ab): 0 <i<k—2}, k>2 ’

Different from the discussion of last section, this time it is more convenient to deal
with the primal function instead of the dual one. By partially maximizing over y we
have

1
®(x) :=max F(x,y) = ExT(BXA2 + pueD)x
y
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+L§y <A 2b )T(B A? 4+, D)7 <A 2b >
X — My X — s
8 Lyy 7 Y Lyy

which is p,-strongly convex. Therefore, the primal optimal solution x* is completely
characterized by the optimality condition V& (x*) = 0. However, the solution of
this system cannot be computed exactly. Instead, we shall construct an approximate
solution x* to the exact solution x*.

Lemma 4.2 (Root estimation) Consider a quartic equation
l—(@4+a)x+ 6420+ p)x>— @A +a)x> +x* =0, (26)

where the constants are given by

L2
e T

- . 27)
4B.B, ' B, B, BB,

Aslongas Ly > jux > 0,and Ly > jy > 0. Then the constants 0 < o, B < +o0 are
well-defined positive real numbers. For this quartic equation, it has a real root x = q

satisfying

-1
1 1 /L L2, L, 1 1LYy L, Ly
e CREw. i <q<k-+J e
242V 1t MxMy My 20 2V uxpy  px My

(28)

-1

The proof of this lemma is presented in Appendix D. With this lemma, we can construct
the approximate solution x* as follows.

Lemma 4.3 (Approximate optimal solution) Let o, B be defined according to (27), let
q be a real root of quartic equation (26) satisfying (28). Let us define a vector b with
elements given by

= Q+a+p)g—GB+a)g*+q°, by:=q—1, and by =0, for3<k <n,
(29)

2B, B
A" 1. Then an approximate solution X* is constructed as

and then assign b =

X = qg' for i=1,2,...n. 30)
The approximation error can be bounded by

7
18* — ¥ < ;“ ", 31)

Note that g < 1 and the lower bound is dimension-independent, hence we are free to
choose n to make the approximation error arbitrarily small.
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The proof of this lemma is parallel to that of Lemma 3.3, but is more involved; the
detailed proof is in Appendix E.

Note that in this case, the vector Ab o« b C Span{ey, e>}. By the zero-chain property
in Proposition 3.1, the subspace H§ described in Lemma 4.1 can be calculated by
induction

Hfﬁ C Span{ey, e, ..., e} for k> 2. (32)

Parallel to Lemma 3.4, we have the following lemma, whose proof is in Appendix F.

n _B
Lemma4.4 Assume k < 5 andn > ZIqu <4ﬁ(7+a)> + 2. Then
k 2 q2k 0,2
[[x* — x*[I" = Tc [x* —x7| (33)

where x0 = 0 is the initial solution.

Consequently, the duality gap is lower bounded by

e plx® — x|

X k *112 2
AGK, vk > Bk - >
(x y)_zllx x*7=q 7

Summarizing, we present our second main result in the following theorem.

Theorem 4.5 Let positive parameters jLy, by > 0and Ly > iy, Ly > py, Ly, >0
be given. For any integer k, there exists a problem instance in F(Lyx, Ly, Lyy, jix, Vy)
of form (25), with n > max {210gq (”T“) , Zk}, the constants o,  as in (27), the
matrix A € R™" as in (13), the vector b = 2%—?A"I; where b as in (29). For

this problem, any approximate solution (3%, %) € Hi X Hl; generated by first-order
algorithm class (9) satisfies

X* = xO 2
max F()Zk, y) — min F(x, ﬁk) > qzk . M and
y x 32
* _ .02
||ik —x*||2 > qzk . %’ (34)

where q satisfying (28) is a root of the quartic equation (26).

