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Abstract

In a Hilbert space H, given A: H — 2M g maximally monotone operator, we study
the convergence properties of a general class of relaxed inertial proximal algorithms.
This study aims to extend to the case of the general monotone inclusion Ax > 0 the
acceleration techniques initially introduced by Nesterov in the case of convex mini-
mization. The relaxed form of the proximal algorithms plays a central role. It comes
naturally with the regularization of the operator A by its Yosida approximation with
a variable parameter, a technique recently introduced by Attouch—Peypouquet (Math
Program Ser B, 2018. https://doi.org/10.1007/s10107-018-1252-x) for a particular
class of inertial proximal algorithms. Our study provides an algorithmic version of the
convergence results obtained by Attouch—Cabot (J Differ Equ 264:7138-7182, 2018)
in the case of continuous dynamical systems.

Keywords Maximally monotone operators - Yosida regularization - Inertial proximal
method - Large step proximal method - Lyapunov analysis - (Over)Relaxation
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1 Introduction

Throughout this paper, H is a real Hilbert space endowed with the scalar product (., .)
and the corresponding norm ||.||. Given A : ' H — 2Ma maximally monotone operator,
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we will study the convergence properties of a general class of inertial proximal based
algorithms that aim to solve the inclusion Ax > 0, whose solution set is denoted
by zerA. Given initial data xo, x; € H, we consider the Relaxed Inertial Proximal
Algorithm, (RIPA) for short, defined by, for k > 1

Vi = Xk + o (X — X—1)

(RIPA)
Xk+1 = (I — o) vk + or T a (Vi)-

In the above formula, J,4 = (I + ,uA)_1 is the resolvent of A with index u > 0,
where [ is the identity operator. It plays a central role in the analysis of (RIPA),
along with the Yosida regularization of A with parameter u > 0, which is defined
by A, = /Lt (I —Ju A) , (see “Appendix A” for their main properties). We assume the
following set of hypotheses

eA:H—2M"isa maximally monotone operator;
e (ag) is a sequence of nonnegative numbers; (H)
e (11x) and (pg) are sequences of positive numbers.

If pr = 1 for every k > 1, then algorithm (RIPA) reduces to the Inertial Proximal
Algorithm

X1 = Sy aA(Vi)-

On the other hand, if oy = O for every k > 1, then algorithm (RIPA) boils down to
the Relaxed Proximal Algorithm

(RPA)  xp1 = (1 — o)Xk + pre Sy a(xp).

For classical references on relaxed proximal algorithms, see for example [10,18,19].
An inertial version of such algorithms was first studied in [1], see also [22]. Recent
studies showed the importance of the case oy — 1. When A = oW, where ¥ : ' H —
R U {400} is a proper closed convex function, this is a key property for obtaining fast
convergent methods, in line with the Nesterov and FISTA methods [9,24]. The case
of inertial methods for general maximally monotone operators remains largely to be
explored. Inertial proximal splitting methods were recently consideredin [12,17,21,23,
27]. One important application concerns the design of inertial ADMM algorithms for
linearly constrained minimization problems. Recently, a new approach was delineated
by Attouch and Peypouquet [7] based on the Yosida regularization of A with a varying
parameter. In this paper, we will provide a unifying approach to these problems that
extends [7] and opens new perspectives. Our study is the natural extension, in the
algorithmic case, of the convergence results obtained by Attouch—Cabot [5] in the
case of continuous dynamical systems.
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1.1 Relaxed proximal algorithms

The classical proximal algorithm is obtained by the implicit discretization of the dif-
ferential inclusion
X(@)+ Ax()) > 0. (1)

By contrast, the relaxed proximal algorithm (RPA) comes naturally by discretizing
the regularized differential equation

x(1) + A (x(1)) =0, @

where A is the Yosida approximation of A of index A > 0. Since A, is Lipschitz
continuous, (2) is relevant owing to the Cauchy—Lipschitz theorem. Indeed, implicit
time discretization of (2), with step size hx > 0, gives the relaxed proximal algorithm
(details of the proof are given below in the inertial case)

X1 = (1= pr) Xk + ok Sy A (Xk) s

with uy = A+hy and py = /\:‘_’;lk . System (2) has many advantages over the differential

inclusion (1). Note that zerA = zerA,,, so the equilibria are the same for both systems.
Since A is cocoercive, the trajectories of (2) converge weakly to equilibria, which is
a great contrast to the semigroup generated by A, for which, in general we only have
weak ergodic convergence. Thus, one can expect that the associated algorithms also
benefit from these favorable properties.

These aspects are even more striking when one considers inertial dynamics. The
damped inertial dynamics X () + y (£)x(t) + A(x(¢)) > 0 is ill-posed, and no general
convergence theory is available for this system. By contrast, the regularized dynamics

(1) +y@O)x(®) + Ay (x(1)) =0 3

is well-posed. Some first results concerning the adjustments of the parameters y ()
and A(7), in order to have good asymptotic convergence properties have been obtained
in [2,6] and [7]. A closely connected dynamical system with variable damping and
step sizes has been considered in [11].

Let’s proceed to the implicit temporal discretization of (3). Indeed, implicit dis-
cretizations tend to follow the continuous-time trajectories more closely than explicit
discretizations. Note that, due to the Yosida regularization, the explicit discretization
of (3) has the same numerical complexity as the implicit discretization (they each
need one resolvent computation per iteration). Taking a time step #; > 0, and set-
ting fy = Zf: Lhi, xi = x(t), Ae = A(t), vk = y(t), an implicit finite-difference
scheme for (3) with centered second-order variation gives

1

k
h—z(xk—H — 2xp + xp—1) + Z—k(xk — Xk—1) + Ay, (1) = 0. 4
k
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After expanding (4), we obtain xx11 + h%A,\k (Xk+1) = xk + (1 — yrchy) (X — Xk—1).
Setting s; = h% we have

X1 = Jyea,, O + (1= yhi) (i — xk-1))

where Jy, As is the resolvent of index s; > O of the maximally monotone operator
Ay, . Setting o = 1 — yihy, this gives the following algorithm

Vi = Xk + o (X — Xj—1)
©)

X1 = I A, V%)

The resolvent equation, (Ay); = A4y, gives Jsa, = %ﬂl + AS?J(HS)A. Hence, (5)
is equivalent to

Yk = X + ap(Xp — Xp—1)

Xkp1 = : Jou+sa ).

‘ Yk + *
A+ Sk A+

That’s algorithm (RIPA) with py = Ag + s; and px = Ak{f&.

1.2 Geometrical aspects of (RIPA)

(RIPA) has a simple geometrical interpretation. This is illustrated in Fig. 1, where,
as a distinctive feature of the proximal method, the closed affine half-space
{Z eH: <yk = Juar), z — J,LkA(yk)> < 0} separates yy from zerA.

In the Fig. 1, the parameter p; has been taken between zero and one, so that xj
belongs to the line segment [yx, J,, 4 (yk)]. Indeed, we will see that, under certain
conditions, the parameter p; can vary in the interval [0, 2]. The case pr > 1 is
particularly interesting, since it allows to combine inertial effect with over-relaxation.
These combined aspects have been little studied until now, see [20] for some recent
results in the case of a fixed resolvent operator J, 4.

Tp—1
Tk

Yp = T + ap (T — Tp—1)

i1 = (1 — pr)yr + orJ e a(Yr)

/ A (Y)

zer

Fig.1 Algorithm (RIPA)
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For a maximally monotone operator A such that zerA # @, we have lim,_,
Jua(x) = proj,e.4x, see [8, Theorem 23.47 (i)]. Thus, in the case px — +o0o (which,
we will see, is important for obtaining fast methods) we have Jy;, A (yk) ~ Proj,e. 4 Vi
as shown in Fig. 1.

1.3 Presentation of the results

The case A = 0 already reveals some crucial notions. In this case, J,, 4 = I and
algorithm (RIPA) becomes xj+1 = xx + og(xx — xx—1). It ensues that for every
k>1,

k k=1 1
Xipl — Xk = 1_[ aj | (x1 — xo) which gives xx = x1 + Z Haj (x1 — x0).
j=1 =1 j=1

Hence, (xx) converges if and only if x| = x¢ or if the following condition is satisfied

g ]_[lj=1 aj < +oo. When A = 0W is the subdifferential of a convex function
VU :’H — R U {400} with a continuum of minima, this condition has been identified
as a necessary condition for the convergence of the iterates of (IPA), see [16]. From

now on, we assume that

+00 1
Z Haj < +oo foreveryi > 1, (Ko)
I=i \j=i

and we define the sequence (¢;) by

+o00 l
t,~=1+Z ]_[a, ) (6)

I=i \j=i

The sequence (#;) plays a crucial role in the study of the asymptotic behavior of
the iterates of (IPA). This was recently highlighted by Attouch and Cabot [4] in the
potential case. However, most of the energetical arguments used in [4] are not available
in the general framework of maximally monotone operators. It follows that we must
develop different techniques.

As a model example of our results, let us give the following shortened version of
Theorem 2.6.

Theorem 1.1 Under (H), assume that zer A # (. Suppose that oy € [0, 1] and py €
10, 2] for every k > 1. Under (Ky), let (t;) be the sequence defined by (6). Assume
that there exists € €]0, 1[ such that for k large enough,
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248 H. Attouch, A. Cabot

2 — pp_
(1—e) =21 — oy (K1)
Pk—1

2 — p 2 — pr—1
> ogtit1 (1 + ag + [ (I—og) = ———1A —ax-1) .
Pk Pk—1 +

Then for any sequence (xi) generated by (RIPA), we have

. +00 2
() Y. citivill —xi1]* < +oo.

.. +00
i) Y. i@ = o) tistlli A ()| < oo
(iii) Forany z € zer A, limy_, 1 ||xx — z|| exists, and hence (xi) is bounded.

Assume moreover that limsup,_, o, pr < 2, and liminfy_, o0 pr > 0. Then the
following holds

(iv) limg oo i Ay (xx) = 0.
V) If liminfg_, oo ik > 0, then there exists x», € zer A such that xp— Xoo weakly
inH as k — +o0.

These results are complemented in Theorem 2.14 so as to cover the case of a possibly
vanishing parameter pi. Then, the assumption lim inf;_, ;o pox > 0 is removed and
replaced with an alternative set of assumptions.

