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Abstract

Beck and Teboulle’s FISTA method for finding a minimizer of the sum of two convex
functions, one of which has a Lipschitz continuous gradient whereas the other may
be nonsmooth, is arguably the most important optimization algorithm of the past
decade. While research activity on FISTA has exploded ever since, the mathematically
challenging case when the original optimization problem has no minimizer has found
only limited attention. In this work, we systematically study FISTA and its variants. We
present general results that are applicable, regardless of the existence of minimizers.

Keywords Convex function - FISTA - Forward-backward method - Nesterov
acceleration - Proximal gradient algorithm

Mathematics Subject Classification Primary 90C25 - 65K05; Secondary 49M27

1 Introduction

We assume that

'H is a real Hilbert space (1)
with inner product (-|-) and associated norm || - ||. We also presuppose throughout the
paper that

f:H—->R and g:H — ]—00, +00] 2)
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satisfy the following:

Assumption 1.1

(A1) f isconvex and Fréchet differentiable on H, and V f is B-Lipschitz continuous
with 8 €]0, +oo[;

(A2) g is convex, lower semicontinuous, and proper;

(A3) y €]0, 1/8] is a parameter.

One fundamental problem in optimization is to
minimize f + g over H. 3)
For convenience, we set
h:=f+g and T :=Prox,zo(Id—yVf), 4)

and where we follow standard notation in convex analysis (as employed, e.g., in
[8]). Then many algorithms designed for solving (3) employ the forward-backward
or proximal gradient operator 7" in some fashion. Since the advent of Nesterov’s
acceleration [22] (when g = 0) and Beck and Teboulle’s fast proximal gradient method
FISTA [11] (see also [9, Chapter 10]), the literature on algorithms for solving (3) has
literally exploded; see, e.g., [1-3,5,7,11,18,22] for a selection of key contributions.
Indeed, out of nearly one million mathematical publications that appeared since 2009
and are indexed by Mathematical Reviews, the 2009-FISTA paper [11] by Beck and
Teboulle takes the number two spot! (In passing, we note that it has been cited more
than 6,000 times on Google Scholar where it now receives about 3 new citations every
day!) The overwhelming majority of these papers assume that the problem (3) has a
solution to start with. Complementing and contributing to these analyses, we follow a
path less trodden:

The aim of this paper is to study the behaviour of the fast proximal gradient methods
(and monotone variants), in the case when the original problem (3) does not necessarily
have a solution.

Before we turn to our main results, let us state the FISTA or fast proximal gradient
method:

Algorithm 1.2 (FISTA) Let xo € H, set y; := xo, and update

forn=1,2,...

Xy = Typ,
(5

Tn —
Y+l = Xp + (X — xp—1),

Tn+1

where T is defined in (4), N* := {1, 2, ...}, and (t,)en+ is a sequence of real numbers
in [1, 4o0l.
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Note that when 7, = 1, one obtains the classical (unaccelerated) proximal gradient
method. There are two very popular choices for the sequence (7,),en+ to achieve
acceleration. Firstly, given 71 := 1, the classical FISTA [10,11,16,22] update is

1+ /14472

(Vn e N¥) 1,41 1= 5 (6)
The second update has the explicit formula
—1
VneN =t TP "1 @
0

where p € [2, +oo[; see, e.g., [3,5,15,27].

Convergence results of the sequence generated by FISTA under a suitable tuning of
(Tn)nen+ can be found in [1,5,15]. The relaxed case was considered in [7] and error-
tolerant versions were considered in [2,3]. In addition, for results concerning the rate
of convergence of function values, see [10,11,26,27]. The authors of [16] established
a variant of FISTA that covers the strongly convex case. An alternative of the classical
proximal gradient algorithm with relaxation and error is presented in [19] (see also
[8,13,26]). Finally, a new forward-backward splitting scheme (for finding a zero of a
sum of two maximally monotone operators) that includes FISTA as a special case was
proposed in [18].

The main difference between our work and existing work is that we focus on the
minimizing property of the sequences generated by FISTA and MFISTA in the general
framework, i.e., when the set Argmin(f + g) is possibly empty. Let us now list our
main results:

e Theorem 5.3 establishes the behaviour of FISTA in the possibly inconsistent case;
moreover, our assumption on (t,),cn* (see (39)) is very mild.

e Theorem 5.5 concerns FISTA when (7,),en+ behaves similarly to the Beck—
Teboulle choice.

e Theorem 5.10 deals with the case when (7,),cn+ is bounded; see, in particular,
(i1)(a) and (v)(b).

e Theorem 6.1 considers MFISTA [10], the monotone version of FISTA, when
Assumption 4.1 is in force and (), en* is unbounded.

To the best of our knowledge, Theorem 5.3 is new. The proof of Theorem 5.5, which
can be viewed as a “discrete version” of [3, Theorem 2.3], relies on techniques seen
in [3, Theorem 2.3] and [1, Proposition 3]; items (ii)—(vi) are new. A result similar to
Theorem 5.5(ii) was mentioned in [6, Theorem 4.1]. However, no proof was given, and
the parameter sequence there is a special case of the one considered in Theorem 5.5.
Items (vii)(a) and (vii)(a) is a slight modification of [4, Proposition 4.3]. Concern-
ing Theorem 5.10, items (i)—(iv) and (v)(b) are new while (v)(a) was proven in [,
Corollary 20(iii)]. Item (i) in the classical case (7, = 1) relates to [12, Theorem 4.2]
where linesearches were employed. In Theorem 6.1, items (i)—(v) are new. Compared
to [10, Theorem 5.1], we allow many possible choices for the parameter sequence in
Theorem 6.1(vi); see, e.g., Examples 4.4—4.6. In addition, by adapting the technique
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of [1, Theorem 9], we improve the convergence rate of MFISTA under the condition
(110) in Theorem 6.1.

There are also several minor results worth emphasizing: Lemma 2.4 is new. The
notion of quasi-Fejér monotonicity is revisited in Lemma 2.7; however, our error
sequence need not be positive. The assumptions in Lemma 3.2 and Lemma 3.3 are
somewhat minimal, which allow us to establish the minimizing property of FISTA
and MFISTA in the case where there are possibly no minimizers in Sects. 5 and 6.
Example 4.5 is new. Proposition 5.12 describes the behaviour of (x, — x;,—1),en* in
the classical proximal gradient (ISTA) case while Corollary 5.15 provides a sufficient
condition for strong convergence of (x,),cN+ in this case. The new Proposition 5.14
presents some progress towards the still open question regarding the convergence of
(xn)nen+ generated by classical FISTA. The weak convergence part in Corollary 5.15
was considered in [4]; however, our new Fejérian approach allows us to obtain strong
convergence when int(Argmin ) # &.

Let us now turn to the organization of this paper. Classical results on real sequences
and new results on the Fejér monotonicity are recorded in Sect. 2. The “one step”
behaviour of both FISTA and MFISTA is carefully examined in Sect. 3. In Sect. 4, we
investigate properties of the parameter sequence (), cn*. Our main results on FISTA
and MFISTA are presented in Sects. 5 and 6 respectively. The concluding Sect. 7
contains a discussion of open problems.

A final note on notation is in order. For a sequence (&,),en+ and an extended real
number £ € [—00, +00], the notation &, 1 £ means that (§,),en+ is increasing (i.e.,
& < &) and &, — £ asn — +o00. Likewise, &, | & means that (§,),en* 1S
decreasing (i.e., &, > &,41) and &, — & as n — +o0. For any other notation not
defined, we refer the reader to [8].

2 Auxiliary results

In this section, we collect results on sequences which will make the proofs in later
sections more structured.

Lemma 2.1 Let (t,)en* be an increasing sequence in [1, +00o[ such that limt, =

~+o00. Then
—1\2 2
(- (2 =3 (1-3) =+ ®)
Tn+1 T2
neN* neN* n+1
Proof See Appendix A. O

Lemma 2.2 Let (atn)nen+ and (Bp)nen be sequencesin R . Supposethat ), Nt On =
+o00 and that ), .+ 0nfn < +00. Then lim B, = 0.

Proof See Appendix B. O

The novelty of the following result lies in the fact that the error sequence (&), cn*
need not lie in R .
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Applying FISTA to optimization problems (with or) without minimizers 353

Lemma 2.3 Let (ay)nen+ be a sequence in R, let (B,)nen+ be a sequence in R, and
let (&) nen+ be a sequence in R. Suppose that (a,)nen+ is bounded below, that

Vn e N*) Oppl <oty — Bn + €n, 9

and that the series ), .+ €n converges in R. Then the following hold:

(1) (otn)nen+ is convergent in R.
(i) Y, en+ Bn < F00.