Remark 4.6 As a result, if we require the duality gap to be bounded by e, then the
number of iterations needed is at least

kz—ln(M)/ln(q_l)zﬂ gy o +—y~1n<—)
2 32¢ Mx  MxMy My €

(35)
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4.2 The general pure first-order algorithm class

Consider the problem class F(Ly, Ly, Lyy, px, tty), we define the orthogonally
rotated problem as

minmax Fy v (x, y) = %xT(Bx UTA2U+px Dx+ %xTUTAVyf %yT(By VA2V 4uyDy—b"v Ty

(36)
where A, b, By, By are defined in accordance with Theorem 4.5 and U, V are two
orthogonal matrices. Therefore, it is clear that Fy v € F(Ly, Ly, Lyy, tyx, ity). Let
(x*, y*) be the saddle point of F(x,y), then it is clear that the saddle point of
Fyy(x,y)is (x*,5*) = (U'x*, VT3*). Consequently, the lower bound for the
general proximal algorithm class is characterized by the following theorem.

Theorem 4.7 Let A be any algorithm from general pure first-order algorithm class
described in Definition 2.4. We assume the dimension n is sufficiently large for sim-
plicity. For any integer k, then there exist orthogonal matrices U,V s.t. Fyy €
F(Ly, Ly, Lyy, [Lx, ity), when applying A to Fy v with initial solution (xo, yO) =
(0, 0), the iterates and output satisfies

(@00 G Y CUTHE VIR and

(ik, yk) c UTHJZCk-i-l x VTH§k+1,
where Hi, va are defined by Lemma 4.1. Consequenty, by Theorem 3.5,

4k+2
1 — U2 > L — 02
16

. . . ! L2 L, 1
Ly Xy 5 om(t
where q is defined in Theorem4.5. As a result, it takes Q2 ot TS + i In ( c ))

iterations to output a solution with O (€) duality gap.

The proof of this theorem is completely parallel to that of Theorem 3.7. We only
need to construct the orthogonal matrices U, V such that {(x?, y0), ..., (x*, y©)} €
UTH?J‘ X VTHgk and (ik, yk) € UTH)%]"|rl X V—'—H%k‘Irl hold, whose proof follows
exactly the same proof procedure of Theorem 3.7. Then argue that

4k+2

~k T, %12 ~k *12 . *12 * 02
[X* =U x*[I7 = Ux" =x7|” = min |lx —x7[* = ——|lx" —x"[|I".
et 16
X

The latter results follow Theorem 4.5 and we omit the proof.

4.3 Tightness of the bound

In this section, we discuss the tightness of this bound. Currently, to the best of our
knowledge, there does not exist a pure first-order algorithm that can achieve the lower
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complexity bound provided in (35). Therefore, whether an optimal algorithm exists that
can match this bound or the bound can be further improved remains an open problem.
However, we shall see below that (35) under several special parameter regimes is
indeed a tight bound.

Case I F(Ly, Ly, Lyy, jLx, iy) For this general class, define L = max{Ly, L,
Lyy}. A near optimal upper bound of

L L L, L 1
ol /—=+—2+=2In (—)
Mx Hx Ly My €
is obtained in [38], which almost matches our lower bound.

Case 2 F(Ly,Ly,0, puy, y) In this case Ly, = 0, meaning that variables x
and y are decoupled. Problem (1) becomes two independent convex problems with

. Ly . . .
condition numbers % and M—‘ respectively. In this case (35) is reduced to
X ¥y

Ly 1 Ly 1
Q —In{-)+ /—In{-])].
Hx € Ky €
This is matched by running two independent Nesterov’s accelerated gradient methods

[29].
Case 3 F(L,L,L,u, ) Inthiscase Ly =Ly =L,y =L,y =ty = p. Then

(35) is reduced to
L 1
Q (_ In (_)) .
n €

The extra-gradient algorithm (EG) and the accelerated dual extrapolation algorithm
(ADE) introduced in Example 2.3 have achieved this bound; see e.g. [23,30].

Case4 F(Ly, O(1) -y, Lyy, ty, ity) Inthiscase L, = O(1) - i1y, meaning that
one side of the problem is easy to solve. Then, (35) is reduced to

L L2 1
Q X <_>
Mx Mx My €

For the double loop algorithm defined in Example 2.2, when we set the inner loop
iteration to be T» = O ( % In (%)) =0 (In (%)), and the outer loop iteration to be

2
=0 < % In (%)) =0 ( lLL—i + % -In (%)) Then, an upper bound of

L L2, 1
=0 /=2 i -1n2(—)
Mx Mx My
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can be guaranteed. It is tight up to a logarithmic factor.
Case 5 F(L,L, L, py, uy) Inthiscase Ly = Ly = Ly, = L. Then (35) is

reduced to
L2 1
Q In| - .
Mx Uy €

This bound has been achieved by [19] up to a logarithmic factor.

