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Abstract

In this paper we consider a class of structured nonsmooth difference-of-convex (DC)
minimization in which the first convex component is the sum of a smooth and non-
smooth functions while the second convex component is the supremum of possibly
infinitely many convex smooth functions. We first propose an inexact enhanced DC
algorithm for solving this problem in which the second convex component is the supre-
mum of finitely many convex smooth functions, and show that every accumulation
point of the generated sequence is an (o, 17)-D-stationary point of the problem, which
is generally stronger than an ordinary D-stationary point. In addition, inspired by the
recent work (Pang et al. in Math Oper Res 42(1):95-118, 2017; Wen et al. in Comput
Optim Appl 69(2):297-324, 2018), we propose two proximal DC algorithms with
extrapolation for solving this problem. We show that every accumulation point of the
solution sequence generated by them is an (c, 1)-D-stationary point of the problem,
and establish the convergence of the entire sequence under some suitable assump-
tion. We also introduce a concept of approximate (o, n)-D-stationary point and derive
iteration complexity of the proposed algorithms for finding an approximate («, 1)-D-
stationary point. In contrast with the DC algorithm (Pang et al. 2017), our proximal
DC algorithms have much simpler subproblems and also incorporate the extrapolation
for possible acceleration. Moreover, one of our proximal DC algorithms is potentially
applicable to the DC problem in which the second convex component is the supremum
of infinitely many convex smooth functions. In addition, our algorithms have stronger
convergence results than the proximal DC algorithm in Wen et al. (2018).
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1 Introduction

Difference-of-convex (DC) minimization, which refers to the problem of minimizing
the difference of two convex functions, forms a large class of nonconvex optimization
problems and has been studied extensively for decades in the literature of mathematical
programming. In this paper we consider a class of DC minimization in the form of

min F(x) := f(x) — g(x), (1.1)
xeRn

where

f@) = fs)+ fulx),  gx) = max v(x, y). (1.2)
y
Throughout this paper we make the following assumptions for problem (1.1).

Assumption 1 (a) f; is a proper closed convex function with a nonempty domain
denoted by dom( f;,).

(b) fs is convex and continuously differentiable on R”, and its gradient V f; is Lips-
chitz continuous with Lipschitz constant L > 0.

(c) Yisacompactsetin R™. Forany y € Y, ¥ (-, y) is convex and continuously dif-
ferentiable on an open convex set 2 containing dom( f;,). Moreover, as a function
of (x, y), ¥ is continuous on 2 x Y.

(d) The optimal value of (1.1), denoted as F*, is finite.

It is not hard to observe that both f and g are convex but possibly nonsmooth.
In addition, g is finite and continuous on €2, and F : R" — (—o00, 0o] is lower-
semicontinuous with dom(F) = dom(f) = dom(f,). Applications of DC problem
(1.1) can be found in sparse recovery [9,11], digital communication system [1,13],
assignment allocation [17] and low-rank matrix optimization [11].

The classical difference-of-convex algorithm (DCA) is broadly used in DC pro-
gramming (e.g., see [8—10,14]) and can be applied to problem (1.1). Given an iterate
x¥, DCA generates the next one by solving the convex optimization problem

1 e Argmin f(x) — (05, x)
xeR”

for some v* € dg(x¥). By exploiting the structure of f, the proximal DCA (PDCA)
has recently been proposed for solving a class of DC programming (e.g., see [9]). It
can be suitably applied to (1.1) for which the new iterate is obtained by solving the
proximal subproblem

L
M1 = argmin £, (x) + (V f; (&%) — v%, x) + EHX — Xk (1.3)

xeR"
for some v¥ € dg(x¥), where L > 0 is the Lipschitz constant of V f;. For possibly

accelerating PDCA, Wen et al. [19] recently proposed a proximal DCA with extrap-
olation (PDCAe) that is also applicable to solve (1.1). In particular, an extrapolation
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Enhanced proximal DC algorithms with extrapolation 371

point 7K = x* 4 Br(xF — x*=1) is first constructed for some B¢ € [0, 1), and the next
iterate is then computed by

L
XK = argmin f, (x) + (V f; (25) — vF, x) + Sl = 2 (1.4)

xeR?

for some vF € dg(x¥). It has been shown that every accumulation point x> of the
sequence {x¥} generated by DCA, PDCA and PDCAe is a critical point of problem
(1.1), that is, 3 f (x*°) N g (x*°) # .

By exploring the structure of g, Pang et al. [13] recently proposed a novel enhanced
DCA (EDCA) for solving problem (1.1) with )’ being a finite set. For the sake of
convenience, assume Y = {1, ..., I} and ¥ (x, i) = ;i (x) forevery i € ). Given the
iterate x*, EDCA first solves the following convex optimization problems

XM = argmin f(x) — (Vi (), x) + %nx — xk? (1.5)

xeR”

for each i € A(x*, ), where A(x*, 7)) = {i € V : ¥ (xb) > g(x*)y — 77} for some
7i > 0. It then generates the next iterate by letting x¥*! = x¥7 with i given by

N . 1 .
i € Argmin F(x*") + = x5 — xK)2. (1.6)
ie A(xk, ) 2

It is shown in [13] that any accumulation point x> of the sequence {x*} generated
by EDCA is a directional-stationary (D-stationary) point of problem (1.1), that is,
9g(x>) € 9 f(x*), which is stronger than the aforementioned critical point.

Although EDCA generally enjoys stronger convergence than DCA, PDCA and
PDCAe, its convergence proof requires an exact solution of its subproblems (1.5).
Since these subproblems are generally not simple and their exact solution typically
requires an iterative scheme, it would be desirable to have a version of EDCA that
would alleviate this requirement. Motivated by this, we propose an inexact EDCA,
referred to as iEDCA, for solving problem (1.1) with ) being a finite set, whose
subproblems are solved only inexactly. In particular, given an iterate x*, iEDCA first
finds an approximate solution x** of subproblem (1.5) such that

dist(0, 3 f (xF1) — Vi (6F) 4+ x5 — xF) < 8¢ 1.7)

foreachi € A(x¥, ) and some 8 > 0. It then generates the next iterate by letting
xk 1 = xki with i given by (1.6). Given that x*/ satisfying (1.7) can be found, iEDCA
is practically implementable. We show that if ) 7-, 8,% < 00, any accumulation point
of the sequence generated by iEDCA is an («, n)-D-stationary point! of problem (1.1)
(see Sect. 2 for the definition) for some o > 0 and > 0, which is generally stronger

! The concept of («, n)-D-stationary point does not exist in the literature yet. We introduce in this paper
such a concept and study some properties of it.
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than an ordinary D-stationary point. Also, notice that iEDCA reduces to EDCA if
8 = 0. As a byproduct, we thus improve the convergence results in [13] on EDCA.

Though iEDCA generally enjoys stronger convergence than PDCA and PDCAe, its
subproblems (1.5) are, however, generally complicated, which require some iterative
method for finding an approximate solution and render the entire algorithm a doubly
iterative method. On the other hand, the subproblems (1.3) and (1.4) of PDCA and
PDCAe are much simpler, which only require evaluating the proximal operator associ-
ated with f,,.> Motivated by this, we propose an enhanced PDCA algorithm, referred
to as EPDCA, for solving problem (1.1) with ) being a finite set, which inherits
the advantages of EDCA and PDCAe. In particular, its subproblems are analogous to
those of PDCAe with extrapolation incorporated for possible acceleration. Moreover,
any accumulation point of the sequence generated by the proposed algorithm is an
(ar, n)-D-stationary point of problem (1.1). We also show that its entire sequence is
convergent under some suitable assumption. We shall mention that the framework of
EPDCA includes EDCA as a special case. Therefore, as a byproduct we also provide
some sufficient conditions on the convergence of the entire sequence generated by
EDCA.

It shall be mentioned that EDCA, iEDCA and EPDCA| are only applicable to
problem (1.1) with ) being a finite set. As remarked in [13], it has remained open
to design an algorithm converging (subsequentially) to a D-stationary point of prob-
lem (1.1) for which ) is an infinite compact set. In this paper we make an attempt
to answer this question. In particular, we propose another enhanced PDCA, referred
to as EPDCA,, for solving problem (1.1) with ) being a (possibly infinite) compact
set. Similar to EPDCA |, the extrapolation scheme is incorporated in this algorithm
for possible acceleration. It is also shown that any accumulation point of the sequence
generated by EPDCA, is an («, 17)-D-stationary point of problem (1.1). The key dif-
ference between this algorithm and EPDCA| and EDCA is that it contains a single
minimization subproblem at each iteration. Even for the case where ) is a finite set,
EPDCA; also distinguishes from EPDCA| and EDCA. Albeit nonconvex in general,
we show that this subproblem can be efficiently solved for some instances of (1.1).

