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Abstract

We establish necessary and sufficient conditions for strong duality of extended
monotropic optimization problems with possibly infinite sum of separable functions.
The results are applied to a minimization problem of the infinite sum of proper convex
functions. We consider a truncation method for duality and obtain the zero duality gap
by using only dual variable of finite support. An application to minimum cost flow
problems in infinite networks is also discussed.
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1 Introduction

The classical monotropic programming problem, introduced and analyzed by Rock-
afellar [16], is formulated as follows
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m
minimize Zf,-(xi)

i=1
subject tox € S,

where x = (x1,...,xn) € R™, fi;,i = 1, ..., m are convex functions on R and S
is a subspace of R™. Monotropic problems have originally arisen from minimum
cost network flow problems [15,17] and form a particular class of separable convex
programming with a lot of applications (see [2,3,5,6,8] and references given therein).
Many duality results that are important in development of computing methods have
been recently obtained in [2,3,6,8], in which considerable effort focuses on countably
infinite monotropic problems. Optimization problems involving a countably infinite
number of variables and a countably infinite number of constraints, are often met
in infinite dimensional linear programming, infinite networks and hypernetworks,
infinite-horizon planning, Markov decision processes, robust optimization and many
other fields ([10,17-20]). While under relatively mild conditions, zero duality gap does
hold for monotropic problems in finite dimension (Theorem 11D [16]), it is not the
case in the infinite dimension. To the best of our knowledge, [6] is the first work that
carefully analyzes Fenchel duality for generalized monotropic problems with infinite
sums in the framework of proper convex and lower semicontinuous functions. They
obtain strong duality under a constraint qualification on the closedness of the sum
of the conjugates of the convex functions and generalize the results of finite sums of
[3,5]. Another method has been recently utilized in [8] to establish zero duality gap
and strong duality for infinite monotropic problems over intervals of real numbers
by means of a suitable sequence of finite monotropic problems. According to this
method, the original infinite monotropic problem is truncated into finite ones. An
optimal solution of the original problem is obtained as limit of a sequence of optimal
solutions of truncated problems, and duality relations are derived from the already
acquired duality relations of the finite truncated ones. The main difference between
the approach by [6] and the one by [8] is the choice of the dual space. In [6] (see
also [9]) the dual variable is taken from the space of sequences with finite support
(sequences with only finitely many nonzero terms), while [8] uses sequences with
possibly infinite support, which seems to fit better with practical models in infinite
horizon planning and infinite networks.

The purpose of our study is to develop a general framework for duality of monotropic
optimization problems in which the objective functions are infinite sums of functions.
We employ the dual space introduced in [6] to construct dual problems and to establish
strong duality for both the primal and the dual problems. With regard to the results of
[6] we improve them in the sense that we give both necessary and sufficient conditions
for strong duality and show that one of the conditions imposed in [6] on the epigraph
of the conjugate function of the objective function can be removed. Besides usual
strong duality of type inf(P)= max(D), we also charaterize reverse duality of type
min(P)=sup(D). Furthermore, we use the truncation method of [8] to our problem
and generalize the main result of [8] on zero duality gap. An interesting outcome of
our analysis is the fact that under the same conditions, the dual problem using dual
variable from the space of sequences with finite support yields the same zero duality
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gap as the dual problem using dual variable from the space of sequences with infinite
support. This fact is important in computation, especially in solving minimum cost
flow problems on infinite networks as described in [8].

The paper is structured as follows. In Sect. 2 we summarize some properties of
summable families of real numbers and functions. In Sect. 3 we give a formula to
compute the conjugate of the infinite sum of separable functions. Section 4 is devoted
to the infinite sum of the epigraphs of separable functions and of their conjugates.
Section 5 is the core of our paper where we present a dual problem of the infinite
monotropic problem and give regularity conditions for strong duality and reverse
strong duality to hold. The results of this section improve those obtained in [6]. We
explain also that some regularity conditions of [6] can be removed. In Sect. 6 we apply
the results of Sect. 5 to the problem of minimizing an infinite sum of convex functions
by reformulating it in form of monotropic problem. Section 7 is devoted to extension
of the truncation method of [8] to a more general space setting. In a particular model
of [8], although the dual space we are considering is different from the one of [8],
we obtain the same dual problems for truncated problems. This enables us to derive
a zero duality gap by using dual variable of sequences with finite support instead of
sequences with infinite support. Due to a result of [1] on representation of positive
linear functionals by finite support positive vectors, we establish equivalence between
the algebraic dual of a conic optimization problem and the dual developed in our study.
In the final section we consider a minimum cost flow problem in infinite networks. By
using a translation of variable, we express the problem in form of infinite monotropic
problem. We apply the results obtained in Sect. 7 on zero duality gap to this problem
and address a discussion on differences between our approach and the approach of
[8,14].

2 Preliminaries

Throughout this paper Ro, := R U {+00}, R := R U {#00}, I is a nonempty index
set and 7 is the set of all nonempty finite subsets of I, partially ordered by inclusion.
Let {#; : i € I} (or (t;); for short) be a family from R,,. We define the sum of this
family to be the unconditional limit of the finite sums ) ", ; #;, J € Z when it exists
in R and denote it by Y, #;. The following remarks will be used in what follows.

Remark 1 For {t; :i € I} C [0, +00] the sum ), _, #; exists and

iel

0< Zti :supZt,' < +o00.

iel 1€l ¢y

Remark2 1If {t; : i € I} C R and Zie] t; < t for some r € R, then there is

{si ;i eI} CRsuchthaty; <s;foralli € Iand ) ,_;s; =1t.

iel

Let (S;); be a family of nonempty sets and let &; : S; — R,i € I be given. The
following remark is very closed to Lemma A.2 [6] and its proof is omitted.
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ieq hi(x;) exists in

Remark 3 1f for every (x;); € S := H.EI S;, the infinite sum »_
1

R, and is not identically equal to —oo, then

—00 < sup Zhg(xi) = Z sup h;(x;) < +o0.