5 Reduction to lower bounds for convex-concave problems

Note that in the previous sections, we consider the strongly-convex and strongly-
concave problem classes B(Lyy, ftx, pty) and F(Ly, Ly, Lyy, [Lx, ity), where p, > 0
and py, > 0. In this section, we show how our iteration complexity lower bounds
provided in Theorem 3.5 and 4.5 can be reduced to the problem classes with p, =
ty = 0. Similar reduction can also be done for the case where u, > 0, uy = 0, but
is omitted in this paper.

5.1 Lower bound for pure first-order algorithm class

Unlike the strongly-convex and strongly-concave saddle point problems, the saddle
point of the general convex-concave problem may not always exist. Therefore, we
define a new problem class with bounded saddle point solution as follows.

Definition 5.1 (Problem class Fo(Lyx, Ly, Lyy, Ry, Ry)) We say a function F belongs
to the class Fo(Lyx, Ly, Lxy, Ry, Ry) aslong as: (i). F € F(Ly, Ly, Lyy,0,0). (ii).

The solution to (x*, y*) = argmin argmax F (x, y) exists,and [|x*|| < Ry, [|[y*|| < R,.
x y

For this problem class, we have the following lower bound result, as a corollary of
Theorem 4.7.

Corollary 5.2 Consider applying the general first-order algorithm class defined by
(2.2) to the problem class Fo(Ly, Ly, Lyy, Ry, Ry). For any € > 0, there exists a
problem instance Fe(x,y) € Fo(Lyx, Ly, Lyy, Ry, Ry), such that

LyR? L, R.R [LyR2
Q XG x+ Xyex y+ )E y (37)

iterations are required to reduce the duality gap to €.

Proof We start the reduction by the following scaling argument. First, for any € > 0,
let Fe € F(Lyx, Ly, Lyy, jx, ity) be the worst-case instance described by Theorem
4.7. For our purpose, we choose

jy =64€/R; and  p, = 64¢/R;.
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Then by direct computation, we know that the following scaled problem satisfies
Fe(x,y) = aﬁe(cx, dy) € }"(aCZLx, ad2Ly, acdLyy, ac2p,x, adZ/Ly).

We skip the parameter b since it is already used in the construction of the
worst case instance F Denote (x*, y*) = miny maxy F (x,y) and (x*, y*) =
min, maxy Fe(x, y). Let us set

_ lx

22 and a=min{c 2, d?}.
Ry

Then we have x* = ” A*” and y* = ”A*”

that ac?L, < L., ad> Ly < Ly,and acdLyy < Lyy. Therefore, we know

and the Lipschitz constants of F, satisfy

Fe € F(ac®Ly, ad*Ly, acdLyy, ac* iy, ad*py) N Fo(Ly, Ly, Lyy, Ry, Ry).

Note that purely scaling the variables and the function does not change the worst-
case nature of this problem. That is, F¢ is still the worst-case problem instance of
the function class F(ac*L,, adzLy, acdLyy, aczux, adz,uy) and the lower bound of
Theorem 4.5 is valid for this specific instance. Therefore, to get the duality gap less
than or equal to €, the number of iteration k is lower bounded by

ac’L a? 2d2L2 ad’L, acp, | x* — x9)?
o \/ L, b ad m( el ||)
ac’u,  ac’uy -ad wy ad=p 32¢

L, R2
Do LR ,/ ‘In 2ac (38)

where (i) is because x° = 0, [|x*|| = Ry, and u, = 646/R§. Therefore, as long as
we can show that In (Zacz) > Q(1), then the corollary is proved. However, since the

details are rather technical, we shall provide a proof of In (2ac?) > In2 in Appendix
G. O

As a remark, by setting L, = 0, the lower bound (37) implies the result derived in
[33]. When L, = Ly, = L,, = L, the lower bound (37) implies the result derived
in [25]. The reduction for the general pure first-order algorithm class defined by (2.4)
without the linear span assumption can also be done in a similar manner and is omitted
for succinctness.