Proof See Appendix C. O

Lemma 2.4 Let (o) neN* be a sequence of real numbers. Consider the following state-
ments:

(1) (nay)nen+ converges in R.
(i) Y, en an converges in R.
(iii) Y, cne n(atn — atyg1) converges in R.

Suppose that two of the statements (i)—(iii) hold. Then the remaining one also holds.
Proof See Appendix D. O

The following result is stated in [25, Problem 2.6.19]; we provide a proof in
Appendix E for completeness.

Lemma 2.5 Let (ay)nen+ be a decreasing sequence in R. Then

Z o, < 00 & [na,, — Q0asn — +oo and Z n(oy — opy1) < +oo].
neN* neN*

(10)
The following variant of Opial’s lemma [23] will be required in the sequel.

Lemma 2.6 Let C be a nonempty subset of 'H, and let (un)nen+ and (vy)nen+ be
sequences in H. Suppose that u,, — v, — 0, that every weak sequential cluster point
of (Vy)nen+ lies in C, and that, for every ¢ € C, (|lup — c||)nen+ converges. Then there
exists w € C such that u,—w and v,—w.

Proof For every ¢ € C,since u, — v, — 0 and (|lu, — c||)nen* converges, we deduce
that (|jv, — c|)nen+ converges. In turn, because every weak sequential cluster point
of (vy)nen* belongs to C, [8, Lemma 2.47] yields the existence of w € C satisfying
v,—w. Therefore, because u, — v, — 0, we conclude that (u,),en+ and (v,),en+
converge weakly to w. O

We next revisit the notion of quasi-Fejér monotonicity in the Hilbert spaces set-
ting studied in [17]. This plays a crucial role in our analysis of Proposition 5.14.
Nevertheless, to fit our framework of Proposition 5.14, the error sequence (&;,),eN*
is not required to be positive in Lemma 2.7. The proof is based on [17, Proposi-
tion 3.3(iii) and Proposition 3.10].
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Lemma 2.7 Let C be a nonempty subset of H, let (un)nen+ be a sequence in 'H, and
let (&) nen+ be a sequence in R. Suppose that

(Ve € O)(Vn € N*) lupt1 — cl|* < llug — clI* + &n, (11)

and that ), .« €n converges in R. Then the following hold:

(1) Forevery c € C, the sequence (||u, — c||)nen* converges in R.
(i) Suppose that int C # @. Then (u,)nen+ converges strongly in H.

Proof (i): This is a direct consequence of Lemma 2.3(i).
(ii): We follow along the lines of [17, Proposition 3.10]. Let v € int C and p €]0, 4-o00[
be suchthatB (v; p) := {x € H||lx — v|| < p} C C.Define asequence (v,),eN*

in C via
v, if upp1 = uy;
(Vn e N*) v, := Uptl — Up . (12)
v — p—— , otherwise.
letn1 — upll
We now verify that
(Vn € N*) g1 — l* < lun = 0> = 2ptng1 — tnll + 0. (13)

Fix n € N*. If u,, 11 = u,, then (11) implies that g, > 0, and therefore (13) holds.

Otherwise, because v, € C, (11) yields ||up+1 — vn||2 < u, — vn||2 + &;,. In turn,
using (12), we obtain

2

Upt+1 — Up Upy1 — U

‘ < ||(up —v)+p
lun+1 — unll

2
et [EASIR)
Tt 1 = o]

(nt1 —v) +p

and after expanding both sides and simplifying terms, we get (13). Consequently,
owing to (13) and the convergence of ZneN* &n, we derive from Lemma 2.3(ii) that
ZneN* 2pllun+1 — un|l < 4o00. Hence, by completeness of H, (un),en* converges
strongly to a point in H. O

We conclude this section with a simple identity. If x, y, and z are in H, then

lx — ylI> +2(x —ylz—x) =z — yII* = llz — x||*. (15)

3 One-step results
The aim of this section is to present several results on performing just one step of
FISTA or MFISTA. This allows us to present subsequent convergence results more

clearly. Recall that Assumption 1.1 is in force and (see (4)) that

h=f+g and T =Prox,,o0(ld—yVf). (16)
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Applying FISTA to optimization problems (with or) without minimizers 355

Clearly,
ran T = ran(Prox,, o Id —yVf)) € domdg € domg =domh.  (17)
Lemma 3.1 (Beck-Teboulle) The following holds:
VG, y) € HxH) y Hy=Tylx=y)+@») Iy =TyI> < h()=h(Ty). (18)

Proof See Appendix F. O

Lemma 3.2 (one FISTA step) Let (v, x_) € H x 'H, let T and t4 be in [1, +00[, and

set
‘E —

1
x:=Ty, yy:=x+ (x—x_), andxy :=Tyy. (19)
T+

In addition, let z € dom h, and set

u =tx—(t—Dx_—zg
Uy = 14X — (T4 — Dx —z,
noi=hx) —h(), @0

My = h(xy) — h(2).

Then the following hold:

() h(xp) + Q) Mg —x)12 <A + (T — D2Qy) i — 2|2 /72
(i) w2ps + Q) Mug ) < o (ry — D+ Q)7 Hul®

(ili) Suppose that v < t., that T4 (t4 — 1) < 2, and that inf h > —oo. Then

g+ @) Hugl? < Pu+ @y) 7 Mlul® 4 T (h(z) —infh). (2D

Proof First, since z € dom &, we get from (17), (19), and (20) that © € Rand 4 € R.
Next, because x4 = Tyy, we derive from (18) (applied to (x, y4+)) that

o=y =hx) —h(xp) =y e —xp [x =y + @) 7 vy —xg 17 (22)
(1): We derive from (22), (15), and (19) that

h) = hes) = @) (I =l = s — 22 = e = y41?)
+ @Y7y — xl? (232)

—1\?
- <2y>—1(||x — x| - (’u ) Ix —x_||2), (23b)

and thus, since #(x4+) € R, the conclusion follows.
(ii): Since x4 = Ty, applying (18) to (z, y+) gives

—pgp =h@) —h(xp) =y Nyr —xplz— v + ) s —xp X (24)
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356 H. H. Bauschke et al.

Therefore, because 74 — 1 > 0 by assumption, it follows from (22) and (24) that

(ty = Do = Topy = (0 = D = i) + (—p14) (252)
>y vy — x| (T = D& —y) + (2= y1)
+ @) rpllys — x4l (25b)
=y M op —xp (= Dx — 94 +2)
+Qy) " ryllyr — x4l (25¢)

In turn, on the one hand, multiplying both sides of (25) by t1- > 0, we infer from
(15) (applied to (t4y+, T+x4, (t4 — 1)x + z)) and the very definition of u that

To(tp — D —tipe >y Nrpys — tpxg | (ty — Dx 2 — 7494)

+ ) M (g — x| (26a)
=27 (I = Dx + 2 =t | = e = Dx +z = oy [?) - (26b)
=) Ml l? = Ity = Dx + 2 — woy4 7). (26¢)

On the other hand, since t4 y+ = t74x+ (7 —1)(x —x_) due to (19), the definition
of u yields

y+—(+—Dx—z=14x+CT-Dx—x_)—(t+—Dx—z=1tx—(r—1)x_—z=u.

(27)

Altogether, (2y) ™ (lus 1> — lull®) < 4 (r4 — D — ©2 .y, which implies the
desired conclusion.

(iii): Since u = h(x) — h(z) = inf h — h(z) > —oo and, by assumption, r_% — T4 —
72 < 0, we deduce that (1:_% -1y — ™ < (‘L’_%_ -1y — ) (infh — h(z)) =
(2414 — ‘L’_%_)(h(z) —inf h). Hence, because 0 < 7 < v and k(z)—inf h > 0, it
follows that (t2 — 74 —tH)u < (t2 414 —12)(h(z) —inf h) < 74 (h(z) —inf h).
Consequently, (ii) implies that

s+ Q) P < t(re = D+ @) 7 lu? (28a)
= a4+ ) Ml 4 (2F — e =) (28b)
< u+ Qy) 7 ul? + v (h(z) —inf ), (28c)

as required. O

The analysis of the following lemma follows the lines of [10, Theorem 5.1].
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Applying FISTA to optimization problems (with or) without minimizers 357

Lemma 3.3 (one MFISTA step). Let (y,x_) € H x H, let T and t4 be in [1, +o0],
and set

z =Ty,
X, ifh(x-) < h(z);
x =
z,  otherwise,
-1
Vi :x—i——(Z—X)—i- (x —x-), 29)
+

Ty = TY+,

, {x, ifh(0) < h(ze):
X4 1=

24+, otherwise.

Furthermore, let w € dom h, and define

u =t1z—(t—x_ —w,
Uy =14724 — (14 — Dx —w,
= hx) —h(w),

My = h(xy) — h(w).