1.4 Organization of the paper

Our main convergence results are established in Sect.2, see Theorem 2.6 and The-
orem 2.14. Based on the behavior of the sequences (o), (tx), (px), we show the
weak convergence of the sequences (xx) generated by algorithm (RIPA). Thus, in
the general context of maximally monotone operators acting on Hilbert spaces, we
unify and extend most of the previously known results concerning the combination
of the proximal methods with relaxation and inertia. These results are illustrated in
Sect. 3 which presents applications to special classes of sequences (ax), (1), (ok)-
In particular, we find the recent result obtained by Attouch—Peypouquet based on the
accelerated method of Nesterov. Finally, in Sect.4, we provide ergodic convergence
results, extending the seminal result of Brezis—Lions. The paper is supplemented by
some auxiliary technical lemmas contained in the appendix.

2 Convergence results
2.1 Equivalent forms of (RIPA)

Let us give several equivalent formulations of (RIPA). Observe that

(I = o) vk + predea (k) = Yk — Prir A, Vk)-
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It ensues that (RIPA) can be equivalently rewritten as

)

Vi = Xp + o (X — Xp—1)
Xk+1 = Yk — Pkt Ap, (Vk)-

Recalling that & = A, (y) if and only if § € A(y — ué), we obtain the following
equivalences

k1 — 1) = Ap k)

K Mk
1 1
= — (Xk+1 — ) € A vk + — k1 — Wi)
Pk Ik Pk
1 1
= — k1 — ) €A Xk1 + [ — — 1) k1 — 1) ) -
Pk Mk Pk

This gives rise to the equivalent formulation of (RIPA)

Yk = X + o (Xp — Xp—1)
)

Xk+1 — Yk € —Prik A (Xk+1 + (# - 1) (Xk+1 — )’k)) .

Depending on the situation, we will use one of the above mentioned equivalent for-
mulations.

2.2 The anchor sequence (hy)

Given z € 'H and a sequence (xi) generated by (RIPA), let us define the sequence (%)
by hy = %ka — z||2. The difference hx41 — hr — o (hx — hr—1) plays a central role
in the study of the asymptotic behavior of (x;) as k — +o0. Let us start with a basic

result that relies on algebraic manipulations of the terms /y_1, hx and hgy .

Lemma 2.1 Let (xi) be a sequence in 'H, and let (ax) be a sequence of real numbers.
Given z € 'H, let us define the sequence (hy) by hy = %ka — z||2. We then have

1
it = i = oy = 1) = 5 (o + aP)llxk — xe—1 I + (Xk+1 — Yo X1 — 2)
1 2
—§||Xk+1 — e, )

where yr = xx + ot (X — Xg—1)-

Proof Observe that

2 2
lye — zll” = llxk + og(xx — x5—1) — z||
2, 2 2
= |lxx — zlI” + o llxx — xk—1117 4+ 200k (X — 2, Xk — Xk—1)
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250 H. Attouch, A. Cabot

=l — zl1* + o llxk — xe—1 11

+ag e — 2l + allxe — xx—1 1> — aellxe— — 21
= llxe — zl1* + e llxk — zlI* = llxk—1 — zlI*)

+ (o + ) e — xx—1 12
= 2[hy + o (g — hi—1)] + (ax + @) v — xx—1 11

We deduce that

1 , 1 2
i1 — hy — ag(hy — hg—1) = E”xk-i-l —zlI” = E”)’k -zl
" 1( 2 _ 2
5 (o + o) lxk — xp—1ll
1 2
= (Xk41 — Yk Xkl — 2) — 5|IX/<+1 — Yl
+ X+ 0Dl - 2
5 (e a)llxx — xp—11°.
m]

Let us particularize Lemma 2.1 to sequences generated by (RIPA). In the following
statement, gph A stands for the graph of A, see “Appendix A”.

Lemma 2.2 Assume (H) and let (z, q) € gphA. Given a sequence (xy) generated by
(RIPA), let (hy) be the sequence defined by hy = %ka — z||%. Then we have for every
k>1,

1
hig1 — hy — o (he — hg—1) + pr itk <Xk+1 + <E - 1> (Xk+1 — V&) — 2s 61>

2 — pr

k1 — yell®. (10)
2k

< 1( 2 _ 2 _
=3 ag +aji)llxk — xk—1l

Assume moreover that zer A # (), and let z € zer A. The following holds true for every
k>1

— Pk
2px

1 2
i1 — i — o (hy —hy—1) < 5<ak+a,%>||xk—xk71||2— k1 — yell>. (11)

Proof Tteration (RIPA) can be expressed as
1
Xk41 — Yk € —Priti A | Xkt1 + o L) k1 — 1) )
see (8). Since g € A(z), the monotonicity of A yields
1
Xk+1 — Yk + Pklk G, Xk+1 + o 1) (Xk+1 —yk) —2) = 0.
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Hence
1 2
(X1 = Yo Xpg1 — 2) = — P L) X1 — el
1
—PkMk\ G5 X1 + o ) Gk = y0) — 2
From equality (9) of Lemma 2.1, we deduce immediately that

1
hit1 — hg — ag(he — he—1) + priik <61, Xk+1 + <E - 1) (Xk+1 — Vi) — Z>

1

< l(ock +aP) g — x> — [ — — ! 1 — Yill?,
-2 or 2

which is nothing but (10). Finally, if z € zer A, then inequality (11) is obtained by
taking ¢ = 0 in (10). O

Lemma 2.3 Under (H), assume that py €]0,2] for every k > 1. Suppose that
zerA # () and let 7 € zerA. Given a sequence (xi) generated by (RIPA), let (hy)
be the sequence defined by hy = %ka — z||%. Then we have for every k > 1,

hig1 — by — o (hg — he—1)

1 2 —
< (5(% + o) — prk (1— Olk)2> e — xx—1 11
2 — pr
- (1 — ap) (Ixxs1 — xxl1? = e — xx—1 ). (12)
20

Proof Let us formulate Lemma 2.2 in a recursive form. Observe that

Ixe1 — ill® = g1 — xx — g (e — xx—1)|1?
= kgt — 2% — (k — x—1) + (1 — ) o — %) 1
= g1 — 256 + xe—1 12 4+ (1 — o)k — xi—1 12
+2(1 — o) (Xk41 — 2Xk + Xp—1, Xk — Xk—1)-

On the other hand, we have

2 2 2
lxe+1 — Xkl = g1 — 20, + xp—1 17 + llxx — xg—1l
+2{x 41 — 20k + Xp—1, Xk — Xk—1)-

By combining the above equalities, we obtain

2 2 2 2
Ixk+1 — ell” = o llxeg1r — 2xx + xp—1 117 + (1 — o)~ Ik — xx—1]]
2 2
+ (1 = o) (lxg1 — xell” — llxk — xx=1117)
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> (1 — o)k — x|
+ (1 = o) (a1 — xll® = llxe — xe—111%).

Since pr €]0,2] by assumption, the expected inequality follows immediately
from (11). O

2.3 The sequences (t;) and (t; ;)

Let us introduce the sequences (#;) and (#; x) which will play a central role in the
analysis of algorithm (RIPA) (the sequence (#;) has already been briefly defined in the
introduction). Throughout the paper, we use the convention ]_[lj;ll aj =1fori > 1.
Given i, k > 1, we write #; ; the quantity defined by

k—1 1 k—1 1
= ([ | =1+ |[]es]| ifi<k (13)

I=i—1 \j=i I=i \j=i

and #; y = 0if i > k. Observe that foreveryi > l andk > i + 1,

k—1 1 k—1 1
l+oaitivip=14+0 1_[ aj =1+Z Haj =tk (14)
=i \j=i+1 I=i \j=i
From now on, we assume that
+00 1
Z Hozj < 4oo foreveryi > 1. (Ko)
I=i \j=i

We define the sequence (#;) by
400 l 400 l
= |[lei] =1+ ] ]- (15)

I=i—1 \j=i =i Jj=i

For each i > 1, the sequence (#; k)i converges increasingly to #;. By letting k — 400
in (14), we obtain

I +oaitiy1 =,

for every i > 1. Let us summarize the above results.
Lemma 2.4 Let (i) be a sequence of nonnegative real numbers. Then we have

(1) The sequence (t; ) defined by (13) satisfies the recursive relation: for every i > 1
andk > i+ 1

I +oaitiv1 e =tik
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(i) Under (Ky), the sequence (t;) given by (15) is well-defined and satisfies for every
i>1

I+ aitipr =1;.
2.4 Weak convergence of the iterates

Our convergence results are based on Lyapunov analysis. The weak convergence of
the sequences generated by (RIPA) is based on the Opial lemma [25], which we recall
in its discrete form.

Lemma 2.5 (Opial). Let S be a nonempty subset of H, and (xy) a sequence of elements
of 'H satisfying

(1) forevery z € S, limg_s 100 ||Xk — z|| exists;
(1) every sequential weak cluster point of (xi), as k — +o00, belongs to S.

Then the sequence (xy) converges weakly as k — +00 toward some x, € S.

Let us state the main result of this section.

Theorem 2.6 Under (H), assume that zer A # (. Suppose that oy € [0, 1] and py €
10, 2] for every k > 1. Under (Ky), let (t;) be the sequence defined by (15). Assume
that there exists € €]0, 1 such that for k large enough,

2 — pp_
a —s)%(l — 1) (K1)

2 — pk 2 — pr—1
> oglit1 (1 + ag + [ ag) — —— 1 — 1) .
Pk Prk—1 I

Then for any sequence (xi) generated by (RIPA), we have
+00 2 —
1) Z pi- 1(1 — ai—)|xi — )c,~_1||2 < 400, and as a consequence

Z: Ohtz+1||xz—xz 17 < oo,

+00
(ii) Z pi2 = Pt i A GDIP < oo, and Y pi(2 = pi)fisi

||mAm @DII* < +oe.
(iii) Forany z € zer A, limy_, 1 ||xx — z|| exists, and hence (xi) is bounded.

Assume moreover that

lim sup px < 2 (K>»)
k—~4o00
liminf p; > 0. (K3)
k—+o00

Then the following holds

(iv) limg_s oo MkAm( (yk) =0, and limg_ 4 MkA/u( (xx) =0.
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V) If liminfg_ o pr > 0, then there exists xoo € zer A such that xp— xeo weakly
inH as k — +o0.

