Mathematical Programming (2019) 176:311-337
https://doi.org/10.1007/510107-019-01374-3

FULL LENGTH PAPER

Series B ")

Check for
updates

First-order methods almost always avoid strict saddle
points

Jason D. Lee'® - loannis Panageas? - Georgios Piliouras® - Max Simchowitz* -
Michael I. Jordan* . Benjamin Recht*

Received: 19 October 2017 / Accepted: 5 February 2019 / Published online: 18 February 2019
© Springer-Verlag GmbH Germany, part of Springer Nature and Mathematical Optimization Society 2019

Abstract

We establish that first-order methods avoid strict saddle points for almost all initializa-
tions. Our results apply to a wide variety of first-order methods, including (manifold)
gradient descent, block coordinate descent, mirror descent and variants thereof. The
connecting thread is that such algorithms can be studied from a dynamical systems
perspective in which appropriate instantiations of the Stable Manifold Theorem allow
for a global stability analysis. Thus, neither access to second-order derivative informa-
tion nor randomness beyond initialization is necessary to provably avoid strict saddle
points.
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1 Introduction

Saddle points have long been regarded as a major obstacle for machine learning
methodology that require optimizing a non-convex objective [21,43]. It is well under-
stood that in many applications of interest, the number of saddle points significantly
outnumber the number of local minima, which is especially problematic when the

This paper extends upon the special case of gradient descent dynamics developed in the conference
proceedings of the authors [32,42].
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solutions associated with worst-case saddle points are considerably worse than those
associated with worst-case local minima [19].

Moreover, it is not hard to construct examples where a worst-case initialization of
gradient descent (or other first-order methods) provably converge to saddle points [39,
Sect. 1.2.3].

The main message of our paper is that, under very mild regularity conditions,
saddle points have little effect on the asymptotic behavior of first-order methods.
Building on tools from the theory of dynamical systems, we generalize recent analysis
of gradient descent [32,42] to establish that a wide variety of first-order methods—
including gradient descent, proximal point algorithm, block coordinate descent, mirror
descent—avoid so-called “strict” saddle points for almost all initializations; that is,
saddle points where the Hessian of the objective function admits at least one direction
of negative curvature (see Definition 1).

Our results provide a unified theoretical framework for analyzing the asymptotic
behavior of a wide variety of classic optimization algorithms in non-convex opti-
mization. Furthermore, we believe that furthering our understanding of the behavior
and geometry of deterministic optimization techniques with random initialization can
serve in the development of stochastic algorithms which improve upon their determin-
istic counterparts and achieve strong convergence-rate results; indeed, such insights
have already led to significant improves in modifying gradient descent to navigate
saddle-point geometry [22,28].

1.1 Related work

In recent years, the optimization and machine learning communities have dedicated
much effort to understanding the geometry of non-convex landscapes by searching for
unified geometric properties which could be leverage by general-purpose optimization
techniques. The strict saddle property (Definition 1) is one such property which has
been shown to hold in a wide and diverse range of salient objective functions: PCA,
a fourth-order tensor factorization [24], formulations of dictionary learning [52,53],
phase retrieval [51], low-rank matrix factorizations [12,25,26], and simple neural net-
works [16,23,49]. It is also known that, in the worst case, the strict saddle property is
unavoidable as finding descent-directions at critical points with degenerate Hessians
is NP-hard in general [38].

Earlier work had shown that first-order descent methods can circumvent strict sad-
dle points, provided that they are augmented with unbiased noise whose variance is
sufficiently large in each direction. For example, Pemantle [44] establishes conver-
gence of the Robbins—Monro stochastic approximation method to local minimizers
for strict saddle functions. More recently, Ge et al. [24] give quantitative rates on the
convergence of noisy gradient descent to local minimizers, for strict saddle functions.
ONeill and Wright [41] use the stable manifold theorem to prove that the accelerated
gradient method converges to a single strict saddle point with probability zero. The-
orem 2 is complementary and strengthens their result to guarantee the probability of
converging to the set of strict saddles points is zero, rather than a single (or countably
many) strict saddle point.
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To obtain provable guarantees without the addition of stochastic noise, Sun et al.
[51-53] adopt trust-region methods which leverage Hessian information in order to
circumvent saddle points. This approach represents a refinement of a long tradition
of related, “second-order” strategies, including: a modified Newton’s method with
curvilinear line search [37], the modified Cholesky method [27], trust-region methods
[20], and the related cubic regularized Newton’s method [40]. Specialized to deep
learning applications Dauphin et al. [21] and Pascanu et al. [43] have introduced a
saddle-free Newton method.

However, such curvature-based optimization algorithms have a per-iteration com-
putational complexity which scales quadratically or even cubically in the dimension
d, rendering them unsuitable for optimization of high-dimensional functions. In more
recent work, several works have presented faster curvature-based methods includ-
ing Liu and Yang [34], Reddi et al. [45], Royer and Wright [47] by combining fast
first-order methods with fast eigenvector algorithms, to obtain lower per-iteration
complexity.

Fortunately, it appears that neither the addition of isotropic noise, nor the use of
second-order methods are necessary for circumventing saddle points. For example,
recent work by Jin et al. [28] showed that by carefully perturbing the iterates of gra-
dient descent in the vicinity of possible saddles results in a first-order method which
converges to local minimizers in a number of iterations with only poly-logarithmic
dimension dependence. Moreover, many recent works have shown that, even without
any random perturbations, a combination of gradient descent and a smart-initialization
provably converges to the global minimum for a variety of non-convex problems:
such settings include matrix factorization [29,55] , phase retrieval [17,18], dictionary
learning [6], and latent-variable models [11,54]. While our results only guarantee
convergence to local minimizers, they eschew the need for complex and often com-
putationally prohibitive initialization procedures.

In addition to what has been established theoretically, there is a broadly-accepted
folklore in the field that running gradient descent with a random initialization is suffi-
cient to identity a local optima. For example, the authors of Sun et al. [51] empirically
observe gradient descent with 100 random initializations on the phase retrieval prob-
lem always converges to a local minimizer, one whose quality matches that of the
solution found using more costly trust-region techniques. It is the purpose of this
work to place these intuitions on firm mathematical footing.

