Math. Program., Ser. A (2019) 178:327-360 @ CrossMark
https://doi.org/10.1007/s10107-018-1293-1

FULL LENGTH PAPER

Oracle complexity of second-order methods for smooth
convex optimization

Yossi Arjevani' . Ohad Shamir! - Ron Shiff!

Received: 12 September 2017 / Accepted: 7 May 2018 / Published online: 28 May 2018
© Springer-Verlag GmbH Germany, part of Springer Nature and Mathematical Optimization Society 2018

Abstract Second-order methods, which utilize gradients as well as Hessians to opti-
mize a given function, are of major importance in mathematical optimization. In this
work, we prove tight bounds on the oracle complexity of such methods for smooth
convex functions, or equivalently, the worst-case number of iterations required to
optimize such functions to a given accuracy. In particular, these bounds indicate when
such methods can or cannot improve on gradient-based methods, whose oracle com-
plexity is much better understood. We also provide generalizations of our results to
higher-order methods.
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1 Introduction

We consider an unconstrained optimization problem of the form

min f(w), ey
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where f is a generic smooth and convex function. A natural and fundamental question
is how efficiently can we optimize such functions.

We study this question through the well-known framework of oracle complexity
[13], which focuses on iterative methods relying on local information. Specifically, it
is assumed that the algorithm’s access to the function f is limited to an oracle, which
given a point w, returns the values and derivatives of the function f at w. This naturally
models standard optimization approaches to unstructured problems such as (1), and
allows one to study their efficiency, by bounding the number of oracle calls required
to reach a given optimization error. Different classes of methods can be distinguished
by the type of oracle they use. For example, gradient-based methods (such as gradient
descent or accelerated gradient descent) rely on a first-order oracle, which returns
gradients, whereas methods such as the Newton method rely on a second-order oracle,
which returns gradients as well as Hessians.

The theory of first-order oracle complexity is quite well developed [12,13,15]. For
example, if the dimension is unrestricted, f in (1) has p-Lipschitz gradients, and the
algorithm makes its first oracle query at a point wy, then the worst-case number of
queries T required to attain a point wr satisfying f(wr) — miny f(W) < € is

D2
pe) 1 le ’ )

where D is an upper bound on the distance between w; and the nearest minimizer of
f. Moreover, if the function f is also A-strongly convex for some A > 0!, then the

oracle complexity bound is
D2
o( ﬂ-log(’“ >> 3)
A €

Both bounds are achievable using accelerated gradient descent [14].

However, these bounds do not capture the attainable performance of second-order
methods, which rely on gradient as well as Hessian information. This is a central class
of optimization methods, including the well-known Newton method and its many
variants. Clearly, since these methods rely on Hessians as well as gradients, their
oracle complexity can only be better than first-order methods. On the flip side, the
per-iteration computational complexity is generally higher, in order to process the
additional Hessian information (especially in high-dimensional problems where the
Hessian matrix may be very large). Thus, it is natural to ask how much does this added
per-iteration complexity pay off in terms of oracle complexity.

To answer this question, one needs good oracle complexity lower bounds for second-
order methods, which establish the limits of attainable performance using any such
algorithm. Perhaps surprisingly, such results do not seem to currently exist in the liter-
ature, and clarifying the oracle complexity of such methods was posed as an important
open question (see for example [16]). The goal of this paper is to address this gap.

1 Assuming f is twice-differentiable, this corresponds to v2 f(w) > Al for all w.
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Specifically, we prove that when the dimension is sufficiently large, for the class of
convex functions with p1-Lipschitz gradients and po-Lipschitz Hessians, the worst-
case oracle complexity of any deterministic algorithm is

£2 | min

2/7
mD? (D3
= ( 2 ) @)

€ €

This bound is tight up to constants, as it is matched by a combination of existing
methods in the literature (see discussion below). Moreover, if we restrict ourselves to
functions which are A-strongly convex, we prove an oracle complexity lower bound of

3/,,2
2 ((min{ %, (%D>2/7} + loglog;g ()\ é'uz))) . (5)

Moreover, we establish that this bound is tight up to logarithmic factors (indepen-
dent of €), utilizing a novel adaptation of the A-NPE algorithm proposed in [10] (see
“Appendix A”). These new lower bounds have several implications:

— Perhaps unexpectedly, (5) establishes that one cannot avoid in general a polyno-
mial dependence on geometry-dependent “condition numbers” of the form w1 /A
or upx D /A, even with second-order methods. This is despite the ability of such
methods to favorably alter the geometry of the problem (for example, the Newton
method is well-known to be affine invariant).

— To improve on the oracle complexity of first-order methods for strongly-convex
problems ((3)) by more than logarithmic factors, one cannot avoid a polynomial
dependence on the initial distance D to the optimum. This is despite the fact that
the dependence on D with first-order methods is only logarithmic. In fact, when

7/4
D is sufficiently large (of order ,j:i_iﬂ* or larger), second-order methods cannot
improve on the oracle complexity of first-order methods by more than logarithmic
factors.

— Inthe convex case, second-order methods are again no better than first-order meth-
ods in certain parameter regimes (i.e., when pp > uz/ 4\/5 /63/ 4), despite the
availability of more information.

Finally, we show how our proof techniques can be generalized, to establish lower
bounds for methods employing higher-order derivatives. In particular, for methods
using all derivatives up to order k, we show that for convex functions with px-Lipschitz
k-th order derivatives, the oracle complexity is

pht1 2/ Gk
0 MR .
(k 4+ 1)lke
This directly generalizes (2) for k = 1, and (4) when k = 2 and w1 is unrestricted.
We note that in this paper, we focus on deterministic algorithms, in view of the fact

that all state-of-the-art algorithms for our problem are deterministic, and following
most existing literature on oracle complexity lower bounds. However, we believe our
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results can be readily extended to randomized algorithms as well (see Remark 1 for
more details).

1.1 Related work

Below, we review some pertinent results in the context of second-order methods.
Related results in the context of k-th order methods are discussed in Sect. 2.2.
Perhaps the most well-known and fundamental second-order method is the Newton
method, which relies on iterations of the form w; | = w; — (V2 f (w)~lv f(w) (see
e.g., [6]). Itis well-known that this method exhibits local quadratic convergence, in the
sense that if f is strictly convex, and the method is initialized close enough to the opti-
mum w* = arg miny, f (W), then O(loglog(1/¢)) iterations suffice to reach a solution
w such that f(w) — f(w*) < e. However, in order to get global convergence (starting
from an arbitrary point not necessarily close to the optimum), one needs to make some
algorithmic modifications. For the Newton method with a line search, the number of

S nin3 « 2 u3
iterations can be upper bounded by O (f(w1) — f(w)) + loglog, ,

P €

where (41, py are the Lipschitz parameters of the gradients and Hessians respectively,
and assuming the function is A-strongly convex [9]. Note that the first term captures
the initial phase required to get sufficiently close to w*, and is easily the dominant
term in the bound (unless € is exceedingly small). If f is self-concordant 2, this
can be improved to O ((f(w1) — f(w*)) + loglog, (é)) , independent of the strong
convexity and Lipschitz parameters ([17]). Unfortunately, not all practically relevant
objective functions are self-concordant (or at least cannot be made self-concordant
without strongly affecting other problem parameters).

Returning to our setting of generic convex and smooth functions, and focusing on
strongly convex functions for now, the best existing upper bounds (we are aware of)
were obtained for cubic-regularized variants of the Newton method [8,16,18]. The
existing analysis (see section 6 of [16]) implies an oracle complexity bound of at most

37,2
@ <(%D)l/3 + loglog, <A /l‘~2>>’ where D = ||w; — w*|| is the distance from the

€

initialization point w to the optimum w*. However, as we show in “Appendix A”,
a better oracle complexity bound can be obtained, by adapting the A-NPE method
proposed in [10] and analyzed for convex functions, to the strongly convex case. The
resulting complexity upper bound is

2 \2/7 13 D? A3
0((70) log<T +loglogs | . 6)

An alternative to the above is to use a hybrid scheme, starting with accelerated gradient
descent (which is an optimal first-order method for strongly convex functions with
Lipschitz gradients) and when close enough to the optimal solution, switch to a Newton
based method The required number of iterations can be shown to be at most

2 That is, for any vectors v, w, the function g(1) = f(w + tv) satisfies |g”” ()| < 2g” (1)3/2.
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22 3,2
M1 uipusD A7,
(@) ( o - log (A—3) + log log, ( . , )

where D = ||w; — w*|| (see [15,16]). Clearly, by taking the best of (6) and (7)
(depending on the parameters), one can theoretically attain an oracle complexity which
is the minimum of (6) and (7). This minimum matches (up to a logarithmic factors)
the lower bound in (5), which we establish in this paper.