(x;);i €S iel iel X; €S;

Let X be a separated locally convex space and let 4 : X — R. We recall that the
effective domain of % is the set domh = {x € X : h(x) < 4o0}. The function
h is said to be proper if it does not take the value —oo and its effective domain is
nonempty. The conjugate i2* of h is defined on the topological dual X* of X by the
formula 2* (x*) := sup, .y (x*(x) — h(x)) for x* € X*. The biconjugate of & is the
conjugate of 2* and defined on X by 2**(x) 1= supxcy» (x*(x) —h*(x*)) for x € X.
We know that 7 = h™* if and only if either 4 is identically equal to 400, or to —oo,
or h is proper convex and lower semicontinuous on X. The set of proper convex and
lower semicontinuous functions on X is sometimes denoted by I"(X), and the set of
nonnegative proper convex and lower semicontinuous is denoted by I'; (X).

3 Conjugate of the infinite sum of separable functions

Let (X;, X[),i € I be dual pairs of separated locally convex spaces over reals with
coupling functions (., .);, i € I. We denote by X the product space 1_[ et X; equipped
L
with the product topology. According to Theorem 4.3 [21], the topological dual of X is
the space A* consisting of all families (x); € H , X7 which may have only a finite
le

number of nonzero terms (such families are said to be of finite support). The space
X'* is algebraically isomorphic to, hence sometimes identified with the direct sum of
X?,i € I. The topology on X'* is given by the w*-topology o (X*, X) generated by
the coupling function

()i (i) =) {xf, xi)i for (xi)i € X, (xf)i € X™.

iel

Note that the sum on the right hand side above is well defined as it is a finite sum
because all x*, i € I are zero except for finitely many terms. The canonical projection
pj from & onto X ; is given by

pj((xi);) :=x; for (x;); € X,
and its transposed £; : X;f — X* by

Ci(x7) = (x[); for x7 € X7,
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where x = x% if i = j and x; =0Xl>f ifi # j. Anextensionof £;is L; : X;F xR —
X* x R defined by

L.,'(x;‘-‘, r) = (Kj(x;f), r) for x; € X;f, r € R.

Now we consider a family {f; : X; — Ry}ies of proper functions and assume the
following hypothesis

(H) Forevery (x;); € X, f((xi)i) := Y ;c; fi(xi) exists in R, and dom f # .

By using the projection p;, each function f; on X; can be extended to a function f, on
X by f; :== fi o pi, and so we can express f as an infinite sum of functions on X’ by
f =2 ics fi- The next result summarizes some relationships between the conjugate

functions f*, fl* and f*.

Proposition 1 For every (x}); € X* and j € I one has

Fra) i 46 = ()i
+00 else.

i = { ey

In particular epi f}* = Lj(epi fjf“). Moreover, under (H), the sum ) _;; f*(x}) exists
in Reo and
— 00 < fH(N) =) fH() < +oo. )

iel
If, inaddition, f;, i € I are proper convex and lower semicontinuous anddom f* # (),
then f is proper convex and lower semicontinuous too.
Proof The formula (1) and equality epi fAj* = Lj(epi f ;‘) follow immediately from

the definitions of fj, £; and L; (see also [6] (20)). Furthermore, since domf C
[1;c; dom f;, we have

fAeHy = sup Y (G x) — filk)

(xi)iel_[iel domf, iel

Due to Remark 3 we switch sup and > _ to obtain

DN =" sup (6 %) — filx)

iel x; edom f;

=Y £,

iel

which proves (2) (see also Remark 2.1(ii) [6] for this relation in the case where x* €
dom f* and f is convex). For the last statement, let ()_c;k),- € dom f*. By (2) one has
FHEDD) =D ier [FE) < 4o0. Actually, D, f7(x7) € R because dom f # ¢
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(by (H)), and so f*((x7);) # —oo. For every i € I, we define a function 7; : X; —
R by

hi(xp) = fi(x) — (X7, x) + 7).
In view of the Fenchel inequality, i; € '+ (X;). Consequently,ﬁ,- = hjop; € T4 (X).
By introducing k((x;);) == Y_;c; ((XF, xi) — f*(x})) for (x;); € X, we have

FGDD) + k(@) =Y hi((x)i).

iel

Observe that dom(f + k) = domj because the function k is linear continuous.
Moreover, being the supremum of the family {}",.; h; : J € I} of functions from
' (X)), the function h := f + k belongs to ' (&) too. By this f = h — k € ['(X).

O

We notice that equality in (2) may fail if dom f is empty as it is shown in the next
example.

Example1 Let I = N, X; = R and fi(x;) = 1/i forx; € X; and i € I. For
every (x;); € X we have f((x;)i) = Y ;o5 fi(xi) = Y.icy1/i = +oo. Hence
f*((xf)) = —oo for all (x}); € A*. Let (x]); € X* be such that X7 # 0 and
x; = 0fori > 2. Then, f*(x]) = +oc and f*(x7) = —1/i,i > 2. Consequently,
Z[e[ fl*(ff) = +o0 and f*((fzk)t) a Ziel fz*(ff)

4 Infinite sums of epigraphs

Let (Z, Z*) be a dual pair of separated locally convex spaces. The coupling function
between Z and Z* is denoted (., .). Let {z; : i € I} be a family in Z. We say that
z is the w-sum of this family and write z = ) I, z; if for every z* € Z* one has
(z*,2) = > er (2", zi). Similarly, z* is the w*-sum of a family {z : i € I} C Z* (we
write z* = Z;”E*I 2F)if (2%, 2) = D ;¢ (2f, z) forall z € Z. The w-sum of a family of
sets {A; : i € I} C Z and the w*-sum of a family {B; : i € I} C Z* are respectively
defined by

ZwAi : {szi 1zi € Al € I}
iel

iel
w* w*
Z Bizz{z z;‘:szBi,ieI}
iel iel

We now concentrate on the case Z = X x R, Z* = X* x R and study the families
{epifi :i e I}and {epif :i € I}.

Let’s denote the canonical projection of X™* onto X j by ¢; and its transposed from
X; into X by mj, that is, for x; € X;, mj(x;) = (x;); withx; = x; if i = j
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and x; = Oy, if i # j. Anextention M; : X; x R — X x R of m; is given by
Mj(xj,r):=(mj(x;),r)forx; € X;jandr € R.

Lemma 1 The following assertions hold true.

(1) Yoo, mi(xi) = (xp); for (x;); € X.
(i) Y iy mi(A) =[l;e; Ai for Ai C Xii € 1.
(iii) Z:Uel M;(C;) = {((x);, Zie[ ri) € XxR: (xj,r;) € CilforCi C X; xR,i €
1.