Finally, we emphasize that there are many settings in which all local optima (but
not saddles!) have objective values which are nearly as small as those of the global
minima; see for example Ge et al. [25,26], Soltanolkotabi et al. [49], Sun et al.
[50,52]. Some preliminary results have suggested that this may be a quite general
phenomenon. For example, Choromanska et al. [19] study the loss surface of a par-
ticular Gaussian random field as a proxy for understanding the objective landscape
of deep neural nets. The results leverage the Kac—Rice Theorem [5,9], and establish
that critical points with more positive eigenvalues have lower expected function value,
often close to that of the global minimizer. We remark that functions drawn from this
Gaussian random field model share the strict saddle property defined above, and so
our results apply in this setting. On the other hand, our results are considerably more
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general, as they do not place stringent generative assumptions' on the objective func-
tion f.

1.2 Organization

The rest of the paper is organized as follows. Section 2 introduces the notation and
definitions used throughout the paper. Section 3 provides an intuitive explanation
for why it is unlikely that gradient descent converges to a saddle point, by studying
a non-convex quadratic and emphasizing the analogy with power iteration. Section
4 develops the main technical theorem, which uses the stable manifold theorem to
show that the stable set of unstable fixed points has measure zero. Section 5 applies
the main theorem to show that gradient descent, block coordinate descent, proximal
point, manifold gradient descent, and mirror descent all avoid strict saddle points.
Finally, we conclude in Sect. 6 by suggesting several directions of future work.

2 Preliminaries

Throughout the paper, we will use f : X — R to denote a real-valued function in C2,
the space of twice-continuously differentiable functions.

Definition 1 (Strict saddle) When X = R",

1. A point x* is a critical point of f if V f(x*) = 0.

2. Apoint x* is astrict saddle point? of f if x* is a critical point and Amin (V2 f (x*)) <
0, where Amin (H) is the smallest eigenvalue of H. Let X™* denote the set of strict
saddle points.

When X is a manifold, the same definition applies, but with gradient and Hessian
replaced by the Riemannian gradient Vg f (x) and Riemannian Hessian V12e f(x). See
Sect. 5.5 for details, and Chapter 5.5 of Absil et al. [2].

Our interest is in the attraction region of an optimization algorithm g, viewed
as a mapping from X — X. The iterates of the algorithm are generated by the
sequence

xe = g(xx—1) = gF(x0),

where g is the k-fold composition of g. As an example, gradient descent corresponds
tog(x) =x —aVf(x).

Since we are interested in the region of attraction of a critical point, we provide the
definition of the stable set.

Definition 2 (Global stable set) The global stable set of the strict saddles is the set of
initial conditions where iteration of the mapping g converges to a strict saddle. This
is defined as

! This line of work assumes that f is arandom function with a specific distribution.

2 For the purposes of this paper, strict saddle points include local maximizers.
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W, = {xo : lilzngk(xo) € X*} :

3 Intuition

To illustrate why gradient descent and related first-order methods do not converge
to saddle points, consider the case of a non-convex quadratic, f(x) = %xTHx.
Without loss of generality, assume H = diag(Ai, ..., A,) with Ay, ..., Ax > 0 and
Met1s - - -» A < 0.x™ = 0 is the unique critical point of this function and the Hessian
at x* is H. Gradient descent initialized from x( has iterates

n
X1 =g0x) = Y (1 —ar) e, xo)e; .
i=1

where e; denote the standard basis vectors. This iteration resembles power iteration
with the matrix I — o H.

Let L = max |A;|, and suppose &« < 1/L. Thus we have (1 —ai;) < 1 fori <k
and (1 —aA;) > Lfori > k. If xg € Es := span(ey, ..., ex), then x; converges to the
saddle point at zero since (1 —aA;)'t! — 0. However, if xo has a component outside
E then gradient descent diverges to co. For this simple quadratic function, we see
that the global stable set (attractive set) of zero is the subspace E;. Now, if we choose
our initial point at random, the probability of that point landing in E; is zero as long
as k < n (i.e., E; is not full dimensional).

As an example of this phenomenon for a non-quadratic function, consider the
following example from Nesterov [39, Sect. 1.2.3]. Letting f(x, y) = %xz + A—I‘y4 -

% y2, the corresponding gradient mapping is

_ (1—a)x

The critical points are

<[ =[] o[

The points z5 and z3 are isolated local minima, and z; is a saddle point.
X
0
point z;. Any other initial point either diverges, or converges to a local minimum, so
the stable set of zj is the x-axis, which is a zero-measure set in R?. By computing the
Hessian,

Gradient descent initialized from any point of the form converges to the saddle

o o 10
Vf(x)_[o 3y2_1}7
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we find that V2 £ (z1) has one positive eigenvalue with eigenvector that spans the x-
axis, thus agreeing with our above characterization of the stable set. If the initial point
is chosen randomly, there is zero probability of initializing on the x-axis and thus zero
probability of converging to the saddle point z;.

For gradient descent, the local attractive set of a critical point x* is well-
approximated by the span of the eigenvectors corresponding to positive eigenvalues of
the Hessian. By an application of Taylor’s theorem, one can see that if the initial point
Xo is chosen uniformly random in a small neighborhood around x*, then the probabil-
ity of initializing in the span of these eigenvectors is zero whenever there is a negative
eigenvalue. Thus, gradient descent initialized at xo will leave the neighborhood of x*.
Although this argument provides valuable intuition, there are several difficulties with
formalizing this argument: (1) x¢ is randomly distributed over the entire domain, not
a small neighborhood around x*, and Taylor’s theorem does not provide any global
guarantees, and (2) it does not rule out converging to a different saddle point.

4 Stable manifold theorem and unstable fixed points
4.1 Setup

For the rest of this paper, g is a mapping from & to itself, and X is a n-dimensional
manifold without boundary. Recall that a C¥-smooth, n-dimensional manifold is a
space X, together with a collection of charts {(U,, ¢)}, called an atlas, where each
¢« is a homeomorphism from an open subset U, C X to R". The charts are required
to be compatible in the sense that, whenever U, N Ug # ¢, then the transition map
Py © qbgl isaCk map from ¢g(Ug N Uy) — R". We also require that | J, Uy = &,
and X is second countable, which means that for any set U contained in Ua e7 Uq for
some index set Z, there exists a countable set 7 C Z such that U C (7 Us- We
can now recall the definition of a measure zero subset of a manifold:

Definition 3 (Section 5.4 of Mikusinski and Taylor [36]) Given a n-dimensional man-
ifold X, we say that a set S C X is measure zero if there is an atlas {U;, ¢;};>1 such
that ¢; (S N U;) has Lebesgue-measure zero as a subset of R”. In this case, we use the
shorthand 1+ (S) = 0. The measure zero property is independent of the choice of atlas
[36, Chapter 5].