Itis interesting to note that the bounds in (6) and (7) are not directly comparable: The
first bound has a polynomial dependence on /A and ||w; — w*||, and a logarithmic
dependence on 11, whereas the second bound has a polynomial dependence on (11 /A,
logarithmic dependence on ||[w; — w*||, and a logarithmic dependence on ;. In a
rather wide parameter regime (e.g. when D is reasonably large, as often occurs in
practice), the bound of the hybrid scheme can be better than that of pure second-order
methods. In light of this, [16] raised the question of whether second-order schemes
are indeed useful at the initial stage of the optimization process, for these types of
problems. Our results indicate that indeed, in certain parameter regimes, this is not the
case.

Analogous results can be obtained for convex (not necessarily strongly convex)
smooth functions. The best upper bounds we are aware are for the (second-order)
A-NPE method of [10], and for the (first order) accelerated gradient descent method,

which are
D3\’ D2
0((“2 > and O il
€ €

respectively. Clearly, by taking the best of these two methods (depending on the prob-
lem parameters), one can attain an oracle complexity equal to the minimum of the
two bounds. This is matched (up to constants) by the lower bound in (4), which we
establish in this paper.

Finally, we discuss the few existing lower bounds known for second-order methods.
If w2 is not bounded (i.e.,the Hessians are not Lipschitz), it is easy to show that Hessian
information is not useful. Specifically, the lower bound of (2) for first-order methods
will then also apply to second-order methods, and in fact, to any method based on local
information (see [13, section 7.2.6] and [4]). Of course, this lower bound does not apply
to second-order methods when ., is bounded. In our setting, it is also possible to prove
an £2(loglog(1/¢)) lower bound, even in one dimension [13, section 8.1.1], but this
does not capture the dependence on the strong convexity and Lipschitz parameters.
Some algorithm-specific lower bounds in the context of non-convex optimization are
provided in [7]. Finally, we were recently informed of a new work ([1], yet unpublished
at the time of writing), which uses a clean and elegant smoothing approach, to derive
second- and higher-order oracle lower bounds directly from known first-order oracle
lower bounds, as well as extensions to randomized algorithms. However, the resulting
bounds are not as tight as ours.
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2 Main results

In this section, we formally present our main results, starting with second-order oracle
complexity bounds (Sect. 2.1), and then discussing extensions to higher-order oracles
(Sect. 2.2).

2.1 Second-order oracle

We consider a second-order oracle, which given a point w returns the function’s value
f(w), its gradient V f (w) and its Hessian V2 f (w), and algorithms, which produce a
sequence of points w, wa, ..., wr, with each w; being some deterministic function
of the oracle’s responses at wy, ..., w;_1. Our main results (for strongly convex and
convex functions f respectively) are provided below.

Theorem 1 For any positive 1, 2, A, D, € such that 51 > ¢1, 22D > ¢, and

3 .. . .
€ < “iﬁ (for some positive universal constants c1, ¢z, c3), and any algorithm as
2

above with initialization point w1, there exists a function f : RY — R (for some finite
d) such that

— f is A-strongly convex, twice-differentiable, has 1t 1-Lipschitz gradients and ;-
Lipschitz Hessians, and has a global minimum w* satisfying ||w; — w*|| < D.

— For some universal constant ¢ > 0, the index T required to ensure f(wr) —
f(W*) < eisatleast

N TR A3 u3
c- (mm{ 5 (TD> } + loglog;g ( c .

Theorem 2 For any positive 11, o, D, € and any algorithm as above with initial-
ization point Wy, there exists a function f : R¢ — R (for some finite d) such that

— f is convex, twice-differentiable, has w1-Lipschitz gradients and p;-Lipschitz
Hessians, and has a global minimum w* satisfying |w; — w*|| < D.

— For some universal constant ¢ > 0, the index T required to ensure f(wr) —
f(w*) < eis at least

¢ - min

w1 D? paD? 27
= (5

We emphasize that the theorems focus on the high-dimensional setting, where the
dimension d is not necessarily fixed and may depend on other problem parameters
(more specifically, we require the dimension to be at least 27"). Also, we note that the
parameter constraints in Theorem 1 are purely for technical reasons (they imply that
the different terms in the bound are at least some positive constant), and can probably
be relaxed somewhat.
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Let us compare these theorems to the upper bounds discussed in the related work
section, which are

2/7 212 3/,,2
. w1 (2D mips D A/ s
o (mm { o (T) } -log <T> + loglog, ( . .

in the strongly convex case, and

O | min

2/7
w1 D? pa D3 /
€ €

in the convex case. Our bound in the convex case is tight up to constants, and in the
strongly convex case, up to a log(u M%Dz /23) factor. We conjecture that some such
logarithmic factor (possibly a smaller one) is indeed necessary, in order to get a tight
interpolation to the 2 (y/j¢1 /A - log(u1 D?/€)) lower bound of first-order methods as
Uy — 00 (see [13, section 7.2.6] and [4]), and that it can be recovered with a more
careful analysis of our construction. However, this involves some non-trivial technical
challenges, which we leave to future work.

Remark 1 (Randomized Algorithms) In this paper, we focus on deterministic algo-
rithms, where each point w; produced is a deterministic function of the oracle’s
responses at wi, ..., W;_1. This follows most existing works on oracle complexity
lower bounds, and is without much loss of generality, since all existing state-of-the-art
algorithms for this problem are deterministic. In any case, we believe our bounds can
be readily extended to randomized algorithms, using the same techniques that extend
first-order oracle complexity lower bounds to randomized algorithms (see [13] and
the explicit construction in [20]). In a nutshell, for deterministic algorithms we can
tailor the “hard” function to the algorithm, whereas for randomized algorithms, we
construct some fixed distribution over “hard” functions, so that any algorithm (random
or not) will fail to achieve a certain optimization error with high probability. Since the
formal proof is considerably more involved than in the deterministic case, we leave
its formal derivation to future work.

2.2 Higher order oracles

In addition to first-order and second-order oracles, it is of interest to understand what
can be achieved with methods employing higher order derivatives. It turns out that the
techniques we use to establish our second-order lower bounds can be easily generalized
to such higher-order methods.

More explicitly, we consider methods which can be modelled as interacting with
a k-th order oracle, which given a point w returns the function’s value and all of
its derivatives up to order k, namely, f(w), V f(w), V2f(W), ..., VK f(w). Given
access to such an oracle, the method produces a sequence of points wi, wa, ..., Wr
as before (where each w; is a deterministic function of the previous oracle responses).
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For simplicity, we will focus here on the case of convex functions (not necessarily
strongly convex), where the k-th order derivative is Lipschitz continuous.

Theorem 3 For any positive integer k, positive i, D, €, and algorithm based on a
k-th order oracle as above, there exists a function f : RY — R (for some finite d)
such that

— f is convex, k times differentiable, k-order smooth (i.e., | V¥ f(u) — VX f(v)|
< uillw — v|)) and has a global minimum w* satisfying |[w; — w*|| < D.

— For some universal constant ¢ > 0, the index T required to ensure f(wr) —
f(w*) < eis at least

k+1 2/(3k+1)
of P .
(k + 1)ke

Note that this result directly generalizes existing results for first-order oracles (k = 1),
as well as our results for second-order oracles (k = 2, when 1 is unrestricted).

Finally, we compare our lower bound to the best upper bound we are aware of,
established by [5] using a high-order method with oracle complexity of

et k1 | 1/ GHD)
O<ﬁ<f(wl> SO D ) )
€ (k+1)le

Note that the upper bound contains an additional (f(w;) — f(w*))/e term, and more-
over, the exponent (as a function of k) is larger than ours (1/(k + 1) vs. 2/(3k + 1)).
Based on our results, we know that this upper bound is loose in the k = 2 case, so we
conjecture that it is indeed loose for all k, and can be improved.

3 Proof ideas

The proofs of our theorems are based on a careful modification of a known lower
bound construction for first-order methods (see [15]). That construction uses quadratic
functions, which in the convex case and ignoring various parameters, have a basic
structure of the form

T-1
frow) = frwi,wy, ) =wi+ Y (W —wjp)* +wi —wy
j=1

(more precisely, one considers fr(Vw) for a certain orthogonal matrix V, and use
additional parameters depending on the smoothness). A crucial ingredient of the proof
is that the function x > x2 has a value and derivative of zero at the origin, which
allows us to construct a function which “hides” information from an algorithm relying
solely on values and gradients. This can be shown to lead to an optimization error lower
bound of the form miny fr (W) —miny f>7 (W) after T oracle queries, which for first-
order methods leads to an £2(w D?/T?) lower bound on the error, translating to an
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£2(y/ 1 D?/€) lower bound on T . However, this construction leads to trivial bounds for
second-order methods, since given the Hessian and a gradient of a quadratic function
at just a single point, one can already compute the exact minimizer.