Proof Let (x;); € X. For each (x); € X* we have

(O (i) = Y e, i) = D Aqi (D)), xi) = 4, mi(x0)).

iel iel iel

Hence (x;); = Z:”e, m;(x;). For the second assertion, let a; € A;,i € I. By (i),
Yoiepmi(ai) = (ap)i € [;e; Ai. whichproves > i, m;(A;) C [];<; Ai.Conversely,
let (a;); € [;jc; Ai- Again, by (i), (a;)i = > jc;mia;)) € Y icymi(A;) and (ii)
follows.

For the last assertion let ((a;)i,r) = Y re; Mi(xi,ri) = Y ie;(mi(x;),r;) for
some (x;,r;) € C;,i € 1.1t follows that (a;); = > /e, mi(x;) andr =Y, _, ri. By
(i), a; = x; and shows that (a;, r;) € C;,i € I. Conversely, let ((x;);, Zie] ri) €
X x R with (x;,r;) € Cj,i € I.Thenr := Y ;.;ri € Randby (i), (x);,r) =
Yoier(mi(xi), ri) =Y i Mi(xi, ri) € Y j; Mi(C;), which completes the proof. O

Proposition 2 Assume that f does not take the value —oo and that (H) holds. Then
. w .
epif =Y Mi(epify).
iel

Proof By definition ((x;);, r) € epif ifand only if —co < f((x;)i) =D ;¢; fi(xi) <
r < +o00. In view of Remark 2 the second inequality holds if and only if there are
ri € R such that (x;,r;) € epifi,i € I and ) ,.;r; = r. In view of Lemma 1 (iii),
this is equivalent to ((x;);, r) € Z;‘}e 1 M (epif;). The proof is complete. O
A dual version of Lemma 1 and of Proposition 2 is given next.

Lemma 2 The following assertions hold true.

() Y, 6 (xF) = (1) for (xF); € X%,
(i) Y, €i(B)) = X* N[, Bifor B € XF,i e l.
(i) Y o/L; Li(Di) = {((x)i, Y jerri) € X* x Rt (xf,r;) € D;} for Di C XF x
R,iel.

Proof Apply the argument similar to that of Lemma 1. O
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Proposition 3 Under (H) one has

. w* . w* -
epif* = Z Li(epif¥) = Z epif;*.

iel iel

Proof Apply the argument of Proposition 2 by using Lemma 2. O

5 Duality for infinite monotropic problems

In this section we assume that f;, i € I are proper convex and lower semicontinuous
functions satisfying (H) and dom f* # .

In view of Proposition 1 the function f is proper convex and lower semicontinuous
too. We consider the following extended infinite monotropic problem

(PS. ) inf Dier (filxi) — (X7, x;)) + g((xi)i)
i (xi); € X,

where g is a proper convex and lower semicontinuous function on X and (x7); € X*
is given. The infimum of (P‘(gﬁ)_) is denoted by inf (P‘(g?_ﬁ)l), or by min(P‘fﬁ).) if the
optimal value is attained. We have

- inf(Pfﬁ)i) = (f +&)"((x)i) = (f*Og)E)i)s (3)
where (f*Og™*) denotes the infimal convolution of f* and g*, that s,

(f*Hg((x)i) = *i)an*(f*((yEk)i) + g ((xf — y))i) for (x); € X" (4)

Yi)i€

The above infimal convolution is said to be exact if the infimum on the right hand side
is attained at some (y;); € A™.
We deduce the Fenchel conjugate dual of (Pfﬁ)_) :

sup (P + g5 (G = x)i)
(Dgxf)i) (x])i € X*.

Because elements of X'* are of finite support, this dual is also referred to as finite
support dual. Due to Proposition 1 it can be written as

(DS, ) U —(Xier 70 + g7 (F = xD0)
&) (xF); € X,

8
&)

by max(Dfﬁ),) if the optimal value is attained. The standard weak duality relation is

Similar to the case of (Pfﬁ)_ ), the supremum of (Df}*),) is denoted by sup(D_., ), or

immediate from (3), namely,
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inf (P ) = —(f + (@) = (DN = sup(D{. ¥,

When the above inequality is equality, (ng*) ) is said to have zero duality gap, and if

in addition the optimal value of the dual is achieved, we have strong duality for the
primal problem, in which case (ng,f)_) is called stable in some literature [7,12]. Thus,

the strong duality property is nothing, but the expression
(f + " (x)) = (fF*Tg)NGE), (5)

in which the infimal convolution is exact. Strong duality for the dual problem refers
to the case when min(Pf?)i) = sup(Df?)l_ ).

We give below the main result of this section on a necessary and sufficient condition
for strong duality. We shall need Theorem 9.2 [4] which states that if 4] and Ay
are proper convex, lower semicontinuous functions on a separated locally convex
space Z such that dom/i;N domhy # ¥ and V is a nonempty subset of Z*, then
(hy +h2)*(z*) = min{h](y*) + h3 (z —y*) 1 y* € Z*} forevery x* € V if and only
if the set Q := epih]+ epihj is w*-closed regarding the set V x R in the sense that
oNV xR) = Ew* N (V x R), where Ew* denotes the closure of Q in the weak*
topology of Z* x R.

Theorem 1 Let g, fi,i € I be proper convex and lower semicontinuous functions
satisfying (H) such that dom f N domg # @ and let (x}); € X* be given. Assume
Yier [ € Rforsome (z7); € X*. Then the following statements are equivalent:
@) 1nf(P o ) = max(D i ).
(ii) The set Zie] L;(epif) + epig* is w*-closed regarding the set {(x});} x R.

In particular, (i) holds for every (x7); € X* if and only if the set Z:"E*I Li(epif) +
epig™ is w*-closed.

Proof We observe that in view of Proposition 1 the function f is proper convex and
lower semicontinuous. By Theorem 9.2 [4] cited above,

= (f + )" ((x)) = max{—f*((y)i) — &" (] = ¥)i) : ()i € X'} (6)
if and only if epif*+ epi g* is w*-closed regarding the set {(x});} x R. Since
(6) is exactly (i), it remains to apply Proposition 3 to obtain epif*+ epi g* =
Yie ;" Li(epi f{¥) +epig* and the equivalence between (i) and (ii). The second state-
ment of the theorem visibly follows from the first one. The proof is complete. O

The next theorem characterizes strong duality for the dual problem. We denote
by g the function (x;); = g(—(xi)i) + X_;; (X}, x;) on X. One has g*((x});) =
g*((xF — x7);), which yields

domg™* = (x}); — domg™. @)
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Theorem 2 Let g, fi,i € I be proper convex and lower semicontinuous functions sat-
isfying (H) such that dom f* N — (dom g —(x7) i) % (. Then the following statements
are equivalent:

i) min(Pf},f)l_) = sup(Dfm).
(ii) The set Y i, M;(epifi) + epig is closed regarding the set {0y} x R.