5.2 Lower bound for proximal algorithm class

Like Definition 5.1, we define a new bilinear problem class with bounded saddle point
solution as follows.
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Definition 5.3 (Problem class By(Lyy, Rx, Ry)) We say a function F belongs to
the function class Bo(Lyxy, Ry, Ry) as long as: (i). F € B(Lyy, 0, 0). (ii). Solution
(x*, y*) = argmin argmax F (x, y) exists, and [|[x*|| < Ry, [|[y*|| < R,.

x y

For this problem class, we have the following lower bound result, as a corollary of
Theorem 3.7.

Corollary 5.4 Consider applying the general first-order algorithm class defined by
(2.2) to the problem class Bo(Lyy, Rx, Ry). For any € > 0, there exists an instance
Fe(x,y) € Bo(Lyy, R, Ry), such that

Q(M) (39)

€

iterations are required to reduce the duality gap to €.

Remark 5.5 The lower bound in Corollary 5.2 is tight. An optimal algorithm is derived
in [9,10].

The reduction can be done in a similar way as in Corollary 5.2, but is much simpler.
The details are omitted here.

6 Conclusion

In this paper, we establish the lower complexity bound for the first-order methods in
solving strongly convex and strongly concave saddle point problems. Different from
existing results, we discuss the problem in the most general parameter regime. For the
bilinear coupling problem class B(Ly, ttx, fy) and for both proximal algorithm class
(7) with linear span assumption and the general proximal algorithm class (10) without
linear span assumption, a tight lower bound is established. For general coupling prob-
lem class F(Ly, Ly, Lyy, tx, /ty) and for both the pure first-order algorithm class
(9) with linear span assumption and the general pure first-order algorithm class (11)
without the linear span assumption, a lower bound has been established. Under various
special parameter regimes, tight upper-bounds can be developed. In the most general
setting of the min-max framework, a near optimal algorithm has been discovered, while
the optimal algorithm that exactly matches the lower bound has yet to be discovered.
Finally, we also show that our result implies several exisiting lower bounds for general
convex-concave problems through proper scaling of the worst-case instance, which
indicates the generality of our results.

Acknowledgements We thank the two anonymous reviewers for their insightful suggestions on orthogonal
invariance argument for breaking the linear span assumption and the suggestion on applying scaling to
obtain lower bounds for general convex-concave problems.
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A Proof of lemma 3.4

By the subspace characterization (20), we have

% o
“Il

Iy -5 S

v

n

5%)2 —
Z (yj) 1
j=k+1
qk k

~ q 0 A~k
—= 131 = ==y = 51,
V2 V2

where the last inequality is due to the fact that g < 1,k < 7 and y9 = 0. Note that by

Lemma 3.3, if we require n > 2log, ( " f) then we can guarantee that

qﬂ+1 qi K q

1q
o¥ ¥ < —_— << . . —_— J—
y" =y ||_a(1_q)_ PR AT =7 flly ¥

for V1 <k <n/2,
(40)
and ¢/(1 —q) < ||[y° — $*||. Therefore,

where the last inequality is due to L~ 72 =3 f

we have

Iy — y*1% = Ay = 31 = 15* — y*I)?
> [y — 517 = 20y = 3 115* — vl

k
. ~ q ~
> min {r2 —20F* — ¥t it > 8 = —=1y° —y*n}

V2
= 8k (8 — 213" = "D
1 q2k
> _52 - 1 0_ Ak 2 41
z 5% = Iy" =371 (41)

where the fourth line is due to that d (> —2|| 3* — y*||£) /dt = 2(t—|3*—y*|) = Owhen
t > dy. Hence the quadratic function is monotonically increasing in the considered
interval. In addition, we also have

n

R A A q q
10— y* I < 1y° = $*1 +19* = y* Il < IY° = 31 + — - ——
a l—gq
< (44" /) y" = 5% < 211y° = $*II,
where the third inequality is due to that ||y = y1 = q/(1 — q). For the

last inequality, if « > 1, then ¢" /o < 1;if ¢ < 1, then ¢" /o < «/32 < 1 since
n > 2log, (ﬁi) Combining the above two inequalities, the desired bound (21)
follows.
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B Proof of proposition 3.6

Here we only prove the last inequality of (23). Due to the fact that (In(1+z)) -1 > 1/z
for Vz > 0, we know

(n(g~™N ™" = (n(1+ 1 —q)/g) " = %

which completes the proof.