Our approach to handle second-order (and more generally, k-order) methods is
quite simple: Instead of x — x2, we rely on mappings of the form x > |x|[**!, and
use functions with the basic structure

T-1
k+1 k+1 k+1
frow) = w4+ jwj — wi T Jwr [ — .
j=1

The intuition is that x > |x|**! has a value and first k derivatives of zero at the
origin, and therefore variants of the function above can be used to “hide” information
from the algorithm, even if it can receive Hessians or higher-order derivatives of the
function. Another motivation for choosing such functions is that they are generally not
self-concordant, and therefore the upper bounds relevant to self-concordant functions
do not apply. We rely on this construction and arguments similar to those of first-order
oracle lower bounds, to get our results.

In the derivation of our results for second-order methods, there are two technical
challenges that need to be overcome: The first is that f7, as defined above (for k = 2),
can be shown to have globally Lipschitz Hessians, but not globally Lipschitz gradients
as required by our theorems. To tackle this, we replace the mapping x — |x|* by a
more complicated mapping, which is cubic close to the origin and quadratic further
away. This necessarily complicates the proof. The second challenge is that due to the
cubic terms, computing the minimizer of f7 and its minimal value is more challenging
than in first-order lower bounds, especially in the strongly convex case (where we are
unable to even find a closed-form expression for the minimizer, and resort to bounds
instead). Again, this makes the analysis more complicated.

We conclude this section by sketching how our bounds can be derived in case
of second-order methods, and in the simplest possible setting, where we wish to
obtain an £2((D3 / €)2/Ty lower bound for the class of convex functions with Lipschitz
Hessians (and no assumptions on the Lipschitz parameter of the gradients), assuming
the algorithm makes its first query at the origin:

Proposition 1 Forany positive 2, D, € and any algorithm with an initialization point
W1 in the origin, there exists a function f : RY — R (for some finite d) such that

— f is convex, twice-differentiable, has w»-Lipschitz Hessians, and has a global
minimum w* satisfying ||[w; — w*|| < D.
— The index T required to ensure f(wr) — f(W*) < e is 2((D3/€)*/7).
Proof Sketch Consider the function f7 in this class of the form
T-1
frowy=lwiP+ Y jwj —winl’ + [wr? =3y - wi,

j=1
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where y is a parameter to be chosen later. Computing the derivatives and setting to
zero, and arguing that the minimizer must have non-negative coordinates, we get that
the optimum satisfies

wi + (w1 —w2)? =y, w = (wr_1 —wr)?
and
Vi=23...,T—1, (wj_1—w;)*=w; —wjt)*
It can be verified that this is satisfied by w; = (T + 1 — j) T2L+1 for all j =
1,2,..., T,and that this is the unique minimizer of f7 as a function on RT . Moreover,
assuming y < D? /T, the norm of this minimizer (and hence the initial distance to

it from the algorithm’s first query point, by assumption) is at most D as required.
Plugging this w into fr, we get that

2327
min fr(w) = - ——.
w VT? +1

Now, using arguments very similar to those in the first-order oracle complexity lower
bounds in [15], it is possible to construct a function for which the optimization error of
the algorithm is lower bounded by miny, f7 (W) — miny fo7(w). By the calculations
above, this in turn equals

2p%/? ( SN ) = 22 Ll :
211 JT2+1 I I
VAT2Z+1 VT2 + S+ 1+ 4

Using the fact that ﬁ ~ 11— %x for small x, this equals £2(y3/%/T?). Choosing

y on the order of D?/T (as required earlier to satisfy the norm constraint on the
minimizer), we get a lower bound of (D3 / T7/2) on the optimization error €, or
equivalently, a lower bound of 2((D3/€)*7)on T. ]

4 Proof of Theorem 1

We will assume without loss of generality that the algorithm initializes at w; = 0
(if that is not the case, one can simply replace the “hard” function f(w) below by
f(w — wyp), and the same proof holds verbatim). Thus, the theorem requires that our
function has a minimizer w* satisfying ||w*|| < D.

Let A, y be parameters to be chosen later’. Define g : R — R as

oy = 131 x| < A
Ax? — A2|x| + 343 x| > A,

“0\2 /D8 6
3 Ultimately, we will choose Yy = min {(3(’3;12 A)) s 7 DZE‘IZQ) } and A = \/]7, see Subsection 4.3.
n2

@ Springer



Oracle complexity of second-order methods... 337

which is easily verified to be convex and twice continuously differentiable, and let
Vi, V2, ..., V5 be orthogonal unit vectors in R4 which will be specified later. Letting
the number of iterations 7 be fixed, we consider the function

A
fw) = Zg( (Vi W) = (Vi1 W) =y (v w) |+ SlwIP,

where T > max H4y ) + 1,27, B2 + 1] is some sufficiently large number, and

the dimension d is at least 27

The proof is constructed of several parts: First, we analyze properties of the global
minimum of f (Sect. 4.1). Then, we prove the oracle complexity lower bound in
Sect. 4.2 (depending on A, y), and finally, in Sect. 4.3, we choose the parameters so
that f indeed has the various geometric properties specified in the theorem.

4.1 Minimizer of f

The goal of this subsection is to prove the following proposition, which characterizes
key properties of the global minimum of f:

2
Proposition 2 Suppose thaty > 10* (uiz) and A > . /y. Then for any unit orthogo-
nalvy, va, ..., the function f has a unique minimizer w* which satisfies the following:

1. Foranyr e {1,2,.. T} it holds that
<Vt,W*>ZmaX{O, NW"—\/_(' )}

2. There exists some 1y < T/2 such that for all indices k € {0, 1, ..., T — fo}, it
holds that (v 4z, w¥) > 1982 (18)~2".
2 .y
W <

Since f is strongly convex, its global minimizer is unique and well-defined. To
prove the proposition, we will consider the simpler strongly-convex function

T—1
~ 1
fowy =33 lwi—wil® + —||w|| —y - wi, ®)
i=1
where X : lf and prove that its minimizer w* satisfies the following:
1. For any ¢t € {l,2,..., ~}, it holds that w; > max HO +f(§ —t)}
(Lemma 2). 5 3
2. There exists some fo < T /2 such that forall k € {0, 1, ..., T — 1y}, it holds that
Dy = 9 (18)_2k (Lemma 3).
3.5 w2 < m * (Lemma 4)
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338 Y. Arjevani et al.

We then argue that the minimizer w* of f satisfies (v;, w*) = w} for all i =

1,2,...,T (Lemma 5), and that ||w*||> = Zile (vi, w*)2 (Lemma 6), from which
Proposition 2 follows.
We begin with the following technical key result:

Lemma 1 It holds that W} > w5 > --- > w

T -
Moreover, 3 ;_ W}

Proof We begin by showing that Lbj > O for all j, first for j = 1 and then for
j > 1. To do so, note that f(O) = 0 yet Vf(O) = —y -e; # 0, and therefore 0 is
a sub-optimal point. Thus, we must have f(W*) < 0. The only negative term in the
definition of f(-) is —y - wy, so we must have w} > 0. We now argue that 11)7 > 0 for
all j > 1: Otherwise, let w be the vector which equals w; = |u~)7| for all j, and note
that w) = wj since we just showed w} > 0. Based on this, it is easily verified that

) . 1T—1 ) y . .
Fowy = feovty = 2 37 (Jnf1 = gl = 1iof = 7)< o,

i=1

which means that w is the (unique) minimum of f , hence w = W*. By definition of
w, this implies u?;k = |1Z)}f| for all j, hence UNJ;k > 0 forall j.
We now turn to prove that zI);“ is monotonically decreasing in j. Suppose on the

contrary that this is not the case, and let j be the smallest index for which II)’;O < 11);?0 e

A Tk
and let § := Wi — Wi > 0. Define the vector w to be

v — 107 i =< Jo
" | max{0, @F —8) d=i>jo

Note that this vector must be different than w, as w1 = max{0, 11)70 11— 8} =
;fo = wjy, hence wj;11 = wj, yet 111;’fo+1 > zI);fO by assumption. On

the other hand, it is easily verified that |w; — wi11]> < [0} —w},|* and w} < (W})?

e -
max{0, wjo} =w

for all* i, and therefore f(w) < f(W*). But since W* is the unique global minimizer
and w # W*, we get a contradiction, so we must have w; monotonically decreasing
for all j.