Proof By the definition of g we express inf (Pfﬂ)_) and sup(Dfﬁ )_) as

inf(P) ) = (/D) (O)
sup(DE)) = (f* + &% (0,

Since f and g are proper convex, lower semicontinuous functions, and in view of
(7), dom f* N domg* # @, we may apply the dual version of Theorem 9.2 [6] with
V = {0y} to obtain equivalence between (i) and the closedness of epif + epig
regarding the set {Ox} x R. It remains to apply Proposition 2 to conclude. O

We wish to apply Theorems 1 and 2 to problems with set constraints. Let K be a
nonempty closed convex set in X'. We consider the problem

inf Doier Jilxi)

®) (x;)i € K.

By setting g := d the indicator function of K, the dual of (P) can be written as
(D) sup _( Ziel fz*(xz*) + 8?((_()6?)1'))
(x])i € X
The conjugate 8% of 6k is often denoted ok (the support function of K') and given by

ok (i) = sup D (x,x;).

(xi)ieK iel
Corollary 1 Let fi, i € I be proper convex and lower semicontinuous functions satis-
fying (H) such that dom f N K # (. Then the following statements are equivalent:
(i) inf(P) = m&x(D).
(ii) The set Y i, epi(f;)* + epiok is w*-closed regarding the set {0x+} x R.
Proof Apply Theorem 1 with X} = Oxx,i € I. O

Remark 4 According to Proposition 1, under (H) the existence of (z7); € A™ such
that ), ; f*(z}) € Ris equivalent to dom f* 3 ¢J.

Remark 5 A sufficient condition for (i) of Corollary 1 was already given by The-
orem 3.5 [6] which requires f to be proper lower semicontinuous and epif* =
Z:-”E*I epi( f,-)* in addition to (ii). Note that in view of Proposition 1 and Proposition
3, these two conditions always hold under (H).
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Corollary 2 Let f;,i € I be proper convex and lower semicontinuous functions sat-
isfying (H) such that dom f* N (—domog) # @. Then the following statements are
equivalent:

(1) min(P) = sup(D).
(ii) The sety ;.; Mi(epifi) + K x Ry is closed regarding the set {0y} x R.

Proof Apply Theorem 2 with X = Ox=,i € . O

6 Problems with infinite sum of convex functions

We consider the following problem

(Po) inf Yoier i) — (x*, x)
. x € X,

where (X, X*) is a dual pair of separated locally convex spaces, (fi)ies is a family of

proper convex, lower semicontinuous functions on X and X* € X* is given. We wish

to apply the method of monotropic programming developed in the previous section to

this problem. To this end we set X; = X, i € I and assume the following hypothesis

(H) For every (x;); € X, f((x;)i) = Y ;o fi(xi) exists in R, and there is some
X € X suchthat )", fi(x) € R.

By definition X = X', hence its dual X* can be identified with the space (X*)!/]
consisting of all families (x}); € (X *)I with finitely many nonzero terms. We consider
the linear mapping L : X — X defined by L(x) = (x);, where (x); denotes the
element (x;); € X with x; = x foralli € I.Let § := L(X). It is a closed linear
subspace of X, called also the diagonal subspace of X'. By using g = 45 and by
choosing (x7); € X™ such that ), ;X7 = X*, we may express (P+) in form of
monotropic programming problem

S5 inf Doier (filxi) = (X7, xi)) 4+ 8s((xi)i)

(P(f}k)i) (x))i e X.

In order to obtain a dual of (P+) by the construction presented in Sect. 5, we compute
gt = 8§ = g1, where S+ is the orthogonal of S, that is,

SL:{(x,.*) € X*: ) (xf,x)=0forall x € X}:{(x;") € X*: Zw xf = ox*} .
iel iel

Let A : X* — X* denote the transposed of L, that is,

A((x1)i) = Zw x; for every (x]); € X*.

iel
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s ¥ 99

Note that Z;”; x is a finite sum and therefore the superscript in the expressions
of S+ and of A((xl.*),-) can be omitted. It follows that ST coincides with the kernel
ker A of A. We deduce the dual of (P3+):

sup =D ier 7T
Oe) (e e et A = .

Theorem 3 Let (fi)ier be afamily of proper convex lower semicontinuous functions on
X satisfying (H’). Assume that there is some (7}); € XU such that Doier [i@H <
+00. Then for every X* € X*, the following statements are equivalent.

(1) inf(Pg+) = max(Dxz*).
(i) Yoje; Li(epif) + ker A x {0} is w*-closed regarding A7) x R.

Inparticular (i) holds for allx* € X* ifand only ifthe set Z:’g] L (epi f*)+ker Ax {0}
is w*-closed in (X*)I] x R.

Proof Let g := 35. We have epig* = ker A x R;.. In view of Theorem 1, (i) holds true
if and only if Y°/L; L;i(epif*) + ker A x Ry is w*-closed regarding A7) x R.
Let us fix an index ig € I. For any t > 0, (x]'); € kerA and for (xl?f), tiy) € epi
fiy» one may express Liy(x;, tig) + ((x])i, 1) = Liy(xz, tip + 1) + ((x[);, 0), in
which (x;), ti, +1) € epi fl’g This implies that /¢, Li(epif) + kerA x Ry =
Z:”e ; Li(epi fl.*) + ker A x {0} and establishes equivalence between (i) and (ii)). O
Similar to (5), the strong duality property in Theorem 3(i) can be expressed in terms
of infimal convolution as follows. Let ¢;,i € I be a family of proper functions on
X* such that for every (x]); € (X U, Y ier i (x)) € R. We define the generalized
infimal convolution of this family to be

Orerg) (") = inf Db

. 1 —
(X;*)ze(x*)[ JsZiel xi*_x iel

and say that [J;c;¢; is exact at x* if the infimum is attained. Thus, Theorem 3(i)
signifies that (3_;; fi)*(x*) = (Ljer fi)(x*) with the infimal convolution exact at
Xx*. Note that this definition of infimal convolution is different from the one given in
[13], in which a space larger than (X U1 was used for taking the infimum. Of course,
when [ is finite, they are all the same and coincide with the classical definition of
infimal convolution known from convex analysis. Let us denote

R . . .
> “epigy := !} ) (L) e epigy i€ 1, (xf) e (XHUT L
iel iel

It can be seen that

epi, icr) 3 Depioy € epiician,

iel
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where epi, stands for the strict epigraph. Moreover, the second inclusion is equality if
and only if the infimal convolution is exact on X*.