(30)

Then the following hold:

() h(xp) + Q2y) Hizg = xII? < h(x) + Qy) 'z — x_ /2.

(i) g + QY Hugl? < T — D+ @)~ Hlull.

Proof First, since 7 = Ty, using (18) with (x, y4) and (15) with (y4, z4, x) yields

h(x) = h(z4) = h(x) = h(Ty1) =y yp — 24 [x = yp) + Q1) e — 2401
(31a)

= (=P —r—yl?). Gy

(1): On the one hand, by the very definition of x4 and (31), h(x) — h(x4) = h(x) —
h(z4) = 2y) " '(lx = z4 || = llx — y4II*), and thus,

h(xg) + Q)7 HIx — 24 12 < RGO+ @y) 7 Hix — y4 12 (32)

On the other hand, due to (29),

)’+—X=L(Z—x)+r_1(x—x—) (33a)
T4+ 'L'+
—1
—(Z —x_ )+ (x— —x-), ifh(x2) < h(z);
= Jf (33b)
—(z —2) + (z—x-), otherwise
+
—(Z—x_), ifh(x_) < h(2);
=171 . (330)
(z —x_), otherwise,
T+
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and since T > 1, it follows that

T
Iy —xll < —llz — x—|I. (34)
T+

Altogether, (32) and (34) yield the desired result.
(i1): Applying (18) to the pair (w, y+) and noticing that z = Ty, we get

h(w) = hze) 2y~ e =z [w = y0) + @) ye =24l (39)
In turn, since t4 > 1, the very definition of x4, (31), and (35) imply that

(ty — Dot = trpg = (o4 — D®) — hw)) — T (h(xy) —h(w))  (36a)

= (1 — Dh(x) + h(w) — toh(xs) (36b)
> (t4 — Dh(x) + h(w) — T4h(zs) (36¢)
= (tr = D((x) = h(z4)) + h(w) — h(z4) (36d)

> ) llyr — 21 1

+y T Or — e (e — D —y) +w—yg)  (36e)
=) ryllys — 24l

+y Nyy —zplw+ (tp — Dx — 13094). (36f)

Thus, since t4 > 0, it follows from (15) (applied to (t+y+, 742+, w + (7+ — 1x))
that

T(te — D — iy > Qy) 'y — 2o
+y Nrpys —trzg w4 (y — Dx —14y4)  (37a)
=2y (lt4zs — (tp — Dx — w|?
— ltyys = (g = Dx — wlf?). (37b)
Furthermore, by the definition of y;, we have t4y; = t4x + 1(z — x) + (v —

D(x —x-) =(t4+ — Dx + 1z — (r — 1)x_, which asserts that 7, y; — (74 — 1)x =
77 — (t — 1)x_. Combining this and (37) entails that

Tty —Dp—1iug > Qy) (Irpzs — (= Dx—wl* = rz— (r = Dx_—w|?),
(33)

which completes the proof. O

4 The parameter sequence

A central ingredient of FISTA and MFISTA is the parameter sequence (7,,),en+- In this

section, we present various properties of the parameter sequence as well as examples.
From this point onwards, we will assume the following:
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Applying FISTA to optimization problems (with or) without minimizers 359

Assumption 4.1 We assume that (7,,),en+ 1S a sequence of real numbers such that

14+ /14472
7 € [1,4o00l, (VneN¥ mle[rn,y}, and Too = SUP T

keN*
(39
Remark 4.2 A few observations regarding Assumption 4.1 are in order.
(i) Itis clear from (39) that

(VneN" t, >1. (40)

(ii) Because (t;),eN+ 1S increasing,
40)
WP To € [1,+00]. 41)

(iii) Due to (40) and the assumption that (Vn € N*) 7,41 < (1 ++/1 +412)/2,itis
straightforward to verify that

(Vn e N*) 12| — 11 < 77 (42)

n

(iv) For every n € N*, since 7, < 141 < (1 + /1 +472)/2 by (39), it follows
from (42) and (40) that

T3+1_Tr%< Tntl <1+m<fn+ T +41;
Tn+1 + Tn h T+l + Tn h 2(th + ) h 4z,
1445
T4

Tn+1 — Tn

<0.81. 43)

Lemma 4.3 The following hold:

() Tm(w/n) < 71/2
(ii) Using the convention that ++.O = 0, we have

1—-1 1 -1 — 11 1
[Too _ <im ™ cm 2l L g
1+ 1/t Too(Too + 1) Tn+l Tn+l Too

(iii) Suppose that lim T, = 4-00. Then

-1
lim tn

= 1. 45)
Tn+l

Proof (i): We claim that (Vn € N*) 1, < 71 (n + 4/n)/2. The inequality is clear when

n = 1. Assume that, for some integer n > 1, we have 7, < 71 (n+ +/n)/2. Then,
on the one hand, we derive from (39) that
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360 H. H. Bauschke et al.

1+yT+ag o+ TV (14 14+ Jn)?)
2 = 2 - 2 )

(46)

On the other hand, since (n + +/n + 1) — (1 + (n + /n)?) = 2n(v/n + 1 —

J/n) > 0, we obtain /1 + (n + 4/n)? < n + +/n+ 1. Altogether, 7,11 <

T1(n + 1+ +/n + 1)/2, which concludes the induction argument. Consequently,
lim(z,/n) < lim 7y (n + /n)/(2n) = 11 /2.

(ii): First, since (Vn € N*) (1, — 1)/Ty+1 < (Tat1 — 1)/Tu1 = 1 = 1/741 by (39),

we infer from (41) that lim(t, — 1)/7,41 < 1 — 1/7s. Next, by (42) and (39),

Tntl S

we have
2
(Vi € N%) T, — 1 _ r,% —1 S Ty — Tntl — 1 47a)
Tnt1 Tnt1(Tn + 1) Tnt1 (T + 1)
-1 1
_ Tn+1 _ (47b)
T, +1 Tut1(tn + 1)
T, — 1 1
Z - (47¢0)
T, + 1 g1 (T + 1)
1-1 1
L (47d)

I+ 1/t Tn+1(fn+1)7

and hence, we get from (41) that lim(t, — 1) /741 2 (1 = 1/700) /(1 +1/70) —
1/(Too(Too + 1)), as desired.
(iii): Follows from (ii) and (41).

O
Example 4.4 The condition
sup (n/ty) < 400 (48)
neN*
and the quotient
T, — 1
(49)

Tn+1
play significant roles in subsequent convergence results. Here are the two popular
examples of sequences that satisfy Assumption 4.1 as well as (48) already seen in
Sect. 1:

() [10,11,16,22] Set 71 := 1, and set (Vn € N*) 7,41 := (1 + 1+ 41,12)/2. Then,
it is straightforward to verify that (Vn € N¥) Tnz — ,12 1t Tyl = 0 and that
(Tn)nen+ 1s an increasing sequence in [1, +oo[. Moreover, an inductive argument
shows that (Vn € N*) t, > (n + 1)/2, from which we obtain 1o, = 400 and
sup,en+(n/7,) < 2. This and Lemma 4.3(i) guarantee that lim(t,/n) = 1/2.
Furthermore, it is part of the folklore that

T, — 1 3 1
=1——+o<—); (50)
n

Tn+1 n

for completeness, a proof is provided in Appendix G.
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(i) [3,5,15,27] Let p € [2, +o0[, and define (Vn € N*) 1, := (n + p — 1)/p. Then,
clearly (7,)nen+ is an increasing sequence in [1, +o0o[ with 7o = +00 and, for
every n € N*, we have n/t, = np/(n+p —1) < p,

2 2
n+p—1 n+p n+p
et = () - () 4

o ) 2

-2 -1 _ 1
_( )nﬁ:(p ) . 51)

P 4

and 1 1 1 1
oI :1——+p+o<—2>. (52)

Tn+1 n+p n n

We now turn to examples of the condition

(35 €10, ID(Vn € N*) 2., — 12 < 8Tps1, (53)

which is of some interest in Sect. 5 (see (107)) and Sect. 6. Further examples of
sequences that satisfy (53) can be found in [1, Section 5].

Example 4.5 Let p € |1, +-00[ and set

T +p—1

Vn e N*) pu, = (54)

Then
1++/5
2p
Ifp > (1+«/§)/2, then the sequence (14y,),en+ satisfies (53) withd = (1+\/§)/(2p) €
10, 1[.