C Proof of theorem 3.7

Before proceeding the proof, let us first quote a lemma from [33].

Lemma C.1 [Lemma 3.1, [33]] Let X ; X C R? be two linear subspaces. Then for
any X € RP, there exists an orthogonal matrix I' € RP*P s.t. I'x = x,Vx € X and
I'x e X.

Note that for an orthogonal matrix I, if ['x = x, then we also have '"x = x. Now
let us start our proof of Theorem 3.7.

Proof To prove this theorem, we only need to show
(@00, K Y CUTHE s VIS and

(ik’yk) c UTHik-‘rl % VTHik-I-l.

We separate the proof into two parts. o
Part I. There exist orthogonal matrices U, V s.t. when A is applied to the rotated

instance F; ;. {0, 9), ooy (2K, Y50} C OTHIT vTHik_l'
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Let0 = (Lyy, px, iy) be the set of algorithmic parameters. To prove the result, let
us construct the worst-case function Fyy v in a recursive way.
Case k = 1: Let us define Uy = Vp = I. When A is applied to the function Fy, v, €
B(Lyxy, iy, [Ly), the iterate sequence is (xg, yg) = (0,0) and

ug = AL©0:; x5, U AVoyd), (x4, %)) = AL©O; x§, Ug AVoyd, prox,, ;(up)),
v = Ay (0: 5, Vol AUoxg), (35, ) = Ay(0: ¥g, Vi AUXG, Proxg, o (vp).-

By Lemma C.1, there exists orthogonal matrices ' and F8 such that I“Bxé eH: =

Span{Ab}, I')yj € H3 = Span{b, A%b}, and I')b = (I')) Th = b. That is

evH, and  ylevH

3 Vib=Vb=0b, (42)

where Uy = UOF)(C) and V| = V()Fg.

Now we prove that when we apply the algorithm A to Fy, v,, the generated
iterates {(x?, y?), (x}, yll)} satisfy that (x?, y?) = (0,0) and (x}, yll) = (x(l), y(])).
That is, the first two iterates generated by A is completely the same for Fy, v,
and Fy, v,. The reason is because u{ = A;(Q; x?, UITAVly(l)) = A;(G; 0,0) =
A; (CH x8, UOTAVOyg) = u(l), therefore

(x].%]) = AL(0: x], U] AV1)), prox,, ;(u}))
= AL(6:0,0, prox,, (u}))
= Ay (0; x{, Ug AVoyg. prox,, r(u))

1 ~
= (-xOv x())~

Through similar argument, we know (yll, }11) = (yé, yé). Therefore, (42) indicates
that
x{ eU/H)., and yleV'H), Vib=Vb=beV/H]. 43
Case k = 2. For the ease of the readers to follow, we perform one extra step of
discussion for k = 2, before presenting the construction on general k.
For the problem instance Fy, v,, the iterates generated by A are (x?, y?) =(0,0)
and

up = AL@:x). UTAVHYY), (] &) = AL©@: ). U AV, prox,, (u})).
vl = AL6; ), VTAUID), (3], 5]) = AL6; ¥, V[T AULx), prox,, , (v]).

ui = A5 0; 20, UT AV, x|, UT AV, (7, 5D) = A36: x), U AVIYY x|, UT AViy|, prox,, (D),
vi = AFO; ), VAU, y| ViTAURD), - OF, 3D = AS6; 3), VT AU, y], V)T AU, prox,,, (0]).
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T243 Tay5
VIH G VITHS

Note that x| € U'H} S UH S U["H] and {y], b} % y =
y

VlTH;. Therefore, there exist orthogonal matrices I ; and I", such that

{r;x =THTx=x, Vx e UHS, T2 e UH], )

Py =@hTy =y, YyeVH, Tlyle Vv H].
Now, let us define
Uy=UT} and Vp=VI}.