Corollary 3 Let (f;)ics be afamily of proper convex lower semicontinuous functions on
X satisfying (H’). Assume that there is some (z}); € (X)) suchthaty";; f(z}) <
~400. Then the following statements are equivalent.

() Qjer fi)* =Oicr fi* and the infimal convolution is exact on X*.
(i) epi(Y;e; f)" = L8, epif;”
(iii) Z%I epi f* is w*-closed in X* x R.
(iv) Z:‘gl Li(epif?) + ker A x {0} is w*-closed in (X*)!1 x R.

Proof By (i) we have epi(} ;.; fi)* = epi(U;cs f;*), which, in view of the discus-
sion before this corollary, gives (ii). The implication (ii) = (iii) is clear because
(D ;es fi)* is a convex and w*-lower semicontinuous function. For the implica-
tion (iii) = (iv) we consider the mapping A : (X*)[/l x R — X* x R defined
by A((xl?“)i, 1) = (A((x])i), 1) = (Q ;e x5 1). It is a w*-continuous linear map-
ping with kerA = kerA x {0}. Moreover, by applying Lemma 2(iii) to the case
Xi=X,D;, = epifl.*, i € I, we obtain that

A <Zw*L,-(epi fi*)> = Z®epi 1.

iel iel

Consequently,

A™l (Z@)epifi*) = Zw*Li(epifi*) + ker A

iel iel

— Zw*L,-(epi £5) + kerA x {0).

iel

Hence, lee*, Li(epif) + ker A x {0} is w*-closed because A is w*-continuous.
Finally, under (iv), in view of Theorem 3, we have inf(P3+) = max(Ds*), for any
x* € X*, which yields (i). O

In the next corollary M is an extension of L, mapping from X x R to X x R defined
by M(x,t) = (L(x),t) for (x,1) € X x R.

Corollary 4 Let (fi)ics be a family of proper convex lower semicontinuous functions
on X satisfying (H’). Assume that there is some (2}); € ker Asuchthaty ; ; f7(zF) <
+00. Then for every X* € X*, the following statements are equivalent.

(i) min(Pz+) = sup(Dzx).
(i) > je; Mi(epif;) + M (epi(x*,.)) is closed regarding {0y} x R.
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Proof Pick (x}); € X*suchthat) ; ; X = X* and consider g((x;);) := 85(—(x,~),-)+

Yoier (X7 x). Wehave((xl),,t) eepigifandonlyif (x;); € Sand ), (x], x;) <1,
or equivalently, x; = x,i € I for some x € X and (x*,x) < t. Hence epig =
M (epi{x*, .). It remains to apply Theorem 2 to achieve the proof. O

We finish this section by an example to illustrate Corollary 3.

Example 2 Let X be a Hilbert space and {a; : i € N} be a family of vectors in X with
Z?il llai]l < 4o00. Consider the functions f; := (a;,.) + ép,i € N, where (., .) is
the inner product and B is the unit ball of X. For every (x;); € X we have

Zf(x)_{ (aj, x;) if x;, e B,i e N

else,
ieN

and (H’) holds. Moreover, direct calculation shows that

ff@™) =|x* —aqj| fori e Nx" e X
Zfi*(x;k) = Z lxf —a;|| < 400 for (xf); € XUV

ieN ieN

(Z ﬁ) (") = |lx* —all,

ieN

where a = > {2 a;. It follows that all the assumptions of Corollary 3 are satisfied.
We wish to prove the following statement: Equality

Ix* —all = min Dl =l ®)

()i eXN 3~ X =x* ieN

holds true for every x* € X (which is Corollary 3(i)) if and only if a; = Ox for all but
finitely many i € N.

Indeed, if @; = Ox,i > k for some k > 1, then ),  fi(x) = Zle fi (x) for
x € X. Since the convex functions fi, ..., fx are finite and continuous at Oy, in view
of Theorem 1, page 178 [11] we have

(th) (x )—(Dk i )(x*)forx*eX*

ieN

with the infimal convolution exact. Thus, there exist some z;‘ e X*i=1,..,ksuch

that Z{'C:I zf = x*and (X fi)* (x*) = Zf:l J@). Set

| ifi<k
] Ox+ else.
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Then (5¥); € (X)W, Y, ¥ = x* and

(Zﬁ) (x)—an —ail =) IE —all=) fFGH

ieN ieN ieN

> inf Z Jes)

()i e (XML Y oy xf=x* T

= (z4)

which gives (8). Conversely, assume an infinite number of a5 are nonzero, say a; # 0
for all i > 1. By definition we have

> Fepify = {Z(x, i)l —ail < rii € N () € X[N]} :
iel
For every n > 1, set

0 ifi <n
lla; || else.

a; ifi<n
xM=1 - and rl' ;=
Ox else

Then (x",r') € epif and (x/"); € X (NI for all n > 1. Consequently,
((Z:’zl a;, Z?in 4 ri))n is a sequence in the set Z%I epif;*. Note, however, that

its limit when n tends to oo is equal to (a, 0) and does not lie in ZEXG)I epi f;*. Thus,
the latter set is not w*-closed in X*. According to Corollary 3, (8) is not true.

7 Truncation method

Throughout this section we assume that / = N and X;,i € N are finite dimensional
spaces. We study problem (P) with K a closed linear subspace of X' := [[; .y Xi,
namely,

inf Zie ﬁ(xi)
(P) S.t. (x,')l‘NE K.

This problem is known as a countably infinite monotropic problem. It has numerous
applications in infinite network optimization and infinite horizon planning, and was
thoroughly analyzed in [8] when X; = R and the domains of f; are segments. We
shall make the following hypothesis on the functions f;:

(H”) The functions f;,i € Nare proper convex, lower semicontinuous with compact
domains, and satisfy Z?il I fill < +o0, where || fill := SUPy; cdom f; | fi (x)1-

It is clear that under (H”) the family of functions (f;); satisfies (H) too. Moreover,
dom f = [[; oy dom f;.
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Lemma3 Let (x*); € X*. Under (H”), the sum ) ;.; f(x}) exists and

—00 < fH((x)i) = Z £ () < 4o0. )

iel
Moreover, f is proper convex and lower semicontinuous.