(Vn e N*) ppy — s < M1 (55)

Proof Indeed, since (1 + «/3) /2 > 1, we derive from (42), (43), and (54) that

2 2 1+/5
o —T74+2(p — 1)(1, -1 Tl +—5=(p — 1
(Vn € N*) //LI?H_I _ //Li _ n+1 n (p )( n+1 n) < n+1 ) (:0 )

02 02
(56a)
LS+ 1580 -1 1445
< > = M1, (56b)
P 2p

as claimed. The remaining implication follows readily. O

Example 4.6 [7] Let (a, d) €]0, +o0o[ xR, set

—1\d
(Vn e N*) 1, = (L) : (57)
a
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and suppose that one of the following holds:

(i) d =0.
(i) d €]0, 1] and @ > max{1, (2d)"/¢}.

Aujol and Dossal’s [7, Lemma 3.2] yields

1 2d
ad a2

1

2d
(Vn € N¥) >0 and t,,z—r,%+1+rn+1 > (a_d_aTd)(”+a)d > 0. (58)

Let us add to their analysis by pointing out that if (ii) holds, then (53) holds with
6= (2d)/ad €]0, 1[. Indeed, (57) and (58) assert that

1 2d
(Vn € N¥) f,%ﬂ - 3 < Tntl — (a_d - ﬁ>(" +a)!
1 2d N 4
= Tn+1 — (a_d - aTd>a Tnt1 = 8Tp41- (59

Also, note that if d €]0, 1[, then sup,n«(n/7,) = 400 (by L’Hopital’s rule) in
contrast to Example 4.4.

5 FISTA

In this section, we present three main results on FISTA. We again recall that Assump-
tion 1.1 is in force and (see (4)) that

h=f+g and T=Pr0xygo(Id—ny). (60)
Algorithm 5.1 (FISTA). Let xo € H, set y; := xp, and update
forn=1,2,...

Xn =Ty,

i (Xn — Xp—1), 61

Y+l = Xp +
Tn+1

where T is as in (60) and (t,),en+ satisfies (39).

We assume for the remainder of this section that
(xn)neN+ 1s a sequence generated by Algorithm 5.1. (62)

We also set

T, — 1

Tn+1

1
(Vn € N*) o, := h(x,) + gllxn —Xn_1l? and a, = (63)
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Note that, by (39) and (40),

" T, — 1 T, — 1
VneN) 0< o, = < < 1. (64)
Tn+1 Tn

The first two items of the following result are due to Attouch and Cabot; see [1,
Proposition 3].

Lemma 5.2 The following holds:

() (Yn € N*) )~ (1 = o) llxn — x0-111> < 0 — 1.
(ii) The sequence (oy),en* is decreasing and convergent to a point in [—o0, +00].
(iii) Suppose that inf, cn* 05, > —00. Then the following hold:

@ Y, e (1 — a@2)||lxy — X111 < 400
(b) Suppose that up,, s Tw < +00. Then infyene (1= 0) > 0and 3, e [l —
xn—lllz < 400.

Proof (i): Forevery n € N*, Lemma 3.2(i) (applied to (v, x_, 7, 7+) = (Vn, Xn—1, Tn»
Ty 41)) asserts that 0,11 < h(x) + apy) 7 xy — xa 1l = 0 — (1 —
oe,%)(Zy)_1 |Xn — Xpn—1 ||2, from which the desired inequality follows. (ii): A
consequence of (i) and (64).

(iii)(a): By (i) and (63),

n 2 n
l—«a
(Vn e N Y0l — w12 < Y (0k = 0kg1) = 01 = Oup
k=1 Y k=1
< o1 — inf op < +o0. (65)
keN*

Thus, Y, o+ (1 — @) X, — xp—1 1> < +00, as claimed.

(ii1)(b): Because the function ]0, 4+-00[— R: & — (£ —1)/£ is increasing and (Vn €
N*)0 < 1, < th1 < Too, We see that (Vn € N*) o, = (1, — 1) /141 <
(th — 1)/tn < (Too — 1) /70 € [0, 1[; therefore,

—1\?
(Vn € N¥) 1—a3>1—<f"° ) > 0. (66)
Too
Combining (66) and (a) yields the conclusion. m]

We are ready for our first main result which establishes a minimizing property of
the sequence (x,),en+ generated by Algorithm 5.1 in the general setting.

Theorem 5.3 The following holds:

(Vm € N*) inf h(x,) =lim min h(x;) = lim i (x,) = inf A. 67)
>m n 1<k<n

n n
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364 H. H. Bauschke et al.

Proof Let us first establish that

(Ym € N*) nigfnh(xn) = inf h. (68)

To do so, we proceed by contradiction: assume that there exists N € N* such that
inf,,>n h(x,) > inf h. Then, there exists z € dom A satisfying

—00 < h(z) < inf h(xy). (69)
n>N

Inturn, set (Vn € N*) u,, := h(x,)—h(z) and u, := t,x,— (1, —1)x,_1 —z. Forevery
n = N,inthelight of Lemma 3.2(ii) (applied to (y, x—, T, T4) = (Vn> Xn—1> Tn» Tut1))s
we get

T2 gt + 2Y) 7 g |12 rn+1(rn+1 — Dy + Qy) " uall? (70a)
= T Mn + (23/)7 ”Mn” (T - Tn+1 + Tn+1)/¢Ln
(70b)

Furthermore, due to (69),
(Vn = N) pn = h(xn) — h(z) > 0. (71)

Let us consider the following two possible cases.

(a) Too = +00: By (41), 1, — +00. Next, we derive from (42), (70) and (71) that
(Vn > N) rnzu,, < rl%, un + (2)/)_1 lun ||? or, equivalently, by the very definition
of (Un)nen+,

2
(Yn = N) h(xp) < h(z) + ZMN+

: lluw I (72)
2)/.['% uni| .

Consequently, since 7, 1 400, taking the limit superior in (72) gives
inf,>n h(x,) < lim h(x,) < h(2), Wthh contradicts (69).

(b) 7o < +00: Set (Vn = N) & = t2un + Qy) ual* and n, = (z7 —
Tnz+1 + Tut1)in. Then, by (71), {&;:}h>n €10, +o0[ and, by (42) and (69),
{nn}n>n S Ry. In turn, on the one hand, combining (70) and Lemma 2.3(ii),
we infer that Zn>N(r,% — Tr%—i—l + Tt D Mn = Zn>N N, < +00. On the other
hand, because (Vn € N*) ‘L’,% < (Supgen+ Tk)2 < 400 and {7, }yen+ C [1, +00[
by our assumption and (40),

N+p N+p
(Vp e N Z (T = 1+ Tur1) = T — T]%/+p+l + Z Tn+1
n=N n=N
2
> l']%, — (sup t,,) +p+1, (73)
neN*
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from which we deduce that 2”2 N (r,% — t,% 1T Tnt1) = to00. Altogether, Lemma 2.2
and (71) guarantee that lim(h(x,) — h(z)) = lim u, = 0, i.e., limh(x,) = h(2).
Consequently, due to the inequality inf, >y h(x,) < lim h(x,), it follows from (69)
that h(z) < h(z), which is absurd.

To summarize, we have reached a contradiction in each case, and therefore (68)
holds. Thus, because mini i<, h(xk) — infpuens h(xy) as n — +oo, we infer
from (68) that minj i<, h(xx) — infh as n — +o00. Finally, (68) guarantees that
lim /2 (x,) = sup,, e+ (infx>p A (xx)) = sup, ey« (inf h) = inf h, which completes the
proof. O

Remark 5.4 In Theorem 5.3, we do not know whether or not (%(x,)),ecn+ converges
to inf 2. However, Theorem 5.5, Theorem 5.10, and Proposition 5.8 suggest a positive
answer.

We are now ready for our second main result (Theorem 5.5), which is a discrete
version of Attouch et al.’s [3, Theorem 2.3]. When (7,,),en* is as in Example 4.4(ii)
with p = 2, items (ii) and (iv) were mentioned (without a detailed proof) in [6, Theo-
rem 4.1]. The analysis of Theorem 5.5(iii) was motivated by Attouch and Cabot’s
[1, Proposition 3]. Furthermore, the boundedness of the sequences (x,),en+ and
(n||xn, — xn—1])nen+ in the consistent case was first obtained in Attouch et al.’s [4,
Proposition 4.3]; here, we slightly modified the proof of this result to obtain the bound-
edness of (x,),en+ in a more general setting.

Theorem 5.5 Suppose that

infh > —oo and sup (n/t,) < +o0. (74)

neN*

For every z € dom h, set B, := t2(h(x1) — h(2)) + 2y) " HlTix1 — (11 — Dxo — z||%
Then the following hold:

(1) Forevery z € dom h, we have

T2 (h(xy) — h(2)) + Q2y) " tnxn — (7w — Dxp—1 — 2|
< B: + 2 (h(z) — inf ) sup (k/) (75)
keN*

and

(Vn € N*) h(x,) — h(z) < ’3—2 + (h(z) —infh) sup (k/7).  (76)
Tn keN~

(i1) h(x,) — inf A.