Though EDCA, iEDCA, EPDCA; and EPDCA; converge subsequentially to an
(o, n)-D-stationary point of problem (1.1) in long run, in practical computation one has
to terminate the methods at some approximate (o, 1)-D-stationary point. We introduce
the concept of an approximate («, n)-D-stationary point and study some properties of
it. We also derive the iteration complexity of EPDCA; and EPDCA; for computing
an approximate (¢, n)-D-stationary point of problem (1.1).

The rest of this paper is organized as follows. In Sect. 2, we introduce the concepts of
(o, n)-D-stationary point and approximate (¢, n)-D-stationary point, and study some
of their properties. In Sects. 3 and 4, we respectively propose an inexact enhanced
DCA and an enhanced PDCA with extrapolation for solving problem (1.1) with g
given by a finite supremum and study the convergence of the methods. In Sect. 5, we
propose another enhanced PDCA with extrapolation that is potentially applicable to

2 The proximal operator associated with f;, is defined as prox £ () = argmin{% ly —x ”2 + fu(y)}, which
; Y

can be easily computed for many functions in applications (e.g., see Tables 10.2 and 10.3 in [6] for a list of
such functions).
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problem (1.1) with g given by an infinite supremum and establish its convergence.
Finally, in Sect. 6 we present some concluding remarks.

1.1 Notation

Let R" denote the n-dimensional Euclidean space, (-, -) denote the standard inner
product, and || - || denote the Euclidean norm. Given a function & : R" — (—o0, 00],
we use dom(h) to denote the domain of £, that is, dom(h) = {x € R" : h(x) < oo}.
The directional derivative of & at a point x € dom(h) along a direction d € R” is
defined as

h(x + td) — h(x)
. .

W (x;d) = lim
7l0

Suppose & is additionally convex. We use d4 to denote the subdifferential of & (e.g.,
see [15]). The proximal operator of /2, denoted as prox,,, is a mapping from R” to R"
defined as |

prox; (z) = argmin Sl = ZI? + h(x). (1.8)

xeR"

Given any x € R", we define the level set L(x) := {z € R" : F(z) < F(x)}. For the
function g given in (1.2) and any scalar > 0, we define

A):={y eV : ¢, y) =g}, Ax,n:={yel: ¥,y >gk)—n}l

(1.9)
Clearly, A(x) is the associated active indices in defining g(x). Moreover, A(x, 0) =
A(x) and A(x) € A(x,n) C Y forany n > 0.

Before ending this section, we briefly introduce some concepts of stationarity for
problem (1.1). We refer the interested readers to [13] for the detailed discussion. Given
x € dom(F), x is said to be a critical point of problem (1.1) if 0 € 9 f(x) — dg(x),
or equivalently, 9 f (x) N dg(x) # ¥. In addition, x is called a directional-stationary
(D-stationary) point of (1.1) if F'(x;d) > 0 for all d € R". It is known that x is a
D-stationary point of (1.1) if and only if dg(x) € 9 f(x). It is also known that any
local minimizer of problem (1.1) must be a critical point and also a D-stationary point
of (1.1). In addition, a D-stationary point of (1.1) must be a critical point of (1.1), but
the converse generally does not hold.

2 Preliminaries
In this section we introduce the concepts of («, n)-D-stationary point and approximate

(cr, n)-D-stationary point of (1.1), and study some of their properties. To proceed, we
start with a characterization of D-stationary point of (1.1).
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Proposition 1 Ler o > 0 be given. Then x is a D-stationary point of (1.1) if and only

if

1
% =argmin f(x) — (V¥ (X, y), x — %) + a||x — %%, Vye A®), (.1

xeR”

or equivalently,
X = proxy s (X +aViy(x,y)), Vy € AX). 2.2)

Proof By Danskin’s theorem (e.g., see [3, Theorem B.25]), one has
g'(x;d) = max (Vyy(x,y),d). (2.3)
yeA(x)

Since the objective of problem (2.1) is convex, it follows that (2.1) holds if and only if
f'(x;d) > (Vi (X, y),d)foranyd € R" and y € A(x). Due to (2.3), the latter holds
ifand only if f/(X; d) > g'(x; d) forany d € R", which is equivalent to F'(x; d) > 0
for any d € R", that is, x is a D-stationary point of (1.1). It follows from these and
(1.8) that the conclusion holds. O

From Proposition 1, we see that x is a D-stationary point of (1.1) if and only if

F(x) = f(x) =y &, y) = (Vi (X, ), x = X)

1
+—x —x|%, Vx eR", Vy € A(X).
20

We next introduce the concept of (, 17)-D-stationary point of (1.1) by strengthening
this inequality.

Definition 1 ((«, )-D-stationary point of (1.1)) Given any n > 0 and o > 0, we say
that x is an (¢, n)-D-stationary point of problem (1.1) if it satisfies that

F(X) = f(x) =y, y) = (Va¥ (X, y), x — X)

1
+2—||x —%|I%,Vx € R", ¥y € A&, n). (2.4)
o

One can observe from (2.4) that an (o, n)-D-stationary point of (1.1) is also an
(&, n)-D-stationary point of (1.1) for any € [0, n] and & € (0, «]. We next study
some further properties of («, n)-D-stationary points.

Proposition 2 Let x* be a global minimizer of problem (1.1). Then, x* is an («, n)-D-
stationary of problem (1.1) for any @ > 0 and n > 0,

Proof Since x* is a global minimizer of (1.1), we have that for any « > 0, x € R”
andy € ),

Fx*) < F(x) = f(x) —gx) < f(x) =¥ (x,y) (2.5)
< f) =¥ (x*y) = (Ve (x*, y), x — x7) (2.6)
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1
S @) =Pt y) = (Ve (65, p), x —x7) + el 7 @)

where (2.5) is due to (1.2) and (2.6) follows from the convexity of ¥ (-, ¥). By (1.9),
one has A(x, n) € Y forany n > 0. Using this and (2.7), we obtain that for any & > 0
andn > 0,

F(X*) =< f(x) - W(x*v )’) - <wa(x>k’ y)vx _X*)

1
+5o v —x*|I2, Vx e R", Vy € A(x*, 7).

This together with Definition 1 implies that x* is an («, n)-D-stationary point of (1.1)
forany n > 0 and o > O. O

Proposition 3 Suppose that x is an («, n)-D-stationary point of problem (1.1) for some
n > 0and o > 0. Then, it holds that

IX = proxe ; (8 +a Vi (X, ) | < v2a(g(X) — ¥ (%, y), Vy e AE, m). 2.8)
Consequently, we have

_ _ _ = if X):
17 = prosy (VG {0 YA e @9

Furthermore, X is a D-stationary point of problem (1.1).

Proof Lety € A(X, n) be arbitrarily chosen, and let x ™ = prox,, ¢ (X +a Vi (%, y)).
It then follows from (1.8) that

xt = argmin f(x) — (V4 ¥ (&, y), x — %) + %Hx — x| (2.10)

xeR?

Its first-order optimality condition yields
- 1 + -
Vxl/f(x,y)=&(x —X)+v (2.11)
for some v € 9 f(x1). Hence, we have
+ = +_ 5 Lo+ e
F&T) = (Ve (x, y), x" —X) + Ellx — x|
1
= fOD) + (0, —xF) = — It =)
o
_ 1 _
< f®) = 5ot =3P (2.12)
2a

where the equality is due to (2.11) and the inequality uses the convexity of f. Since x
is an (a, n)-D-stationary point of (1.1), it follows from (2.4) with x = x™ that
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1
fE =@ = faH) —¥E y) — (Vay(F, p), 27 —X) + ZII)CJr — x|

Summing up the above two inequalities yields [|xT — X|| < 2a(g(x) — ¥ (X, y)).
This together with the definition of x* leads to (2.8). In addition, by (1.9), one can
see that ¥ (x, y) = g(x) for every y € A(x) and ¥ (x,y) > g(x) —nforall y €
A(x, )\ A(x). These and (2.8) yield (2.9). Finally, in view of (2.9) and Proposition 1,
we have that x is a D-stationary point of (1.1). O

From Propositions 2 and 3, one can see that an («, )-D-stationary point is generally
stronger than an ordinary D-stationary point. Therefore, it is of interest to develop
algorithms converging (subsequentially) to an (¢, n)-D-stationary point of (1.1) rather
than just an ordinary D-stationary point. In the subsequent sections, we will propose
such algorithms for (1.1). Though our proposed algorithms converge (subsequentially)
to an («, 7)-D-stationary point of (1.1), in practical computation one has to terminate
them at some approximate (¢, n)-D-stationary point. We next introduce the concept
of approximate (¢, )-D-stationary point and study some properties of it.

Definition 2 (e-approximate (&, n)-D-stationary point of (1.1)) Given any €, n > 0,
a > 0, we say that x is an e-approximate (¢, 7)-D-stationary point of problem (1.1)
if it satisfies that

F(x) < f(x) =¥ (x,y) — (Vo (x, y), x — X)
+%I|x — x> 4+e VxeR" Vye AR, n). (2.13)

Proposition 4 Suppose that x is an e-approximate (o, n)-D-stationary point of (1.1)
for some € > 0, « > 0 and n > 0. Then, it holds that

I¥ = prox, s (& + Vi (8, ) | < V2a(g(X) — ¥ (X, y) +€), Vy e AR, ).