Proof In view of Proposition 1 it suffices to show that ), ; f*(x) is finite for every
(x}); € X*.In fact, by definition,

GOl =1 sup ((xf, xi) — fi(xi)

x; edom f;
<[ sup (x,x)|+Nfill.

x; edom f;

Since only a finite number of x* are nonzero and dom f; are compact, the sum
> SUP,, edom f; (X;» Xi) | is finite. This and (H”) imply that

DIFCs >|<Z| sup  (x/, x;) |+Z|lﬁ|l<+oo

iel —1 x; edom f;

and complete the proof. O

By using the construction of dual given in Sect. 5, we obtain a dual of (P):

sup — Doy f(x))
) or ()i elKL,

where K+ := {(x}); € X*: Y02 (xF, x;) = 0 for all (x;); € K}.
To establish a relationship between (P) and (D), we follow the method of [8] to
consider the truncated problems

inf 77 fi(xi)

(Pn) st.x; edomf;, i =1,..,n; (x1,..., xy) € Ky,

where

n
K, = :(xl, wnxn) € [ [ Xi : there is (y;); € K such that x; = yj.i =1, ...n
i=1

The dual of (P,) is given by

sup — > i fF(xF)

(D) st.oxfeXfi=1,..,n ], .., x)€ K-

° n
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where

n n
Ky ={Gf o e[ X5 ) (. x) =0forall (x,....x,) € Kn} .
i=1 i=1

The following proposition generalizes Proposition 18 [8].

Proposition 4 Assume that (P) has a feasible solution. Then, problems (P) and (Py)
have optimal solutions and lim,,_, 5o min(P,) = min(P).

Proof Let (x;); be a feasible solution of (P). By definition, (x;); € K N l_[ieN dom f;.
It follows that (xq, ..., x;) € K, N ]_[;’:1 dom f;, and hence (x1, ..., x,) is a feasible
solution of (P,). Moreover, by hypothesis the function Y 7, fi(x;) is proper convex
and lower semicontinuous, and the feasible set K,, N H?:l dom f; of (P,) is compact.
Therefore, (P,,) admits an optimal solution. Similarly, in view of Lemma 3 the function
f is proper convex and lower semicontinuous, and the feasible set K N [[; .y dom f;
of (P) is compact in the product topology. Therefore, (P) admits an optimal solution
too.

Let X(n) € K, N[[/_, dom f; be an optimal solution of (P,). By definition, there is
some y(n) € K such that x; (n) = y;(n),i = 1, ..., n. Choose z(n) € l_[?inJrl dom f;
and set Z(n) := (¥(n), z(n)) € [[72, domf;. Since [[72, dom f; is compact and the
product space [[2; X; is metrisable, without loss of generality, we may assume that
the sequence {z(n)}, converges to some Z € [[72, dom f;.

Claim 1. 7 is a feasible solution of (P).

It sufficesto prove thatz € K. Suppose to the contrary thatz ¢ K. Since K is closed,
there is an open neighborhood U of Z in X such that U N K = (. By the definition
of the product topology, there are some N > 1 and opensets U; C X;,i = 1,..., N
suchthatz € U :== Uy x ... x Uy X HEZNH X; C U. Moreover, because {z(n)},
converges to Z, there is some N’ > N such that Z(n) € U’ foralln > N’.In particular,
x(n) = (z1(n), ..., Zy(n)) € Uy x ... x U, for n > N’. This implies y(n) € U’ for
n > N’ and contradicts the fact that y(n) € K and K N U = §.

Claim 2. 7 is an optimal solution of (P).

Indeed, if not, there exists a feasible solution x € K such that Z?i 1 filxi) <
Y22, fi(Zi). Let € > 0 be such that

iﬁ(ii) +ex iﬁ@). (10)
i=1 i=1

Since f is lower semicontinuous (Lemma 3) and Zfil Il fill < 400, we may choose
N sufficiently large such that f(z) < f(z(N)) + €/4 and Z§N+1 I fill < €/4. This
and (10) imply that

N 00 00 00
DUAE) S YLD /A fiG) —3e/A< )y fiG(N)) —€/2.

i=1 i=1 i=1 i=1
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Since z; (N) = x;(N) fori = 1, ..., N, we deduce also

N N 00 N
YL S Y HGWNN+ Y iGN —€/2< ) fil@(N) —€/4,

i=1 i=1 i=N+1 i=1

which contradicts the fact that (xq,...,xy) € Ky N ]_[fv:l dom f; and x(NN) is an
optimal solution of (Py).

Claim 3. lim, . f(z(n)) = f(2).

In fact, as f is lower semicontinuous (Lemma 3) and in view of Claim 1, we have
min(P)=f(z) < liminf, . f(z(n)). Suppose to the contrary that Claim 3 is not true.
There exists € > 0 and a subsequence {z(ny)}r such that f(z) + € < f(z(ny)) for all
k > 1. Choose ko sufficiently large such that Z;’inko 41 I1fill < €/4. Then,

I’lko VlkO

D HG)+3e/A< fD +e <) [iGilng) + /4,

i=1 i=1
which implies that
nko nko

Y AG) <Y fiGilu)).

i=1 i=1

. — - Nk, — - -
Since (Z1, ..., Zn,) € Knyy N[, dom f; and X (ngy) = (21 (o), -y Zny, (), the
latter strict inequality contradicts the fact that x (n,) is an optimal solution of (P,,kO ).
Finally, in view of Claim 3 we obtain that

Jlim_ | min(P) —min(P,)| = lim |f(2) = Y fi(%iw)]
i=1

= lim [f@) — fEm)+ Y fiGm)
i=n+1
< lim [f@) = @)+ lim > | fi]
i=n+1

SO’

and complete the proof. O

Lemma4 Let fi, ..., fu be proper convex and lower semicontinuous with compact
domains. If (Py,) has a feasible solution, then

min(P,) = sup(D,) € R.
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Proof Let X := [[/_; X and consider the function ¢ on X, defined by
Gx], oy xy) = > f &) for (xf, ..., x5) € A Foreach i > 1, since dom f; is
compact, the level sets {x € X; : fi(x) <t},t € R are compact. In view of Theorem
6.3.9[12], fl* is continuous and finite at 0 X7 Hence ¢ is continuous and finite at O Xx.
By Theorem 1 (page 178) [11] there exists some x; € X;,i = 1, ..., n such that

+00 > inf(P,) = sup(Dy) = (¢ + 81)* (Ox»)
= ¢* (X1, ..o, Xp) + 82’%(—()21, ey X))
=D fiGE) + 8K, (—(F1s ooes )

i=1

> inf(Py).