Now we prove that if 4 is applied to Fy,,v,, the generated iterates {(xg , yg ), (x221, yzl),
(x3, y3)} satisfy (x3, y9) = (0,0), (x3, y3) = (x{, y}), and (x3, y3) = (x{, y7). The

argument for (le, y%) = (xll, yll) is almost the same as that of the case k = 1. We

only provide the proof for (x%z, y%) = (xlz, y12).

Next, we need to show uj = u%, which can be proved by arguing that all the
inputs to Aﬁ are the same for both u% and u% First, it is straightforward that x? =
0 =x),UAVy = 0 = U AV,y). By previous argument x) = x/|. Finally,
consider the last input Uz—r A V2y21, because y% = yll € VlTH; g VITHi,, we have
Tly} =y} = y| € V,/H3. Then Vay] = ViTly} € ViV,"H} = H3. Therefore
U AVay) € U AHS = UH] and

Uy AVayy =T U AVayy = Ul AVayy = U AVIT y; = U AVyy,.

Consequently,

ud = A2(0; x5, Uy AV, x), U) AVaydy = A2(0; x0, UT AV, x1, UTAVIy]) = u)
and

(x5, 53) = AL(0; X3, Uy AVa2y3, x5, Uy AVay,, prox,, (u3))
= A20:x0, U Aviy?, xl U Aviyl, proxnf(u%))

= (x}, %D).
Through a similar argument, we have ( y%, i%) = (ylz, ilz). By (43) and (44), we have
(x3.x%3.x3) € Uy ] and  {b,y3. 3.3} € V; H]. (45)

Case k. Suppose we already have orthogonal matrices Uy_1, Vj_1, such that when A
is applied to Fy,_, v,_,, we have

0o 1 -1 T o 4k=s 0o .1 k-1 T o 4k=5
e X1 2} € U Hy and (b, yi_1. vep. 0y} € Vi My L (46)
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Again, by Lemma C.1, there exist orthogonal matrices r,’g*l and F’y"l, such that

[ e e

Pty =@y HTy =y, vye VLRI iy, e viL gl
Now we define that
U, = Uk711—'];_1 and V= kall—‘]y(_l.

Therefore, similar to our previous discussion, we only need to argue that when A
is applied to FUk v;» the generated iterates {(xk yk) (xk yk) (xk yk)} satisfy
(xk, yk) = (xk s yk p fori = 0,1,.., k. We prove this argument by induc-
tion. First, it is straightforward that (xk yk) 0,0 = (x,?fl, y,?fl). Suppose
(xk,yk) = (xkfl,ykfl) holds for i = 0,1,...,j — 1 < k — 1, now we prove
(x,i, y,i) = (x,ﬁfl, y,ifl), which is almost identical to the case k = 2.

' For anyi € {0, 1, ..., j — 1}, let us show U,CT_lAVk,]y,’;_1 = UJAka,’;. Bgcause
Ve = Yea € VLT G VI HIT, we have Ty =y = gy €
Vle’H‘”‘_S Then Viy, = Vi 1Fk_1y,’( e Vi_ 1Vk—[]’Hik_5 = ny‘_s. Therefore
Ul AViy, € UL AR = UL HI and

Ul AViyp = @y HTUL AVl = UL AViy = UL AV Tyl = UL AV 1y
for 0 <i < j — 1. Consequently,

uh = AL@; x), U AV, T U Ay
:Afl(e;x,?_l,U,;r_lAVk_ly,g_l,.. xk 1,Uk 1A Vi 1y )

i
= Up_
and

(xp, ) = AL@: x). U AViyy . x) 7 U AVey ™! prrox,, f(u;;))
= A3O; x0_1, UL AVic1yp_ s oo 210 UL AV yp 21 prox,, o (ug_ )