(2.14)
Consequently, we have
_ _ - J2ae, if y € A(X);
||x—pr0xaf x+aViyx, )l = {m’ if y e A, n) \ A®). (2.15)

Proof Lety € A(X, n) be arbitrarily chosen, and let x ™ = prox, r(x +a Vi (x, y)).
It then follows from the same arguments as those in the proof of Proposition 3 that
(2.12) holds. Since x is an e-approximate («, n)-D-stationary point of (1.1), it follows
from (2.13) with x = x that

1
fE =@ = faH) —¥E p) — (Vap (&, p), 27 —X) + gllfr —i* +e.

Summing up the above inequality and (2.12) yields |xT — x|
< J2a(g(x) — ¥ (x, y) + €). Using this and the same arguments as those in the
proof of Proposition 3, we can conclude that (2.14) and (2.15) hold. O
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Before ending this section, we establish a lemma that will be used subsequently.

Lemma 1 Suppose that Assumption 1 is satisfied, and let x € Q2 and n > 0 be
arbitrarily given. Then, for any n € [0, n), there exists a scalar y > 0 such that
A(x, ) € A(x, n) whenever ||x — X|| < y.

Proof Suppose for contradiction that the statement is not true. Then there must exist
an7 € [0, n) and a sequence {(x', y')};>0 such thatlim,_, o x’ = X, y' € A(X, 17) but
vyt ¢ A(x', n) for all . By Assumption 1 (c) and (1.9), one can observe that A(X, 77) is
compact. Hence, by passing to a subsequence if necessary, we assume for convenience
that lim, .~ y* = y for some y € A(X, ), which implies ¥ (X, y) > g(X) — 7. On
the other hand, by y’ ¢ A(x’, n) and (1.9), one has ¥ (x’, ') < g(x") — n. Passing
to the limit and using the continuity of ¥ and g, it follows that ¥ (x, y) < g(x) — 7,
which contradicts ¥ (x, y) > g(x) — 1 due to n > 5. The proof is then completed. O

3 Aninexact enhanced DCA for DC problem with finite supremum

In this section we consider problem (1.1) in which g is defined as the supremum of a
finite number of smooth convex functions, namely, the associated ) in (1.2) is a finite
set. For the sake of convenience, throughout this section we assume that

y=_{l,...,1}, Yx, i) =vyi(x), Vi € ). 3.1
It follows from (1.2) that for such ) and (-, -), g can be rewritten as

gx) = [max, Yi(x), Vx eR" (3.2)

Recently, Pang et al. [13] proposed a novel enhanced DCA (EDCA) for solving
problem (1.1) with g given in (3.2). They showed that any accumulation point of the
sequence generated by EDCA is a D-stationary point of problem (1.1). As mentioned in
Sect. 1, EDCA is, however, generally not implementable because it requires the exact
solution of its subproblems. In this section, we propose an inexact EDCA (iIEDCA),
which only requires a suitable approximate solution of its subproblems. Moreover, we
show that any accumulation point of the sequence generated by the proposed algorithm
is an («, n)-D-stationary point of problem (1.1) for some o > 0 and n > 0.

The details of iEDCA are presented as follows.

Algorithm 1 (The inexact enhanced DCA (iEDCA))

0. Input x° € dom(F), 7 > 0 and a sequence {8y} C R such that B := Yo 6,% <
oo. Setk < 0. ‘
1. For each index i € A(x*, ), find an approximate solution £¥ of the problem

m
xeRn

1
in {Qk,i(x) = f(x) — Y (F) — (Vi (6F), x — x5y + Sl = x"||2} (3.3)
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such that _
dist (o, 90k (FF )) < 5. (3.4)

2. Leti € Argmin; ¢ gk 5 {F@EST) + 3I#5T — x¥[12} and set x*+1 = gk,
3. Setk < k+ 1 and go to Step 1.

End.

Remark 1 The above approximate solution £X7 of (3.3) can be found by some iterative
methods such as proximal gradient method. In addition, Algorithm 1 reduces to EDCA
if 8 = 0.

In what follows, we conduct convergence analysis for Algorithm 1.

Theorem 1 Suppose that the function g is in the form of (3.2) and x° is a point such
that the level set {x € R" : F(x) < F(x°)+ B/2} is bounded. Let {x*} be the sequence
generated by Algorithm 1. Then the following statements hold.

(i) The sequence {x*} is bounded.

(i) limg oo [ — 1) =0,
(iii) limg— oo F(xX) exists and limy_, oo F(x¥) = F(x*°) for any accumulation point
x® of {x*}.

(iv) Any accumulation point of {xk} is an (o, n)-D-stationary point of (1.1) for any
o € (0,1]and n € [0, ).

Proof (i) For any k > 0 and i € A(x*, ), it follows from (3.4) that there exists

some s € an,i(ik’i) such that ||s|| < &x. Moreover, one can observe that Qg ; (x) is
strongly convex with modulus 1. Hence, we have

. . 1 .
Oki(x) > Qui (5 + 5T (x — 701 + Sl = 02, vx e RY,
which leads to

. L y 1 Ry
Qi (x) = min {Qk,i(xk’l) 57— &) + Sl - & ||2}

2
» s
= Qk,,-()?k") — —” 2” , VYxe R".

This together with ||s|| < §; implies that

o 5
O By < Qpi(x) + ?k Vx € R". (3.5)

By (3.2), (3.3), the convexity of ¥, (x), and Step 2 of Algorithm 1, we obtain that
L L L 1 ..
Qui G5 = FEM) = i () — (Vi (), 257 — ) + IR =217 36)
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> fER) — g R + - ||A’“ K12 (3.7
> fER — g3 ||A’”— o (3.8)

ki o 1
=F(xk~')+5||xk*’ SR R A R Bttt R )

where (3.7) follows from the convexity of v; (x), (3.8) is due to (3.2), and (3.9) is by
Step 2 of Algorithm 1. It then follows from (3.5) and (3.9) that for any k > 0 and
i € AR, ),

1 5
FED 4+ 2 —abP < i) + 55 Ve e R (310)

By letting i € A(x*) and x = x* in (3.10), we obtain that

1 87 87

FO < PG 4+ 2 =22 < 06 + 2 = F0 =i +
82

= Fu+ 7, 3.11)

where the last equality follows from i € A(x*) and (1.9). Hence, for any k > 0, we
have

k 1
B
Fab) < FGO) + 5 252 < FGO) + .
i=0 2

which together with the boundedness of the level set {x € R" : F(x) < F(x°) + B/2}
implies that statement (i) holds.
(ii) It follows from (3.11) that for any k£ > 0,

K+ — k)2 < 2F (%) — 2F (k) 4 82,
Hence, we obtain that for any j > 0,
Z Kt — X512 < 2F 0y — 2F (/1) + Zék <2Fx%) —2F* + B < oo,
k=0
which implies that statement (ii) holds. '
(i_ii) We first show that limy_, o F(x") exists. For all i > 0, let A; = F(x‘“) —
F(x"), Al = max(A;,0), A; = max(—A;,0). It is clear that A; = A — A

for all i > 0. In addition, by (3.11), one can see that Al.+ < 8i2/2 for every i > 0,
which along with the fact that }7° 87 < oo implies that ) ;o Al < oo. By this
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and A;’ > 0 for all i > 0, we have that {Z{Lo A;’} converges as k — 00. Also, by
A; = F(x'!)y — F(x") and A; = A} — A7 forall i > 0, we obtain that

k

Xk:Ai_:Xk:Af_Xk:Ai =Y AF+FQ%) = FaFHY < AT + F(O) — 7
i=0 N

k
i=0 i=0 i=0 i=0

which along with Y2 AT < oo implies that } ;2 A7 < co. By this and A7 > 0
for all i > 0, we have that {Zfzo A, } converges as k — oo. Notice that

F(xEh = F(x0)+ZA—F(xO)+ZA+ ZA

which together with the convergence of {Zf'{:o A?‘} and {Z{‘C:() A7} implies that
limy_, o0 F(x¥) exists.