Definition 4 (Chapter 3 of Absil et al. [2]) The differential of g, denoted as Dg(x),
is a linear operator from 7 (x) — 7 (g(x)), where 7 (x) is the tangent space of X" at
point x. Given a curve y(¢) in X with y(0) = x and i—’;(O) = v € 7 (x), the linear
operator is defined as Dg(x)v = %(O) € 7 (g(x)). The determinant of the linear
operator det(Dg(x)) is the determinant of the matrix representing Dg (x) with respect
to an arbitrary basis.’

Lemma 1 Let E C X be a measure zero subset. If det(Dg(x)) # 0 forall x € X,
then w(g~'(E)) = 0.

3 The determinant is invariant under similarity transformations, so is independent of the choice of basis.
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Proof Leth = g~ , and {(V;, ¥;)} be a countable collection of charts of the co-domain
of h. By countable additivity of measure, it suffices to show that each Z(E) N V; is
measure zero. Without loss of generality, we may assume that #(E) is contained in a
chart (V, ¥), else we could repeat the same argument for each element of the chart.
We wish to show that (Y oh(E)) = 0.Let (Uj, ¢;) be another countable collection
of charts of the domain of g. Define £; = E N Uj, and note that £ = U | E; =

Ug; " o ¢; (E;). Thus

1@ o h(E)) = (¥ o h(Uid; " o i (E)))
<Y uohod (¢i(EN).

i=1

By assumption, ¢; (E;) is measure zero. The function ¥ o h o qbl.’l =vYo g*1 o qbfl
is C! if det(Dg) # 0, and thus locally Lipschitz, so preserves measure zero sets. By
countable additivity and the displayed equation above, E has measure zero. O

4.2 Unstable fixed points

Definition 5 (Set of unstable fixed points) Let

A, = {x : g(x) = x, max |A; (Dg(x))| > 1}
l

be the set of fixed points where the differential has at least a single eigenvalue with

magnitude greater than one. These are the unstable fixed points. 0

Theorem 1 (Theorem II1.7, Shub [48]) Let x* be a fixed point for the C” local diffeo-
morphism g : X — X. Suppose that E = E.; ® E,, where E.; is the span of the
eigenvectors corresponding to eigenvalues of magnitude less than or equal to one of
Dg(x™*), and E,, is the span of the eigenvectors corresponding to eigenvalues of mag-
nitude greater than one of Dg(x*). Then there exists a C" embedded disk Wy, that is
tangent to E g at x* called the local stable center manifold. Moreover, there exists a
neighborhood B of x*, such that g(W )N B C W, and ﬂ,fiog’k(B) c wg

loc loc’ loc*

Theorem 2 Let g be a C' mapping from X — X and det(Dg(x)) # 0 forall x € X.
Then the set of initial points that converge to an unstable fixed point has measure zero,
p({xo @ limg— o0 xx € Ag}) = 0.

Proof For each x* € Az, there is an associated open neighborhood B+ promised
by the Stable Manifold Theorem 1. U« Az B+ forms an open cover, and since X is
second-countable we can extract a countable subcover, so that U« Az By« = U2, By

Define W = {xq : limj_, 00 Xi € AZ‘,}. Fix a point xy € W. Since x; — x* € A%,
then for some non-negative integer T and all ¢ > T, g'(x0) € Uy« A B,x. Since we
have a countable sub-cover, g’(xg) € By for some x; € AZ, and all + > T. Since
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g K (xp) € By, then g'(xo) € g*k(Bxi*), and thus g(xo) € NF2, g*k(Bxl_*) for all
t > T. By Theorem 1, S; £ ﬂ,‘j‘;og—k (BX,-*) is a subset of the local center stable

manifold which has co-dimension at least one, and S; is thus measure zero.

Finally, g7 (xo) € S; implies that xo € g~7(S;). Since T is unknown we union

over all non-negative integers, to obtain xo € U‘,’.OZO g’j (S;). Since xg was arbitrary,

we have shown that W C U2, U?O:O g/ (S;). Using Lemma 1 and that countable
union of measure zero sets is measure zero, W has measure zero. O

Next, we state a simple corollary that only requires verifying det(Dg(x)) # 0, and
X C AL
Corollary 1 Under the same conditions as Theorem 2, and in addition assume X* C
AZ, then the global stable set (defined in Definition 2) is of measure zero, u(Wy) = 0.

Proof Since X* C A;, then the global stable set satisfies W, C {xo
limy— 00 g5 (x0) € Az} Using Theorem 2, u(Wg) = 0. O

5 Application to optimization
5.1 Gradient descent

As an application of Theorem 2, we show that gradient descent avoids saddle points.
Consider the gradient descent algorithm with step-size o:

Xk = (k) = xxp — aV f(xp). (D

Assumption 1 (Bounded Hessian) Let f € C2, and || V2 £ (x) ||2 < L for all x.

Proposition 1 Every strict saddle point x* is an unstable fixed point of gradient
descent, meaning X* C A; .

Proof First we verify that critical points of f are fixed points of g. Since V f(x) = 0,
then g(x) = x — oV f(x) = x and is a fixed point.

At a strict saddle x* € X*, Dg(x*) = I — aV? f(x*) with eigenvalues 1 — aA; ,
where A; are eigenvalues of v? f(x™). Since x* is a strict saddle, then there is at least
one eigenvalue A < 0, and 1 — aA; > 1. Thus x* € .AI,. O

Proposition 2 Under Assumption 1 and o < % then det(Dg(x)) # O for all x.

Proof By a straightforward calculation
Dg(x)=1—aV>f(x)=1—aVDVT,
where V2 f(x) = VDVT. The eigenvalues of Dg(x) are 1 — aA;, and so

det(Dg(x)) = [ [(1 — ).
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Using the bounded Hessian assumption, &« < 1/|A;| and each term in the product is
positive, so det(Dg(x)) > 0. O
Corollary 2 Let g be the gradient descent algorithm as defined in Eq. (1). Under
Assumption 1 and a < % the stable set of the strict saddle points has measure zero,

meaning u(Wg) = 0.

Proof The proof is a straightforward application of the previous two Propositions
and Corollary 1. Proposition 1 shows that X* C A7, and Proposition 2 shows that
det(Dg(x)) # 0. By applying Corollary 1, we conclude that p({xg : limg gk (xp) €

X*}) = 0. o

5.2 Proximal point

The proximal point algorithm is given by the iteration

. 1
Xep1 = g(x) & argmin f(2) + o [l — 2l @

Proposition 3 Under Assumption 1 and o < %, then
1. det(Dg(x)) # 0.