(iil) (xp)nen* is asymptotically regular, i.e., x, — x,—1 — 0.

(iv) Every weak sequential cluster point of (x,)nen+ belongs to Argmin h.

(v) Suppose that (xp)nen+ has a bounded subsequence. Then Argmin h # &.

(vi) Suppose that Argminh = &. Then ||x,|| — +oo0.
(vii) Suppose that Argmin h # &. Then the following hold:
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(a) (Beck-Teboulle [111) h(x,) —minh = O(1/n%) asn — +oo; more precisely,
for every z € Argmin h,

Bz (SqueN* (k/fk))z
5 .

(Vn e N*) h(x,) —minh < 77)

n

(b) The sequences (xy)nen+ and (T, (Xn — Xp—1))neN* are bounded.
Proof Set k := sup,,cn+(1/7,) €]0, +00[. Since (Vn € N*) 7, > n/k, we see that

T, — +00. (78)

(i): Take z € dom &, and set
(Vn e N*) p, :=h(x,) —h(z) and u, := 1%, — (T, — Dxy_1 —z. (79)
Now, forevery n € N*,sinceinf 7 > —00, T, < 741, and 7,41 (41— 1) <
1’,12, applying Lemma 3.2(iii) to (y, x—, T, T4) = (Vn, Xn—1, Tn, Tn+1) yields
2ttt + Q) g 17 < 12+ QY) 7 Hlun | + Tag1 ((2) — inf h).

Hence, because (1,),en+ is increasing and h(z) — inf 2 > 0, an inductive
argument gives

(Vn e N*) 7 ptngr + @) g I

n+1
<tim+ Q)7 + (h@) —infh) Y (80a)
k=2
< i+ @)l + ntug (h(2) — inf h) (80b)
< B + ki (h(z) —inf h). (80c)

Therefore, since (75) trivially holds when n = 1, we obtain the conclusion.
Consequently, (76) readily follows from (75).

(ii): For every z € dom h, taking the limit superior over n in (76) and using (78)
yields lim i (x,) < h(z)+k (h(z)—inf k). Consequently, letting 4(z) | inf &,
we conclude that lim A (x,,) < inf &, as desired.

(iii): First, due to (63), (Vn € N*) 0, > h(x,) > inf h > —o0, and thus,

inf o, > —o0. (81)
neN*

Hence, we conclude via Lemma 5.2(ii) that (0;,), <N+ is convergent in R. In
turn, on the one hand, (ii) and (63) imply that

(||x,, — Xp—1 ||2)neN* converges in R. (82)
On the other hand, (81) and Lemma 5.2(a) yield ), (1 — oe,%)||xn —

Xn—1l? < 400, and since Y, (1 — @2) = +00 due to Lemma 2.1 and
(78), we get from Lemma 2.2 that
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lim||x, — x,—1]I* = 0. (83)

Altogether, combining (82) and (83) yields x, — x,—1 — 0, as announced.
(iv): Letx be a weak sequential cluster point of (x;),enx, say xx, —x. Then, since
h is convex and lower semicontinuous, it is weakly sequentially lower semi-
continuous by [8, Theorem 9.1]. Hence, (ii) entails that 2 (x) < lim A (xy,) =
inf h, which ensures that x € Argmin 4.
(v): Combine (iv) and [8, Lemma 2.45].
(vi): This is the contrapositive of (v).
(vii)(a): Clear from (i) and (74).
(vii)(b): Fix z € Argmin h. For every n > 2, because h(z) = min h, we derive from
(75) that

) Mtnxn — (tw = Dxay — 2]> < 2(h(x,) — minh)
+2y) Mt — (T — Dot — 2012 < B, (84)

and now a simple expansion gives

2yB: = lltnxn — (tw — Dxp—1 — zlI? (85a)

= [1(xn — 2) + (7 — Dy — 20— |I? (85b)

= Ity — zlI* + 2(t0 — D (xn — 21 X0 — Xn—1) 4+ (5 — D?lxn — 20111
(85¢)

> o — 202 4 2(t0 — D% — 2| X0 — Xn—1) (85d)

15

= = 21+ @ = DI = 22 = It = 21+ I = 20-112)
(85¢e)

= Tyllxn — 2I* = (0 — Dllxa—1 — zI* + (70 — DIy — X011 (85f)

(43) 2 2

> tyllvn — 20 = tat X1 — zlI* (852)

In turn,

n

2 2 2 2
V1 2 2) g — 2> = allv — 2l = ) (wlx — 2l = weor v — 211%)
k=2

n
<) 2yB. < 2yBen. (86)
k=2
Hence, since k = sup, oy« (1/7,) < +00 and (Vn € N¥*) 11 < 1,5, we get
2 no.n 2 2
(Vn=2) |lxp —z|I” < ZVﬂzT— + T—IIX1 —zll” <2y + Ix1 —zll°,  (87)
n

n
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from which the boundedness of (x,),cn+ follows. Consequently, because (t, (x, —
Xp—1))neN* = (TpXn — (Tp — DXp—1 — 2nenx — (Xp—1 — 2nen+ and both sequences
on the right-hand side are bounded due to (84) and (87), we conclude that (z,, (x,, —
Xn—1))neN+ 18 bounded, as announced. O

Remark 5.6 By choosing the sequence (t,),en+ as in Example 4.4(i), we shall see
in Proposition 5.8 that Theorem 5.5(ii) is still valid even when the assumption that
inf i > —oo is omitted. Therefore, it is appealing to conjecture that this assumption
can be left out in Theorem 5.5(ii). In stark contrast, it is crucial to assume that /4 is
bounded from below in Theorem 5.5(iii), as illustrated in Example 5.7.

Example 5.7 Supposethat’{ = R,that f: H — R : x > —x,thatg = 0,thaty =1,
and that 7, 1 o = +00. Then, since Prox, = Id and (Vx € H) V f(x) = —1, we
see that (61) turns into

forn=1,2,...

Xy =ynt1,
T, — 1 (88)

(X — Xp—1).

Yn+l = Xp +
Tn+1

Hence, (Vn € N*) xp 41 — 1 = yu1 = X + (ta — D)(xn — Xp—1)/Tn+1, and upon
setting (Vn € N*) z,, := x,, — x;,—1, we obtain

|
(Vn e NY) g, =1+ 2

Zn. (39)
Tn+1

Let us establish that z,, — +oo0. First, since y; = x¢ by Algorithm 5.1, we get from
(88)thatz; = x; —xp = x;—y; = 1.Inturn, by induction and (89), (Vn € N*) z, > 1.
We now suppose to the contrary that £ := lim z, € R. Then, taking the limit inferior
over n in (89) and using Lemma 4.3 yield £ = 1+ 1-& = 1 + &, which is absurd.
Therefore, & = 400, and it follows that x,, — x,,—| = z, — +o00.

Proposition 5.8 Suppose that the sequence (t,)nen+ is as in Example 4.4(i). Then
h(x,) — inf h € [—o0, +o0l.

Proof First, as seen in Example 4.4(i),
(Vn e N*) 2| — tuy1 = 77 (90)
Now it is sufficient to show that mh(x,,) < inf h. To do so, fix z € dom 4, and set

(Vn € N*) uy, := h(x,) — h(z) and u,, := t,x, — (1, — 1)x,—1 — z. Then, according
to Lemma 3.2(ii) and (90),

Vn e N 22, st + CY) " M1 I < Tt @ugt — Dt + 2) w12
=21 + 2y) " uall. 91)
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Thus,

2 2 —1 2 2 2 —1 2
e N By — by = o < B CO T P TP + @y )

4 T

92)
Hence, because lim 7, = oo, taking the limit superior over n yields lim (x,) <
h(z). Consequently, since z is an arbitrary element of dom /s, we conclude that

lim A (x,) < inf A, as required. m]

Remark 5.9 Proposition 5.8 is a special case of the accelerated inexact forward-
backward splitting developed in [28]; see [28, Theorem 4.3 and Remark 3].

We now turn to our third main result, which concerns the case where the parameter
sequence (T,)neN+ in Assumption 4.1 is bounded.

Theorem 5.10 Suppose that 1o, < +00. Then the following hold:

(1) limo, =limk(x,) = inf h € [—o0, 4-00].
(i) Assume that inf h > —oo. Then the following hold:

(a) ZneN*”xn - xn—1||2 < +00.
(b) Every weak sequential cluster point of (x,)nen+ lies in Argmin h.

(iii) Assume that (x,)nen+ has a bounded subsequence. Then Argminh # .
(iv) Assume that Argmin h = @. Then ||x,| — +oc.
(v) Assume that Argmin h # &. Then the following hold:

(a) (Attouch—Cabot [1]) h(x,) — minh = o(1/n) as n — 4o0.
() D e llxn — Xn—1lI? < 400. As a consequence, ||x, — xu—1|| = o(1/+/n)
asn — —+00.