Let ¢ = limg_ o0 F(x¥), and let x> be any accumulation point of {xk}, whose
existence is ensured by statement (i). We next show that F(x*°) = ¢. By (3.3) and
(3.10), we have that for any k > O and i € Ak, ),

52
F**h) < Qi) + 7"
= f(x) — ¥ (F) — (Vi (2F), x — x5
2
+%le—x"llz+%", Vx € R". (3.12)

Since x™ is an accumulation point of {x*}, there exists a subsequence K such that
limgsp oo XX = x®. Let n € [0, 7) be arbitrarily chosen. It then follows from
Lemma 1 that A(x>, n) € A(x¥, ) for sufficiently large k € K. This together with
(3.12) yields that for all k¥ € K sufficiently large,

FOMY < £ — i 68 — (Vg (65), x — x5

2

1 8
+5lx —xq12 + ?" Vx e R", Vi e A, n).  (3.13)
Notice that limg 58 = 0 due to Z,fio 8,% < o00. Also, recall that ¢ =

limg_ o0 F (xk ) and that ¥; and V; are continuous on the open set €2 containing
dom( f). Using these and taking limit of both sides of (3.13) as L 3 k — oo, we have

1
¢ = f(X)—lﬁi(xoo)—Wlﬁi(xoo%x—X°°)+§||x—xo°||2, Vx e R", Vi e A(x™, n).
(3.14)
By letting x = x*° and i € A(x*) in (3.14) and using (1.9), we have ¢ < F(x).
On the other hand, by lim;cak_moxk = x®, ¢ = limg_ oo F(x*) and the lower-
semicontinuity of F, one has F(x®) < ¢. Hence, limy_, oo F(x*) = ¢ = F(x*®).
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(iv) By ¢ = F(x®°), one can rewrite (3.14) as

F(x®) < f(x) =i (x%) = (i (x™), x — x*)
+%|Ix —x®|%, Vx eR", Vi € Ax™, n).

It then follows from the arbitrarity of n € [0, 77) and Definition 1 that x*° is an («, n)-
D-stationary point of (1.1) for any « € (0, 1] and n € [0, 7). O

Remark 2 Since Algorithm 1 includes EDCA as a special case, Theorem 1 also holds
for EDCA. Consequently, it provides some new results for EDCA, particularly, the
ones in statements (iii) and (iv).

4 An enhanced proximal DCA with extrapolation for DC problem with
finite supremum

Though iIEDCA generally enjoys stronger convergence than PDCA and PDCAe, its
subproblems (1.5) are, however, generally complicated, which require some iterative
method for finding an approximate solution and render the entire algorithm a dou-
bly iterative method. On the other hand, the subproblems (1.3) and (1.4) of PDCA
and PDCAe are much simpler, which only require evaluating the proximal operator
associated with f;,. Motivated by this, in this section we propose an enhanced PDCA
algorithm, referred to as EPDCA 1, for solving problem (1.1) with g given in (3.2),
which inherits the advantages of iEDCA and PDCAe. In particular, its subproblems
are analogous to those of PDCAe with extrapolation incorporated for possible accel-
eration. Moreover, any accumulation point of the sequence generated by the proposed
algorithm is an («, n)-D-stationary point of problem (1.1).
The details of EPDCA | are presented as follows.

Algorithm 2 (The first enhanced PDCA with extrapolation (EPDCA())

0. Input x* € dom(F), 7j, ¢ > 0 and {B,};>0 C [0, \/c/L) with sup, B; < +/c/L.
Setx~ 1 = xO, k < 0.

1. Set 2k = xF 4 gr(xF — x* 1.

2. For each index i € A(x¥, ), compute 257 as

~k i . c L
0 = argmin { 4 (x) + =[lx — xF)> + Zx = 22, 4.1
oRn 2 2

where

Ui () = fu(0) 4+ £ (@) + (VFED), x = 25) — v 00 — (Vg (6F), ¢ — x5).

»

Leti € Argmin gt 7y | FG5) + S 257 — x¥[2). Set xht! = 361,
4. Setk <k + 1 and go to Step 1.

End.
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Before studying its convergence, we make some remarks on Algorithm 2.

Remark 3 (a) Algorithm 2 is motivated by PDCAe [19]. However, it differs substan-
tially from PDCAe in two aspects. Firstly, Algorithm 2 solves possibly multiple
convex subproblems every iteration while PDCAe only solves one convex subprob-
lem. Secondly, compared to the subproblem (1.4) of PDCAe, the subproblem (4.1)
of Algorithm 2 has an additional proximal term c¢|x — x¥||?/2. These two new
features are crucial for establishing (subsequential) convergence to an («, n)-D-
stationary point of Algorithm 2.

(b) EDCA can be viewed as a special case of Algorithm 2. Indeed, Algorithm 2
reduces to EDCA by choosing 8, = 0, fy =0, f, = f, L = 0and ¢ =

1, assuming 1/0 = oco. An immediate consequence of this remark is that any
convergence result of Algorithm 2 also holds for EDCA.

(c) The subproblem (4.1) is equivalent to

" (ka + L — V@) + Vi (xk>>
x5 =prox 1 . .
L+c/n L+c¢
Consequently, it has a closed-form solution when the proximal operator of f;
admits a simple calculation (e.g., see Tables 10.2 and 10.3 in [6] for a list of such
functions).
(d) The parameters ¢ and {f;};>0 can be chosen by the restarting scheme [12]. In
particular, one can set ¢ = 2L for some 7 € [0, 1], and B = t(6;—1 — 1)/6;,

where
14 /14467
0_1=6p=1, 64| = ———,
2
and reset 6,1 = 6; = 1 whent = T,2T,3T, ... for some positive integer 7.

It is not hard to verify that such ¢ and {8;};>0 satisfy {8;};>0 < [0, +/c/L) and
sup, B < +/c/L as desired.

In the rest of this section we will study the convergence properties of Algorithm 2. In
particular, we first show that any accumulation point of the sequence {x} generated
by Algorithm 2 is an («, n)-D-stationary point of problem (1.1) for some o > 0
and n > 0. Secondly, we establish convergence of the entire sequence {x*} under
the so-called Kurdyka-t.ojasiewicz (KL) condition. Finally, we derive the iteration
complexity of Algorithm 2 for computing an approximate (¢, )-D-stationary point.
Since EDCA can be viewed as a special case of Algorithm 2, all these theoretical
results also hold for EDCA.

4.1 Subsequential convergence to an (a, 17)-D-stationary point

In this subsection we show that any accumulation point of the sequence {x¥} generated
by Algorithm 2 is an (c, 17)-D-stationary point of problem (1.1) for some « > 0 and
n>0.
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Theorem 2 Suppose that Assumption 1 holds, the function g is in the form of (3.2),
and x° is a point such that L(x°) is bounded. Let {x*} be the sequence generated by
Algorithm 2. Then the following statements hold.

(i) The sequence {(xK} is bounded.
(i) limgo oo o — 2471 = 0.
(iii) limg— oo F(x¥) exists and limy_ oo F (x*) = F(x) for any accumulation point
x> of {x*}.
(iv) Any accumulation point of {x*} is an («, n)-D-stationary point of (1.1) for any
a € (0,(L+c) Nandn 0, 7).

Proof (i) By (4.1), the convexity of fs and v, the Lipschitz continuity of V fs, and
Step 3 of Algorithm 2, we have that forall k > 0 and i € A(xk, n),

FG5) 4 65 = i (68 = £+ (VAEED, K =25+ £65) = i (b

“4.2)
> fi(Z5) + [ G5 4 (VA E, 75T = 2Ky — (Vg (oK), 1250 — XK
L ., L c ki
+ Enx’” -2 - Enx" — 12+ znx" — 2R =y (5 (4.3)
> £ @5 4 f G5 — g (5 — (Vg (R, 75— xR
L .
- Sl = %uxk — gk )2 (4.4)
Ny Ny N L c ak.i
> fi @)+ fuGR) — g GR — Enxk - 1P+ 5||x" — k2 4.5)
o b i N L c N
> £ @)+ £ G5 — max gy G — Sk = 22 4 Sk = 202
i€y 2 2

i L c i
= F@E) = Sl = 2917 + S Ik = 25792
2 2
k+1 Lok k2, Sk k+1}2
> F(x )—Ellx —z'| +§||x =X (4.6)
where (4.2) and (4.5) are respectively due to the convexity of f; and ¥, (4.3) follows
from (4.1), (4.4) is by the Lipschitz continuity of V f; and (4.6) is due to Step 3

of Algorithm 2. Notice that A(x¥) < A(x*, 7). It follows from (4.6) that for any
i € A(x¥), we have

F(x*y = £,65) + fu6F) — i (6F) = FeFH — %nxk -2+ gnxk — X2

This, together with 8 := sup, B: < +/c/L and K= xk 4 Br(x* — x*1), gives us
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c L
F(xMh 4 znx"“ — k12 < Fef) + Enx" — 22
LB -
< F(M + Tuxk — X112

C
< F(x*) + 5||xk — xk=12 (4.7)

Hence, {F(xk) + %ka — xk-1 ||2} is non-increasing. It then follows that for any & >
0’

C C
F(x*y < F(eb) + Enx" — 12 < PO + 5||x° xN2 = FiY),

which along with the boundedness of L(x%) implies that {x¥} is bounded.
(i) It follows from (4.7) that for all k > 0,

c— LB? LB2
Co LB ke kg2 < (F(xh + Tﬂuxk — xk ||2)

2
L_2
_ (F(xk+l) + %”xk—&-l _xk“2> ’

which together with x ! = x© yields that for any integer j > 0,
—L .
< ’3 Z I — < F&Y)—Fa) < FQY-F*, @48

By this and B < /c/L, one can see that limg_, oo [|x¥ — x*~1|| = 0.