2. Every strict saddle point x* is an unstable fixed point of proximal point, meaning

X* C A3

Proof Since V f is L-Lipschitz, f(z) + ﬁ lx — z||2 is strongly convex for o < %,
and the arg min is well-defined and unique. By the optimality conditions, g(x) +
aV f(g(x)) = x. By implicit differentiation, Dg(x) + aV? f(g(x))Dg(x) = I, and
SO

Dg(x) = (I +aV>f(gx)) .
Atastrict saddle x*, Dg(x*) = (I —i—asz(x*))_l, and thus has an eigenvalue greater

than one. For o < %, Dg(x) is invertible, and thus det(Dg(x)) # O. O

By combining Proposition 3 and Corollary 1, we have the following:

Corollary 3 (Proximal Point) Let g be the proximal point algorithm as defined in Eq.
(2). Under Assumption 1 and o < % the stable set of the strict saddle points has
measure zero, meaning L(Wg) = 0.

5.3 Coordinate descent

Wedefine g; (x) = x—«(0, ..., 0, ag)&lx) ,0,...,0)tobethe coordinate descent update

of index i in Algorithm 1. One iteration of coordinate gradient descent corresponds to
the update

Xkl = g(xk) = gnogu-10---0g1(xp). 4
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Algorithm 1: Coordinate Descent

1 Input: Function f : R" — R, step size «, initial point xg € R"

2 Fork=0,1,...,
3 Forindexi =1, ..., n
i—1
i i afy )
i I _ k
4 X X % , where
0 ] 1 [ i+1
Vi =xg and y; = (Kjeg 1o x,‘c_'_l,x,l(7L ..... x) 3)

Assumption 2 (Lipschitz coordinate gradient) Let f € C2, and |V? f(x)ii| < Lmax
foralli € [n] and x.

Lemma 2 The differential is

n

Dg(x) = [[( — een—jrrel V2L ©)
j=1

where e; is the ith standard basis vector.

Proof This is an application of the chain rule. The differential of the composition of
two functions fohisjustD f (h(x))-Dh(x). By repeatedly applying this and observing
that Dg;(x) =1 — ozeieiTVZf(x), we have the result. O

Proposition 4 Under Assumption 2 and a < ﬁ then det(Dg(x)) # 0.

Proof 1t suffices to prove that every term of Eq. (5) is an invertible matrix. Using
the matrix determinant lemma, the characteristic polynomial of the matrix [ —

aeieiT V2 f(x)is equalto (A— )" '(A— 14« %). Fora < , the eigenvalues

1
921
8)([.2

of Dg; are all positive, and thus Dg; is invertible. O

Proposition 5 (Instability at saddle points) Under Assumption 2 and o < ﬁ, every
strict saddle point x* is an unstable fixed point of coordinate descent, meaning X* C
Az
Proof Let H = V?f(x*), J] = Dg(x*) = ]_[7:1(1 — aen,jﬂe,{_jHH), and y( be
the eigenvector corresponding to the smallest (leftmost) eigenvalue of H.
We shall prove that ||.1’y0||2 > c(1 + %)’ for some €, ¢ which depend on H,

[RARTYIES

ol =

but not on 7. By proving the aforementioned fact, we get that |[J'|, >
m(l + ﬁ)t . Gelfand’s theorem states that the spectral radius p satisfies

p(J) = lim [/]3".
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and thus

)= tim [J')Y" > tim (—— TasSoass
= lm 1m —-) = =),
PEE AR = 25 ol 4 4

i.e., J must have an eigenvalue greater than one.
We fix some arbitrary iteration 7 and let y, = J'yo. We will first show that there
exists an € > 0 so that

v Hys < A +ey! Hy,, (©6)

forallt € N. Letz; = y, and z;41 = (I — aeieiTH)z,- =z — a(el.THz,-)ei, SO

that y,4+1 = Jy; = z,4+1. We see that the sequence ziT i Hzip is decreasing (non-

increasing),

2 Hzigr =[] —ale] Hzi)e] 1Hlzi — a(e] Hzi)e;]
=2/ Hzi —a(z] He)) (el Hzi) — a(e] Hzie] Hzi + o?(e] Hzi)*e] He;
=z Hzi —a(z] He)*(2 — el Hey)

<z'Hzi —a(zl Hep)?, (7

where the last inequality uses that ¢ < L#

Next, we use the following claim to show sufficient decrease by lower bounding
(zI Hej)?.

Claim Let y, be in the range of H. There exists a j € [n] so that a|ejr Hzj| >4 ||zj ||2
for some global constant § > 0 that depends on H, n.

The proof of the claim is provided in “Appendix A”.
Decompose y; = yar+ yr into the orthogonal components defined by the nullspace
N (H) and range space R(H). Notice that J acts as the identity on A/ (H), so

Yi+1 =Jyi = ynv + IyRr.

Define an auxiliary sequence y,, | = J¥,, and y, = yg. Similarly, 7 = yr,Zit+1 =
I - oze,-eiT H)z;, and 7,11 = y,4. It follows that

Ve Hyiet = O + JyR) HOn + JyR)
= (JyR) HUyR)
= ZZ;—‘,—] HZp41
< ZJT+1H Zj+1 (non-increasing property in Eq. (7))

<ZJHZ; —a(z} He;)* (using Eq. (7))
—T 17— 82 — 112 . .
<z HZj_EHZJHZ (using Claim 4)
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< ZJTHZJ- + a—ZjT-HZj (since L|z; H2 > Z]THZJ-)
N\ _p.
= (1 + (E) Zj HZj
82
< <1 + _L> ZIT H7z; (non-increasing property)
o
8N\ g
=1+ oL )Y A

where we used that Eq. (7) applies also the sequence 7. Let € = % By inducting,
and noting that yOT Hyy = —A,

yTHy, < (1 +¢e)ylHyo
— _a(l+e).

Using = [|y:113 < y! Hy;,

A

A yell3 < —a(1 + €
lyll3 = (1 +e)f
[77v0, = (1 + )72

et
=(1+3)
where the last inequality uses that € < % By Gelfand’s theorem, we have established
p) =1+,
4
and thus J has an eigenvalue of magnitude greater than one. Thus x* € A%. O

By combining Propositions 5, 4, and Corollary 1, we have the following:

Corollary 4 (Coordinate Descent) Let g be the coordinate descent algorithm as defined
in Eq. (4). Under Assumption 2 and o« < ﬁax, the stable set of the strict saddle points
has measure zero, meaning (W) = 0.