Proof (i): Since, by (63), (Vvn € N*) infh < h(x,) < o, and, by Lemma 5.2(ii),
(0)nen+ converges to a point o € [—00, 400, it is enough to verify that o =
lim o;, = inf h. Assume to the contrary that

—oo <infh < o. 93)

It then follows that inf,en+ 0, > —o0, and Lemma 5.2(b) thus yields |x, —
Xn—1 ||2 — 0, from which and (63) we deduce that h(x,) — o. This and Theo-
rem 5.3 imply that o = inf 4. This and (93) yield a contradiction.
(ii)(a): Our assumption ensures that inf, <N+ 0, > —00, and therefore, thanks to the
boundedness of (7,),en+, Lemma 5.2(b) yields D", .y« X0 — Xn—1 I? < +o0.
(i1)(b), (iii), and (iv): Similar to Theorem 5.5(iv), (v), and (vi), respectively.
(v): Fixz € Argmin h, and set (Vn € N*) u, := h(x,) —h(z) = h(x,) —minh >
0 and u,, := tyx, — (7, — D)x,—1 — z. By (41), we have

T 1 Toos 94)
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which implies that r,% — ‘1,'3 1t Tl > T Therefore, because 7o, €
10, +o0l, there exists N € N* such that

. 2 2 Too
nl;lfl‘v(fn — Tn+] + 'L'n+]) = 7 (95)

Next, for every n > N, using Lemma 3.2(ii) with (y,x_,7,74) =
s Xno1: Tns Tng 1), We get T2 gt + @Y) s> < t2pn +
Cy) Mun? = (rn2 - rr%Jrl + 7,41)1n. Hence, because {rnzu,, + eyt
lunl*loz=ny S Ry and, by (42), {(z7 — 77 + TarDialezy S Ry,
Lemma 2.3(ii) and (95) give (too/2) Y sy in < Ypsn(Th — Toyy +
Th+1)Mn < +o00. This, (ii)(a), and (63) ensure that

Y (o —minh) =Y (1tn+ Q@) Iy —xa-1l%) < 400, (96)

neN* neN*

Furthermore, Lemma 5.2(ii) and (i) yield
0, —minh | 0. 97

(v)(a): Appealing to (96) and (97), Lemma 2.5 guarantees that n(o,, — min z) — O.
Consequently, since (Vn € N*) o, —min & = (h(x,)—min h)+ (2)/)_1 lx, —
Xn—1 ||2 > h(x,) —minh > 0, the conclusion follows.

(v)(b): Thanks to (96) and (97), we derive from Lemma 2.5 that

Z n(oy — opt1) = Z n[(an — minh) — (0,41 — min h)] < 400, (98)

neN* neN*

and hence, by Lemma 5.2(i), ), o+ (1 — a,zl)llx,, — Xn_1]1? < 400. Thus,
because inf,cn+(1 — oz,zl) > 0 due to the boundedness of (t,),cn+ and
Lemma 5.2(b), we conclude that ", _n+ nllx, — X5—1 |2 < 4o00. This gives
nllxn, — xp—1 ||2 — 0,i.e., ||x; — xp_1]| = 0(1/4/n) as n — +00, as desired.

O

Remark 5.11 (i) In the case of the classical forward-backward algorithm (without the
extrapolation step) with linesearches, results similar to Theorem 5.10(i) and (iv)
were established in [12, Theorem 4.2] by Bello Cruz and Nghia. To the best of
our knowledge, Theorem 5.10(i) is new in the setting of Algorithm 5.1.

(i) Theorem 5.10(v)(a) was obtained by Attouch and Cabot [1, Corollary 20(iii)].
Here we provide a proof based on the technique developed in [1] to be self-
contained.

(iii) The summabilities established in Theorem 5.10(ii)(a) and (v)(b) are new. Nev-
ertheless, in the case of the forward-backward algorithm, i.e., when 7, = 1,
Theorem 5.10(v)(b) appears implicitly in the Beck and Teboulle’s proof of [11,
Theorem 3.1].
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In the case of the classical forward-backward algorithm, by applying [14, Corol-
lary 1.5] to the forward-backward operator Prox, , o (Id — 'V f), we obtain further
information on the sequence (x,),en+ as follows.

Proposition 5.12 Suppose that (Vn € N*) 1, = 1, and seth: 2y =P 0. Then

ran(Id—T)
Xn — Xp—1 — L.

Proof By assumption, Algorithm 5.1 becomes (Vn € N*) x, = T"xy. Next, we learn
from [21, Proposition 3.2 and Corollary 4.2] that T is averaged, i.e., there exists
a €]0, 1] and a nonexpansive operator R: H — H such that T = (1 — ) [d +«R.
Hence, we conclude via [14, Proposition 1.3 and Corollary 1.5] that x,, — x,—1 =
T"xy — T" 'x9 — v. For an alternative proof of [14, Corollary 1.2] in the Hilbert
space setting, see [21, Proposition 2.1]. O

Remark 5.13 Some comments are in order.

(1) In stark contrast to Proposition 5.12 and Theorem 5.10, if 7o, = 400, then it may
happen that ||x, — x,—1] = +00 (see Example 5.7).

(ii) For a recent study on the forward-backward operator T, we refer the reader to
[21].

Proposition 5.14 Suppose that Argminh # O, that (r,%(h(xn) — minh)),eN* con-
verges in R, and that t,,||x, — xp—1|| = 0. Then the following hold:

(1) h(x,) — minA.
(ii) The sequence (x,)neN* converges weakly to a point in Argmin h.
(iii) Suppose that int(Argmin h) # &. Then (x,),eN+ converges strongly to a point
in Argmin h.

Proof Set
(Vn € N*) z,:=1,x, — (t, — Dx,_1 and g, := 2y (r,%(h(x,,) — min h)
— 12 (h(xp41) — minh)). (99)

Since, by (40) and (99), (Yn € N*) |[z; —xn || = (tn — D llxn = Xn—1 1l < Tallxn —Xn—1l
and since, by our assumption, 7, ||x,, — x,—1|| — 0, we see that

Zn — Xp — O. (100)
Next, due to our assumption and
n
(Vn e N¥) Zsk
k=1
n
=2y Y [2(h(x) — minh) — 12, (h(xe11) — minh)] (101a)
k=1

! Fora nonempty set C, Pc denotes the projector associated with C.
2 The set ran(Id —T7) is closed and convex by [21, Corollary 4.2] and [24, Lemma 4].
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=2y (zf (h(x1) — minh) — 72, | (h(xa41) — min b)), (101b)
we see that
Z & 1s convergent in R. (102)
neN*

Let us now establish that
(Vz € Argmin h)(¥n € N*) [lzy11 — zl1* < llza — 2l + &n. (103)

Fix z € Argminh and n € N*. Applying Lemma 3.2(ii) to (y,x_,7,74) =
(Vs Xn—1, Tn» Tut1) and invoking (42) yields

2, (h(g1) — min k) + ) " lzatt — 212

< Tt (Topt — 1) (A(xy) — minh) +2y) "z, — 22 (104a)
N——
>0
< 2 (h(xy) — minh) + 2y) iz, — zII, (104b)

from which and (99) we obtain (103).

(i): Since, by assumption, (‘L’nz(h (xp) — min h)),cN+ converges and since, by (41),
1/ r,%),,EN* converges in R, it follows that (h(x,) — min /), N+ is convergent in
R. Therefore, due to Theorem 5.3, h(x,) — minh — 0.

(ii): Inthe light of (i), arguing similarly to the proof of Theorem 5.5(iv), we conclude
that

every weak sequential cluster point of (x,),en+ belongs to Argmink.  (105)
In turn, appealing to (102) and (103), Lemma 2.7(i) implies that
(Yz € Argminh)  (||z, — zl)nen+ is convergent in R. (106)

Thus, combining (100), (105), and (106), we get via Lemma 2.6 that (x,),en*
converges weakly to a point in Argmin 4.

(iii): Since int(Argmin &) # &, owing to Lemma 2.7(ii), we derive from (102) and
(103) that there exists z € H such that z;, — z. Hence, by (100), x,, — z, and
(i1) implies that z € Argminh. To sum up, (x,),en+ converges strongly to a
minimizer of 4.

O
Corollary 5.15 Suppose that Argminh # & and that sup,cn« T, < +oo. Then

(Xn)nen+ converges weakly to a point in Argmin h. Moreover, if int(Argmin h) # &,
then the convergence is strong.