= (Xp_1» Xg_1)-

Through a similar argument, we have (y,’;, &,i) = (y,i(_l, ﬁ,’;_l). By induction, we know
(y,i, &,i) = (y,‘;_l, &,i_l) fori =0, 1, ..., k. Consequently, we have

goxg,Lxy e UTHETT and byl vy e VPR 48)
By setting U=Ugand V =V, we prove the result for Part I.
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Part II. There exist orthogonal matrices U, V such that when A is applied to
the rotated instance Fy vy, {(xo, yo), s (xk, yk)} C U—'—Hi"‘*1 X VTHik’l, and
(ik yk) e UTH4]<+1 X VTH4k+l

Given the result of Part I, and let{(xk yk) (x,]c‘, y,](‘)} and ()?,](‘, &,];) be generated by
A when applied to F o.v = Fuevi- Therefore, by Lemma C.1, there exist orthogonal
matrices P, Q such that

{Px:PTx_x Vx e UTHIY PRk e UTHIH, 49)

Qy =QTy=y, Vye VH¥ ! 05 e VIHFH.

Define U = Uy P, and V = V; Q. Let {(x°, ¥, ..., (x¥, y%)} and the output (&¥, 7)
be generated by .A when applied to Fy,y. Then following the same line of argument
of Case k, Part I, we have

oy =y, fori=0,1,....k and &, 35 = G 55.

Therefore, combining (49), we complete the proof of Part II. O

D Proof of lemma 4.2

For the ease of analysis, let us perform a change of variable r := (1 — ¢)~!. Then the
quartic equation (26) can be transformed to

fr):=1+ar+ B —a)r? =28 +pr*=0 (50)

Although the quartic equation does have a root formula, it is impractical to use the
formula for the purpose of lower iteration complexity bound. Instead, we will provide
an estimation of a large enough lower bound of r, which corresponds to lower bound
ong.

+F+ + 1. Then f(7) =1 > 0.

+ % + +. Then,

o? 1
=1

=

First, we let r =

=

]

Second, we let r =

2
_é _ i.,.ﬁ ﬁ +4BxBy
4 dpypey MHox My Mox My
2
B A\ B .(&+ﬂ>_<ﬂ_ﬂ>2
4 dpypey 2y \Mx My My My
< 0.
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Together with the fact that f () = 1 > 0, by continuity we know there is a root r
between (r, 7), where

@« 1 1 1 |L} Ly L,
r=c+ ot =+ + =t
-2 264 2 Zﬂ\/ﬂxﬂy Hx My
and
1 Ja 1 1 1 [Ly Ly Ly
F=ct ot o=cto ) —+—4+-2—1
2 B 4 2 2\/Mxlfvy Mox MWy

This further implies
1—1_1 <qg<l—-71r"",

which proves this lemma.

E Proof of lemma 4.3

First, by setting V& (x*) = 0, we get

L2 2b
(ByA? + iy Dx* + %A(ByAz +uy ! (Ax* - ) =0. (51)

Note that matrix A is invertible, with

ATl =
11---1
Therefore, by the interchangability of A(ByA2 +uyl) = (ByA2 + uyl)A, we can

take the inverse and get (ByA? + puy )" A= = A=V (By A% + 1, 1)~ 1. Left multiply
by A and right multiply by A for both sides we get the interchangablity of

A(ByA* + puy )™ = (ByA? + i, 7 A.

Applying this on equation (51) and multiplying both sides by ﬁ (ByA2 +uyl), we
can equivalently write the optimality condition as

(A*+aA>+BDx* = b (52)
where
L2 . L
o= g le g o g B g h= A
4B.B, B, B, B, B, 2B, B,
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The values of matrices A2 and A* can be found in (13). For the ease of discussion,
we may also write equation (52) in an expanded form as:

C+a+p; —G+ox; + xf =b
-GB+axf + 6+2a+px; —@+a)x; + xf =1;2
—@+ax;_ + 6+2e+pxf —@+oxi + vi, =b
—@G4+ax; ,+ 6+20+p)x;_ | — (G +a)x; =
—@G+aox, |+ G+2a+B)x; =