Proof (i) Let z € zerA, and let us set iy = %”Xk — z||? for every k > 1. Setting
ar = hy — hy_1 and

1
wg = | =
k 2

2 2
llxe — xg—1ll
2k )

— Pk
2pk

2 2
(I — o) (ke — xicll” — Nxxe — xx=1119),

we can rewrite inequality (12) of Lemma 2.3 in the condensed form ay 41 < ogax + wy.
By applying Lemma B.1 (i), we obtain for every k > 1

k-1
hk_hO_Zaz < ti(hy = ho) + Y tig1xwi
i=1 i=1
k—1 2 ]
=t (hi—ho)—= Y tit1k [(71_1(1—%)2 - 5 +a,-2)) llxi = xi—111?

i=1

D(lxigr — x> = llxi — xi_luzﬂ :
2pi

Since t1 x < t1 and hy > 0, we deduce that

Zhﬂ k [(—(1 — ) = (o + a?)) llxi = xi111?

2—pi 2 2
+ p—(l —a)(Ixip1 —xill” = llxi —xi—1I9) | = C,

i

with C := 2hg + 2t1|hy — ho|. Now observe that (we perform a discrete form of
integration by parts)

2
(1 — a)(Ixip1 — x> = llxi — xi—11%)

Ztt-H k

k—

1
2 — Pi—1 2 —
(tz p——— (1 — 1) — tiy1k
1

i

o
“(1— a») i — xi—1]|?
=

2—Pk—1 2—
+ fk,k?(l — gDk — x> — 14

£0
(1 —ag)llx1 — xol*.
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Since the second last term is nonnegative and since #1 x < t1, we deduce from the
above equality that

k=1 2—
Dt ——( —a)(lxip1 = xiI* = x = xi1]1%)
— pi
i=1
k=1
2—pi—i 2—pj
= (ti,k—l(l — 1) — itk (=) ) i = xi )
iz Pi—1 Pi

— Po

(1 —ag)llx1 — xoll%.

Collecting the above results, we infer that

k—1
D Sikllxi — x|l < Cu, (16)
i=1

£0.(1 — a) [lx1 — xol|* and

with Cy = 2hg + 2t1|h1 — hol + tﬂpo

2—pi

1

Sik = tit1k ( (1 — ) — ( +0‘i2)>

Pt —ap).

2—pi-i
+ l‘i,k'—ll(l — Q1) = lif Lk

11— 1

Now recall that #; y = 1 + ;41 foreveryi > 1 and k > i + 1, see Lemma 2.4 (i).
It ensues that

2—pi-1 2—pi
ik = /0'—11(1 —ai—1) +lit1k < (1 —ai)* = (i + )
11— 1
2— pi_ 2—pi
o Py - - Oli)>
i1 i
2 —pi—i 2—pj
=—l(1—ai1>+z,-+1,k<—a,» “(1—ay) — (o + )
Pi—1 Pi
2 — pi_
+ ai¢(1 - Oti—1)>
Pi—1
2—pi-1 2—pi
=" —ai_1) — aitit1k (1 +ai + “(1—a)
Pi—1 i
2—pi-1
-—q —Oti—l))
Pi—1
2 i — 0
> ¢(1—061'71)—0611141 <1‘|‘05i+|: o (I —o)
Pi—1 Pi

2 —pi-i
- =—q _ail):| )
Pi—1 +
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We then infer from (16) that for every k > 2,

k—1

2~ pioy L
Z P ) — it | 1+ + i
P i—1 Li

(I —a;)

2—pi-i
- ai_l)} lx; — xi—1]I> < Cy.
Pi—1 N

By assumption, inequality (K1) holds true for k large enough. Without loss of general-
ity, we may assume that it is satisfied for every k > 1. In view of the above inequality,
it ensues that

=1, o
— Pi—1
Ze_—’l(l — a6 —xial* < C.

i=1 =
Taking the limit as k — 400, we find

+00

2 — pi-1 Ci
Y (=l —xi|F £ = < foo.
Pi—1 €

i=1
By using again (K), we deduce that
+00
Y aitigllxi — xi1ll* < +oo. (17)
i=1

(i1) Let us come back to inequality (11). Using that o € [0, 1], we get

2 — px

et — yell®. (18)
2k

i1 — hi — o (hie — hg—1) < el — xe—1 112 —
Since xx4+1 — Yk = — Pk ik Ay, (), this implies that

1
his1 — hie — o (e — hi—1) < allg — xp—1||* — E,Ok(z - )Ok)”MkAuk(Yk)”zo

By invoking Lemma B.1 (i) with ay = hy — hy—1 and

1
wi = ol — x—1]|* — 5P = Pl kA ool
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we obtain for every k > 1,

k
hx —ho = Zai < t1x(h1 — ho)
i=1
k—1 1
+ ) ik [a,»nx,- = xicl? = 5P = Pl A, <yl->||2} :

i=1
Since hy > 0 and t; 41 x < t;+1, we deduce that

k—1

1 2
5 202 = Pt kll i A I < o + 1 (i — ho)
i=1
k—1

2
+ Y aitipillx — x|,
i=1

Recalling from (i) that Zfzof aitiv1llxi — xi— 112 < +oo, we infer that for every
k>1,

k—1
> 02— pi) tir il i A )11 < Ca,
i=1
where we have set
+o00
Ca :=2ho + 2011k — hol +2 ) aitiillxi — xi1]* < +o0.
i=1

Since t;4+1,x = 0 for i > k, this yields in turn

+00
D 02— pi) tiv ikl A GDIIP < Ca.
i=1
Letting k tend to 400, the monotone convergence theorem then implies that
—+00
> 02— pi) tigrllpi A, G)IIP < €2 < +o, (19)

i=1

which gives the first estimate of (ii). Using the M%_—Lipschitz continuity property of
A, we have
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AL G)lI? < 201 A, DI + 201 A L, () — A, ODII?

2 2 2
< 20 Au GDI* + S llxi = yill
M
202
=2||AL G)l* + M—;nxi —xi—1]”.

i
It ensues that

i (2 = i) tigtllti Ay, ) I1> < 2012 = pi) it 1t A, i) 117
+ 202 0: 2 — pi) tis1 X — xi—1)1?
<2012 = pi) ti1 |14 Ay DI
+ 20ty i — X112,

where we have used ; < 1 and p; (2 — p;) < I in the second inequality. The first
(resp. second) term of the above right-hand side is summable by (19) [resp. (17)]. We
deduce that the left-hand side is also summable. This proves the second estimate of
(@i).

(ii1) From (18), we derive that for every k > 1,
hiyt — hy < ag(he — he—1) + axllxe — xe—1 1%

Recall that, from (i), we have Z;Of aitipr|lxi — xi—1 ||2 < +o00. Applying
Lemma B.1 (ii) with a = hy — hy—1 and wr = oy|lxx — xk_1||2, we infer that

l+:°1° (hy — hg—1)4+ < +o0. This classically implies that limy_, 4o /1x exists. Thus,
we have obtained that limy_ 4o ||Xx — 2| exists for every z € zer A, whence in par-
ticular the boundedness of the sequence (xi).

(iv) From (K») and (K3), thereexistr > Oand7 < 2 suchthat px € [r, 7] for k large
enough. We deduce from the first estimate of (ii) that Z;Of tiptllpi Ay, (i) I? < 400,
hence lim; 4 oo 41110 Ay, (y)|I*> = 0. Since #; > 1 for every i > 1, this implies
in turn that lim; & 4 oo [[t; Ay, (i) | = 0. The proof of lim; s 100 |; Ay (xi)I| = 0
follows the same lines.

(v) To prove the weak convergence of (x;) as k — 400, we use the Opial lemma
with § = zer A. Item (iii) shows the first condition of the Opial lemma. For the second
one, let (xi,) be a subsequence of (x;) which converges weakly to some X. By (iv),
we have limg_ o0 i Ay, (xi) = 0 strongly in ‘H. Since liminfy_ oo x> 0, we
also have limg_, y oo Ay, (xx) = O strongly in H. Passing to the limit in

A, Oky) € A (xi, — iy Ay, (5k))
and invoking the graph-closedness of the maximally monotone operator A for the

weak—strong topology in H x H, we find 0 € A(x). This shows that X € zer A, which
completes the proof. O
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Remark 2.7 The main role of assumption (K1) is to guarantee the summability con-
dition

+00

D aitipillx = xio1|* < 400, (20)

i=1
obtained in (i). A careful examination of the proof of Theorem 2.6 shows that conclu-
sions (ii), (iii), (iv) and (v) hold true if we assume directly condition (20). The latter
condition involves the sequence (xi) that is a priori unknown. However, in practice it
is easy to ensure it by using a suitable on-line rule.

Let us now particularize Theorem 2.6 to the case oy = O for every k > 1, corre-
sponding to the absence of inertia in algorithm (RIPA). In this framework, assumptions
(Kop) and (K1) are automatically satisfied, and moreover #; = 1 for every i > 1. We
then derive from Theorem 2.6 the following result, which is a particular case of [18,
Theorem 3]. Note that the latter also takes into account the presence of errors in the
computation of the resolvents.

Corollary 2.8 (Bertsekas—Eckstein [18]). Under (H), assume that zer A # (), and that
ok €10, 2] for every k > 1. Then, for any sequence (xi) generated by (RPA)

Xt = (L — pr)xg + pred e a (e, (RPA)

we have

. +00 2 — pj—1

My p_—’lnxi —xi1]* < 4o.
= i

(ii) For any z € zer A, limy_s 4o ||Xx — z|| exists, and hence (xy) is bounded.

Assume moreover that limsup,_, ., px < 2 and liminfy_, o px > 0. Then the
following holds

(i) Timys 400 12 Ay, (x1) = 0.
@v) If liminfx_ 400 g > O, then there exists xo, € zer A such that xy—x~ weakly
inH as k — +o0.

Let us now assume that py = 1 for every k > 1. In such a case, the algorithm
(RIPA) boils down to the inertial proximal iteration. We obtain directly the following
corollary of Theorem 2.6.

Corollary 2.9 Under (H), assume that zer A # (, and that ay, € [0, 1] for everyk > 1.
Suppose (Kg) and let (t;) be the sequence defined by (15). Assume that there exists
¢ €]0, 1[ such that for k large enough,

(1= )(1 = a-r) = et (1 + e+ o —a] ). (K1)
Then for any sequence (xi) generated by (IPA)

(IPA) Yk = Xk + o (Xp — Xp—1)
Xkl = Sy a (i),

we have
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+00 +00
1) E i:%(l ai—1)|lxi—xi—1]|° < +o00, and as a consequence E i oitiy||xi
Xi—1]|© < 4o0.
+00 +00
.o 2 2
(i1) E iy il A (0)II7 < +oo, and E iyl Ay ()17 < o0
(iii) For any z € zer A, limy_, 4o || Xk — z|| exists, and hence (xy) is bounded.