Proof By Theorem 5.10(v), we see that i(x,) —mins — O and ||x, —x,—1| — 0, and
since sup,,cn+ Tn < +00, it follows that 7,7 (h(x,) —min k) — Oand 7, ||x;, —Xx,—1 || —
0. The conclusion thus follows from Proposition 5.14. O
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Remark 5.16 Consider the setting of Corollary 5.15. Although the weak convergence
of the sequence (x,),en+ has been shown in [1, Corollary 20(iv)], our Fejér-based
proof here is new and may suggest other approaches to tackle the convergence of
(xn)nen+ in the setting Theorem 5.5(vii).

We conclude this section with an instance where the assumption of Proposition 5.14
holds.

Example 5.17 Suppose, in addition to Assumption 4.1, that there exists § €]0, 1[ such
that
(Vn e N*) 12| — 17 <8t (107)

n

(see Examples 4.5 and 4.6). Then Attouch and Cabot’s [1, Theorem 9] yields
r,%(h(x,,) —minh) — 0 and 1, ||x;, — x,—1|| = O.

6 MFISTA

In this section, we discuss the minimizing property of the sequence generated by
MFISTA. The monotonicity of function values allows us to overcome the issue stated
in Remark 5.4. Compared to Beck and Teboulle’s [10, Theorem 5.1] (see also [9, Theo-
rem 10.40]), we allow other possibilities for the choice of (7,,),en+ in Theorem 6.1(vi).
Furthermore, we provide in item (vii), which was motivated by [1, Theorem 9], a better
rate of convergence.

Theorem 6.1 In addition to Assumption 4.1, suppose that toc = 400. Let xo € H, set
y1 := xo, and update

forn=1,2,...
2 =Tyn,
X o Xn—1, ifh(xp—1) < h(zn);
. Zns otherwise, (108)
Tn Tp —
Yn+1 = Xp + (zZn — xp) + (Xn — xp-1),
Tn+1 Tn+1
where T is as in (16). Furthermore, set
* 1 2
(Vn € NY) 0y = h(xn) + 7—llza — Xn—11l" (109)

2y
Then the following hold:

(1) (h(xp))nen+ is decreasing and h(xy) | inf h.

(i1) (04)nen+ is decreasing and o,, | inf h.
(iii) Suppose that inf h > —o0. Then z,, — x,—1 — 0 and x, — xp,—1 — 0.
(iv) Suppose that (x,)nen+ has a bounded subsequence. Then Argmin h # &.
(v) Suppose that Argmin h = &. Then ||x, | — +o0.
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(vi) Suppose that Argminh # &. Then h(x,) —minh = O(l/‘l,',%) asn — +oo.
(vil) Suppose that Argmin h # & and that there exists § €]0, 1[ such that

(Vn e N*) 2, — 12 < 8141 (110)
Then :
h(x )—minh:o(—) asn — 400 (111)
! Dk=1 Tk
and |
h(x,) —minh = 0(—2> asn — +o0o. (112)
T}’L

Proof (i): By (108), the sequence (h(x)),en+ is decreasing, from which we have
h(x,) | infxen= h(xg). Therefore, it suffices to prove that inf, N+ h(x,) = inf h.
To this end, assume to the contrary that inf, cn+ h(x,) > inf k. This yields the
existence of a point w € dom £ such that

inI\fT*h(xn) > h(w). (113)

Set
Vn e N*) w, :=h(x,) —h(w) and u, := 1,2, — (T, — Dxp1 —w. (114)

In turn, for every n € N*, because, by (42), t,+1(the1 — 1) < ‘L’,% and, by
(113), u, > 0, it follows from Lemma 3.3(ii) (applied to (y,x_,7,74) =
(Vn» Xn—1, Tn, Tut1)) that

Tut1 (Tar1 — Dptn + Cy) " Hlug |

T2ttt + CY) s 1 <
< 2 tn + Q) Hlun |12 (115)

Hence,

1
(Vn €N h(xa) = hw) = o < =5 (5210 + @) )

n

1

<=
2
Th

(rtur + @2l l?).  16)

Consequently, since k(x,,) | infren+ h(x;) and 7, — 400, we derive from (116)
that inf,en+ 2 (x,) < h(w), which contradicts (113).

(ii): Letus first show that (0, ), N+ is decreasing. Towards this end, forevery n € N*,
we deduce from Lemma 3.3(i) that 0,41 = h(x,+1) + (2)/)’1 |Zn+1 — X 1% <
h()+Cy) Rz =xa-117/77,) = 00— Q) A=12/77 Dllzn—xn-1 1%
Therefore,

(Vn e N¥) o i 12 < o — 117
n € NY) g 1 - ‘1,'2_ lzn — xp—1ll” < 00 — Ong1, ( )
n+1
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and because (Vn € N*) 0 < 1,,/7,+1 < 1, we conclude that
(07)nen+ 1s decreasing. (118)
It remains to show that g, — inf h. Set ¢ := inf,,en+ 0,. Due to (118),
o, o (119)

and it therefore suffices to prove that o = inf &. Let us argue by contradiction:
assume that o > inf 2 > —oo. By (117),

1 n ‘[2 n
(Vn e N¥) §Z<1—2—>||Zk—xk <D ok = 0x41) = 01 — ou

(iii):

(iv)
(vi):

(vii):

k=1 Tie+1 k=1

<oy —0 < 400, (120)

which implies that 3, (1 — 72/72, Dllza — xa—1[*> < +oc. Thus, since
Yopen(l — 7 /r ;) = —+oo by Lemma 2.1, Lemma 2.2 guarantees that
lim||z,, —xn—1 ||2 = O, i.e., lim||z;, —x,—1|| = 0.In turn, let (k,), <N+ be a strictly
increasing sequence in N* such that ||zz, — xk,—1]| — lim||z, — x,—1|| = 0.1t
follows from (i) and (119) that 0 <— oy, = h(xg,) + (2)/)_1 lzk, — Xk,—1 ||2 —
inf i 4+ 0 = inf h. Consequently, o = inf &, which violates the assumption that
o > inf h. To summarize, we have shown that o;, | inf A.

Since inf 2 > —o00, combining (i), (ii), and (109) gives z,, — x,—1 — 0. To show
that x, — x,—1 — 0, we infer from (108) that, for every n € N*, x,, — x,—1 =
Xp—1 — Xn—1 = 01if h(x,—1) < h(zy), and x,, — x,,—1 = 7, — X1 otherwise;
therefore, (Vn € N*) ||x, — xp—1] < llzn — xp—1l]. Consequently, because
Zn — Xp—1 — 0, it follows that x,, — x,_; — 0, as required.

and (v): Straightforward.

Fix w € Argmin# and define (Vn € N*) u, := h(x,) — h(w) = h(x,) —

minh > Oandu, = 1,2, — (t, — 1)x4,—1 — w. Due to (42) and the fact
that {u,}nen © Ry, Lemma 3.3(ii) entails that (Vn € N*) Tn+1/Ln+1 +
QCy) " Mltn 4112 < Tt (Tt = Dia + @)~ lual® < o7+ )~ w1
Hence,
. 1 _
(Vn €N hx) —minh = ptp < — (G0 + @)~ luall?)
n
1 1
< —z(flm + ) Murl?), 21
)’l

which verifies the claim.
Let us adapt the notation of (vi). Since {u,}nen S Ry, we derive from
Lemma 3.3(ii) and (110) that

(Vn e N*) 12 g + @) unsn
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< 1 (Tt — Dt + Qy) " Hiug 12 (122a)
=21 + Q) Hluall® = (12 = T2 1 + Tat1) in (122b)
< P + Cy) Huall? = (1 = 8) g1 it (122¢)

On the other hand, since § €]0, 1[ and {u,}uens S Ry, it follows that {(1 —
8)Th+1Mntnent S Ry. Combining this, (122), and Lemma 2.3(ii), we infer that (1 —
8) ZneN* Tp+r1Mn < +00. In turn, since (7,),en+ 1S increasing and 1 — & > 0, it
follows that ZneN* Ty < +00. Consequently, since (i, )nen+ 1S decreasing due to
(i) and since clearly ZnEN* T, = 400, [1, Lemma 22] ensures that

1
D k=1 Tk

which establishes (111). In turn, we deduce from (110), (123), and (i) that

h(xy) —minh = u, = 0( ) asn — 400, (123)

0 < 77y (h(xp41) — minh) = (h(xy11) — min h)(rf + Z (td — 1,3)> (124a)
k=1

n
< (h(xng1) —minh)(tlz +3sz+1) (124b)
k=1
n+1

< (h(xpp1) — minh)(zf — 811+ sz> (124c)
— 0asn — 400, (124d)

which verifies (112). |

Remark 6.2 In Theorem 6.1, the assumption that 7o, = 400 is actually not needed in
items (i) and (iv)—(vii). For clarity, let us sketch the proof of (i) under the assumption
that 7o < +00. Assume that 7o, < 400. We infer from the first inequality in (115)
that

(Vn e N*) 2, ittt + ) Mg 112 wn+(2y> w12
— (2 =2+ ) (125)

and it follows from Lemma 2.3(ii) that ZneN* (‘L’,% — r,%H + Ty41) My < +00. One may
argue similarly to the case (b) in the proof of Theorem 5.3 to obtain lim u, = 0 or,
equivalently, lim /(x,) = h(w), which contradicts (113). Therefore inf,cn+ 2 (x,) =
inf & and we get h(x,) | inf, N+ h(x,) = inf k. Items (iv) and (v) follow from this. In
addition, note that we did not use the assumption that 7o, = 400 in the proof of (vi)
and (vii). It is, however, worth pointing out that the conclusion of Theorem 6.1(vi) is
not so interesting when 7o, < +00.
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7 Open problems

We conclude this paper with a few open problems.