(53)

Because q € (0 1) is a root to the quartic equation 1 — (4 + «)g + (6 + 2« + ,B)q —
(4 + a)g® + ¢* = 0, and our approximate solution £* is constructed as X = =gq'. By
direct calculation one can check that the first n — 2 equations are satisfied and the last 2
equations are violated with controllably residuals. Indeed, for the (n — 1)-th equation
the violation is of the order " !, and for the n-th equation the violation is of the order
| —q" + (4 +a)g" ! — ¢"2|. Similar to the arguments for (18), we have

BIE* —x*|| < [(A* + aA® + BDE* — x| < (T + a)g".

That is, || x* — x*| < 7% - ¢", which completes the proof.

F Proof of lemma 4.4

By the subspace characterization (32), we have

k
||xk—£*||zqk\/q2+'~'+q2(”’k)z%Ilf*—xoll, for V1 <k <n/2.

When we set k < ’% and n > 210gq ( + 2, by (31) we also have

o)
4/2(7+a)

k k

49 1 g S 0
£* —x* | <¢"(T+a)/B < ——=q < - —|IxF —x"|.
T42T T4 )2
Therefore, similar to (41), we also have
g2
N e e (54)

which proves the lemma.
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G Proof of In(2ac?) = Q(1)

Proof Note thata = min{c‘z, d‘z}, ifc2 <d 2, thenac® = 1. Consequently,
In (2ac2) —1n2 = Q(1).

However, when ¢—2 > d~2, the situation is more complicated. In this case,

2 ~
Ry 1P
d>  RZ Iy

X

where x* and 3* is the solution to the unscaled worst-case instance F. €
F(Lx, Ly, Lyy, jx, [ty). For the ease of discussion, let us take the dimension 7 is
sufficiently large so that we can view the approximate solution constructed in Lemma
4.3 as the exact solution. Therefore, we have

*i)y=4q', i=1,..n
(uy I + ByADS* = Looazs —p,

where ¢ is defined by Theorem 4.5 and the second equality is due to the first-order
stationary condition. Note that equation (51) also provides that

2 ax L)zf)' 2 —1 ax 2b
(ByA” + uy DHX™ + 1 A(ByA” + uyl) AX™ — 3 =0.
Xy

Combining the above two relations, we have
ak o1 Lay s
V' = (uyl + ByA®) (TAX —b)

2
ATH(BA? + e DR

xy
_ 2B 128€2A_1£*.
Lyy Ly R2

Substituting the specific forms of A and A~!, we have

2By, n _ _128¢

Ly 4 LyyR2 ,

_ 2By _n+l—igq N 128¢ p+1—il=q' C s
nyq (1 q) nyR%q T—¢° 1= 2.

. q", i=1
Vi) =

Therefore, we have

. 2B,  128¢ \* ,, (2B, 128¢ ‘&,
IIy*||2§< + )61”+ A=)+ —F— q”.
ny nyR% ny nyR%(l —q) ;
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For ease of discussion, the following simplifications are made. First, we omit the qz”
term since ¢ < 1 and n is sufficiently large. Second, note that Lemma 4.2 indicates
that 1 — g = ©(¢), the term 2B$ (1 — g) = O(e) and the term 128 Q(1).

Thus we also omit the

Ly, LyyR3(1—9)

2By () — q) term which is significantly smaller. Therefore, we

Lyxy

can write

. 128¢ SR 128¢ 2
19417 < (—2 ) Y ¢t = (—2 ) [F
LyR¥(1—-q)) = LyyRi(1—q)

As a result,

Xy tytx

) _ R IE? _ LLRIRI —9)?
RZ |19%1> — 1282¢2

In Lemma 4.2, we also have a lower bound of 1 — ¢ as

-1

1 1L} L, L 128

l—g>|=+= Do 1 (Q e
2 2\ pxpy Mox My LyyRxRy

where (i) is because we have omitted the terms of smaller magnitude. Therefore,

" (2“2) - 2L)2€yR§R§. 1282¢2
=\ 1282 L2 RIR?

=In(2) = Q(1).

Thus we complete the proof. O
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