4 This is trivially true for i < jo. Fori = jo, we have lwj, — ijJr1|3 =0< |1I)j?0 — zi)j?0+1|3 and
2 Tk )2 ; ; ; 3 _ p 7 p o 3
wi = (wjfo) .Fori > jp, we have |w; — w;41]° = | max{0, w?‘ — A} — max{0, w;"+1 — A} <
| — A) = (B}, — AP = [} — ), |, and moreover, w? = max{0, i} — A}, which is 0 (hence

< @) if 0f < A and less than ()2 if 0} > A.
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We now turn to prove the recursive relation w;, | = wy —,/y — ) Z;:l ﬁ)}f. By

differentiating f and setting to zero (and using the fact that uN);k is monotonically
decreasing in j), we get that

W —w3)’ =y —hwi, (@@i_ —3)’ =iw} )
and 3 ~
W — W) = (W — ) — A Vre{2,3,...,T -1} (10
By unrolling this recursive form, we get
Wy — by )=y —Ay wF Vee{l.2,....T—1}
j=1
from which the equation
W =w - vie{l,2,....,T —1} (11)

follows, again using the monotonicity of w; in .
It remains to prove that er:l 111}5 = % By summing both sides of (10) from ¢t = 2

totr = T — 1 we have that:

(i, — )7 = @ — ) - Z

So by using (9) we get the desired equality. O

Lemma 2 Foranyt € {1, 2, ...,f},

B} >max{ :Zi+f< )}

Proof By the displayed equation in Lemma 1, we clearly have w;, ; > wf — ,/y for
allr < T — 1, and therefore

0F >0t — (- 1)y Vre{l,2,... T} (12)

Using the facts that w;" is also always non-negative, that T T > % +1=
w1 + 1, and by Lemma 1,

>R
+
—_
%

Ly /vy +1]

T T
=5} Z ax{0. W} — (= Dyyt= Y. (0f—@—1Dyy)
=1 t=1

=1

>R
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SISOy 221 ) A M . 16 20

which implies that (w*)2 VY wl — % < 0, which implies in turn

V 4+ v +8y32/% V 4+ SV +/8y32/h 2932
w*<«/_ TV _ s y;\ (13)

= 2 = 2

On the other hand, again by Lemma 1, we know that

<t - Y vielo,.. . F-1 <

wt+1 — wt 2 ) { y & ) } XZ: 4)\(
and hence

t)y d 3y

o <wf— Y=, Vvre{l,2,....T —. 14

iy < B} - =5 ( g =5 a9
Let 10 € {1,2,.. T} be the smallest index such that Zj 111) > % (such

. . . . 3 - -
an index must exist since ijl wi = %). Since ﬁ < 2'19:1 wi < fowy =
fo (ﬁ + ,/2)/3/2/)1) by (13), it follows that
3y 3y

4X<ﬁ+\/2;ﬂT/X> ) 4(5»—}—\/2)/17/25»).

According to (14) and the fact that 11);’; > (), it follows that

o (0= DY
1_—’

O<wt <w
2

o =

and hence

w

‘> (to— DY . 3y _
2 8(i 4 /2y 1/27)

ot

Using this and (12), it follows that for all r < 7~",

3 1
()

8(h +/2y1/2%)

IS
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Since we assumed y > 10*(A/u2)? > (121/u2)? = 22, we have & < /y!/2, so

the above can be lower bounded by the simpler expression y3/4/ 7\/K +/YA/2—1).
Since we also know that ;" is non-negative, the result follows. O

Lemma 3 There exists an index ty < T /2 such that
W = 9% (187 Vke{0,1,..., T — 1)

Proof By Lemma 1, it holds for any ¢ € {1,2,...,f‘ — 1} that

y T T

~ % ~ % _ _ Y =k _ 7 = %k

W, — Wy = = |y—A T E wil = |+ E W}
j=t+1 j=t+1

. . - . ~ - ~ T -
In particular, since w; > 0 forall j < T, it follows that w; > /A Zj=l+] w;f >

+/ kwt 1 and therefore

1 5
Wiy < i(d;;‘f vie{l,2,...,T —1}. (16)

Letz < T —1be any index such that® u~)l*+1 < % By (16), this implies that

T T—t—1 ~ 2k T—1—1 ~ 2k_1
~ % = Wiy . ~ % Wiy
Sy Y oa(M) = ¥ (%
Jj I t+ 3
Jj=t+1

A

k=0

IA

T—t—1 1 2k _1
Z Wip (2) < 2w

k=0

Using the inequality above together with (15) and the monotonicity of w}, we get that
forall# < T — 1 such that 11);‘+1 < %

T
wy Z W < Wi+ 2k, = ﬁ’;kﬂ( Wiy + sz‘)

==
I
™
“l"\]z
S
%
A%

5 Such an index must exist: By assumption, 7 > 2y (’g—)2 = %, so by Lemma 1,
i %gw hence W <i/2.
T=7
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This chain of inequalities implies that

w;k)z T ~ %
Wil > 9% vee{l,2,...., T =1} :w; ;| <

N | >

Letty < T /2 denote the unique index that satisfies II)Z) > %, as well as 11);'5 4 =

for all 7 between 79 and T — 1°. Using the displayed inequality above, we get that for
any k < T — 1,

NI>

- - k - 2k

WF o @ )? AN _(in

’D;)Jrk > to+/§ 1 > to+~k 2 > > 9k<_t‘?> ~ o% 4 ’
9 (92)3 91 9

so we get zI)Z‘)Jrk > 9 - (18)’2k as required. O
Lemma 4 Zile(u?;k)z <2y7/4 /5312
Proof We need to upper bound the squared Euclidean norm of (w7, ..., ﬁ)’;). Note
that for any vector w, we have ||w||?> = i wl.2 < (max; |w;i) Y, lwil = [IWlloolW]l1.

Thus, by Lemma 1, (13), and the assumption that y > 104(A//L2)2 > 277)22, the
squared norm is at most

y 20172\ 332 y12 20172\ 332

= = 1 = — =< ~ + = —,

A A A N 277A A A
which is at most 2,/y1/2/ - y3/2 /i = 29 7/4/33/? O
Lemma 5 w* = argminy, f (W) satisfies (v;, w*) = 0} foralli =1, ..., T, where

W* = arg miny f(W).
Proof First, we argue that w*, which minimizes

! i
fow =3 Zl lwi — wit1 ] + Enwn2 —y-wi,
P

6 Since zi);" monotonically decrease in 7, such an index must exist: On the one hand, ﬂ)i‘ can be verified
to be at least A > ):/2 (by Lemma 2 and the assumption y > 104()L/~u2)2, hence y > 277}:2). On
the other hand, if we let #; be the largest index < 7 satisfying i);i > A/2, we have by Lemma 1 that
% > 2;1:1 wf > tld)l*] > ”2)”, which implies that 1] < %, which is less than 7'/2 by the assumption on
T being large enough. Therefore, f is at most 7'/2 as well.
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also minimizes

T-1 =
o A
fowy =3 gwi —wig) + SIwl? =y - wr.

i=1

To see this, note that f and f differ only in that g (x) is replaced by %Ix |. By definition
of g, we have that g(x) and %|)c|3 coincide for any |x| < A, from which it is easily
verified that f and f have the same values and gradients at any w for which |w; —
wit1| < Aforalli < T — 1. By Lemma I and the assumption A > /¥, the global
minimizer Ww* of f belongs to this set, and therefore V fw* =V f (w*) = 0. But
f is strongly convex, hence has a unique point (the global minimizer) at which the
gradient of f is zero, hence W* is indeed the global minimizer of f.

Next, since the global minimizer is invariant to multiplying the function by a fixed
positive factor, we get that w* is also the global minimizer of

T—-1

j2%) A

—=1> g(wi—wi+1)+§||w||2—y-w1
i=1

1o 4
Ef(W) B

71

"2 A

=1 E gw; —wip) —y-wy | + Ellwllz,
i=1

where in the last step we used the fact that A = 121 /5. Recalling that

T—-1
A
f(vv>=1“—2 >~ g((vie W) = (Vi W) = (viow) |+ 1wl
i=1

and that vy, vo, . .. are orthogonal, we can write f (W) as 1“—2 . f(Vw), where V is any
orthogonal matrix with the first T columns being vy, ..., v;. Therefore, the minimizer
w* of f satisfies VW* = ((vi, W¥), (va, W3),...) = W*. O

Lemma 6 |w*|2 = Y"[_ (v;, w*)2

Proof f(w) is a function which can be written in the form A({vi, w), (v2, W),
cos Vi, W) + %||w||2, so by the Representer theorem, its minimizer w* must lie
inthe spanof vi, vo, ..., vj. Moreover, since these vectors are orthogonal and of unit

T 2

norm, we have w* = Zirzl (vi, w*)v;, and thus ||w*||? = Doimg (Vi WA O

4.2 Oracle complexity lower bound

In this subsection, we prove the following oracle complexity lower bound, depending
on the free parameter y:
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.ps . 2.3 ..
Proposition 3 Assume that € < min { IOiZA , VT)L } Under the conditions of Propo-
2

sition 2, it is possible to choose the vectors Vi, Va, ..., V5 in the function f, such that
the number of iterations T required to have f(wr) — f(W*) < € is at least

1J12h i S\ e

To prove the theorem, we will need the following key lemma, which establishes
that oracle information at certain points w do not leak any information on some of the
Vi, V2, ... vectors.