(iv) Limgs yoo ik Ay (i) =0, and limg s oo pr Ay (xx) = 0.
(v) If liminfy_, 1 g > O, then there exists xoo € zer A such that xp—xoo weakly
inH as k — +o0.

Remark 2.10 Following Remark 2.7, items (ii) to (v) of Corollary 2.9 hold true if we
suppose that

+o00
2
Zotitiﬂllxl' —xi—1|I” < +o0.

i=1

Assume moreover that there exists & € [0, 1[ such that oy € [0, &] for every k > 1.
Then it is easy to show that # < 1/(1 — @) for every k > 1. Hence the above
summability condition is ensured by the following

+00
> eillxi — xio1])* < +oo. @1)

i=1

To summarize, if ax € [0, @] for every k > 1, and if condition (21) is satisfied, then
we obtain conclusions (ii) to (v) of Corollary 2.9. This is precisely the result stated in
[3, Theorem 2.1].

As a consequence of Corollary 2.9, we also find the result of [3, Proposition 2.1],

when o <o < %

Corollary 2.11 (Alvarez—Attouch [3]). Under (H), assume that zerA # (. Suppose
that there exists o € [0, 1/3[ such that oy € [0, @] for every k > 1. Then for any
sequence (xi) generated by (IPA), we have

. 400 2
M Y., i —xiaal? < +oo.

i) 3 i A, ()P < oo,

(iii) For Eny z € zer A, limg_s 400 || Xk — z|| exists, and hence (xi) is bounded.

(iv) limg—s oo i Ay (xx) = 0.

V) If liminfy_ o0 ik > 0, there exists xo € zer A such that xy—xoc weakly in H
as k — +o0.

Proof Since oy < @ < 1forevery k > 1, itis immediate to check that (Kj) is satisfied
and that 1, < % for every k > 1. On the one hand, observe that for every k > 1,

Al (1 + oy + [ox—1 — le]+) = otgl41(1 + max (o, ak—1))
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o
< ——U+a).
l—«o

On the other hand 1 — o1 > 1 — @. It ensues that (K) is satisfied if there exists
& €]0, 1[ such that

(I-9o—-a) = —(1+a).
1l—o

The latter condition is equivalent to (1 — @)% > @(1+&), which in turn is equivalent to
o < 1/3. Therefore assumption (K1) is satisfied, and it suffices to apply Corollary 2.9.
O

By taking constant parameters ax and pi, we obtain the following consequence of
Theorem 2.6.

Corollary 2.12 Under (H), assume that zerA # (. Suppose that oy = « € [0, 1],
pr = p €10, 2[ for every k > 1, and that

2pp(1—a)2>a(1+a) (22)

Then for any sequence (xi) generated by (RIPA), we have

i 3 I — il < oo
(ii) Z i Ay, i) |* < +o0.

(iii) For any z € zer A, limg_s 400 || Xk — 2|| exists, and hence (xi) is bounded.

(iv) Timy—s-yoo 12k Ay () = 0.

v) If liminfy_ 400 ik > 0, there exists xo € zer A such that xy—xs weakly in H
as k — +o0.

Proof Sinceay = a € [0, 1[,we haveforeveryi > 1, t; = 3 ,7°0 o/ 7i+! = 1i <
+00. Hence condition (K¢) holds true. Using that o and py are constant, condition

(K1) then amounts to

I—2 Pl-w> " (+a),
1l -«

which is equivalent to (22). Therefore, all the assumptions of Theorem 2.6 are met,
giving the result. O

Remark 2.13 The above result gives some indication of the balance between the iner-
2
tial effect and the relaxation effect. The inequation (22) is equivalent to p < 21(21__311 .

Therefore, for given 0 < o < 1, the maximum value of the relaxation parameter is
given by o, () = Z(ITZ) Elementary differential calculus shows that the func-
tion @ — o, () is decreasing on [0, 1]. Thus, as expected, when the inertial effect
increases (a "), then the relaxation effect decreases (0, \), and vice versa, see also
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[20]. When o — O, the limiting value p, () is 2, which is in accordance with Corol-
lary 2.8. When o — 1, the limiting value of p,, («) is zero, which is in accordance
with the existing results concerning the case oy — 1.

2.5 Case of a possibly vanishing parameter p

When «p — 1, which is the case of the Nesterov accelerated method, we must take
pr — 0 to satisfy the condition (K7). Consequently, Theorem 2.6 does not make
it possible to obtain the convergence of the iterates of (RIPA) in the case o — 1.
The following result completes Theorem 2.6 by considering the case of a possibly
vanishing parameter p. In the upcoming statement, assumption (K3) is removed and
replaced with an alternative set of assumptions, namely (K4)—(Ks).

Theorem 2.14 Under (H), assume that zer A # (). Suppose that the sequences (o)
and (py) satisfy ax € [0, 1] and pi €]0, 2] for every k > 1, together with (Ko)—(K1).
Then for any sequence (xi) generated by (RIPA),

(1) There exists a constant C > 0 such that for every k > 1,

k k
st —xxll <€ || T @ | e

i=I j=i+l
Assume additionally (K»), together with

k k
YU TT @i | e | =0t (K1)
i=1 | \j=i+l

|1 — 1

———— = O0(pktk+1), Pr—1tx = O(prts1) ask — 400

Mk+1

+o00
Zpiliﬂ = +o0. (Ks)
i=l

Then the following holds

(i) limy_s oo Ay, (xx) = 0. If liminfy, 4 oo g > O, then there exists xoo € zer A
such that xp— X weakly in H as k — +o0.
. .. . . . +o0
Finally assume that condition (Ks) is not satisfied, i.e. Z | Pi tiv1 < +o0o. Then
1=

we obtain
+00
(ii1) E - lxi — xi—1]] < 400, and hence the sequence (xi) converges strongly
i=
toward some x~ € H.

Proof (i) Iteration (RIPA) can be rewritten as
Xp1 — X = o (X — Xk—1) — PrMk A (Vi)
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see (7). Taking the norm of each member, we find
k41 — xill < exllxke — xe—11l + priti | Apy VOl (23)

On the other hand, for z € zerA = zerA,,,, the t-Lipschitz continuity of A, yields

1
1AL OOl < —llyk — zll
Wk

Recall that the sequence (xx) is bounded by Theorem 2.6 (iii). Since o € [0, 1], the
sequence (yx) is also bounded. From the above inequality, we deduce the existence of
C3 > O such that [|[A,, (yo) |l < % for every k > 1. In view of (23), we infer that

lxk4+1 — xkll < ok llxe — xx—11l + C3 0. (24)

An immediate recurrence shows that for every k > 1,

k k k
s —xell < { [Jej | ler=xoll + D[ [T e |oi |
j=1 i=1 j=it1
with the convention Hl;:k_H a; = 1. Since o € [0, 1], we have H];:H—l aj >
HI;-Z] o and hence
k k k k k
S (11w ) |= (1) 2= (1) o
i=1 j=i+1 j=1 i=1 j=1
Setting C4 := ||x1 — xgl|/p1 + C3, we deduce that for every k > 1,
k k
Ixerr —xill < Ca D ([ [T @i ] e |- (25)

i=1 j=i+1
(i1) Recall the estimate of Theorem 2.6 (ii)

+00
Y 02— pi) tigallpi Ay, ()P < oo, (26)

i=1

According to (K>), there exists 7 €]0, 2[ such that p; < r for k large enough. We
deduce from (26) that

—+00
D pitiallpi A, () 1> < +o0. 27)

i=1
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Since the operator g A, is 1-Lipschitz continuous, we have

A )|l < llxk = zll < Cs,

with Cs := sup;> [[xx — z|l < +o00. It ensues that

e Ao G DI = 1k Ay ) 11
< 2Cs|lpkr1Apy (k1) — i Ay () |l (28)

By applying [7, Lemma A.4] with y = pg41, 8 = i, X = xg41 and y = xi, we find

|41 — k]
k+1
[k+1 — 1kl
Mk+1 '

k1 A gy k1) — pe Apy )l < 20 xk4+1 — Xkl + 2l xk1 — 2]
< 2||xk+1 — xkll +2C5

In view of (25), we deduce that for every k > 1,

k1 A gy k1) — pe A gy (i) |l
k

k
< 2C4Z 1_[ o | pi +2C5M,
i—1 | \jzit1 Hi+1

Recalling the assumption (K4), we obtain the existence of C¢ > 0 such that for k large
enough,

k1A k1) — kA (X1 < Coprtpt1-

Using (28), we infer that

[t41 A G I = i Ay 0 IP| = 2C5Copeticsn.

It follows that for every k > 1,

k
D {1 Ay G DI = i A 1

i=1
k
=2C5Co Y pitiet (i gy Geie )12 4 ki Ay (e 12)

i=1

Given the estimate (27), together with the assumption p;ti+1 = O(pi+1ti42) asi —
+o00, we deduce that

400
D {1 A DI = i A, G| < oc.

i=1

@ Springer



Convergence of a relaxed inertial proximal algorithm for... 265

From a classical result, this implies that limy_ ;oo [|f4x A, (k) |* exists, which entails
in turn that limg s oo [| ek Ay, (xi) || exists. Using again the estimate (27), together with
the assumption (Ks5), we immediately conclude that limy_, ;oo || tx Ay (Xi) || = 0.
The proof of the weak convergence of the sequence (x;) follows the same lines as in
Theorem 2.6 (v).

(iii) Let us now assume that Zf;olo piti+1 < +o0o. Recall from inequality (24) that

lxkr1 — xkll < allxg — xe—1ll + C30k.

By applying Lemma B.1 (ii) with a; = ||xx — xx—1]| and wy = C3pk, we obtain that
l+:°f llx; —x;—1]] < + o0. The last assertion is immediate. O

3 Application to particular classes of parameters ay, Ly and oy
3.1 Some criteria for (Kp) and (K;)

The following proposition provides a criterion for simply obtaining an asymptotic
equivalent of #.