Remark 1 In the worst-case, Liax = L, but in many instances Lp.x < L, S0 coor-
dinate descent can use more aggressive step-sizes. The step-size choice o < —— is

Lmax
standard for coordinate-descent methods [46].
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Algorithm 2: Block Coordinate Descent

1 Input: Function f : R" — R, step size «, initial point xg € R"
2 Fork=0,1,...,

3 Forblocki =1, ..., b

4 For index j in block i

Si—
J g Mo
5 Kl T T Ty

, where

So Si S1 Si Si1 Sp
Vi =Xk andyk’ :(xk+l ..... xk;l,xk' ..... x,7) (8)

5.4 Block coordinate descent

The results of this section are a generalization of the previous section, but we present
the coordinate descent case separately, since the proofs are simpler.

We partition the set [n] = {1,2,...,n} to b blocks {Si, S2, ..., Sp} such that
[n] = U; S;. For ease of notation, we define So = .

We define g; (x) to be the block coordinate descent update of block i in Algorithm 2.
Block coordinate gradient descent is a dynamical system

X1 = 8(xx) = grogp—10---0g1, 9

where g;i(x) = x —a } g, eJTVf(x). We define the matrix Ps = ) ;s ejel | ie.,
the projector onto the entries in S.

Lemma 3 The differential is

b
Dg(i) = [ [ = aPs, ., V2F (") (10)

i=1

Proof This is an application of the chain rule. The differential of the composition of
two functions fohisjustD f (h(x))-Dh(x). By repeatedly applying this and observing
that Dg; (x) = 1 — aPs; V2 f(x), we obtain the result. O

Assumption 3 Let f € C2, and V2 f(x)g be the submatrix of V2 f (x) by extracting
the rows and columns indexed by S. Let Ly = max;eqp) |V f(x)s,

2
Proposition 6 Under Assumption 3 and o < le then det(Dg(x)) # 0.

Proof 1t suffices to prove that every term of the product (10) is an invertible matrix.
Every matrix of the form I — « P, V2 f(x) has n — |S;| eigenvalues equal to one and
the rest of its eigenvalues correspond to eigenvalues of Ig;, — aV? f(x)s;.s;. Since
o< LL;,’ then the eigenvalues of I, — aV? f(x)s; are all greater than zero. Thus each

I —aPs, V2 f(x) is invertible, and Dg is also invertible. O
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324 J.D.Leeetal.

Proposition 7 (Stability at fixed points) Let x* be a strict saddle point of f. The
Jacobian of the update rule of block coordinate descent computed at point x* has an
eigenvalue of modulus greater than one.

The proof is provided in “Appendix B”. By combining Propositions 7, 6, and Corol-
lary 1, we have the following:

Corollary 5 (Block Coordinate Descent) Let g be the block coordinate descent algo-
rithm as defined in Eq. (9). Under Assumption 3 and o < L the stable set of the

I
strict saddle points has measure zero, meaning jt(Wg) = 0.

Remark 2 The step-size choice « < le is standard for block coordinate descent meth-
ods [46].

5.5 Manifold gradient descent

Let M be a submanifold of R”, and 7 (x) be the tangent space of M at x. Py and
P1(x) are the orthogonal projectors onto M and 7 (x) respectively, and /7 is the
identity operator on 7. Let f be a smooth extension of f to R”, and f = f| . The
manifold gradient descent algorithm is:

Xkt1 = 8(xk) = Paq(xk — @ Prny V f (x1)). (11)

Recall that the Riemannian gradient Vg f(x) = PT(X)V?(x), so the above iteration
is precisely manifold gradient descent with P, as retraction.

Proposition 8 At a strict saddle point x*, Dg(x*) has an eigenvalue of magnitude
larger than 1.

Proof Since x* is a strict saddle, the Riemannian Hessian (see Sect. 5.5 of [2]
for the definition) VI% f(x™) has a negative eigenvalue X, and eigenvector v, and
PrenV f(x*) =0.

Using Lewis and Malick [33, Lemma 4] , DPrq(x) = Pr(y) forx € M,

Dg(x*)v = Pr(yv — a Pro)D(PTV f)(x*)v.
Using Absil et al. [3, Eq. 4], PT(X)D(PTV?) xX)v = Vlzef(x)v, SO
Dg(x™)v = v — Ayv.

Thus v is an eigenvector of Dg(x*) with eigenvalue 1 — A, > 1. O

Proposition 9 For a compact submanifold M, there is a strictly positive o such that
det(Dg) # 0.

Proof Since M is a compact smooth manifold, Pp4 is unique and smooth in
a neighborhood of radius r of the manifold [4]. Letting ¢ < m,
Ppt(x — aPr(yyV f(x)) and its derivatives exist.
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We wish to show that Dg(x) = DPy(x — a P7 )V f(x))(I —aD(P7V f)(x)) is
invertible. Define

hy (o) = det (DPaq(x — aPr()V f(x))(I — aD(PTV f)(x))).

Using DPag(x) = Pr(y) [4], hx(0) = 1. Since

nh
B = max |—=(@)| < o0,

- - r
xeMa< e —cvror 1%

we see that for

a<C £ min ! l
M S max, o IV/ () B

that A, () is positive, so Dg is invertible. O

Corollary 6 Let g be the operator corresponding to the manifold gradient descent
algorithm of Eq. (11), and M be a compact sub-manifold of R". Then there is a
Cm,r > O, that only depends on the properties of M and f, such that for any step-
sizeaw < Cpq, 7, the stable set of the strict saddle points has measure zero, meaning
n(Wy) = 0.

Proof The proof is a straightforward application of the previous two Propositions
and Corollary 1. Proposition 8 shows that X* C A:,, and Proposition 9 shows that
det(Dg(x)) # 0. By applying Corollary 1, we conclude that u({xo : limg g (xg) €
X*}) = 0. The parameter C A4, s is specified in the proof of Proposition 9. O

5.6 Mirror descent

In this section, we consider the mirror descent algorithm. Let D be a convex open
subset of R”, and X = D N M for some affine space M. Given a mirror map @, we
define the mirror descent algorithm in Algorithm 3.

Assumption 4 (Mirror map) We say that @ is a mirror map if it satisfies the following
properties:

1. @ is a proper closed convex function with D = dom(®).

2. @ is C? on D = int(D).