Lemma 7 For any w € R4 orthogonal to Vi, Viy1,...,V§ , it holds that
F(W), V f(w), V2 f(w) do not depend on Vi 41, Viya, . .., Vi

Proof Since the regularization term 5 [|w||“ doesn’t depend on V;41, Vi42, ..., Vj We

can define A(w) := f(w) — % ||w||2 and prove the result on /(w). Using the definition
of h and differentiating, we have that

T-1
how) = 22 ; (Vi = Vir1. W) — 7 (V. W)
A2 = ,
Vh(wW) = T ; 8/ (Vi = Vig1, W) (Vi — Vig1) — Vi
2 M2 = % T
VZh(w) = Eg (Vi = Vi1, W (Vi = Vi) (Vi = Vig1)
By the assumption (v;, w) = (v;+1,Ww) = ... = 0, and the fact that g(0) =

g'(0) = g"(0) = 0, we have that g((v; — viy1, W) = g'((vi — Vit1, W) =
g'(vi —viyr,w)) = O0foralli € {t,t +1,...,T — 1}. Therefore, it is easily
verified that the expressions above indeed do not depend on v, 11, V;42, ..., vy. O

Let us now fix any number of iterations 7 < T. Using the previous results, we now
argue that given any deterministic algorithm, we can choose v, .. ., v; so that one of
them will necessarily be orthogonal to wr, the algorithm’s output after 7 iterations:

Lemma 8 For any deterministic algorithm, it is possible to choose vy, . . ., V7, so that
VT, VT+1, - -, V§ are orthogonal to both Wy, ..., Wr and vy, ..., VT.

Proof The proof is constructive, and uses an argument similar to other oracle com-
plexity lower bounds in the literature. It proceeds as follows: O

— First, we compute w; (which is possible since the algorithm is deterministic and
w1 is chosen before any oracle calls are made).
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— We pick v| to be some unit vector orthogonal to wy. Assuming va, ..., v; will also
be orthogonal to w; (which will be ensured by the construction which follows),
we have by Lemma 7 that the information F'(wy), VF(wy), V2F (w1) provided
by the oracle to the algorithm does not depend on vy, ..., v}, and thus depends
only on v{ which was already fixed. Since the algorithm is deterministic, this fixes
the next query point w;.

— Fort =2,3,..., T —1, werepeat the process above: We compute w;, and pick v;
to be some unit vectors orthogonal to wi, wa, . .., W, as well as all previously con-
structed v’s (this is always possible since the dimension is sufficiently large). By
Lemma 7, as long as all vectors thus constructed are orthogonal to w;, the infor-
mation {F(w,), VF(w,), V>F(w,)} provided to the algorithm does not depend
onvyii,..., Vs, and only depends on vy, ..., v; which were already determined.
Therefore, the next query point w; 1 is fixed.

— At the end of the process, we pick vr, V741, ..., V5 to be some unit vectors
orthogonal to all previously chosen v’s as well as wy, ..., wr (this is possible
since the dimension is large enough). O

Using the facts that v, v, ..., v; are orthogonal (and thus act as an orthonormal
basis to a subspace of Rd), that wr is orthogonal to v, vr41, ... Vi, andthattg+7T <
% + g = T (where 1y is as defined in Proposition 2), we have ||[wy — w*|? >
ZiT=1 (vi, wr — w2 > (Vip+T, WT — w2 = (Vig+T w*)2, By Proposition 2, we

10822)»2 . (18)—2(T+1
2

can lower bound the above by ', Using the strong convexity of f,

we therefore get

2 43
wy —wi? = 8 )27
M3

fwr) = f(w*) =

M| >

),2(T+l) < ;/.%e

To make the right-hand side smaller than €, 7 must satisfy (18 < T

_ . 243 . 2,3
which is equivalent to 2(7+D > logg (1052:‘ ) Assuming € < loiz)‘ , then
2 2

1082 - 13
T = logylogig| —— | — L.
Mns€

1/4
y .

T Otherwise,
suppose by contradiction that we can have f(wr) — f(w*) < € for some T <

1/4 3/4
_r iti * _r 1 _
77357+ From Proposition 2 we know that~(VT, W) 2 e Y (5-T),
so as before, we have that |wr — w*||> > ZLI Vi, wr —w*)?2 > (v, wr —w*)? =
(vr, w*)2, and thus

We now turn to argue that we can also lower bound T by

fwr) — f(w")

v

N> N>

A
lwr — wH? > E’(VT,W*>
(oo (2-7)
NV
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To make the right-hand side smaller than €, 7 must satisfy

L+\/_(1—T) Py orequivalently T > 10 11 [2 gy
AV IS 4 = 5.0req Y4 Z 37, T2 Vi
. 1/4 .. . .
since we assume € < — thls 1s at leastTM contradicting our earlier assumption.
/4
Overall, we showed that T is lower bounded by both T/\/’ as well as

log, log ;g ( 1052:‘3> — 1, hence proving Proposition 3.

4.3 Setting the y, A Parameters

In the following lemma, we establish the strong convexity and smoothness parameters
of f (depending on the parameter A which is still free at this point).

Lemma 9 f is A-strongly convex and twice-differentiable, with ., -Lipschitz Hessians
and (2“2A + A) -Lipschitz gradients.

Proof Since f is a sum of convex, twice-differentiable functions and the A-strongly
convex function % lw]|?, it is clearly A-strongly convex and twice-differentiable. Thus,
it only remains to calculate the Lipschitz parameter of the gradients and Hessians.

To simplify the proof, we note that Lipschitz smoothness is a property invari-
ant to the coordinate system used, so we can assume without loss of generality that
V1, V2, ..., Vs correspond to the standard basis ey, ey, ..., e, and consider the Lip-
schitz properties of the function

T-1
N 7% A
fom =3 | 2o gwi —wign) =y -wr | + SIwlP

i=1

By definition of g, it is easily verified that g”(x) = 2 - min{A, |x|}, which is
a 2-Lipschitz function bounded in [0, 2A]. This implies that g'(x) is 2A-Lipschitz.
Letting r; := e; — €;41, we can write fas % (Z,T=_11 g(ri,w)) —vy - wl) +%||w||2.
Differentiating twice, we get V2 f(w) = = ,.T;I‘ g’ ((r;, w)) - r,-rl.T + Al. Since
this is a sum of positive-semidefinite matrices with non-negative coefficients (as we
showed that g’ (x) € [0,2A] for all x), it follows that its spectral norm is at most

MA H Z,_l I;r H + X, and the first term equals

T-1

M2 A Zz=_l (I‘i,X>2 J12AN Z,_] (x; _xz—H)
- max = - max
6 X IIx]12 6 X lIx|12
2x2 42
< n2A - max Zz—l ( dx +2 x1+1) - 2M2A‘
6 X Dim1 X 3
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Overall, we showed that ||V2f(w) | < Z“TzA—H, so the gradients of f are (2“2A + k)
Lipschitz.

It remains to show that V2 f (w) is uo-Lipschitz. Using the formula for V2 f (w),
and recalling that g” (x) is 2-Lipschitz, and ||r;|| = V2 by definition, we have that for
any w, w,

IV2fw) = V2 f (W) = Z(g”( (i, w) — " ((r;, W) - rix;

IA

o Zlg”m ) = g (i Wl x|

IA

T-1 71
K2 T T
Th ‘§ 20, w—w)nr | < = 2f lw — W]l - ‘§1ﬁrir,»
— P

Using the same calculations as earlier, we have HZ —1 Lir; H < 4, and therefore we

showed overall that | V2 f(w) — V2f(w)|| < 428v2 Sf W =W < o - [lw — W,
hence V2 f (w) is u»-Lipschitz. O

We now collect the ingredients necessary to fix y, A and hence prove our theorem.
Combining the previous lemma, Proposition 2 and Proposition 3, and recalling that we
want f to have w1-Lipschitz gradients and uo-Lipschitz Hessians, with an optimizer
w* satisfying ||w*|| < D, we have an oracle complexity lower bound of the form

yl/4 oo 1 1082 - A3 . a
T > max{ ————, logylogjg| —— ) -1}, 7
V2 e

assuming the following conditions: y > 104< ) A > /Y, € < min { 1022 A2 VS’\ },
2

2unA 29774 .