Proposition 3.1 Let (o) be a sequence such that oy € [0, 1] for every k > 1. Assume

that!
. 1 1
lim — =c, 29)
k—+oo \ 1 — Qf+1 1 — o

for some c € [0, 1[. Then we have

(i) The property (Ky) is satisfied, and

1
tha1 ~ ——————— ask — +o0.
-0 —w)

(ii) The equivalence 1 — oy ~ 1 — g1 holds true as k — 00, hence ty11 ~ tr+2
as k — +o0.

(iif) Z:T(l — ) = +o.

Proof (i) This result was proved by the authors in [4, Proposition 15].
(ii) First assume that ¢ €]0, 1[. By a standard summation procedure, we infer from
(29) that

1

~ck ask — 4oo.
1 —a

I Note thatin [4, Proposition 14], aclosely related but different condition has been considered: the difference
of the quotients is assumed to be less than or equal to ¢ (and this guarantees (Ky)).
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It ensues that 1 — o ~ i as k — 400, and hence clearly 1 — o ~ 1 — o441 as
k — +o00. Now assume that ¢ = 0. Multiplying (29) by 1 — a4, we find
1-— o
—— =140l —0ar) > 1 ask —> 400,
I — a1
because a € [0, 1[. This completes the proof of the equivalence 1 — ax ~ 1 — a4

as k — +o0. The last assertion then follows immediately from (i).
(i) Fix ¢ > 0. In view of (29), there exists ko > 1 such that for every k > ko,

1 1
-1 1—ag

<c+e.

By summing the above inequality, we obtain l_l—ak < I—Lk + (¢ + &)(k — kg) for
0

every k > ko. Setting d = 1/(1 — o,), we deduce immediately that 1 — oy >

1/(d + (c + &) (k — ko)), thus implying that 327 (1 — a) = +o00. O

Let us now analyze the condition (K1)

2 — pr—1 (
Pr—1

> Oplis1 (1 + oy + [

(I—¢) 1 —ap-1)

2 — px

2 — pp—
(1_ak)_¢(1_05k—1):| ) (K1)
+

Pk—1

Following an argument parallel to the continuous case, see [5, Proposition 3.2], let us
introduce the following condition:

There exists ¢’ €] — 1, +1[ such that

2=pk (1 _ _ 2=ty
S (I —ag) == 7= —a—1) Y 30)
k— 400 2—pr—1 (1 —« )2 -
Pk—1 k=1

Proposition 3.2 Let’s make assumptions (29) and (30), with |c'| < 1 — c. Then (K)
is satisfied if

2— 1
Jiminf 22X (1 = ag)? = lim sup L) 31)
k=400 Pk k——+o00 l—c—|c|

2_

Lk (1 —ay), let us rewrite (K1) as a discrete differential inequal-

Proof Setting 0y = m

ity, as follows

(= )01 = antinn (1+ @+ [0 — 6], (32)

According to Proposition 3.1 we have #;y1 ~ t; ~ m ask — 4oo0.

Consequently, (32) can be equivalently formulated as
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2 — pr—1

(-1 -0 (1 —a—D? > (1 +o(1)) a (1 + o + [0 — ek_1]+) .

On the other hand, condition (30) gives

2 — Pr—1 2 — pr—1
|6k — Ok—11 = IC/IT(1 —a—1)? +o (p—(l —a-1)?) .

Setting Ry := 2;—kpk(l — ay)?, we deduce that (K) is implied by the following
condition

(I =& —c)Rr—1 = (1 + o) (1 + i + |¢'|[Re—1 + 0(Re—1)) -
Rearranging the terms we obtain
[(1—&)1 =) —ax(|c'| + 0(1)] Ri—1 = (1 + o(1))ax (1 4+ ) -
Since o < 1, the above inequality will be satisfied if

[ =)A= o) = (/I + 0] Re—1 = (1 + o(1)ax (1 + ) -

This will be fulfilled if
2~ 1
fiminf 2= (1 _ g )2 > lim sup — k%) . (33)
k—+oo  Pr—1 k—>4o00 (I =&)L —c)—|c|

The right member of (33) is a continuous increasing function of ¢. Consequently, it is
equivalent to assume that the above strict inequality is satisfied for ¢ = 0, which gives
the claim. O

The next proposition brings to light a set of conditions which guarantee that con-
dition (K1) is satisfied.

Proposition 3.3 Suppose that ay € [0, 1[ and pi €]0, 2[ foreveryk > 1. Let us assume
that there exist p € [0,2[,c € [0, I[and " € R, with—(1—p/2) <" < —(1—p/2)c
such that

lim pr =p; (34)
k——+00
. 1 1
lim - =c; (35)
k—>400 \ 1 — k41 1 — g
Pk+1 — Pk =" (36)
k=00 p41(1 — o)
1 —ay)? 1
lim inf ﬂ > lim sup M. 37
k— 400 Pk k— 400 2-p+2

Then condition (K1) is satisfied.
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Proof Let us check that the conditions (30) and (31) of Proposition 3.2 are satisfied.
First observe that

2 — pr 2 — Pr—1
(=) — ———(1 —a—1)
Pk Pk—1
2 — op—
= 2P — ) — (- )
Pk—1
2 — 2 — ok
+< Pk 2— pi 1)(1—0lk)
Pk Pk—1
2 — pr—1 Ok — Pk—
=Pl ey - -y — 22—, (39
Pk—1 Pk Pk—1

In view of assumption (35), we have

(I—ap)— (A —og—1) = —c(d —op—1)1 —agr) +o((1 —ar—1)(1 —ag))
=—c(l —a_1)>+o(l —ap_1)?,

since | —ax—1 ~ 1 — o as k — 400, see Proposition 3.1 (ii). Setting Ry :=
—2;,f)k (1 — az)?, this leads to

2 — pr—1
Pk—1

(1 —ar) — (A —oar-1)) = —cRr—1 +0(Rk—1) ask — +oo. (39)

On the other hand, assumption (36) yields

Pk — Pk—1 c’ 1
— (- = (1_(¥k1)(1—05k)+0(—(1_05k1)(1 —Oék))
Pk Pk—1 Pk—1 Pk—1
1/

¢ 2 1 2
= (I—og—1)"+o| —1A —ar—1)
Pk—1 Pk—1

!

C
= —Ri—1 + 0o(Ri-1), (40)
2—-p

where we used assumption (34) in the last equality. By combining (38), (39) and (40),
we obtain

2 — pr 2 — pr—1
(I—ap) = ———1 —ag-1)
Pk Pk—1
2C”
= — <c + > _) Ri—1 +0(Rx—1) ask — 4oo.
-7
It ensues that condition (30) is satisfied with ¢/ = — (c + %) Since ¢ < —(1 —

©/2)c by assumption, we have ¢ > 0. This implies that

C//

1-p/2"

l—c—|d|=1—-c—-c =1+ (41)
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Using that —(1 — 0/2) < ¢” by assumption, we deduce that the above quantity is
positive, hence |c’| < 1 —c.

Let us finally check condition (31). Recalling that limy_, 1~ px = P, condition (31)
is equivalent to

(1 —ap)?

1
@2 — ) liminf —%_ _ lim supM
k=00 Pk k—+oo 1 —c—|c]

In view of (41), the latter condition is in turn equivalent to

(T —ap)? ar(1 + o)
liminf —— > limsup ——
k—+oo Pk k—too 2— P+ 2"

which holds true by (37). Then just use Proposition 3.2. O

3.2 Application of the main results

Combining Theorem 2.6 with Proposition 3.3, we obtain the following result.

Theorem 3.4 Under (H), assume that zer A # (. Suppose that oy € [0, 1[ and py €
10, 2[ for every k > 1. Let us assume that there exist p € [0, 2[, ¢ € [0, 1[and ¢”" € R,
with —(1 —p/2) < ¢” < —(1 —p/2)c such that

lim px = p;
k— 400

. 1 1
lim — =c;
k—+o00 \ 1 — a41 1 — o

lok+1 — Pk — C”'
k=00 pr11(1 — ag) ’
(1 —a)? ap(l + a)

liminf ~— % > lim sup
k—+o0 Pk k—+o0 2-p+ 2"

Then for any sequence (xi) generated by (RIPA), we have

@) Z, L lxi = %17 < +oo.

fi-t
) Y, o Hid OIP < oo, and > To o A Gl <
(0. @]

(iii) Forany z € zerA, limy_, 1 ||xx — z|| exists, and hence (xi) is bounded.

Assume moreover that p > 0. Then the following holds

(iv) limyg s oo Ay, (yx) =0, and limy_, oo pr Ay, (xx) = 0.
(v) If liminfy_ oo ik > 0, then there exists xo, € zer A such that x— xso weakly
inH as k — +o0.
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Proof Proposition 3.1 shows that (Ky) is satisfied and that 71 ~ m ask —
+400. On the other hand, condition (K1) is fulfilled in view of Proposition 3.3. Items
(i) to (v) then follow immediately from Theorem 2.6. m|

To apply Theorem 2.14, we must find suitable conditions that ensure that condition
(K4) is satisfied. The following result gives an equivalent, when k — 400, of the first
expression appearing in condition (K4).

Proposition 3.5 Let (ax) and (pr) be sequences such that oy € [0, 1[ and py €]0, 2]
for every k > 1. Let us assume that there exista € [0, 1], ¢ € [0, 1[ and " € R, with
14+ c+c"a > 0 such that

lim o =a; 42)
k—+400
. 1 1
lim — =c; 43)
k—+oo \ 1 — Af+1 1 — o
P T P o (44)
k=400 P41 (1 — ag)
Then the following equivalence holds true
k k
Z l_[ aj | pi |~ ! Pk as k — 4o0.
4 2 (I4+c+c"a)l — oy
i=1 Jj=i+1
Proof Observe that for every i <k,
1 — o Ha]
j =i+1
k
Pi Pi—1¢
- Haj |:1—0t'_1—0l' ]
=i+l ’ i1
k
Pi Pitt (0i — pi—1Da;
=\ o) i et 1w
=it o o1 i1
. 1 1 L—ai | (pi—pic))e
=| [T« Pi|:1 Tt — + .ll — l:| (45)
=it — o — 0] — i1 pi(l —a;i_1)
In view of assumption (43), we have lim;— 4o0(1 — ;)/(1 — @j—1) = 1, see

Proposition 3.1 (ii). By using assumptions (42), (43) and (44), we then obtain that

lim
i— 400

1 1 l—o;  (pi — pi—1)0tz} y
— + + =1l4+c+c"a. 46)
[1—0li -y 1—ai1 pi(l—aiy)
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Recalling that 1 + ¢ + ¢”@ > 0 by assumption, let us fix & € |0, 1+ ¢+ ¢"a[. We
infer from (46) that there exists ip > 1 such that for every i > iy,

l+c+cda—e<

l—o; 1—a;1 l—o  pi(l—0i1)
l+c+"a+e.