3. The gradient of @ is surjective onto R”, that is V@ (D) = R".

4. The subgradient 0@ (x) = {V®(x)} forx € D and 0P (x) = @ forx ¢ D.

Due to the affine constraint, X may not be full-dimensional, so we define the
appropriate notions of gradient and Hessian. Let 7 be the tangent space of M. The
Riemannian gradient is V@ (x) = P7V@®(x). Similarly the Riemannian Hessian is
Vlzedﬁ(x) = P7V2®(x) Py and is a linear mapping from 7 — 7. Finally, the mirror
descent mapping is defined as

g(x) =ho F(x), (12)
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Algorithm 3: Mirror Descent

1 Input: Function f : X — R, step size «, and initial point x.
2 Fork=0,1,...,
3 Update
Xyl < h (VO (xp) —aV f(xp),

where h(x) £ arg max,c y Ix— D (2).

with F(x) = V@& (x) —aV f(x) and h(x) = argmax,cy z! x — ®(2).

Assumption 5 (Strong convexity of @ and Lipschitz gradient) Let I7 be the identity
mapping on 7. We assume that

1. @ is p-strongly convex, meaning V%(D(x) > ulr forx € X.
2. f has L-Lipschitz gradient, meaning V%f(x) < LIy forx e X.

Example 1 (Probability simplex) Define the mirror map @(x) = Y x; logx;, with
D being the positive orthant R” , D is the non-negative orthant, and affine space
M = {x: Y, x; = 1}. The domain is X = D N M which is the probability simplex.
The mirror descent algorithm corresponds to the update:

X exp (—a?—){j(x))
Zj Xj exp (—agT-’;(x)).

Xi <

The strong convexity parameter satisfies u > 1.

We first express the mapping g as a composition of simple mappings.

Lemma4 Assume that @ is a -strongly convex mirror map. The mirror descent
algorithm can be equivalently expressed as g(x) = (V@) !o P71 o F(x), and
(VR®)™' 1 T — X is alocal diffeomorphism.

Proof Recall that #(w) = arg max,cx zTw—®(z). By astandard result [ 10, Theorem
9.8], the maximum is uniquely attained and 2 (w) € D.
By the first-order optimality conditions, Vr @ (h(w)) = P7w, and thus

h(w) = (V@) ' o Pr(w).

As a shorthand, let ¥ = (VRCD)_I. By existence and uniqueness of the maximizer, ¥
is a single-valued function from 7 — X. Thusg =ho F =W o Py o F.

Finally we verify that ¥ = (Vp®)~! is a local diffeomorphism. Since
D¥ (Vg®(x)) = (VP (x))~! and @ is strongly convex over T, the inverse function
theorem ensures that ¥ is a local diffeomorphism. O
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Proposition 10 Under Assumptions 4, 5 and o < %, then

1. det(Dg(x)) # 0.
2. Every strict saddle point of x* is an unstable fixed point of mirror descent, meaning
x* e A%
4

Proof Again adopt the shorthand ¥ = (Vr®) L. UsingLemma4,g = WYo(ProF),
and ¥ is alocal diffeomorphism. To show det(Dg) # 0, it suffices to show that P7o F
is a local diffeomorphism, or equivalently verify that D(P7 o F)(x) : 7 — 7 is an
invertible linear transformation for every x € X.

First, D(P7 o F)(x) = V2®(x) — a V% f (x). Then using that V2® (x) > ulr,
V2f(x) < Llr,anda < ¥,

aVif(x) < plr < Vad(x).

Thus V,%,@ (x) — aV,ze f(x) > 0 and is invertible. This completes our proof of the first
part.

Let x* € X be a strict saddle point. First we verify that it is a fixed point of g.
Using that x* is a critical point,

g(x™) = v (PrV®(x*) — PrV f(x¥))
=Y (PTVP(x™))
=Y (VRP(x™))
=x*.

Next we verify that Dg(x*) has an eigenvalue of magnitude greater than one. Using
the chain rule and then inverse function theorem,

Dg(x*) = D¥ (P1 o F(x*))(Va®(x*) — aV% f(x*)) (chain rule)
= V2o (") (VR (x*) — aV2 f(x¥))
(inverse function theorem and ¥ o Py o F(x*) = x¥)
= I7 —aVa®d(x*)"'VZ f(x%).
Define A = V%@(x*) and H = V,ze f(x*) . By similarity transformation under A'/2,

which is a symmetric linear operator. Define v = A!/?v, where v is an eigenvector of
V2 f (x*) corresponding to a strictly negative eigenvalue A, thenv? A=1/2H A2y <
0, so Amin(A_l/zHA_l/z) < 0. Thus 1 — oz)\min(A_l/zHA_l/z) is an eigenvalue of
I7—aA~'/2 H A=1/2 thatis greater than one. Since similarity transformations preserve
eigenvalues, Dg(x*) also has an eigenvalue greater than one, and so x* € .AZ;. O

By combining Proposition 10 with Corollary 1, we have the following:
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Corollary 7 Let g be the mirror descent algorithm defined in Eq. (12). Under Assump-
tions 4, 5, and o < %, then the stable set of the strict saddles in X is measure zero,
meaning w(Wg) = 0.

Remark 3 This corollary does not guarantee that the stable set of saddles on X'\ X is
measure zero. For example in the Multiplicative Weights algorithm, there are fixed
points on X\ X (e.g. all the vectors x with support size 1).

5.7 Lojasiewicz inequality and existence of a single limit point

In the previous parts of this section, we have implicitly assumed that limy x; exists,
otherwise the theorems are vacuously true. As we will show with specific citations
to recent papers, the existence of the limit is ensured when the function satisfies the
Lojasiewicz inequality, and the iterates are bounded. Both assumptions are very weak,
as we can explain below.

Assumption 6 (Lojasiewicz inequality) Let x* be a critical point of f. f is said to
satisfy the Lojasiewicz inequality if there are constants ¢ > 0 and u € [0, 1) such
that

IVl = el f(x) = fGHI,

for all x in a neighborhood of x*.

The Lojasiewicz inequality is very general as discussed in [7,8,13], and applies to all
real analytic functions.

Assumption 7 (Bounded iterates) The iterates {x;} remain in a bounded set.

Remark 4 The bounded iterates assumption is necessary for lim x; to exist. For exam-
ple, gradient descent on f(x) = e has iterates that minimize f by generating a
sequence that x; | —oo, and so lim x; does not exist. For algorithms that generate
non-increasing objective values, bounded iterates can be ensured when the function
has compact sub-level sets.

For gradient descent, Absil et al. [1] showed that when f satisfies the Lojasiewicz
inequality that lim x; exists. We recall the results below.

Proposition 11 (Theorems 3.2 and 4.1 of [1]) Let f satisfy Assumptions 1, 6, and 7.
Assume that the stepsize a < %, then 1im xj, exists.