2240 < s ‘/W < D. Picking A = /7, using the fact that ;| > X (as
any A-strongly convex function must have gradients with Lipschitz parameter at least
1), and rewriting the last two conditions, this is equivalent to

2 2 3 2 8 6
Y 108233 ya 3(up — A DS(122,
yle“(—) e <minf— " % ,y5<7(’“ )> Ly < ] 22U
M2 H3 8 2442 24“8

Since the first condition needs to hold anyway, we can allow ourself to make the second
condition stronger, by substituting 10*(1/2)? in lieu of y in the second condition.
Doing this, simplifying, and merging the last two conditions, the set of condition above
is implied by requiring
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A\ 10423 3(up — M)\ ./ D8(1210)6
PRI P S TR S T |
M2 815 2p 24u$

Clearly, to make the lower bound in (17) as large as possible, we should pick the largest

2
possible y, namely y = min {(3(I§L2A)) L D 2&132)6 }, and to ensure that the other
2

conditions hold, require that

3(u; — M)\ ./ D8(121)0 A\?2 10423
min ( (1 )> , ( 6) > 104(—) , €< 5
22 248 n2 8u3

Simplifying a bit, these two conditions are implied by requiring

10423
Klo 68, M2p>694, ¢ <

A A 8,[,5% ’

2
Finally, let us plug our choice of y = min { (3(% ;A)) 2 2(4132‘)6 } into the lower
2

bound in (17). We thus get an oracle complexity lower bound of

max{ Ji2 mm{ [3(1 — 1) D2/7(12x)3/14} log, log (1082A3> - 1}

7m 2042 ’ 21/7'“3/14 ’ 2 18 IJ«%G

= max {min {L i = (Dpa/120)7 } log, lo (M> -1 ]
14\ 2 72177 OB 0818 |\ T o ’

(18)

2

under the conditions of (18).
To simplify the bound a bit, we note that we can lower bound @1 — A by % w1
(possible by (18)), and lower bound log, log;g (1052':‘3) — 1 by %log log;g (:—236>,
2 2
by assuming that € < cA3/ /,L% for some small enough c¢ (in other words, increasing
the constant in the third condition in (18)). Finally, using the fact that max{a, b} >
(a + b)/2, the result in the theorem follows.

5 Proof of Theorem 2

The proof follows the lines of Proposition 1 and its proof sketch, but with a more
complicated construction (as we need to capture the dependence on the Lipschitz
parameters of both the gradients and the Hessians).

Similarly to the strongly convex case, we will assume without loss of generality
that the algorithm initializes at w; = 0, since otherwise one can simply replace the
“hard” function f(w) below by f(w — wj), and the same proof holds verbatim. Thus,
the theorem requires that our function has a minimizer w* satisfying ||w*|| < D.
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Define g : R+~ Ras

o) = 1317 ] < A
Ax? — A2x|+ 1A% |x] > A,

where A = gﬁl The function g can be easily verified to be twice continuously
differentiable. Assume that d > 27, and let v, vo, .. ., v be orthogonal unit vectors

in R? which will be specified later. Given 7', and letting y > 0 be a parameter to be
specified later, define the function f; as

fT(W)Z% g({vi, w)) + g((vy. w )+Zg(<vz, — (Vit1, W) — ¥ {v1, W)

=% g((vi, W) + g((vi, w )+Zg( Vi W) — p (v W)

This function is easily shown to be convex and twice-differentiable, with w1 -Lipschitz
gradients and p,-Lipschitz Hessians (the proof is identical to the proof of Lemma 9).
Our goal will be to show a lower bound on the optimization error using this type of
function.

5.1 Minimizer of f;

In this subsection, we analyze the properties of a minimizer of f7. To that end, we
introduce the following function in R”:
T—1
Fr(w) = g(w) + gwp) + Y gwi — wig1) — ywy.

i=1

Itis easily verified that the minimal values of 43 fT and f7 are the same, and moreover,
if W € R” is a minimizer of ff, then w* = Z,T'zl wj v; € R? is a minimizer of f7s
and with the same Euclidean norm as w*.

We begin with the following technical lemma:

Lemma 10 £+ has a unique minimizer W* € RT | which satisfies
T q

- t
WwE=8-(T+1-(1== ,
! ( )< T+1)

forallt =1,2,..., T, where § is non-negative and independent of t. Moreover,

§'@Y +g' W3 =v.
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Proof Taking the derivative and setting to zero, we get that the
@Y+ W —wy) =y, gW;_| — b)) =g @7)
as well as
Wiy —w)) =g @ -},

forall j € {2,3,..., T —1}. By definition of g, it is easily verified that g’ is a strictly

monotonic (hence invertible) function, so the above implies 12);[1 - 12)}5 = 12)7 — ﬁ); 4
forall j € {2,3,...,T — 1}, as well as 121’;_1 - IZJ*T = ﬁ)*T. From this, it follows

by straightforward induction that w7, , = 7 - @%, from which the first displayed
equation in the lemma follows. This also implies g’ (Tti)’;) + g’(li)*T) = y, and since
g’ is strictly monotonic, we have that ﬁ)*f is uniquely defined, and since the other
coordinates of w* are also uniquely defined given w%, we get that w* is unique.
Finally, § (and hence w;" for all 1) is necessarily non-negative, since otherwise wj is
negative, which would imply f} (W*) > 0, even though f} (0) = 0, violating the fact
that w* minimizes ff. O

The main technical result in this subsection is the following proposition, which
characterizes ||W*|| and f7(W*) under various parameter regimes. By the discussion
above and definition of f;, we have

Iw*|| = % and ff<w*)=%~ff<6v*>, (19)

which will be used in the remainder of the proof of our theorem.

Proposition 4 The values of the minimizer of ff and the corresponding minimum

ff(W*) for different y regimes (which depend on A and T) are summarized in
Table 1.

Table 1 Properties of fT (W*) and ||W*||? for different y regimes

Regimes
A% (1472 A% (1472 _ ,
y < (T2 ) (T2 ) <y <2A2T y > 2A2T
2upy 32T | (+20%)
fe (W _ 2wy T 1743 7252 _ ‘
T (W) 057 3?3 -';AT s o 4AGTD 3
T(a24y)s+4
where § = —AT +
7 +A2
AT 1+ 7525
2 _ 2
e _ y(47) - (y+A2) (T+1)3 - (T+l)(y+2A2)
W=l = 50472 S Tz = 12az
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Proof To prove the proposition, we will consider three regimes, dependingon 7', §, A
(Table 1): Namely, TS < A, % <6 < Aandé§ > A. We will show that each regime
corresponds to one of the three regimes specified in the proposition, and prove the
relevant bounds.

Case 1: T8 < A.Inthatcase, wy, ﬁ)”Ti aswell as w} —12);‘+1 foralli=2,...,T—1
in the definition of ff all lie in the interval where g is a cubic function. Using Lemma
10, ¢/ (w}) + ¢'(w}) = wi? + w3 = y, hence §°T% + 6% = y and § = ot

— 2 72
Therefore, our condition 76 < A is exactly equivalent to y < LJZFT), namely the
first regime discussed in the proposition. We now establish the relevant bounds. By
plugging the optimal solution W* in f7 (W), we have that

. 2y32T
frov) = -
3./(1+72)

and

- T 2 713
s o Y1+ T)? ( t ) y(1+T)
— = —— 1_ = T ’
W=1l2 ZZ:] YT 1) ; 1+7) = 3(1+172)

T T T 3
where in the calculation above we used fact Z,T: 1 2 < f 1T+1 2dt < @

Case 2: % < 8§ < A.In this case, by Lemma 10, ﬁ)*f < Abutwj > A. Therefore,

in the definition ff (W*), g(w7) lies in the quadratic region of g, whereas g(ﬁ)’;)
and g'(W; — W}, ) for all i lies in the cubic region of g. As a result, g’(w}) +
g/(w;) = 2Aw} — A% + w*T2 = y. Plugging in w*% = 6 and w} = T -8, we get
82 +2A8 - T — (y + A?) = 0, and therefore (using the fact § > 0, see Lemma 10),

§=—AT + AT,/I + V;?; This, plus the assumption % < § < A, is equivalent to

AZ(1+T2 - . . . .
% <y < 2A%T, hence showing that we are indeed in the second regime as

specified in our proposition. . B B
Turning to calculate the relevant bounds, we have f7(W*) = T8> + A?T?8% —