_[ 1 1 N 1 —a; +(pi—/0i—l)ai:|

IA

In view of (45), this implies that for every i > ip and k > i,

k k k
_ Pi Pi—1
Jj=i+1 J:l-‘rl j=i
k
<U+ct+da+e) | [] o] n (47)
j=i+1

Let us sum the above inequalities from i = ij to k. We find

k k k
— Pk Pig—1
l+c+c"a—e aj | pi | < - a;
( )Z l_[ s R 7" 1—011‘0711_[ !
i=ig Jj=i+1 Jj=io
k k
5(1+c+c”&+8)z H o | pi
i=ip | \Jj=i+1

It ensues that

l—«
i=ip j=i+1 k
p k
jo—1
-0 [[ej ask— +oo
I —ajp—1 -
J=io

It remains now to prove that ]_[ aj = o ( 1'0 5 k) as k — +oo. If there exists

Jj=io
ko > ip such that ag, = 0, then the sequence (Hl;:io o j) is stationary and equal to O
for k > ko. Without loss of generality, we can assume that o > 0 for every k> 10

Let us come back to the left inequality of (47), and divide each member by H
We find

110

P __pi 1 Pi-1 1

(I+c+c"a—e¢) - =1 . 7
Hj:i()aj — Hj:iga‘ - i ll—lj l()

(48)

Since 1 + ¢+ ¢"@ > ¢, we infer that the sequence (% 7 1 ) is increasing. This
i A
Jj=ig 7

implies that for every i > i,
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Oi 1 . Pig—1
1—0{,1_[1 i I — a1

In view of (48), we deduce that

i0— i 1 i— 1
L(l —a) < 1 Pi — 1 Pi—1
®ip—1 -« l_[jzi() oj — i1 l_[] =ip @

By summing the above inequality from i = iy to k, we obtain

I+c+ca—e)

k
o 1 .
(Ite+c@—e— L S o< il
1= aip—1 i=ig I — oy Hj:io aj I — iy

Using that :;of(l — oj) = +00 by Proposition 3.1 (iii), this entails that

Pk 1

m —- = +o00.
k—+oo 1 — oty l_[

]l()

This shows that I—[] iy @ =0 ( Lk ) as k — +o00, which completes the proof. 0O

1—ay
Combining Theorem 2.14 with Proposition 3.5, we obtain the following result.

Theorem 3.6 Under (H), assume that zer A # (). Suppose that the sequences (ay) and
(pr) satisfy oy € [0, 1] and py €]0, 2[ for every k > 1. Let us assume that there exist
ac[0,1,0€[0,2[ce[0,1[andc” € R, with—(1—-p/2) <" < —(1—-0/2)c
such that

lim o =a; 49)
k——+00
lim pr =p; (50)
k— 00
1 1
lim — =c; (@28
k—>+00 \ 1 — og41 1 — o
Pk+1 — Pk _ CN; (52)

k=400 P41 (1 — o)

1 —ay)? a(l+a
liminf L —0° @1 +®) (53)
k—+00 Pk 2—p+2c"

Then for any sequence (xi) generated by (RIPA), we have

() lvern —xl = 0 (2;)  ask — +oc.

Assume additionally that W=t — o (1 —

Hk+1
+00 i
DT
i=11— o
Then the following holds

) as k — +o0o, together with
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(i1) limgos yoo ik Ay (xx) = 0. If liminfy s 1 oo g > O, then there exists xoo € zer A
such that xp— X weakly in H as k — +oo.

oo pi

Finally assume that Z < 4o00. Then we obtain

i=11— o

+oo
(iii) E - lxi — xi—1]] < 400, and hence the sequence (xi) converges strongly
=
toward some xoo € H.

Proof Let us check that the assumptions of Theorem 2.14 are satisfied. Condition
(Ko) is fulfilled owing to assumption (51) and Proposition 3.1 (i). Assumptions (49)—
(50)—-(51)—(52)—(53) ensure that condition (K1) is satisfied, see Proposition 3.3. Since
P € [0, 2[, condition (K3) holds true in view of assumption (50).

(i) Observe that

l4c+c"@a>14c+c” sincea <landc” <0,

>c+p/2  because ¢’ > —(1 —p/2),
hence 1 + ¢ + ¢"@ > 0. Proposition 3.5 then shows that
k k

1 Pk
Z 1_[ o | pi N(1+c+c”5)l—ak as k — +o0. 54)
i=1 Jj=i+1

By combining this equivalence with Theorem 2.14 (i), we obtain that ||xg1 — x¢|| =

Pk
1—oyp
(i1)—(iii) In view of (54) and the equivalence fz4+; ~ ﬁﬁ ask — 400, we

immediately see that the first condition of (K4) is satisfied. The second condition of

ask — + oo.

(K4) is guaranteed by the assumption W =0 (15_&() as k — +o0. From

assumption (52) and o € [0, 1[, we get

Pre+1 — Pk = O(pg41) as k — +oo.

It ensues that p = O(pk+1) as k — 400. Recalling from Proposition 3.1 (ii) that
te+1 ~ tr42 as k — + 0o, we deduce immediately that the third condition of (K4)
is satisfied. Finally, condition (K5) is fulfilled owing to the assumption Zf;of ]f;‘;xi =
+00. Points (ii) and (iii) then follow from the corresponding points of Theorem 2.14.

O

3.3 Some particular cases

Let us now particularize our results to the case oy = 1 — «o/k? and pr = B/k", for
some o, B > 0,q €]0, 1[and r > 0.

Corollary 3.7 Under (H), assume that zerA # . Suppose that (q,r) €]0, 1[xR*
is such that r > 2q, and that (a, B) € R% x R* satisfies a*/B > 1 if r = 2q (no
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condition if r > 2q). Assume that oy = 1 — a/k9 and pr = B/k" for every k > 1.
Then for any sequence (xi) generated by (RIPA), we have

. T g 2
M), i 1 i = xi-1ll < +oo. 1
.. +00 +00
) Yo g A G0l < oo, and Y ——llui Ay (x)IP < +oo.

(iii) Forany z € zer A, limy_, 1 ||Xx — z|| exists, and hence (xi) is bounded.
(V) [lxep1 — xell = O (7)) ask — +oo.

Assume additionally that r < q + 1 and that % =0 (krl,q) as k — +oo.
Then the following holds

(V) limg— 400 i Ay (xi) = 0.
(vi) If iminfy_ 100 g > O, then there exists Xxoo € zer A such that xp— xoo weakly
inH as k — +o0.

Finally assume that r > q + 1. Then we obtain

L xhoe
(vii) E - lxi — xi—1]l < 400, and hence the sequence (xi) converges strongly
=
toward some xo € H.

Proof We first check that the assumptions (49), (50), (51), (52) and (53) are fulfilled.
Assumptions (49)—(50) are clearly satisfied, with @ = 1 and p = 0 respectively. Now
observe that
1 1
l—apyr 1 —og

1
= (h+ 17—k ~Lpa=1 5 0 ask — 400,
o o

where we have used g €]0, 1[. Hence assumption (51) is verified with ¢ = 0. On the
other hand, we have

Pk+1 — Pk 1 1 k4 rog—1
N+~ S0 ask .
((k+1)’ k’>( +1) " " — 0 ask — 400

pr1 (1 — o)

This shows that assumption (52) is fulfilled with ¢ = 0. Finally, hypothesis (53)

amounts to

1 — 2
liminf L%
k—+00 Pk

We have (1 — ax)?/pr = (@?/k*) (k" /B) = %k’_zq, hence

lim (1—Otk)2={+oo if r > 2q
k—+o00 Ok a?/B ifr=2gq.

Itensues that assumption (53) is automatically satisfied if r > 2¢, while itis equivalent
toa?/B > lifr = 2q. Therefore the assumptions of Theorem 3.6 are satisfied, which
implies that the hypotheses of Theorem 3.4 are also fulfilled. Points (i), (ii) and (iii)
follow immediately from Theorem 3.4. Item (iv) is a consequence of Theorem 3.6 (i).
Condition >_;7% 1%,- = 400 amounts to r < g + 1. Points (v), (vi) and (vii) can be
immediately derived from the corresponding points of Theorem 3.6. O
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Consider finally the case ¢ = 1, thus leading to a sequence («y) of the form oy =
1 — a/k. This case was recently studied by Attouch and Peypouquet [7] in connection
with Nesterov’s accelerated methods.

Corollary 3.8 Under (H), assume that zer A # (. Letr > 2, o > r and B > 0 be such
that B < a(a — 2) if r = 2 (no condition on B if r > 2). Assume that oy = 1 — o /k
and py = B/k” for every k > 1. Then for any sequence (xi) generated by (RIPA), we
have

400
. r—1 2
@ Y i = xi|? < oo,

. +oo 1 +oo 1
@) Y gl A G0l < 400, and =l Au ()* < +oo.
(iii) Forany z € zer A, limy_, 1 ||xx — z|| exists, and hence (xi) is bounded.

@) e = xill = O (k) ask — +os.

Assume additionally that r = 2 and that W =0 (%) as k — —+o00. Then the
following holds
(V) Timy oo 11 Ay, (i) = 0.
(vi) If liminfz_ ;oo px > O, then there exists xoo € zer A such that xp—xoo weakly
inH as k — +o0.

Finally assume that r > 2. Then we obtain
. +00
(vii) Z | lxi — xi—1]l < 400, and hence the sequence (xi) converges strongly
i=
toward some xoo € H.

Proof Assumptions (49)—(50) are clearly satisfied, withee = 1 and p = 0 respectively.
Now observe that

1 1 1 1 1
— =—tk+1)— —k=—,
1 — g1 l—ar « o o

hence assumption (51) is verified with ¢ = é On the other hand, we have

- 1 1 k
Pl — Pk _ N k+1yE 5 2D a5k - oo
Pk+1(1 — ag) (k+1Dr Kk a a

This shows that assumption (52) is fulfilled with ¢” = —Z. The hypothesis —(1 —

0/2) <c” < —(1 —p/2)c amounts to —1 < - =< —é, which is in turn equivalent

to I < r < «. This holds true in view of the assumptions of Corollary 3.8. Finally,
hypothesis (53) can be rewritten as

(I —ap)? 1 o
lim inf > = .
k— 00 Ok l—r/ja a-—r

We have (1 — ax)?/px = (& /k*) (k" /B) = “Tjk”z, hence

lim 12/ ifr=2.