P1 In Theorem 5.3, is it true that i (x,,) — inf h?

P2 What can be said about the conclusions of Theorem 5.5(iii) and (vii)(b) if
sup,, e+ (n/ 1) = +00?

P2 Suppose that Argminz # &. Do the sequences generated by Algorithm 5.1
and (108) always converge weakly to a point in Argmin /7?

Acknowledgements We thank two referees for their very careful reading and constructive comments. HHB
and XW were partially supported by NSERC Discovery Grants while MNB was partially supported by a
Mitacs Globalink Graduate Fellowship Award.

Appendices
Appendix A

For the sake of completeness, we provide the following proof of Lemma 2.1 based on
[20, Problem 3.2.43].

Proof of Lemma 2.1 Because (Yn € N*) 1 — (t, — 1)?/2, | > 1 —17/72, | due to the
assumption that {t,},en+ C [1, 400[, it is sufficient to establish that

2
3 (1 — ) = +o0. (126)

neN* T+
Indeed, since 17,, — 400, there exists N € N* such that
(Vn = N) t2 > 21 (127)

Now, set (Vn € N*) &, := rn2+1 — rnz, and (Vn € N*) 0, := > }_, &. Then, on the one

. . . . o, . 2 2
hand, since (7;,),en+ is increasing and positive, we have (Vn € N*) §, = 1, 1T 2

0, and (0,,)nen+ 1s therefore an increasing sequence in R ; moreover, due to (127),
~Vn>=N)o, = Z:Zzl(rkz+1 —rkz) = Tr%—i—l —1:12 > 112 > 1. On the other hand, because

T, — +00, we have 0,, = ,%H — 112 — 400. Altogether, since

p
(Vn > N)(vp e N9 Y 2> = =1- (128)

p
&n Entk On+p — On On
= Ontk = Ontp On+p On+p

by the fact that (0,,),,> v is increasing, we see that (Vn > N) li_mp Zle Entk/On+k)
> 1. It follows that the partial sums of an N (&n/ou) do not satisfy the Cauchy
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property. Hence, since (Vn > N) §,/0, > 0 and 0, = ‘L"% - rlz, we obtain

2 2
T — T
Z%:Zf_n:%o_ (129)
A on
n>=N n+l 1 n=N

Consequently, in the light of (127),

1,'2 .521_.[2 .[21_1_2
Z(l_rzn)22%222(”;—_:12):+00, (130)

n>=N n+1 n=N n+1 n>=N Tn+l

and (126) follows. O

Appendix B

Proof of Lemma 2.2 Let us argue by contradiction. Towards this goal, assume that
lim 8, €]0, +o0] and fix 8 €]0, lim B,[. Then, there exists N € N* such that (Vn >
N) B, > B, and hence, because {o,},en € R4, we have (Vn > N) «,8, = Boy,.
Consequently, since ), .+ &t = +00, it follows that ZH>N an By = Z,@N Ba, =
+o00, which violates our assumption. To sum up, lim 8, = 0. O

Appendix C

The following self-contained proof of Lemma 2.3 follows [17, Lemma 3.1] in the case
x = 1; however, we do not require the error sequence (g,),cN+ to be positive.

Proof of Lemma 2.3 (i): Set « := lim, &, € [inf,en* oy, +00] and let (o, )pen+ be
a subsequence of («;,),cn+ that converges to «. We first show that « < +-o00.
Since {Bylnen+ C Ry, it follows from (9) that (Vn € N*) a4 — oy < &
Thus, (Vn > 2) a, = a1 + ZZ;}(O‘HI —ap) <o + ZZ;} &x; in particular,
Vn =2 2) oy, <ap+ Zl,z”:_ll ex. Hence, since oy, — o and ZneN* &, converges,
it follows that o < o7 + ZkeN &k < —+00, as claimed. In turn, to establish the
convergence of (o,;)nen+, it suffices to verify that lim, o, < lim,, o, Towards
this goal, let § be in ]0, +oo[. Then, on the one hand, Cauchy’s criterion ensures
the existence of k,, € N* such that O,y — O < /2 and that (Vn > k,))(Vm €
N*) S°7E™ e < §/2. On the other hand, because {B,}yen € Ry, (9) implies
that (Vn > kny + 1) ot — g, = Z;j;,lno (g1 — ) < Z’;;,ino &x. Altogether,
I A A Zg;,lno ex < (@ +8/2)+8/2 = o + 8, from which
we deduce that lim, , < o + 8. Consequently, since 8 is arbitrarily chosen in
10, 400, it follows that lim,, o, < & = lim, o, and therefore, (o, ),eN converges
to «.

(ii): We derive from (9) that (YN e N*) Z,I,Vzl Bn < Z,Ilvzl(otn —an+1)+221=1 P—
A —AN+] +Z;]1V:1 ex. Hence, since ), .« €, is convergent and, by (i), lim,, a,,
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a, letting N — +oo yields ), yBn < @1 —a+ D, cnEn < +00, and so
Y wen B < 400, as required.

O
Appendix D
Proof of Lemma 2.4 Indeed, since (Vn € N*)
n n
D ke = arn) = ) (ke — (k + Doyt + o) (131a)
k=1 k=1
n n
= (ko — (k+ Dagr1) + Y oxg1 = o1 — (n+ Dotnyy
k=1 k=1
n
+ )k, (131b)
k=1
we readily obtain the conclusion. O

Appendix E

Proofof Lemma 2.5 “=": Since (a,),en+ is a decreasing sequence in Ry and
ZnEN* o, < 400, it follows that ne,, — 0 (see, e.g., [20, Problem 3.2.35]). Invoking
the assumption that }°, .« @, < 400 once more, we infer from Lemma 2.4 that
Y nens (0t — app1) < 400, as desired.

“<": A consequence of Lemma 2.4. O

Appendix F

Proof of Lemma 3.1 This is similar to the one found in [11, Lemma 2.3] and included
for completeness; see also [15, Lemma 3.1]. Fix (x, y) € H x H. On the one hand,
by (A1) and (A3) in Assumption 1.1, V f is Lipschitz continuous with constant y !,
from which, the Descent Lemma (see, e.g., [8, Lemma 2.64]), and the convexity of f

we infer that

FTy) < FO)+HVFO Ty —y)+ Q) HITy — y)? (132a)
=fO)H VIO Ix =)+ (VO I Ty —x)+ Q) Ty — yII?

(132b)

< FE)+H (VL) Ty —x)+ Q) Ty — yI*. (132¢)

On the other hand, because T'y = Prox, ,(y —y V f(y)), [8, Proposition 12.26] asserts
that

g(Ty) <g) —y MO =¥V = Tylx—Ty) (133a)
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g+ 'y —=Ty) = VFO)ITy —x). (133b)

Altogether, upon adding (132) and (133), it follows that

h(Ty) <h@x)+y "y =Ty Ty —x)+ Q) "I Ty — y|I? (134a)

=h)+y Ny =Tyly —x)+y Ny =Ty Ty —y)+Qy) Ty — y|?

(134b)

=hx)+y Ny =Tyly—x)— Q) Ty —ylI% (134c)

which yields (18). O
Appendix G

Proof of (50). Recall that lim(t, /n) = 1/2. In turn, because (Vn € N¥) r,% = 3 o
Tp+1, it follows that

n(Ty — Tut1) _ n(Tnz - 7:,,2_;,_1) _ —NTp41
Tn+1 Tut1 (T + Tng1) Tut1(Tn + Tug1)
-1 —1
= - =—1 135
W, wontl  IT (135)

n n+1 n

and therefore that

-1 3 — 1
n<r,, —1+—>="(T” ) _nEl M s _243=0. (136)
T+l n Tn+1 Tl 1+ 1
Hence, (50) holds. O
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