B _ - 2
T (A2 + y) 5+ AT}. Moreover, |W*||? = 82(T + 1)2 Z,Tzl (1 — L) , which by

1+7
definition of § above and the inequality /1 +x < 1 + %x for all x > 0, is at most
(y+A2)2(T+1)3
12A272 ) R A N .
Case 3: § > A.In this case, by Lemma 10, we have w} > w? = w} —w} | > A,

which implies that in the definition of ﬁ(W*), these terms all lie in the quadratic
region of g. Therefore, g'(w}) + g’(w’;) = 2Aw} — A% + 2Aw3 — A? =y, and
y+2A2
2A(T+1)
assumption 8 > A, is equivalent to y > 2A>T, which shows that we are indeed in the
third regime as specified in our proposition. Turning to calculate ||w*|| and ff (W),
we have

thus 2A(T + 1)8 = y + 2A2, or equivalently § =

. Note that this, plus our
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T (y +24?)° GRS

S W — 2 ’
Jr V) 4A(T +1) 3
. (y+242) 2 (T+1)(y+242)?
and [W*]? = y4A2 Z; 1( 1+_T> = % =

5.2 Oracle complexity lower bound

Given the expressions on the optimal value of ff, derived in the previous subsection,
we turn to explain how the oracle complexity lower bound is derived. The argument is
very similar to the strongly convex case (proof of Theorem 1, Sect. 4.2). Specifically,
consider the case when T = 2T, given by

271
far(w) = (g((Vl W) + g((var, W) + Y g((vi — Vig1, W) — y(vi, W)) -

i=1

Given an algorithm, we choose vy, v2, ..., Vo7 to be orthogonal unit vectors, so that
each v, is orthogonal to the first ¢ points wi, Wa, ..., w; computed by the algorithm
(this is possible by an argument identical to Lemma 8).

With this choice, it is easily verified that f>7(wr) equals

T-1
2 (g(m wr) + g((vr we) + 3 g((v, —v,~+1,wT>)—y<vl,wT>>,

i=1

which is clearly greater than miny f7(W), where fr is defined with the same
Vi, ..., vr. Therefore, we can lower bound the optimization error fr7(wr) —
miny fo7(W) by miny f7(W) — miny fo7(W). Moreover, by (19), this equals
% (minw fT (W) — miny sz (w)). Using Proposition 4, we can now plug in these
minimal values, depending on the various parameter regimes, and get an oracle com-
plexity lower bound. Computing these bounds and parameter regimes (while picking
the free parameter y appropriately) is performed in the next subsection.

5.3 Setting the y Parameter

To simplify notation, we let f; and fZ*T be shorthand for miny, fT (w) and miny sz (w)
respectively, with minimizers w}. and w3,.. We will consider three regimes, depending
on the relationships between D, A, T.

5.3.1 Case I: 48A2T3 < le

. . 2 . . .
In this setting, we choose y = fg—T. Using this and the assumption on the parameters,
A2(1+472) A%(14T?)
2 < 2

we get that y < A? < , and therefore, we are in the first
regime for both f7 and f>r as specified in Proposition 4. Plugging in the bound on
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|? in that regime, and using the fact that A> < y by the assumption above, we
y(+27)3 _ 27D*13
3(1+472) — 57677
Using the results from Proposition 4 for the first regime we can compute the opti-

mization error bound

[[w

< D? as required.

Ak 12
have ||[W5, I3 <

f* f* B 4)/3/2T 27/3/2T
TR s /0141y 3/ + 12
2y3/2 1 1

v

27" (1_L_<1_;+i>>
3 872 27?2  8T*
2y3/2< 3 3 ) y -1 _ D’
AT T 13317772

Where in the first inequality we used the fact that 1 — —x < \/—7 <l1- —x + 3x2
for all x > 0 and for the last inequality we assumed that 7 > 2. In the case that T =1,

the final result still holds. Hence, the suboptimality is at least W

5.3.2 Case 2: % < <1

D2
48A2T3 —

In this setting, we choose y = «/D12A Using this and the assumption on the parameters,

AZ(1+T2 . .
% <y < 2A2T, and therefore, we are in the second regime for
I

we get that
both fr and f>7 as specified in Proposition 4. Plugging in the bound on [l w*
in that regime, and using the fact that A> < y by the assumption above, we have

2
(y+a%) @T+1)3 < rIer+hd _ D22r+1)’
43AT2 = T12A7T2 T 14473

[WhplI> < , which is at most D? as

required.
Turning to compute the optlmlzatlon error bound, and letting §7, 27 denote the
quantity é in Proposition 4 for fT and f2T respectively, we have

1
fi=fir = @ —5p) (T (8% +7) = AT @8r +61) + 37 (53 —23;)
(20)
To continue, we use the following auxiliary lemma:

Lemma 11 (28,7 —87) (T (A% +y) — AT? 287 +87)) = 0

Proof First we will prove that T (A2 + y) — AT? (267 + 67) = 0: Since 87 =
—AT + AT\/1+ rd 2T2 and using /1 +x <1+ %x for x > 0 we have that §7

IA
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2
WAL o T (A2 +y) — AT? @6yr +67) > T (A +y) — AT?

complete the proof, it remains to show that 28,7 — §7 > 0. We have

/ Yy + A2 / y + A2
2007 — 87 = —4AT +4AT |1+ —— + AT — AT,/1 + ——
2T T + + AA2T2 + + A2T2

2
Define o := % > 0. Hence, we need to prove —4+4-4,/1 + %oc +1—-V14+a=>0.
By straightforward manipulations this is equivalent to 6 + 3o > 64/1 4 «, which is
tmesince«/l—f—afl—i—%a. O

(r+4?)

~7— = 0.To

With this lemma, we can lower bound the optimization error in (20) by
1 3 3
37 (aT —252T). @1)

To continue, we note that by definition of 87, §>7 and the fact that 1 + %x — %xz <

2 2)2 2
JI+x <1+ %x, we have ();ZAT ) _ (ngﬂ) <ér < (V;LAT ). Therefore,

(y +4%)  (y+402)°  J2(y+A?)

3
b1 = V281 = DAT  8A3T3 — 4AT
(v +4%)  (v+4?%) L rEATY (v +4?)
= T20AT SAT A2T2 ) = T20AT

Using this inequality, and the fact (a — b)3 < a® —b3fora > b > 0, we can lower

3 2\3
bound (21) by 17 <5T — 3/55”) o (r+a%) D
is at least

> AT = 35007772 Hence, the suboptimality

wo D3
3000077/2°
2
5.3.3 Case 3: 75 > 1

In this setting, we choose y = %. Using this and the assumption on the param-

eters, we get that y > 4A2T, and therefore, we are in the third regime for both
fr and for as specified in Proposition 4. Plugging in the bound on ||v3'§T||2 in
that regime, and using the fact that 2A? < y by the assumption above, we have

2
~ k12 (v+24%)°@2T+1) 4y2QT+1) _ D?*QT+1) 2
tions that TA3 < £55 and by using the fact that

l1—x< ﬁ <l—x+ x2 for all x > (0, the optimization error bound is

. Now, by the assump-

Py _ 27 (y+24%)’ T(y+2A2)2+(T+1)A3 QT + DA
r2T = 4AQ@RT + 1) AA(T + 1) 3 3
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=(y+2A2)2< 1 1 >_TA3

1 1

4A + 57 1"‘7 3
>D2 1 A3 D:A  D?A B D2A
~ 12T

T2

> — =
T 72T?  144T2 144712

In the last inequality we assumed that 7 > 3. For T = 1, 2 it can be easily verified
that the inequality f}‘ - f2*T > li’j—TAz holds. Hence, using A = % the suboptimality

w1 D?

is at least 57677

5.4 Wrapping up

Combining the three cases from the previous subsection, we see that we get the fol-
lowing lower bound

/L2D3 D? <1
: 3000077/2  48A2T3 —
w — min w) >
Sfor(wr) i Sfar(w) > D2 D
576T2 48A2T3

p2D3 wn1D”
30,00077/2° 57672
bounds to €, and solving for 7', the theorem follows.

Thus, we get that f>7(Wr) —miny fo7 (W) > min { } Equating these

6 Proof of Theorem 3

The Proof of Theorem 3 will follow the same outline of the proof of 2. We are again
going to assume without loss of generality that wi = 0, and we will thus require that
lw*|| < D (see discussion in the Proof of Theorem 2). We define g : R +— R as
g(x) = g lx[*+! and

Jr(w) = M<g((V1, w)) +g({vr, w )+Zg( Vi+1,W>)—V(V1,W>>.