(1—0p)?  [+oo ifr>2
k—+00 Pk

@ Springer



276 H. Attouch, A. Cabot

It ensues that assumption (53) is automatically satisfied if » > 2, while it is equivalent
toa(a—2) > Bifr = 2.Points (i), (ii) and (iii) follow immediately from Theorem 3.4.
Item (iv) is a consequence of Theorem 3.6 (i). Condition 3 ;% 1f—"ai = +00 amounts
to r < 2, which boils down to r = 2. Points (v), (vi) and (vii) can be immediately

derived from the corresponding points of Theorem 3.6. O

The case r = 2 corresponds to the situation studied by Attouch and Peypouquet
[7]. More precisely, they considered the case

07
Olkzl—z, Pk =

and = At + s,
Mo+ s Hi k

where o, s > Oand Ay = (1 + 8)(:;2k2, for some & > 0. Let us recall their result, that
can be obtained as a direct consequence of Theorems 3.4 and 3.6. The details are left
to the reader.

Theorem 3.9 (Attouch—Peypouquet [7]) Let A : H — 2™ be a maximally monotone
operator such that zerA # (. Let (xi) be a sequence generated by the Regularized
Inertial Proximal Algorithm

o
Yk = Xp+ (1 - ;) (Xx — xk—1)
(RIPA)a,s Iy

S
X, = J .
k+1 Ak+syk+ s DA (k)

Suppose thata > 2, s > 0, ¢ > é, and My = (1 + 8);—2k2f0r all k > 1. Then,

() Ilxit —xkll = O) as k — +oo, and 3235 kllxg — xx—1]> < +oo.
(ii) There exists xoo € zer A such that xp—Xoo weakly in H as k — +o0.
(iii) The sequence (yi) converges weakly in H to X0, as k — —+00.

The following table gives a synthetic view of some of the situations studied pre-
viously (the large number of cases does not allow to enter all of them). Each column
gives the joint tuning of the parameters oy, ok, and g, which provides the convergence
of the iterates generated by (RIPA). For ease of reading, we recall the definition of
(RIPA)

Yk = Xk + o (Xk — Xp—1)

(RIPA)
Xip1 = (1= o) yk + oS a (i)
From left to right, the table is ordered according to the decreasing values of o.
As noticed before, we can observe the balance between the inertial effect and the
relaxation effect. As o gets closer to one, the relaxation parameter p; gets closer to
Zero.
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ap o =1-% ap=1—77 ap=1-—77 ap=a €0, 1]
a>2 q €10, 1[, « > 0 q €10, 1[, « > 0
_B _ B 2 _ B _ 2(1—a)?
Pk Pk =7 Pk =13 B<a Pk = 17> Pk =P < 55— 0
B<ala—2) 2 <r<q+1,8>0
k1 —pil _ (i) k1 —pkl _ (L) kg1 =kl _ ( 1 )
Hi o =9z o =9 \m - =9\
liminf puy > 0 liminf uy > 0 liminf uy > 0 liminf uy > 0

4 Ergodic convergence results
4.1 Ergodic variant of the Opial lemma

An ergodic version of the Opial lemma was derived by Passty [26] in the case of the
averaging process defined by

k
1

E SiXi
k LV
Zi:lsi i=1

where (si) is a sequence of positive steps. In order to deal with a more general aver-
aging process, let us consider a double sequence (7; ); k>1 of nonnegative numbers
satisfying the following assumptions

Xk =

+00
ZT"J‘ =1 foreveryk > 1 (55)
i=1

lim 7, =0 foreveryi > 1. (56)
k—+o00

To each bounded sequence (x;) of H, we associate the averaged sequence (X;) by
“+o00
Xk = Z T kX 57
i=1

Lemma B.2 in the appendix shows that the sequence (x}) is well-defined, bounded and
that convergence of (x;) implies convergence of (x;) as k — 00 toward the same
limit (Cesaro property). The extension of Opial lemma to a general averaging process
satisfying (55) and (56) is given hereafter. This result can be obtained as a consequence
of the generalized Opial lemma established by Brézis—Browder, see [14, Lemma 1].
For the sake of the reader, we give an independent and self-contained proof.

Proposition 4.1 Let S be a nonempty subset of H and let (xi) be a bounded sequence
of (H). Let (t; k) be a double sequence of nonnegative numbers satisfying (55) and
(56), and let (x}) be the averaged sequence defined by (57). Assume that

(1) Foreveryz € S, limy_, 1 ||xx — zl| exists;
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(i1) every weak limit point of the sequence (x}.) belongs to S.
Then the sequence (X)) converges weakly as k — +00 toward some xso € S.

Proof From Lemma B.2 (i), the sequence (X;) is bounded, therefore it is enough to
establish the uniqueness of weak limit points. Let (X,) and (X, ) be two weakly
converging subsequences satisfying respectively Xy, =X as n — o0 and Xi, —~X2
as m — 4-o00. From (ii), the weak limit points X and X, belong to S. From (i), we
deduce that limg_, 4o || X% — X1 [ and limg— 400 |Xx — X2 |2 exist. Writing that

X1+Xx2

— 2 — 2 _ _
lxe = X107 — llxe — X2l =2<Xk— ,X2—X1>,

we infer that limy_, y oo (Xr, X2 — X1) exists. Observe that
+00
(X, X2 —X1) = <Z Ti kXi, X2 — 971>
i=1
+00
= Tkl X2 —¥1).
i=1

By applying Lemma B.2 (ii) to the real sequence ((xz, X2 —X1)), we deduce that
limg s 1 00 (X, X2 — X 1) exists. This implies that
lim (')?k", X2 —X1)= lim (fkm, X2 —X1),
n—+o00 m—+00

which entails that (x|, X2 — X 1) = (X2, X2 — X1). Therefore |x7 — X ||2 = 0, which
ends the proof. O

Remark 4.2 By taking (t; ;) defined by

1 ifi=k
WE=N0 ifi £k,

conditions (55) and (56) are trivially satisfied and we find X; = x; for every k > 1. It
ensues that the Opial lemma appears as a particular case of Proposition 4.1.

4.2 Ergodic convergence of the iterates

To each sequence (xj) generated by (RIPA), we associate a suitable averaged sequence
as in (57). The weight coefficients are judiciously chosen and depend on o, ux and
pk. Under conditions (Ko)—(K1)—(K>2)—(K3), we show that the averaged sequence
converges weakly toward some zero of the operator A.

Theorem 4.3 Under (H), assume that zer A # (. Suppose that oy € [0, 1] and py €
10, 2] for every k > 1. Under (Ky), let (t; x) and (t;) be the sequences respectively
defined by (13) and (15). Assume that conditions (K1)—(K2)—(K3) hold, together
with
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+00
Zh‘pi—lﬂi—l = +o00. (58)

i=1
Let us define the sequence (t; i) by

L kPi—1Mi—1
T .
D i tikPie1 hi—1

Ti,k = (59)

Then for any sequence (xi) generated by (RIPA), there exists xoo € zer A such that

k
X = Z T kXi—Xoo weakly in H as k — +o0.
i=1

Proof The proof relies on Proposition 4.1 applied with S = zer A. Let us first check
that conditions (55) and (56) are satisfied for the sequence (7; k) given by (59). Property
(55) follows immediately from the definition of (t; &) (recall that ¢; y = O for i > k).
On the other hand, observe that for every i, k > 1,

Lipi—1Mi—1
T .
Y oimi tikPi—1Mi—1

(60)

Tik =

The quantity #; p;—1 ;1 is finite and independent of k. Since #; ; tends increasingly
toward #; as k — +00, the monotone convergence theorem implies that

k +00 +00
lim Zti,kpiflﬂifl = kETOOZti,kPiflﬂifl = Ztipifllfvifl = +o0, (61)
i=1

K>+
T i1

where we have used the assumption (58). We then deduce from the inequality (60)
that limg—, 40 77 &k = 0, which establishes (56).

We now have to prove that the conditions (i) and (ii) of Proposition 4.1 are fulfilled.
Condition (i) is realized in view of Theorem 2.6 (iii). Let us now assume that there
exist xoo € H and a sequence (k,,) such that k, — +00 and X, —~xoo Weakly in H as
n — +o00. Letus fix (z, ¢) € gphA and define the sequence () by hy = %ka —z|12.
From inequality (10) of Lemma 2.2, we have

1
hiv1 — he — o (hge — hg—1) + Pr ik <xk+1 + (E - 1> (k1 — yK) — 2, CI>
< o llxg — xe—1 1%
because the assumptions o € [0, 1] and p; €]0, 2] imply respectively %(ak + a,%) <
oy and 22_% > 0. Since x¢11 = Yk — prMkAyu, (Vi), the above inequality can be

rewritten as
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his1 — hie — o (i — hi—1) + prepek (X1 — 2 — (1= p) kA (). q)
< ol — x—i 1% (62)

Setting ay = hy — hyx—1 and
wi = akllxe — xk—1 1% = ek (K1 — 2 — (1= POk A 5% q) s

inequality (62) amounts to a1 < oay + wy. By applying Lemma B.1 (i), we obtain
for every k > 1,

k k-1
hi —ho =Y a;i < tix(hi —ho) + Y tix1.xw;
i=1 i=1

k-1
2
= tia(h —ho) + Y tip1k [Oli llxi = i1l

i=1

o (i = 2= (1= pi A G- ).