(iii) Recall that {F (x*) 4+ §[lx* — x*=1||?} is non-increasing and bounded below.
Hence, limy_, oo { F (x¥) + %ka — xk=1)12} exists. This, together with statement (ii),
implies that limg_, oo F (x%) exists.

Let x> be any accumulation point of {x¥}, whose existence is guaranteed by state-
ment (i). We next show that F(x®°) = limg_ oo F (x¥). By (4.1), (4.3) and (4.6), we
have that for all i € A(x¥, 7}),

FOM < Pk + %ka — k2

<f (zk) + GO (VA B = ) — (Vg ), 24— 2

ZIR = A 4 St — P g (49)
< £(@) + fu0) + (VEED, x — 25 — (Vi 6F), x —xF) + %nx — 212

+ gnx" — x| = yixb), vx e R7 (4.10)
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where (4.9) follows from (4.3) and (4.6), and (4.10) is due to (4.1). Since x*° is an
accumulation point of {x¥}, there exists a subsequence K such that limjsj_, o X* =
x%°. By this, z¥ = x* + gr(x* — xk=1), B¢ € [0, /c/L) and statement (ii), one has
limpcspos 0o XX = X and limgesp_s o0 25 = x™. Lety € [0, 7)) be arbitrarily chosen.
It then follows from Lemma 1 that A(x>, 1) € A(x*, 7)) for sufficiently large k € K.
This together with (4.10) yields that for all k£ € /C sufficiently large,

FMY < £, + fu(0) + (V5 x — 25
(V) x — ) %nx R

+§||xk—x||2—wi(xk), Vx € R, Vi € A™, n). @.11)

Notice from Assumption 1 that f;, V f, ¥; and Vi; are continuous on the open set 2
containing dom( f;,). Using this and taking limit of both sides of (4.11)as KC 5 k — oo,
we obtain

¢ < fs(x®) + fu(x) +(V(x°) = Vi (x*°), x — x™)
L
= I )

< fO) =¥ (%) — (Vi (™), x —x)

L
+ %Hx —x®|2%, Vx e R", Vi € Ax™, 1), (4.12)

where ¢ 1= limg_ o0 F (x*) and (4.12) follows from the convexity of f; and the relation
f = fs+ fa-Lettingx = x*in (4.12), we have ¢ < f(x*°)—¢; (x*°), Vi € A(x™>),
which along with (1.9) yields ¢ < F (x°°). On the other hand, by limjcsg_ o0 X = x*°,
=limgoo F (x" ) and the lower-semicontinuity of F, one has F(x°°) < ¢. Hence,
limg, o0 F(x*) = ¢ = F(x®).

(iv) By ¢ = F(x®°), one can rewrite (4.12) as

F(x®) < fx0) = ¥ (x™) — (Vi (x%), x —x*)

L+c¢
lx — x®|%, Vx e R", Vi e A(x®,n).

It then follows from the arbitrarity of n € [0, ) and Definition 1 that x*° is an («, 1)-
D-stationary point of (1.1) for any @ € (0, (L + )" and n €[0,n). O

4.2 Convergence of the entire sequence

In this subsection we study the convergence of the entire sequence {x*} generated by
Algorithm 2 based on the following concept of Kurdyka—t.ojasiewicz (KL) property.
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Definition 3 (KL property) A lower-semicontinuous function 4 is said to be a KL
function if for any ¥ € dom(dh),> there exists a scalar ¥ € (0, o], a neighborhood
U of x and a continuous concave function ¢ : [0, k) — R such that:

(i) ¢ is continuously differentiable on (0, «) with ¢’ > 0;
(ii) For any x € U with h(x) < h(x) < h(X) + «, it holds that

@' (h(x) — h(X)) - dist(0, dh(x)) > 1.

It is known that the KL property holds for a wide range of functions in applications. For
example, any proper closed semialgebraic function is a KL function. Moreover, with
the aid of the KL property, the convergence of the entire sequence can be established
for various iterative algorithms (see, for example, [2] for more discussion).

To establish the convergence of {x*}, inspired by [19] we introduce the following
auxiliary function H : R" x R" — (—o0, 4-00]:

H(x,y) = F(x) + gux IR = ) 4 fax) — g () + gnx A @13)

We first prove the following lemma that will be used subsequently.

Lemma 2 Let {x*} be the sequence generated by Algorithm 2. Suppose that H is a
KL function and the premise of Theorem 2 holds. If there exist a scalar vy > 0 and K
such that

dist (0,00, 0H (5, ) = wo (la* = x5+ It = 2 k= K,
(4.14)
then the entire sequence {x*} converges.

Proof Let I" denote the set of accumulation points of {xk}, and let w* = (xk, xk_l)

for all k > 0. By Theorem 2 (i) and the definition of I', one can easily see that I is a
compact set. In view of (4.7) and (4.13), B = sup, By < +/c/L and wk = (xk, xk=1,
one has

HWM + o IxF = x5 112 < HwY), vk >0, (4.15)

where v = (¢ — LB?)/2 > 0. Hence, {H (w")} is non-increasing. In addition, one
can observe from (4.13) and Theorem 2 (ii) and (iii) that limg_, oo H (w¥) = ¢, where
¢ = limg_ o0 F(x%). Also, recall from Theorem 2 (ii) that limy_, o [|x* —x*~1|| = 0.
In view of this, it is not hard to show that the set of accumulation points of {w},
denoted as T, is given by I' = {(x, x) : x € I'} and is compact. This together with
Theorem 2 (iii) implies that H (w) = ¢ forany w € I'.

Recall from above that { H (w¥)} is non-increasing and limy_, oo H (wk) = ¢. There-
fore, one of the following two cases must occur:

Case (a): there exists some K| > 0 such that H (w*) = ¢ for all k > K.

Case (b): H(w*) > ¢ forall k > 0.

To prove that the entire sequence {xk} converges, it suffices to show that Z,fio ||xk —
x¥=1|| < 0o. We next prove this by considering the above two cases separately.

3 dom(dh) = {x € dom(h) : dh(x) # @}.
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Suppose that Case (a) holds. By (4.15), we have lxk — xk=1)| = 0 for all k > K.
Then it is clear that ) po, [|lx* — x¥=1|| < oco.

Suppose that Case (b) holds. Recall that I is a compact set, H is constant on I’
and H is a KL function. It follows from these and [4, Lemma 6] that H satisfies the
so-called uniformized KL property. That is, there exist some scalars § > 0, « > 0
and a function ¢ that is continuous concave nonnegative in [0, k) and continuously
differentiable on (0, k) with ¢’ > 0 such that

@' (H(w) — ¢) - dist(0, 9H (w)) > 1 (4.16)

for all w satisfying B
dist(w, ') <48, ¢ < Hw) < ¢ +«. 4.17)

Since I is the set of accumulation points of {w*} and T is compact, it is not hard to see
that limy_s oo dist(wk, ) = 0. Also, notice that limy_ s H(wk) = ¢ and H(wk) > ¢
for all k > 0. Hence, there exists K, such that w* satisfies (4.17) for all k > K>,
which implies that (4.16) holds at w for all k > K. In addition, by the concavity of
¢ and (4.15), we have that for any k > 0,

¢’ (H(w") — O)[H ") — H(w")]
v (H (k) — o) lxF — X112,

o(Hw") —¢) —p(Hw*) - ¢)

vV v

where the first inequality follows from the concavity of ¢ and the second one is due
to (4.15). This, together with the KL inequality (4.16), leads to

1 < ¢'(Hw") = ¢) - dist(0, 0 H (w*))

_eHW —¢) — p(H@) — ¢)

- dist(0, 8 H (wk)),
= vp [k — kT2 (@, OH W)

for any k > K> such that lx* — x*=1) £ 0. By this relation and (4.14), one has that
for any k > K¢ := max{K, K>} such that || x* — x¥~1|| £ 0,

Ik — 2 = 2 (p(H @b - ) - p(H@*) - 0))
Vi

x (It = k= et = k)
112w Ny _ -y K1y _ Lok k-t
54[v1 (o(H @ o) —pHW = 0) + St =241

1 k—1 k=2 ?
It - ||},

where the second inequality follows from the fact that ab < (a + b)*/4 for any a
and b. Taking the square root of both sides of this relation and rearranging the term
lx* — x*=1||, we obtain that for any k > K such that ||x* — x*=1| %0,
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2
Ik = = 22 (p(H@h) = ©) = p(H@ ) = 0)
Vi

1, B 1 _
+§||xk L 2||—§||xk—xk . (4.18)

Recall that ¢’ > 0 on (0, ). This together with {H (wk)} non-increasing and { <
H(wk) < ¢ 4 « for all k > Ky yields that o(H (w*) — ¢) — p(Hw**1) —¢) >0
for all k > Ko, which further implies that (4.18) also holds for any k > K such that
lx* — x*=1|| = 0. Hence, (4.18) holds for all k > K. Notice that ¢ is nonnegative in
[0,x) and { < H(wX) < ¢ +« forall k > Ky. It follows that ¢ (H (w¥) — ¢) > 0 for
all k > K. Summing up the inequality (4.18) from k = K to oo yields

ad 2c 1
>k =N = = p(H W) — o) + Enx’“—l — xKo=2),
1
k=K

which implies that Z,fio [lx* — x¥=1|| < oo also holds for Case (b). The proof is then
completed. O

Equipped with Lemma 2, we are now ready to establish the convergence of the
entire sequence {x¥} generated by Algorithm 2.