We deduce that (xq, ..., x,) € K, and

+00 > Zf,'(i,') = min(P,) = sup(D,) > —oo.

i=1
The proof is complete. O

Lemma5 Assume (H”) holds, (P) has a feasible solution and sup(D) > sup(Dy,) for
n > 1. Then lim,_, o, sup(D,,) = sup(D) and min(P)=sup(D).

Proof By Proposition 4 and Lemma 4, we have
min(P) = lim min(P,) = lim sup(Dy).
n— o0 n— o0

This and the hypothesis sup(D) > sup(D,) yield min(P) < sup(D). The latter
inequality and the weak duality relation min(P) > sup(D) give min(P)=sup(D).
Equality lim,,_, oo sup(D,) = sup(D) is then immediate. O

Here is the main result on strong duality for (D).

Theorem 4 Assume (H”) holds, (P) has a feasible solution and the functions f;,i € N
are nonnegative. Then min(P)=sup(D).

Proof We wish to apply Lemma 5. It suffices to prove that sup(D) > sup(D,,) forn > 1.
Indeed, let (x7, ..., x;}) € Kj-. Denote (x); € X the vector withx* = x/,i =1,...,n
and ¥ = Ox;ﬂ fori > n.Itis clear that (X); € K. Moreover, because fi,i € N are
nonnegative, we have fl* (OX?) > O forall i > 1 and obtain

sup(D) = = D fF(E) = =D [0 = Y f[1O0x) = = Y S
i=1 i=1 i=n+1 i=1

Since (x}, ..., x;) € K nl was arbitrarily given, we deduce that sup(D) > sup(D,,) and
complete the proof. O
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Remark 6 1t is worthwhile noticing that in the case X; = R and domf; = [a;, b;]
with a@; < b;, the truncated problems (P,) and their duals (D,) coincide with those
developed in [8]. Despite this, the finite support dual (D) is different from the dual
problem presented in [8], which is given by

AT Dt ales
@) st @y e KL,

where K1 consists of ()clfk )i € RY such that

(@) 372 b [ maxlail, [bil} < +o0;
(b) 32 xjxi] < +oo forall (x); € K:
() Y72y xfxi = Oforall (x;); € K.

Let us denote the linear subspace of all (x); € RN satisfying (a) and (b) by A. Then
X* C Aand K+ c K+ C A. The weak duality relation sup(D’) < inf(P) being
clear, we obtain that sup(D) < sup(D’) < inf(P). Under the hypotheses of Theorem
4 we have min(P)=sup(D) and hence min(P)=sup(D’) too. The latter duality relation
is essentially the result of Section 3 of [8]. The advantage of (D) over (D’) is the fact
that the dual variable of (D) may have only a finite number of nonzero components. It
is also interesting to note that the space A depends on the magnitude of the segments
[ai, b;i],i € N, which means that for each problem one has to deal with its own space
of dual variable. Of course, A becomes X* (which is RN in this case) when a) holds
true for any segments [a;, b;], and hence (D’) coincides with (D).

Remark 7 The fact that a finite support dual and a dual with variable of infinite support
from the algebraic dual space (X) of X may provide the same zero duality gap,
has already been presented in [1] for semi-infinite programming problems. This is
possible because for X = R, linear functionals from (RN that are positive on ]RI}IF can
be represented by positive finite support vectors from R[F] (Lemma 2.1, [1]), which
implies that problem with dual variable taken from (Rﬁ)/ is equivalent to the finite
support one. Let us see this in the case of set constrained problem discussed in Sect.
5 when X; = R,i € N and K is a convex cone. We consider the following conic
optimization problem

inf  f((x;)i)
(CP) s.t. (xj); € K,

where f((x;);) := > ey fi(x)) with f; : R — R,i e N proper convex functions,
is assumed to be proper, and K is a convex cone in RY that contains RT_. We recall

that the algebraic conjugate 4* of a convex function /# on RY is defined by the same
formula as for the usual Fenchel conjugate #*, that is,

W' @) = sup (p((x)i) — h((x)), ¢ € RYY.

(xi)i RN
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By applying the method of Sect. 5 and by using the algebraic conjugate, we obtain an
algebraic dual of (CP) in the form

o
apy 1P L

where K¥* = {p € (]RN)’ : ¢((x)j) = Oforall (x;); € K}. Because ]RE C K,
elements of K* are positive on RE. In view of Lemma 2.1, [1], one may express K # =
K*n RE\T]. In other words, K* = K+ where KT := {(x}); € RN : 3, xfx; >
0 for all (x;); € K}. It is clear that if ¢ € K* is represented by (x))i € R[FN], then
)= f *((x7)i). In view of Proposition 1, problem (AD) becomes

sup — X jen S (6P

s.t. (xf); € KT,

which is the finite support dual studied in the frame of the present work.

8 Minimum cost flows on infinite networks

In this section we discuss the problem of minimum cost flows on infinite networks
introduced and studied in [8,14]. Let G := (N, A) denote an infinite directed network
in which N is a countable set of nodes and A is the set of arcs consisting of ordered
tuples (i, j) for i, j € N. Arc flows are denoted x;; on arc (i, j) € A and satisfy
capacity constraints 0 < x;; < u;; with u;; € (0, +00). Cost functions on arcs are
denoted ¢;; for (i, j) € A and assumed to be defined and nonnegative on [0, u;;]. Itis
commonly assumed that G is locally finite in the sense that there are only finite number
of arcs connected to a node. The minimum cost flow problem on G is formulated as
follows

) inf Z(i,j)eA Cij(xij)
P) st (xij)a,j) e 0
0=<xij <uy, @, J) €A,

where Q is the set of flows that satisfy the supply-demand constraints

Z Xij — Z Xji = Si, i e€N. (11)

{j:G,j)eA} {j:(j,)eA}

The real numbers s; are given and known as sources at nodes i € N. If s; > 0, node i
is called a supply node; if s; < 0, node i is called a demand node; and when s; = O,
node i is called a transshipment node. The constraints (11) are named supply, demand
and transshipment constraints accordingly. We refer the interested readers to [8,14]
for more details on infinite networks.