Since hy > 0 and t; 41 x < t;+1, we deduce that

k—1 k—1
2
D tivrkpiti(xis1 —2.q) < ho+ tia(hi —ho) + Y tipiellxi — xio1]|
i=1 i=1
k-1

+ ) tiprkpi (1= )i A, (30, q).
i=1

Recalling from Theorem 2.6 (i) that Zfzolo tiv10G]|x; — xi—q ||2 < +00, we infer that
for every k > 1,

k-1 k—1
D tiprkpini(xis —2.9) < C+ Y tiprapii (1= pdii A (3i). q).

i=1 i=1

where we have set C := hg+t1|h; — ho| + Z;;Of tiv1e;llx; —xi—1]|> < 4o0. Since
pr €]0, 2], according to the Cauchy—Schwarz inequality we have that

(1= pi)pi A () q) | < i A G gl

It ensues that

k=1 k—1
D tiprapimti(xigr —2.q) < C+ gl Y tiprepimsi i A )1l

i=1 i=1
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By shifting the index of summation, we deduce from the above inequality that

k k
D tiwpicipior(xi —2,q) < C+ Mgl D tixpicipioa i1 A, il
i=1 i-1
+ tikporo(xt =z, q) = llgll frkportoll oA, (yo) l
k

< C'+ gl Y tixpi-imi-illmio1t A, iDL
i=1
where we have set C' := C + 11 pool(x1 — z, g)|. This can be rewritten as

k k
<Zti,k,0i—1,ui—1(xi - 2), 61> <C'+|ql Zti,kpi—lui—l i -1 A i)l

i=1 i=1
Dividing by Zle ti kPi—1Mi—1, we find
C/
k
D it tikPic1 o1

xr—2z,q9) <

k
lall

tikPi—1ii—1 i1 A i—D|. (63)

S ki1 ;l o e

By Theorem 2.6 (iv) we have limg_, 4 o0 ||tk Ay, (Yk) | = 0. From the Cesaro property,
we infer that

k
1
Sk tikpicip Zt"’k’o"’l'uifl”“l'*lAuifl(ywl)H —> 0 ask — +oo,
i=1tkPi—1Mi—1 ;4

see Lemma B.2. Using (61) and taking the upper limit as k — +o0 in inequality (63),
we then obtain

lim sup(x; — z,q) < 0.
k—+00

Since X, —xoo Weakly in H as n — 400, we have (xXx, — 2,q) = {(Xoo — 2, q) aS
n — +oo. From what precedes, we deduce that (xoo — z,g) < 0. Since this is true
for every (z, q) € gphA, and since the operator A is maximally monotone, we infer
that 0 € A(xx). We have proved that x, € zer A, which shows that condition (ii) of
Proposition 4.1 is satisfied. The proof is complete. O

Let us now apply Theorem 4.3 to the case ox = 0 for every k > 1. In this case,

assumptions (K¢) and (K ) are trivially satisfied, and moreover t; = #; x = 1 forevery
i > 1 and k > i. We then obtain the following corollary of Theorem 4.3.
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Corollary 4.4 Under (H), assume that zerA # (). Suppose moreover that
limsupy_, 1 oo Pk < 2 and liminfy_, 1o px > O, together with Z;;og pii = +o0.
Then for any sequence (xi) generated by (RPA)

X1 = (L — pr)xg + pred e a (), (RPA)

there exists xoo € zer A such that

k
1
R E PilkiXi—Xoo Weakly in H as k — +00. (64)
Z =0 Pili ;_g

Proof From Theorem 4.3, we obtain that

k
R 1
xk:—z,o, 1Mi—1Xi—Xoo Wweakly in H as k — 4o0.
Z, 1 Pi—1Mi—1

We deduce immediately that

k
1
R Z PiliXit+]1—Xoo Weaklyin H as k — +o00. (65)
Z 0 Pilki ;—p
Recall from Corollary 2.8 (i) that Z+°° = Zhixit1 — x> < +oo. Since
limsupy_, , o, ok < 2, this implies that Z ||x,+1 — xi||*> < 400, which entails

in turn that limy— 4 oo ||Xk+1 — Xkl = 0. From the Cesaro property, we infer that

k
1
ey R—— Z Pili(xiy1 — xij) —> 0 strongly in H as k — +o00. (66)
Z =0 Pili ;g
By putting together (65) and (66), we immediately obtain (64). O

If we assume moreover that p; = 1 for every k > 1, we recover a classical result of
ergodic convergence for the proximal point algorithm, see the seminal paper of Brezis
and Lions, see [15, Remarque 10].

Corollary 4.5 Under (H), assume that zer A # ) and that fzog wi = +oo. Then for
any sequence (xy) generated by the algorithm

X1 = Jpa (i), (PA)
k
there exists xoo € zer A such that ——— Z WiXi—Xoo Weaklyin H as k —
i=0 Hi j=0

+00.
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5 Conclusion, perspective

The introduction of inertial features into proximal-based algorithms to solve general
monotone inclusions is a long-standing difficult problem. (RIPA) algorithm, which
addresses these issues, involves three basic parameters, ok, (i, px, Which depend on
the iteration index k, and which take into account respectively the inertia, the proximal
step size, and the relaxation. (RIPA) provides a general framework for understanding
the subtle tuning of these different parameters to achieve the weak convergence of the
iterates. In particular, we obtained convergence results based on the Nesterov accelera-
tion method, in the context of maximally monotone operators, which extend the recent
result of Attouch—Peypouquet [7]. Several basic splitting algorithms in optimization,
naturally rely on the maximally monotone approach, such as ADMM, primal-dual
methods, Douglas-Rachford. Our results provide a general way to understand the
acceleration of these algorithms via inertia. Several important questions remain to be
studied, such as obtaining splitting methods in this context, and studying the conver-
gence rate of these methods. In this respect, it would be important to study the case
A = oW where VY is a closed convex function, thus recovering the rate of convergence
of the values for Nesterov methods.

Appendix A. Yosida regularization

A set-valued mapping A from H to H assigns to each x € H aset A(x) C H, hence it
is a mapping from H to 2*. Every set-valued mapping A : H — 27 can be identified
with its graph defined by

gphA ={(x,u) e H x H: u e A(x)}.

The set {x € H : 0 € A(x)} of the zeros of A is denoted by zer A. An operator
A : 'H — 2M is said to be monotone if for any (x, u), (y,v) € gphA, one has
(y —x,v —u) > 0. It is maximally monotone if there exists no monotone operator
whose graph strictly contains gphA. If a single-valued operator A : H — H is
continuous and monotone, then it is maximally monotone, cf. [13, Proposition 2.4].

Given a maximally monotone operator A and A > 0, the resolvent of A with index
X and the Yosida regularization of A with parameter A are defined by

1
Ja=U —|—)LA)_1 and A, = X (I — Jra),

respectively. The operator J,4 : H — H is nonexpansive and everywhere defined
(indeed it is firmly non-expansive). Moreover, A, is A-cocoercive: for all x, y € ‘H
we have

(Any — Apx,y —x) > A Ary — Azx|®.
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This property immediately implies that A, : H — H is %-Lipschitz continuous.
Another property that proves useful is the resolvent equation (see, for example, [13,
Proposition 2.6] or [8, Proposition 23.6])

(A = AGap)s

which is valid for any A, ;> 0. This property allows to compute simply the resolvent
of A, by

py
Jun, = ——1I +
AT Tt

Jo+wa,

for any A, ;v > 0. Also note that for any x € H,andany A > 0 A, (x) € A(Jyax) =
A(x —AA; (x)). Finally, forany A > 0, A, and A have the same solution set, zer A, =
zer A. For a detailed presentation of the maximally monotone operators and the Yosida
approximation, the reader can consult [8] or [13].

Appendix B. Some auxiliary results

In this section, we present some auxiliary lemmas that are used throughout the paper.

Lemma B.1 Let (ay), (ax) and (wi) be sequences of real numbers satisfying
ai+1 < wja; +w; foreveryi > 1. 67)

Assume that o; > 0 for everyi > 1.

(i) Foreveryk > 1, we have

k -1
Zai <tixar + Zti+1,kwi, (68)
i—1 i=1

where the double sequence (t; i) is defined by (13).
(i) Under (Ky), assume that the sequence (t;) defined by (15) satisfies Z;;Of tiv1(wi)4
< 4 oo. Then the series Zizl (ai)+ is convergent, and

—+00 —+00
Y @) <ti@)y + Yt (wp)s

i=1 i=1

Proof (i) Recall from Lemma 2.4 (i) that o;tj41x = tix — 1 for every i > 1 and
k > i + 1. Multiplying inequality (67) by f; 41 x gives

tiv1kaiv1 < (tix — Da; + tiy1 pwi,
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or equivalently
a; < (4 k@i — big) kGit1) + lit1 kWi

By summing from i = 1 to k — 1, we deduce that

k=1 k—1
Zai = f ka1 — Ik kak + Zti+1,kwi-
i=l

i=1
Since f = 1, inequality (68) follows immediately.

(ii) Taking the positive part of each member of (67), we find

(@i+1)+ < ai(a)+ + (w;)+.

By applying (i) with (a;)+ (resp. (w;)4+) in place of a; (resp. w;), we obtain for every
k>1

k k-1 +00
D (ay < tiplans + Y tiprk(wy < i@ + Y i1 (wi)y < +oo,

i=1 i=1 i=1

because #4+1x < ti+1, and Zj;of ti+1(w;)4 < +oo by assumption. Then just let k
tend to +o0. O

Given a bounded sequence (xj) of a Banach space (X, ||.||), the next lemma gives
basic properties of the averaged sequence (xj) defined by (57).

LemmaB.2 Let (X, ||.||) be a Banach space and let (xi) be a bounded sequence of
X. Given a sequence (1 k)i k>1 of nonnegative numbers satisfying (55)—(56), let (Xi)
be the averaged sequence defined by X = Z;Of 7; kXi. Then we have

(i) The sequence (Xy) is well-defined, bounded and supy~ || Xk|l < supy= [lxx]l.
(ii) If (xx) converges toward X € X, then the sequence (xX}) is also convergent and
limy— 400 Xk = X.

Proof (i) Set M = supy~; |[xk|| < +o00. In view of (55), observe that for every k > 1,
+00 +00
Dotk <MY wip=M. (69)
i=1 i=l1

Since the space X' is complete, we classically deduce that the series ) ;. 7; kX; is

convergent. From the definition of X, we then have || x| < Zfzof 7; k|1xi ||, and hence
IXx |l < M in view of (69).
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(i1) Assume that (xx) converges toward x € X. By using (55), we have for every
k>1,

—+00 —+00
I =% = |t =0 <Y zslx — .

i=1 i=1

Fix ¢ > 0, and let K > 1 such that ||x; — X|| < ¢ for every i > K. From the above
inequality, we obtain

K 400 K
I =%l < | sup I —XI) (D wix|+e D mx <MY ms+te,
iefl,...K} i=1 i=K+1 i=1

with M = sup;- [lx; — X|| < +oo. Taking the upper limit as k — +00, we deduce
from (56) that

lim sup ||X; — X|| < &.
k—+o00

Since this is true for every & > 0, we conclude that limg_, 4 [|[Xx — X|| = 0. O
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