Theorem 3 Ler {xX} be the sequence generated by Algorithm 2 and T the set of
accumulation points of {x*}. Suppose that the premise of Theorem 2 holds. Then
the entire sequence {x*} converges to an («, n)-D-stationary point of (1.1) for any
o € (0, (L+c¢)"andn € [0, 7) if one of the following additional conditions holds:

(1) One of the elements of T is isolated.

(i1) The function H defined in (4.13) is a KL function and Vi (x) is locally Lipschitz
continuous for all i € Y. Moreover, for each x € T, A(x) is a singleton and
satisfies

g(x) — max v;(x) > 27, (4.19)

ieA°(x)

where A°(x) = Y \ A(x).

Proof Inview of Theorem 2, it suffices to show that the entire sequence {x*} converges.

We know from Theorem 2 that limg_, o [|[x* —x¥~1|| = 0. Suppose that one of the
elements of I is isolated. By this, limy_ ||xk — xk=1 || = 0, and a similar argument
as in [7, Proposition 8.3.10], one can show that {xk} is convergent.

Suppose that the condition (ii) in the statement of Theorem 3 holds. In view of
Lemma 2, it suffices to show that (4.14) holds for some vy and K. Let x € I" be
arbitrarily chosen. Due to our assumption that A(x) is a singleton, A(x) = {i} for
some i € Y. Since y; is continuous for each i € ) and ) is a finite set, there exists
8 > 0 such that [{; (x) — ;i (x)] < /2 foralli € ) whenever |x — x| < 2§. This,
together with (4.19) and A(X) = {i}, implies that

Ax) = (i}, glx) — IBla)(; : Yi(x) > n, whenever |x — x| < 2§. (4.20)
ieA°(x

@ Springer



Enhanced proximal DC algorithms with extrapolation 389

Recall from Theorem 2 that {x*} is bounded and lim_, oo ||x* — x*¥~1|| = 0. It follows
from this and [7, Theorem 8.3.9] that I" is compact and connected. By this, (4.20) and
a standard argument based on the Heine-Borel theorem, one can conclude that there
exists § > 0 such that

Ax) = {i}, g(x)—‘n}lai()lﬁi(x)>ﬁ, whenever dist(x, ) <25. (4.21)
ieA°(x

It then follows that g(x) = v;(x) for all x satisfying dist(x, I') < 268. By this, (4.21),
the compactness of I', and the assumption that v is continuously differentiable and
V1 is locally Lipschitz continuous, we see that g is continuously differentiable and
Vg is Lipschitz continuous on N := {x : dist(x, ') < B }. Recall from the proof of
Lemma 2 that limy_ oo dist(xk, I') = 0, which implies that there exists some K such
that x¥ € N forall k > K. Hence, A(x¥) = {i}, g is continuously differentiable at xk
and g(x*) — max; ¢ go(yk) Vi (x*) > 7 forall k > K. It follows that A(x¥, 7) = A(x¥)
for all k > K. By this and the updating scheme (4.1), one has that for all k¥ > K,
xkt1 = 3k and moreover,

0€dfu(x" + VAE) = Vs h) + e —xf) + LA - 25, @.22)

Since A(x¥) = {i} for all k > K, one has that Vi;(x¥) = Vg(x*) forall k > K. In
view of this and (4.22), we have

—V () + Ve () —c (T —xF) —LHF =25 e a £, M, vk > K. (4.23)

In addition, since g is continuously differentiable at xk forall k > K , it follows
from [16, Exercise 8.8(c)] that for all k > K,

aH(ka’xk) _ {vk+l + st(karl) . Vg(xk+1) ekt Ky Lk ¢ 8f,,(xk“)]

x{c(xk - xk'H)}.
Combining this with (4.23), we obtain that for all k > K.

dlSt((O’ O)’ aH(xk-'rl’xk)) < ” _ Vfg(zk) + Vg(xk) _ L(xk+l _ Zk)
+ V[ = Vg (|

+ cllx* = .
By this and the Lipschitz continuity of V f; and Vg on A/, we obtain that
dist(0, 0), 9 H (1, 6) < v (I = x4+ e = K) vz K
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for some v > 0. This together with z5 = x¥ + B (x*¥ — x¥~1) and B; € [0, \/c/L)
implies that there exists vy > 0 such that

dist((0, 0). 9H (1, 24)) < wo (I — x4+ ek =24 71) L k= &

and hence (4.14) holds as desired. The proof is then completed. O

Recall that EDCA is a special case of Algorithm 2. As a consequence of Theorem
3, the sequence generated by EDCA also converges under the same assumption.

Corollary 1 Let {x*} be the sequence generated by EDCA. Suppose that the premise

of Theorem 3 holds except that F instead of H is a KL function. Then the entire
k . .

sequence {x"} converges to an (a, n)-D-stationary point of (1.1) for any a € (0, 1]

and n € [0, ).

4.3 Iteration complexity for computing an approximate (a, n7)-D-stationary point

In this subsection we study the iteration complexity of Algorithm 2 for computing an
e-approximate ((2L + o)~ n)-D-stationary point of problem (1.1).

Theorem 4 Let € > 0 be arbitrarily given, f = sup; B:, and (x*} generated by Algo-
rithm 2. Suppose that the premise of Theorem 2 holds and F is Lipschitz continuous
on L(x°) with Lipschitz constant L. Then the following statements hold.

() If (K1, XK, x5 satisfies

k+1 k k k—1 . € €
X — x4+ Ix* = x <minjl, —, — 4.24
I |+ 1 | < { LA Lo} ( )

for some k > 0, then x* is an e-approximate (2L + ¢)~', §)-D-stationary point

of (1.1).
(i) The number of iterations of Algorithm 2 for computing an €-approximate ((2L +
¢)~ Y, f)-D-stationary point of (1.1) is no more than

0y _ p* 2 4 2
k:{w.max{l,w,ﬂﬂ“ 425)

c—Lp? €2 €2

Proof (i) Suppose that (xk=1) xk, xk+1) satisfies (4.24) for some k > 0. It follows
from (4.10) that for any x € R” and i € A(xX, 7)),

FEMY < £, + £ (V£ x = 25 — (Vg (09), x — xF)
+ %nx — P+ gnx" —x ]2 = i ()

< £ = i (5 — (Vi (0, x — xF) + %nx -2+ gnx" — x|?
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< ) = ¥ (5 — (Vi (R, x — 1)
2L +¢
2

e — x*I17 + LBZ 1" — X2, (4.26)

where the second inequality follows from the convexity of f; and the third one is due
to zF = x* + B (x* — x*=1) and |la + b|1* < 2(|lal|*> + ||b||?) for any a and b. Recall
from the proof of Theorem 2 that x*, x**! € £(x?). Since F is Lipschitz continuous
on £(x%) with Lipschitz constant Lo, we have

F!) = FOM) < Lol — 2.

By this and (4.26), one has that for any x € R" and i € AR, ),

2L +¢
F(x*) < f(x) = (5 — (Vi (6F), x — %) + — I - X2
+ LB — x* 112+ Lollx* T — ¥ (4.27)
Since (x¥~1, xk, xk*1y satisfies (4.24), it follows that [|x¥ — x¥=1|| < 1 and thus

_ €
R e e N TH - BT
max{LB*, Lo}

This together with 8 = sup, B; yields

20k k=12 k+1 _ k
LBEIX" = x* 12 + Lollx™ — x|

< max(LA2, Lo} (Il — #7112 + I+ = 24)) < e
In view of this and (4.27), one has that

F(xM) < £ — i (05 — (Vi (6F), x — 1)
L+c

lx — x¥|17 + €, Vx eR", Vi e AxK, 7).

Hence, it follows from Definition 2 that x¥ is an e-approximate (2L + ¢)~!, #)-D-
stationary point of (1.1).