Since the set Q in (P’) is not a linear space, Ghate [8] has proposed an approach of
introducing a countable set of artificial nodes Ny to every non-transshipment node k,
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which generates a set Ay of artificial arcs. The capacity constraints on artificial arcs
(i, j) € Aparesettobe sy < x;; < sx. Problem (P’) is then equivalent to the so-called
circulation problem

inf > jyei €ij (xij)
(P//) S.t. (x,-j)(,-’j) e Q
0<xijj <ujj,(i,j)eA
Sk < xij < s, (0, J) € Ag for k with s; #~ 0,

where A = AU (Uken Ak), N = NU(Uren Ni), cij(xij) = Ofor (i, j) € A\ A, and
Q consists of flows on the enlarged network G := (N, A) satisfying the transshipment

constraints only
Z Xij — Z )Cji=0,i€1\7. (12)
{J:i.j)eA) {:(.hed)
Observe that by extending ¢;; on R with ¢;;(x;;) = +oo for x;; ¢ [0, u;;] when
(i, j) € A and for x;; # sx when (i, j) € Ag, problem (P”) is an infinite monotropic
problem in which Q is a linear subspace of R*. We should underline that the sets
of artificial nodes and artificial arcs must be chosen so that the enlarged network G
remains locally finite. If G is locally finite, for each i € N the sets { j:@,j) e A} and
{j:(,i)e A} are finite. Hence, the solution set of each equation in (12) is a closed
linear subspace, which implies that Q is a closed subspace of R4 (see also Lemma
7.1 [8]). When G is not locally finite, 0 is not necessarily closed. Of course, if 0 is
closed, then the results of Sect. 7 can be applied to (P”’). Every optimal solution of (P”)
produces an optimal solution of (P”) by omitting all flows on artificial arcs. Moreover,
(P?) and (P”) have the same optimal value. We notice also that despite the introduction
of countable numbers of artificial nodes and arcs, (G) remains a countably infinite
network. This being said, when one examines a finite subnetwork of G, its associated
enlarged subnetwork is no longer finite because of infinite artificial nodes and flows
added to that subnetwork.
We now present an approach to solve (P’) without using the circulation problem.
Fix a solution (x;;);; from Q and define K to be the set of flows that satisfy the
transshipment constraints

Z Xij — Z x]'i=0,i€N.

{J:, j)eA} {J:(j.1)eA}

Then Q = (x;j)ij + K and (P’) is equivalent to the following problem

(") inf Z(,"j)eAaj(yij)

s.t. (yij)ij € K,
where
oo LG + %) if i € [=Xj, i — Xij]
¢ij ij) = 400 else.
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According to the construction of dual developed in Sect. 5, the dual of (ﬁ) is given
by

®) SUP — D (i jea (Cz*, i) — (y,?kj,fij))
s.t. (y;kj),'j e K+,

By the technique of layers [14,22] one decomposes N into finite subsets N,, n > 1
such that N, C Nu4+1 and N = U,>|N,. The sets of arcs connected to the nodes
of N, are denoted by A,,,n > 1. The sets K,, are defined from K as before; that is,
(xij) i, )ea, € Ky if and only if there is some (y;;), jyea € K such that x;; = y;; for
all (i, j) € A,. This produces a sequence of truncated problems

®.) inf > iea, CijOij)
s.t. (yij)ij € Ky,

and their duals

(ﬁ ) sup — Z(i,j)eA,l (C;k]()’;;) - (y;’},fc\,]))

"sn ()i € Ky
Proposition 5 Assume that (P’) has a feasible flow and that the cost functions c;j
are convex, continuous and nonnegative functions on [0, u;;l, (i,j) € A and
Z(l pea llcijll < +oo. Then min(P’) = sup(D)

Proof Since (P’) has a feasible solution, (ﬁ) has a feasible solution too. Moreover,
ICijll = llcijll for all (i, j) € A. Hence the functions ¢;;, (i, j) € A satisfy (H”).
Furthermore, since clj(ylj) = ¢ij (yij +x,j) > 00n domcl] =[- xl], u,J — xu] we
may apply Theorem 4 to obtain mln(P) = sup(D) which gives min(P’) = sup(D)
because (P’) and (P) have the same optimal value. m]

Remark 8 We wish to highlight the fact that the dual problem (D) differs in two aspects
from the dual problem studied in [8]. First, the dual (D) is constructed for (P) while
the dual of [8] is constructed for the circulation problem. Second, the dual variable of
(5) takes values in R[4] that only have finite support, while the dual variable of [8]
takes values in a particular subspace of R with infinite support in general.

Remark 9 The conclusion of Proposition 5 can also be obtained from the results of
Sect. 5, without recourse to truncated problems. In fact, let us express (P) in form of
unconstrained problem

inf Y e €ijOij) + 0k ((Vijij)
(yij)ij € RA.

Denote the set Zl(l;,j)eA M;; (epi aj) + K x R4 by Z. We prove that this set is close_d
regarding the set {0y} x R. Assume {z"}, is a sequence in Z converging to (O, )
with7 € R.Letz" = Z(i,j)eA M,-j(yl?’j, rl.‘;.)+(b", V) with (yl?’j, rl.‘;.) € epicij, b’ € K
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andt” € Ry forall v and for (i, j) € A. Then (y;’ )V is a sequence in [— x,j, ujj — 55,-1-]
and r > 0. Since ¥ > 0, we may assume that {r}’ },, converges to some r;; >
0, @, J) € A, and {r"}, converges to t :=t — Z(l jrea rij € Ry. Furthermore, as
the epigraph of ¢;; is closed, we may also suppose that {(y}’, it rl i )}y converges to some
(yij, rij) € eplc,] Then {b"}, converges to b := Z(l j)ea MijYij € K due to the
factthat K is closed. We deduce that (Oy, 7) = Z(l ea M;j(yij, r,j)—{—(b tye Z. By

this, Z is closed regarding the set {0y} x R.In view of Theorem 2, mln(P) = sup(D)
and hence min(P’) = sup(D).
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