Lemma 12 f7(w) is k-times differentiable, with jwi-Lipschitz k-th order derivative
tensor.

Proof Similarly to Lemma 9, we can assume without loss of generality, that the vectors
Vi, V2, ..., vy correspond to the standard basis vectors ej, e, ..., er, SO we can
examine the Lipschitz properties of

T-1
fow = e (g(un) +gwr) + ) glwi — wit1) — Vw1>

i=1

@ Springer



356 Y. Arjevani et al.

Lettingro = e, rr = er andr; =e; —e;4 forall 1 <i < T — 1. Differentiating k
times, we have that

T—1

» Mk

vOfm = i (g“‘)(wl)rg@k +8®@ @t + 3“0, w>)r,@k>
P i=1

T
o (Z g<")(<ri,w>)r;®k) :

T\

Where v®” = v®vVv®---v. Since g(k)(x) = klx, we get that ||V(k)f(w) —
—_———
p times

v® £(W)| equals

T T
Ik - Ik s
| (8@ wh = g®ar W ) e | = LS w = Wt
k277 |5 27 |izo

(22)
Note that for a k-th order symmetric tensor 7' , the operator norm equals ||T|| =

max x|=1 ‘Zil,iz ,,,,, i Tiy iy, ..ix Xiy Xig « - .xik) (see for example [11]). So,

T
= ”I'I‘l”aXl E E (l‘i, W — w)r,‘,,-lr,-,,'z c VX Xy e Xy
X||=

1,020k 1=0

T
= max E l‘,, W — W E Vi Xig - - E T i Xig
xl= e IXH l

ik

T
Z (i, w— W) (r;, x )k‘

k T 2
¢ r;
<27 |w—w| max <—X>

IxI=1 =\ v/2

T

- T
e S

[STE

<2

L
=27 |lw—Ww| ”max xl —}—xT + Z (x; —xl+1)

T—1 T

k—

25 |w — W) maxx1+xT+2Zx +2Zx <2 jw—w|
i=1 i=2

where in the first inequality we used ||r;|| < +/2 for all i. Plugging this into (22) we
have HV(]‘)f(W) — V(k)f(WH < ugllw — w|| as required. O
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6.1 Minimizer of fr

In order to derive the complexity bound, we will first analyze fr,whichisa simplified

version of fr, as defined in Sect. 5.1. It is easily verified that miny fr(w) = —££ -
k12 2
miny W f7 (W), and moreover, if W € R” is a minimizer of fr, then w* = ZJT'=1 121}5 .

V€ R4 is a minimizer of fr, and with the same Euclidean norm as w*.
Using an identical proof to Lemma 10 we can have that fr has a unique minimizer
Ww* € RT, which satisfies ¥ = § - (T + 1) - (1 — TLH) for some § > 0 and all

t=1,2,...,T,and g'(w}) + g'(wi) = GT)* + 85 = §5(T'* + 1) =. Hence,

1
8= (ﬁ) ‘ Plugging this and performing some algebraic manipulations, we get

A 1 T
fT(W*) — m(87")k+] + —8k+] _ J/8T

k+1
T ! = kT
L
=ﬁ(T"+1)( = 1) —VT<p+1) =~ - 1
(23)
T d t 2 y 7
~ k2 ~ %2 2 2 3
= =800+T 1— <N\ 1+T7T)°,
19713 ;w, 1+ )2( 1+T)_3(Tk+1)<+ )
(24)

where we used Ztrzl (1- HLT)2 < %(1 + T) as in Proposition 4.

6.2 Oracle complexity lower bound

The derivation of the lower complexity bound will be exactly the same as in Sect. 5.2.In

that subsection, we showed that we can lower bound the optimization error for (Wr) —

miny, fo7 (W) by miny f7 (W) — miny f>7(w). Using the fact that fr(w*) = —£k -
k12

fT (W*), this equals " 2” kk% (miny fT (W) —miny sz (w)). Letting f; and f;‘ to.be the

minimal values of fr and fT respectively, and by using equation (23),

k+1 k+1
N N kyT kyT
f;:_fz*T: l\l_ %
1 \F 1
(k-i-l)(l“rm) (k-f-l)(l-i‘ﬁ)
ky 't 1 1 k41
> (- -
k+1 k(2T)E KTk T 2427

k+1 k+1
k k

B y 1 k+1 - y
© (k+ DTk 2k 2kTk ] =~ 6(k + DkT*
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The last inequality holds fork = 1,7 >3,k =2,T >2ork > 3,T > 1. Itcan
k+l
be verified that for the other cases, the inequality f; — sz > W holds.
Since we want f — f3. to be as large as possible, we will set y to be as large

as possible, under the constraint that [|w3,| < D. By (24) we can choose y =

k
32 DX (1+QT)*
L}k))’so
(1427)7
kel oy K1 k1
B s 37D (1+(2T))k . 21 pit
T 2T = 3(k = 3k+1 *

6(k + DkTk(1 +2T) 6 -3kt (k + DkT 2

Thus, according to the discussion in Sect. 6.2, the final bound is f7 — f% >
K1 sk
w2 D w7 > and the number of iterations required for having miny fr(w) —
123k L (k1) kT 2
miny for (W) < €, Te must satisfy

2
. Mk\/zk-HDk—H 3k+1 _ N«ka-H ﬁ
=\ 123 () 1lke =+ Dike

for an appropriate numerical constant c.
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Appendix A: An improved second-order oracle complexity bound for
strongly convex functions

In this section, we show how the A-NPE algorithm of [10], which is a second-order
method analyzed for smooth convex functions, can be used to yield near-optimal
performance if the function is also strongly convex. Rather than directly adapting
their analysis, which is non-trivial, we use a simple restarting scheme, which allows
one to convert an algorithm for the convex setting, to an algorithm in the strongly
convex setting’.

Our algorithmis described as follows: In the first phase, we apply a generic restarting
scheme (based on [3, Subsction 4.2]), where we repeatedly run A-NPE for a bounded
number of steps, followed by restarting the algorithm, running it from the last iterate
obtained. By strong convexity, we show that each such epoch reduces the suboptimality
by a constant factor. Once we reach a point sufficiently close to the global optimum,
we switch to the second phase, where we use the cubic-regularized Newton method
to get a quadratic convergence rate.

7 We note that the reverse direction, of adapting strongly convex optimization algorithms to the convex
case, is more common in the literature, and can be achieved using regularization or more sophisticated
approaches [2].
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To formalize this, let us first analyze the convergence rate of the first phase. We
assume that we use the algorithm described in [ 10, Subsection 7.4718. By [10, Theorem
6.4 and Theorem 3.10], we have that the ¢’th iterate satisfies

3
cpallwi — w¥||
W — Wil < D and  f(w;) — f(WF) < — 7
where o is the Lipschitz constant of V2 f, wi is the initialization point, w* is the
unique minimizer (due to strong convexity) of f, D bounds ||[w; — w*|| from above,
and ¢ > 01is some universal constant. Since f is also assumed to be A-strongly convex,
we have %le —w*|? < f(wi) — f(w*), hence f(w;) — f(W*) is at most

cpallwy — w* |3 _ 2epalwi — wH[(f(w1) — f(w¥)) _ 2ep2D(f(wW) — f(w*))
t7/2 - )\,t7/2 - )\.t7/2 :

4cpur D
A

7
Thus, running the algorithm for T = iterations, we see that f(w;) —

F(wW*) < (f(wy) — f(w*))/2. Now, since the distance from w, to w* is also smaller
than D, we may initialize the algorithm at the last iterate returned by the previous run
and run it for 7 iterations to reduce f(w;) — f (w*) in, yet again, a factor of 2. Applying
the algorithm for 7T iterations (and restarting the algorithmic parameters after every t
iterations) yields f(wr) — f(w*) < %/{(w*) Equivalently, to obtain an e-optimal

w) oracle calls (note that this

2/7
4cpun D
- log,

solution, we need at most (

restarting scheme can be applied also on uniform convex functions of any order, as
defined in, e.g., [19]).

Next, after performing a number of iterations sufficiently large to obtain high
accuracy solutions, we proceed to the second phase of the algorithm where cubic-
regularized Newton steps are applied (see [16]). According to that analysis, after
reducing the optimization error to below A3 /4u%, the number of cubic-regularized

Newton steps required to achieve an e-suboptimal solution is O <log log,

Thus, using the wi-Lipschitzness of the gradient to bound f(w;) — f(w™*) from
above by j;D?/2, we get that the overall number of iterations is at most

0((%)2 1 g2<’““2 >+loglog2< A ))
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