Proof Theorem 3.2 of [1] shows that lim x; exists whenever the function satisfies the
Lojasiewicz inequality and the algorithm satisfies the sufficient descent condition. An
immediate consequence of Theorem 4.1 of [1] is that gradient descent with stepsize
o< % satisfies the sufficient descent condition. O

For block coordinate descent and manifold gradient descent, Bolte et al. [14] showed
a similar result.
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Proposition 12 (Block coordinate descent limit exists [14]) Let f satisfy Assump-
tions 3, 6, and 7. Assume that o < LL,,’ then the block coordinate descent iterates
attain a limit, lim x; exists.

Proof This is proved in Theorem 1 and Sect. 3.6 of [14]. O

Proposition 13 (Mirror Descent limit exists [15]) Under Assumptions 4, 5, 7, and 6
with a < %, then the mirror descent iterates attain a limit, lim x; exists.

Proof This follows from a minor modification of Bolte et al. [15], which studies
mirror descent on composite functions of the form ¥ (x) = f(x) + g(x) , where f is
smooth and differentiable and g is proper and lower semicontinuous. For our setting,
we choose g as the indicator function of M, g(x) = 1);(x). Bolte et al. assume that
dom(®) = R”, but this is only used in Eq. (4.7) of [15]. The same result can be
obtained by the strong convexity of @ over the domain X = D N M and using that
Xk+1 — X € 7. Equation (4.7) with

1
fOx) = f(xrt1) = (E - L) (@ (xXp11) — D (k) — VO (1) (X1 — x1))

1 1

= (&_L> /dfE(xk+1—xk)TV2¢(xk+f(xk+1 — X)) (X1 —X%)
1 iz

> (— —~ L) = Il — xell®
o 2

The right-hand side is the same as Eq. (4.7) of [ 15], so the rest of the argument proceeds
exactly as in Theorem 4.1 of Bolte et al. O

Remark 5 For functions f that do not satisfy the Lojasiewicz inequality, it is possible
to prove that limy, x4 exists under the assumption that the critical points are isolated and
Assumption 7. The strategy is standard in the literature and can be found in [31,35],
so we omit the details in the sketch below.

Let {x;}ren be the trajectory of any of the algorithms discussed and §2 be the set
of limit points. First, £2 is non-empty due to Assumption 7. Since the algorithms are
sufficient descent methods, it can be shown £2 consists of critical points, and is a
compact, connected set.

Finally, by the assumption that the critical points are isolated, it follows that §2 is a
singleton critical point (since §2 is connected), i.e., 2 = {x*} and hence limy x; = x*.

6 Conclusion

We have shown that first-order methods with random initialization and appropriate
constant step-size do not converge to a strict saddle point. Our results apply to gradi-
ent descent, proximal point algorithm, coordinate descent, block coordinate descent,
manifold gradient descent and mirror descent. The key common insight in analyz-
ing all these optimization methods is to treat these algorithms as dynamical systems.
Every strict saddle point is shown to be locally unstable for these first-order methods
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and applications of the center-stable manifold theorem suffice to characterize the local
behavior. As long as the mapping induced by the optimization method is sufficiently
well behaved, e.g. local diffeomorphism, these local arguments can be extended to the
whole domain. Proving the instability of saddle points as well as the smoothness and
invertibility of the corresponding maps depends upon careful instantiations of these
generic arguments (e.g. choice of step-size) on a case-by-case basis. The global insta-
bility of saddle points for first-order methods is many times informally invoked without
careful discussion about the necessary technical conditions needed to formalize these
arguments. We hope that this work will help ground these arguments on a unified
formal foundation. We end this paper with a brief discussion of some open directions:

Step-size It is not clear if the step size restrictions are necessary to avoid saddle
points (e.g. « < 1/L for gradient descent; see Panageas and Piliouras [42] in which
examples are provided where @ < 2/L is necessary for gradient descent). Most of
the constructions where the gradient method converges to saddle points require fragile
initial conditions as discussed in Sect. 3. It remains a possibility that adaptive choice of
step-size by Wolfe Line Search or backtracking, may still avoid saddle points provided
the initial point is chosen at random.

Strict saddles It is also important to understand how stringent the strict saddle assump-
tion is. Will a perturbation of a function always satisfy the strict saddle property? Adler
and Taylor [5] provide very general sufficient conditions for a random function to be
Morse, meaning the eigenvalues at critical points are non-zero, which implies the strict
saddle condition. These conditions rely on checking that the density of V2 f(x) has
full support conditioned on the event that V f'(x) = 0. This can be explicitly verified
for functions f that arise from learning problems. Similar arguments for applications
that arise in game theory are developed in Kleinberg et al. [30].

However, we note that there are very difficult unconstrained optimization problems
where the strict saddle condition fails. Perhaps the simplest is optimization of quartic
polynomials. Indeed, checking if zero is a local minimizer of the quartic

fo) =" qijxix;

i j=1

is equivalent to checking whether the matrix Q = [g;;] is co-positive, a co-NP com-
plete problem. For this f, the Hessian at x = Ois zero, sox = 01is a second-order KKT
point, but not necessarily a local minimizer. By the change of variables z; = xl.z, we see
that checking local minimality in a problem with quadratic objective and non-negative

inequality constraints is also co-NP complete.

Speed of convergence Although gradient descent can take exponential amount of time
to escape from saddle points at least for some carefully constructed non-convex func-
tions [22], its stochastic counterparts perform much better [28]. It would be interesting
to characterize these hard instances to the extent possible and to understand whether
they are indeed prevalent in applications of interest (e.g. deep learning). In the other
direction, it would be rather useful to show that all first-order methods can be sped up
by switching to carefully chosen stochastic variants.
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Beyond saddle points Even if saddle points are provably avoided, there can be mul-
tiple local minima of widely different objective value. The performance of first-order
methods would depend crucially on whether they converge for most initial conditions
to nearly optimal global minima. Panageas and Piliouras panageas2016average ana-
lyze such a game theoretic application and show that indeed the size of the region of
attraction of the good local optima dominates that of the bad local optima implying
nearly optimal average case performance. Such arguments depend crucially both on
the setting as well as on the chosen optimization method and it would be interesting
to explore their applicability in other settings.