(i1) In view of statement (i), it suffices to show that a triplet (k=1 Xk, xk‘H) satis-
fying (4.24) can be found by Algorithm 2 in at most K iterations, where K is given
in (4.25). By (4.8), one has that for all K > 0,

k

IA

K
i=1

#(F( % — F*
c— LB * '

A

K 2
XN < —=—(FY = F.
;n 1P < P =
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Summing up these two inequalities yields

K
T2 g — 2 < _(F(x%) — F*).
,;” I+ 1P = a7
It thus follows that there exists some & < K such that
k+1 k2 k k=12 0 *
X —X + [|[x* —x <—(F(x")— F").
I =+ I cr LﬁZ)K( (x7) )

By this and ||a + b||> < 2(|lal|> + ||b]|?), one has

A 5 L 2/2
K+ — xR 4 ok = ) < e VF(x0) — Fx
c— LBAVK

Letting K = K — 1, we can see that there exists k < K — 1 such that (xlg_l , x’z, x’g*‘l)
satisfies (4.24). Hence, an x¥ satisfying (4.24) can be found by Algorithm 2 in no more
than K iterations. O

Remark 4 In general, it is not easy to check an e-approximate («, n)-D-stationary
point according to Definition 2. One can see from Theorem 4 that (4.24) can be used
as a practical termination criterion for Algorithm 2 for generating an e-approximate
(2L + ¢)~ !, ij)-D-stationary point of (1.1).

By similar arguments as those in the proof of Proposition 4, one can establish
the following iteration complexity of EDCA for computing an approximate (¢, n)-D-
stationary point, whose derivation is omitted.

Theorem 5 Lete > 0 be arbitrarily given and {x*} generated by EDCA. Suppose that
the premise of Theorem 2 holds and F is Lipschitz continuous on L£(x°) with Lipschitz
constant Lo. Then the following statements hold.

(i) If (x*, xkt1) satisfies | x¥t1 — xK|| < €/L¢ for some k > 0, then x* is an e-
approximate (1, )-D-stationary point of (1.1).

(ii) The number of iterations of EDCA for computing an €-approximate (1, n)-D-
stationary point of (1.1) is no more than

’72L(2)(F(x0) - F*)—‘ L

€2

5 An enhanced proximal DCA with extrapolation for DC problem with
possibly infinite supremum

In Sects. 3 and 4 we have considered computing an (o, )-D-stationary point of prob-
lem (1.1) in which g is defined as the supremum of a finite number of smooth convex
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functions, namely, the associated ) in defining g is a finite set. In this section we are
interested in finding an (¢, n)-D-stationary point of (1.1) for which the associated )
in defining g is possibly an infinite set. To this aim, we assume throughout this section
that ) in (1.2) is a (possibly infinite) compact set.

As discussed in Sect. 4, Algorithm 2 can be applied to find an (¢, n)-D-stationary
point of (1.1) with a finite set ). We now check whether it can be directly applied to
(1.1) with an infinite set ). For the latter problem, it looks natural to simply replace
Steps 2 and 3 of Algorithm 2 by the following two steps, respectively:

1. Foreach y € A(x*, i7), compute *(y) as

~ . c L
% (y) = argmin {mx, DR X2+ > lx - z"||2} :

xeR"

where

G(x, y) = fu)+ f @)V £ @5, x=2K) = v 05, ) = (Vep (5, ), x—xF).
5.1
2. Let § € Argmin,, 4. 5 {FEF(0) + 5125 (p) — x5} Set K = 25 ().

When ) is an infinite set, it is generally hard to find y and x*t1 For example, com-
puting y involves the DC function F, which appears to be impossible when ) is
an infinite set. Therefore, such a direct application of Algorithm 2 is generally not
implementable.

Due to the above difficulty of Algorithm 2, we propose an alternative algorithm,
which is a modification of Algorithm 2 but potentially applicable to problem (1.1)
with g being the supremum of infinitely many convex functions.

Algorithm 3 (The second enhanced PDCA with extrapolation (EPDCA)))

0. Input x° € dom(F), ¢, 7 > 0, and {B,};>0 S [0, /c/L) with sup, B, < /c/L.
Setx~ ! = x%and k < 0.

1. Set 2 = xF 4 gr(xk — x*= 1.

2. Update x**! as follows:

c L
ke Argmin{ min  L(x, y) + =[x — )2 + S |lx — zk||2} . (5.2
xeR” ye Ak, i) 2 2

where £ (x, y) is given in (5.1).
3. Setk < k+ 1 and go to Step 1.

End.

The parameters {B;};>0, ¢, and 7 in Algorithm 3 can be set identically to those in
Algorithm 2. The key difference between Algorithms 2 and 3 is that at each iteration
Algorithm 3 solves a single optimization problem while Algorithm 2 solves two opti-
mization problems with different objective. In the rest of this section we first study
the convergence of Algorithm 3 and then discuss how to solve subproblem (5.2).
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5.1 Convergence results

Theorem 6 Suppose that Assumption 1 holds, and x° is a point such that £(x°) is
bounded. Let {x*} be the sequence generated by Algorithm 3. Then the following
statements hold.

(1) The sequence {xK} is bounded.
(i) limg oo [Ix* — 21 = 0.
(iii) limg— oo F(xX) exists and limy_, oo F(x¥) = F (x*°) for any accumulation point
x> of {x*}.
(iv) Any accumulation point of {x*} is an («, n)-D-stationary point of (1.1) for any
a € (0,(L+c) Nandn [0, 7).

Proof By (5.2), the convexity of f; and (-, y) and the Lipschitz continuity of V f;,
we have that for any ¥ € Ak, ),

TG + £,65) — K, 5)
> min _ f,(5) 4+ £,G5) — vk, y)

T yeAGk i)
> min £+ (VAEE, K =)+ 65 - vk y)
yeA(xk,7)
F5@) + (V£ (0, KD — 2k 4 f, R 4 Sk — k2
z  min — Y () = (Vepr (o, y), xF T — k)
yeA*,n) +%||xk+l _ Zk”2 _ %”xk _ Zk”2
(5.3)
. L c
> min £G4 £ = Ty = Sk = 2F 1 ST = xR
yeA(xk, i) 2 2
L c
> F(xk+h — Enxk — P+ §||xk — xR, (5.4)

where the second inequality is by the convexity of f;, the third one is due to (5.2), the
fourth one is by Lipschitz continuity of V f; and convexity of (-, y), and the last one
is by the definition of F. It then follows from (5.4) that for every y € A5,

c 5 L
F(xMh 4 Enxk“ — K12 < FR) — w5 + Enxk -2

L
= F(xM + Ellxk — 5%

This, together with the definition of z¥ and 8 = sup, f;, gives us

k41 C o k+1 k)2 k Lp? k k—1;2
F(x )+§||x —XIISF(X)+TIIX — x|
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By this, ,3 € [0, «/c/L) and the same arguments as those in the proof of Theorem 2,
one can have that (i) and (ii) hold, and moreover

. . C _
¢ = lim F(x%) = lim_ F(xby + 5||x" — X112 (5.5)

exists. It follows from (5.3), (5.4) and the convexity of f; that

F(xk+l) < F(xk+1)+ %”xk+1 _xk”Z

Fs @) 4+ (V@) XM — 28y 4 f o5 — (X, y)

< min

 yeAGki) { (Ve (%, y), dF D —ok) 4 ST — K2 Bk - R }
< min [5@) AV L), x = )+ fa ) — Yr(xh ) Vi € R"
vk i) (Ve (5, )0 —xF) + Sl = xF 2+ Sl =217 )

< [0+ fuld) = YKL y) = (Vey (6K, y), x — xF)
+ %nx —xM12+ %llx — K2, vx eR", Vy e AGK, 7)), (5.6)

where the second inequality follows from (5.3) and (5.4), and the third one is due to
(5.2) and last one is by the convexity of f;. Let x* be any accumulation point and
{xk}kelg be a subsequence converging to x*°. By ||)ck+l —xk | — 0, *= xk+ﬂk(xk —
x¥=1yand By € [0, «/c/L), one has limcsg_ o0 XA = x%° and limycsj— o0 2F = x*.
Let n € [0, 1) be arbitrarily chosen. It then follows from Lemma 1 that A(x*°, n) C
A(x¥, 7) for sufficiently large k € /C. This together with (5.6) yields that for all k €
sufficiently large, we have

FOAY) < F) — gk, y) — (Vep (e, y), x — %) + %nx — xk|?

L
—|—E||x — X%, Vx eR", ¥y € Ax®, ).

Taking the limit on both sides as K 3 k — o0, and using (5.5) as well as the continuity
of ¥ and V4 on the open set 2 containing dom( f;,), we obtain

{ =< f(x) - w(xoo’ )’) - <VXW(-X007 )’),x _x00>

L+
“lx —x®|2, Vx € R", Vy € Ax™®, ). (5.7)

+

By (5.5), limjcsk—s 00 X¥ = x> and the lower-semicontinuity of F, one has F (x>) <
¢. Letting x = x*° and y € A(x*) in (5.7) and using the definition of A(x*°), we
have { < F(x®°). It thus follows that F'(x*°) = ¢, which together with (5.7) yields

F(x®) < f(x) =¥ (x®,y) = (Vayr (x*, y), x —x*)
+¥||x —x®|2, Vx eR", ¥y e A%, ).
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By this, Definition 1, and the arbitrarity of n € [0, 17), we conclude that x*° is an
(a, n)-D-stationary point of (1.1) for any & € (0, (L +¢)"'Tand 5 € [0, 7). m]

We next study the iteration complexity of Algorithm 3 for computing an approxi-
mate («, n)-D-stationary point of (1.1).