A Proof of Claim 4

Proof We assume that a|ejTsz| < sz H2 for all j € {1,...,n}, for some § to
be chosen later. For the base case j = 2, it holds that [|y; — 221, = |lz1 — 22, =
ale] Hzi| < 8llz1lla < 28 |ly:ll; and [lz2ll, < (1 + 28) [|y¢ll,- Suppose for j > 2
that |y, —z;|, < 2(j — D)8 lly¢ll, and thus |z;{, < [1+2(j — )81yl . Using
induction and triangle inequality we get
[ye = zjally < |y = zill, + Mz = 2,

=2(j — DS Iyl + erle] Hzj|

<20 = D8yl + 8 ”Zj ||2

<2(j = Dallyella + 611 +2( — D3I llyell»

=2j8lyellz,

where we assume § < ﬁ so that 2(j — 1)§ < 1 for all j € [n]. Using the above

calculation,

ale] Hy| < alel Hzi| + ale] H(y: — z0)l
< 8llzilly + o | Heilly llyr — zill
< 8(1+2G — D8) lyell, +a | Heilly (2G — 1)8) llyell
< 8(1 + 2nd + 2naL) vzl -

Thus o [|Hy; ||, < ﬁc‘i(l +2né + ZnaL) lly¢1l5, and

Jn
Omint () lyell = 1 Hyill, < 75(1 +2n8 + 2nalL) Iy, ,

where o,;,+ is the smallest non-zero singular value of H. Thus by choosing § small
enough such that

it (H) > ‘/—55(1 +2n8 + 2narlL),
(0%

we have obtained a contradiction. O
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B Proof of Proposition 7

Proof Let H = V2f(x*), J = Dg(x*) = [[’_,(I — aPs, ,,,H), and yo be an
eigenvector of the Hessian at x*.

The proof technique is very similar to that of the proof of Proposition 5. We shall
prove that | J'yol, = (1 + n)". Hence by Gelfand’s theorem J must have at least
one eigenvalue with magnitude greater than one.

We fix some arbitrary iteration ¢ and let y; = J’yy. We will first show that there
exists an € > 0,

vl Hyri1 < (4 eyl Hy,, (13)

forallt e N.Letzy = y;and zjy1 = ([ —aPsH)zi =z — o Zjes[(eerZi)é’j’ 80
that y,41 = Jy: = zp+1. We get that

ziTHHziJrl = z,-T — 2« Z(ejTHz,')e]T Hlzi—« Z(eJTHz,-)ej

jesi jeS;
T
=z Hz — 20 Z(ejTHz,-)2+ot2 Z(EJTHZi)ej H Z(e]THzi)ej
jesi jesi jes;
2
<zl Hz — 2a Z(e]THz,»)2 + 2L Z(e;Hz,-)ej (using | Hs, ||2 <L)
JESi JES; 2
2
=2/ Hzi —a —aLy) | > (el Hz)e;
JESi 5
2
<z Hzi -« Z(eerZi)ej (using L < 1).
JE€Si 5

Thus ziT Hz; is a decreasing (non-increasing) sequence.
We shall prove that there exists an i € [b] so that z/, | Hz; 1 < (14 8)z] Hz; for
some global constant § to be chosen later.

Claim Let y; be in the range of H. There exists ani € [b] so thata )
8 ||zi ||, for some § > 0.

Tg.,.
JESi ‘ej HZ” =

To finish the proof of the lemma, suppose that Claim B applies. Then by Cauchy—
Schwarz, there exists an index i such that
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T T T 2
ZigHziy1 <z Hzi —a Z(zi Hej)
JESi
2

)
T T 2
z; Hej‘ <z Hzi = —— Izl

o

T
<z Hzj — —
n
JESi

However, w” Hw > Amin(H) w3 > —L [|w]|3, hence we get that
T 82 T
Zi+1HZ1'+1 < (l + m) Z; HZ['- (14)

‘SLn we showed that yl+1H)’z+1 < (1+e)yl Hy, as long as y; is in

By choosing € =
the range of H.
Assume that y; = yp + ygr. It is easy to see ytTHy, = y7TQHyR and also
yir1 = Jyi = yn + Jyr, hence y© | Hy; 41 = (Jyr)" H(JyR). Therefore from
Inequality (14) proved above, if the starting vector is yr, which Claim B applies too,

then (Jyr)" HJyr < (1 + e)yZzHyR = (L+e)y/ Hy.

To sum up, we showed that y; THy, < (1+ 'y, I Hyg and since yg is an eigenvector
of H (of norm one) with corresponding negative e1genvalue A, it follows that ytT H y, <
A1 +e) Fmally using y/ Hy, > Amin(H) l|y 113, we get [|yelly > (1 + €)'/ 52

Observe that =7+~ (H) > 0is a positive constant, (14¢€)"/? > (14€/4) (sincee < 1/2)

and the proof follows (the parameters as claimed in the beginning will be ¢ =

)tmin(H)
and n = €/4). O
Proof of Claim B We assume that a 3" ;. ‘eerz,' < 8||zill, for all i e [b]. For
base case i = 2, it holds that |y, — z2ll, = llz1 — 2202 = @] X5 EJTHZ1| <

@Y jes, lef Hzil < 8lzilly < 28Iyl and llz2lly < (14 28) lly¢ll,. Suppose for

iz 2that ||y, — zill, < 2@ — D8 ||yl and thus [|zi[l < [1+2G — D8] [yl -
Using induction and triangle inequality we obtain

ly: — zit1lly < llye — zillo + llzi — zit1llo

=20 = DSyl +a|)_ ej H
JESi

<26 = D8Iyl +a Y [ Hz
JESi

<20 = D3 lIyelly + 8 llzill2
<20 = D3 lIyella + 811 +2G — DT llyell
<2i8 |yl

where we assume § < ﬁ sothat 2(i — 1)8 < 1 for all i € [b]. Using the above,
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« X || <o S [erma| v o X [T HO )

jes: JESi JESi

<8lzilla+o [ D [Hejl, | Iy =zl
JESi

<811 +2G — D8Iyl + al2G = DTyl | D | Hey ],
JES;

Since ||Hejll, < omax(H) < L, we get that‘le'es,- ||Hej||2 < |Si| < n and we
conclude

< 2n%8 Iyl - (15)

o Z ‘e]rHy,

JESi

Finally, using Inequality (15) it follows that « || Hy;|, < 2n28ﬁ Iyl Let w €
Im(H) be a vector that is orthogonal to null(H) (since H is symmetric). Then it
holds that [|Hwll, > op;,+(H) llw|l, where o,;,+(H) denotes the smallest posi-
tive singular value of H (greater than zero). Assume that y; € Im(H) and we get

2128 '
Hyll, < "aﬁ ly:1l,. However, ||Hy/|l, > o+ (H) ||yl thus by choosing
2
" o/nd aﬁ b < Opmin+ (H) we reach a contradiction. 0
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