Theorem 7 Let € > 0 be arbitrarily given, B = sup, f;, and Lg the Lipschitz constant
of F on L(x°). Let {x*} be generated by Algorithm 3. Suppose that the premise of
Theorem 6 holds. Then the following statements hold.

(i) If (K=, xk, XK satisfies
€ €
Ikt — k) 4 ok — N < min 1, =, —
LB% Lo
for some k > 0, then x* is an e-approximate (2L + ¢)~', ij)-D-stationary point

of (1.1).
(ii) The number of iterations of Algorithm 3 for computing an €-approximate ((2L +
o)L, n)-D-stationary point of (1.1) is no more than

0y _ 224 12
g:[w.max{l,ﬂ% }1.

c— LB2 e’ 6_2
Proof 1t follows from (5.6), f = f; + f, and 2 = x* + B (xF — x¥=1) that

FM < foo) — v, y) — (Ve b, ), x — 1)

2L +c¢ _ -
ol = xMIP o LB — X TR vy e AGH ).

+

The rest of the proof follows from this and the same arguments as those in the proof
of Theorem 4. O

Remark 5 In view of Theorems 6 and 7, we see that Algorithm 3 shares similar theo-
retical results with Algorithm 2. However, it is not clear whether the convergence of
the entire sequence generated by Algorithm 3 can be established. We shall leave this
to our future study.

5.2 Solving the subproblem (5.2)

Though subproblem (5.2) is nonconvex in general, we show in this subsection that it
can be efficiently solved for some classes of ).

5.2.1 Yis afinite set

Suppose that ) is a finite set. For the sake of convenience, assume that ) =
{1,2,...,I}. The subproblem (5.2) for such ) can be solved as follows.
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2a. For each index i € A(x¥, 7)), compute ki ag

L . c L
£ = argmin Lri(x) + =|lx — P [ [l [l B
xeRn? 2 2

where
Cei(X) = fu(0) 4 £ () + (VFED, x = 25) — v 00 — (Vg (65, x — xF).

2b. Let i € Argming gk {€i (B57) + §IE5T — XK |12 + 5257 — 25|12 Set

k+1 _ 2k,

X X

It thus follows that Step 2 of Algorithm 3 can be replaced by the above Steps 2a
and 2b. Upon such a replacement, one can observe that similar to Algorithm 2, each
iteration of Algorithm 3 also solves possibly multiple convex subproblems and then
executes a selection procedure. The selection of i for Algorithm 3 is, however, different
from the one in Algorithm 2. In particular, Algorithm 2 needs to evaluate g(x%!) for
alli € A(x*, ), but Algorithm 3 does not. Given that evaluation of g(x) requires
computing ¥ (x) for each j € J, the computational cost of Algorithm 3 per iteration
is generally cheaper than that of Algoithm 2 when ) is a finite set.

5.2.2 y(x, y)islinearofyandf, =0

Suppose that f, = 0 and ¥ (x,y) is a linear function of y. That is, f is
continuously differentiable in R” and ¥ (x,y) = (¢(x),y) for some ¢(x) =
(D1(x), pa(x), ..., d)m(x))T. Moreover, we assume that for alli = 1,...,m, ¢; is
continuously differentiable in R”. It thus follows from (1.2) that g can be written as

g(x) = max(¢(x), y). (5.8)
yey

We denote by V¢ (x) € R"™™ the gradient of ¢ at x. Under these assumptions, we
can show that subproblem (5.2) is equivalent to a convex maximization problem.

Proposition 5 Consider the subproblem (5.2). Suppose that g is of the form (5.8) and
= 0. Let

_L T k
0= L_I_CV¢(X) V¢ (x"),

_ k 1 kNT k k k
g =00 — Vo (Viah L —ah).

Then a solution x*+1

problem

of (5.2) can be computed by first solving the convex maximization

1
y*! € Argmax EyT 0y +{q,y)
ey (5.9)

st (p(xb), y) = (b — 7,
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and then setting

1
A (v¢(x’<)yk+1 V) + L+ cxk) . (5.10)

Proof Since f, = 0, the subproblem (5.2) can be simplified as

+c

k+1 . : k L
X € Argmin min <u —Vo(xh)y, x) +
x ye ARk, i)

llx]I* — (v, y>}, (5.11)
where

U=V —LF—cxk, v=0¢x" = vopbHTxE

Upon interchanging x and y in (5.11), one can calculate x**! by the following two
steps:

+c

L
yk'H € Argmin {min <u - V¢(xk)y,x>+
vedokp LY

Ix ]I — (v, y>} ,

L
k= argmin {<u — V¢(xk)yk+l,x> + %HXHZ} .
X

Notice that in the above two steps, the minimization with respect to x can be solved
explicitly. Thus, the above two steps can be simplified as

1

k+1 : T kNT k kNT

y € Argmin {— y ' Vop(x") Vo (x )y—<v— — Vo (x") u,y>},
yef(xk,ﬁ) 2(L+o) Ltc
1
k+1 kyyk+1
=—|(V — )

x L+C( P(x")y u

This, together with A(xK, 7)) = {y € Y | (¢ (x5), y) > g(x¥) — 7}, leads to (5.9) and
(5.10). O

In view of Proposition 5, subproblem (5.2) is reduced to (5.9). We next discuss two
cases of ) for which (5.9) can be solved efficiently.

Y is a polyhedral set. Since the objective function of (5.9) is convex, its global
optimal value must be attained at some extreme point of the feasible set. Note that the
feasible set of (5.9) is the intersection of Hy := {y € R" : (¢(x¥), y) > g(x¥) — 71}
with a polyhedral set ). Suppose that ) has polynomial number of one-dimensional
faces. It is not hard to observe that for such ), Hy N Y has polynomial number of
vertices and thus (5.9) is solvable in polynomial time. For example, if ) is a simplex,
ie,Y={yeR": Zl’-"zl yi = 1,y > 0}, then Hr N ) has at most O(mz) number
of extreme points.

Y is an ellipsoid. Suppose that Y = {y € R™ : (y — )T W(y — ¥) < 1} for some
positive definite matrix W and y € R™. To solve (5.9) with such ), we first transform it
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to a maximization problem with ball constraints. Specifically, letting § = W1/2(y—¥),
problem (5.9) is equivalent to

| R
max {EiTQi +(q.¥) :(a,y) = b, Iyl = 1}, (5.12)

where

Notice that (5.12) is an extended trust region subproblem with only one affine inequal-
ity constraint, whose solution can be found by solving the following semidefinite
programming relaxation problem (see, for example, [5,18]):

1 ~ ~ -
max —tr(QY) +(q,y)
7y 2

st. |by —Ya| <b—a'y, (5.13)

u¥) <1, ¥ = 357.

Suppose that (Y*, 5*) is an optimal solution of (5.13). Then 7* is an optimal solution
of (5.12). It thus follows that y**! = § + W~1/25* is an optimal solution of (5.9).

6 Concluding remarks

In this paper we considered a class of structured nonsmooth DC minimization in which
the first convex component is the sum of a smooth and nonsmooth functions while
the second convex component is the supremum of possibly infinitely many convex
smooth functions. In particular, we first proposed an inexact enhanced DC algorithm
for solving this problem in which the second convex component is the supremum of
finitely many convex smooth functions, and showed that every accumulation point
of the generated sequence is an («, 1)-D-stationary point of the problem, which is
generally stronger than an ordinary D-stationary point. In addition, we proposed two
proximal DC algorithms with extrapolation for solving this problem, and showed that
every accumulation point of the solution sequence generated by them is an (¢, n)-D-
stationary point of the problem. The convergence of the entire sequence was established
under some suitable assumption. We also introduced a concept of approximate (c, 1)-
D-stationary point and derived iteration complexity of the proposed proximal DC
algorithms for finding an approximate («, n)-D-stationary point. In contrast with the
DC algorithm [13], our proximal DC algorithms have much simpler subproblems and
also incorporate the extrapolation for possible acceleration. Moreover, one of our algo-
rithms is potentially applicable to the DC problem in which the second convex com-
ponent is the supremum of infinitely many convex smooth functions. In addition, our
algorithms have stronger convergence results than the proximal DC algorithm in [19].
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From computational point of view, our algorithm for the DC problem in which the
second convex component in the objective is the supremum of infinitely many convex
smooth functions is only applicable to some special classes of problems. It is worthy
of a further research in developing efficient algorithms for solving D-stationary points
of this type of DC problems. In addition, our proximal DC algorithms use the global
Lipschitz constant of the gradient of the smooth function in the objective. We believe it
can be replaced by some suitable quantity obtained by a line search technique that can
improve the efficiency of the algorithms. The numerical implementation of our algo-
rithms and its comparison with other competitive methods are left as future research.
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