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Abstract We study the behavior of the trajectories of a second-order differential equa-
tion with vanishing damping, governed by the Yosida regularization of a maximally
monotone operator with time-varying index, along with a new Regularized Inertial
Proximal Algorithm obtained by means of a convenient finite-difference discretiza-
tion. These systems are the counterpart to accelerated forward-backward algorithms
in the context of maximally monotone operators. A proper tuning of the parameters
allows us to prove the weak convergence of the trajectories to zeroes of the operator.
Moreover, it is possible to estimate the rate at which the speed and acceleration van-
ish. We also study the effect of perturbations or computational errors that leave the
convergence properties unchanged. We also analyze a growth condition under which
strong convergence can be guaranteed. A simple example shows the criticality of the
assumptions on the Yosida approximation parameter, and allows us to illustrate the
behavior of these systems compared with some of their close relatives.
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1 Introduction

Let H be areal Hilbert space endowed with the scalar product (-, -) and norm || -||. Given
a maximally monotone operator A : H — 2%, we study the asymptotic behavior, as
time goes to +00, of the trajectories of the second-order differential equation

£(0) + %fc(t) F A E0) =0,  t>1>0, (1)
where
_ 1 -1
Ax—x(l—(l—i-)»A) )

stands for the Yosida regularization of A of index A > 0 (see “Appendix A.1” for its
main properties), along with a new Regularized Inertial Proximal Algorithm obtained
by means of a convenient finite-difference discretization of (1). The design of rapidly
convergent dynamics and algorithms to solve monotone inclusions of the form

0 e Ax (2)

is a difficult problem of fundamental importance in optimization, equilibrium theory,
economics and game theory, partial differential equations, statistics, among other sub-
jects. We shall come back to this point shortly. The dynamical systems studied here
are closely related to Nesterov’s acceleration scheme, whose rate of convergence for
the function values is worst-case optimal. We shall see that, properly tuned, these
systems converge to solutions of (2), and do so in a robust manner. We hope to open
a broad avenue for further studies concerning related stochastic approximation and
optimization methods. Let us begin by putting this in some more context. In all that
follows, the set of solutions to (2) will be denoted by S.

1.1 From the heavy ball to fast optimization

Let @ : H — R be a continuously differentiable convex function. The heavy ball with
friction system
(HBF)  x(t) +yx(t) + V@(x(1)) =0 3)

was first introduced, from an optimization perspective, by Polyak [31]. The conver-
gence of the trajectories of (HBF) in the case of a convex function ® has been obtained
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Convergence of inertial dynamics and proximal algorithms... 393

by Alvarez in [1]. In recent years, several studies have been devoted to the study of
the Inertial Gradient System (IGS),,, with a time-dependent damping coefficient y (-)

(IGS), () +yOi(t) 4+ VO(x(1)) = 0. )

A particularly interesting situation concerns the case y (f) — 0 of a vanishing damping
coefficient. Indeed, as pointed outby Suetal.in [37], the (IGS),, system with y (1) = 7,
namely:

. a .,

X(@) + ?x(t) + Vo (x(t)) =0, 5)

can be seen as a continuous version of the fast gradient method of Nesterov (see
[26,27]), and its widely used successors, such as the Fast Iterative Shrinkage-
Thresholding Algorithm (FISTA) of Beck and Teboulle [15]. When « > 3, the rate of

klz), where k is the number

convergence of these methods is @ (xg) — miny ® = O (
of iterations. Convergence of the trajectories generated by (5), and of the sequences
generated by Nesterov’s method, has been an elusive question for decades. However,
when considering (5) with « > 3, it was shown by Attouch et al. [6] and May [24],
that each trajectory converges weakly to an optimal solution, with the improved rate of
convergence ® (x(#)) — miny ¢ = o(liz). Corresponding results for the algorithmic
case have been obtained by Chambolle and Dossal [20] and Attouch and Peypou-
quet [8]. Independently, and mainly motivated by applications to partial differential
equations and control problems, Jendoubi and May [22] and Attouch and Cabot [3,4]
consider more general time-dependent damping coefficient y (-). The latter includes
the corresponding forward—backward algorithms, and unifies previous results. In the
case of a convex lower semicontinuous proper function ® : ' H — R U +{oo}, the
(IGS),, dynamic (4) is not well-posed, see [5]. A natural idea is to replace ® by its
Moreau envelope @, , and consider

#(1) + %fc(t) + V) (x(1) =0 ©6)

(see [14,29] for details, including the fact that V&, = (d®P),). Fast minimization
and convergence properties for the trajectories of (6) and their related algorithms have
been recently obtained by Attouch et al. [9]. This also furnishes a viable path towards
its extension to the maximally monotone operator setting. It is both useful and natural
to consider a time-dependent regularization parameter, as we shall explain now.

1.2 Inertial dynamics and cocoercive operators

In analogy with (3), Alvarez and Attouch [2] and Attouch and Maingé [7] studied the
equation
(1) +yx@)+ Ax (@) =0, (7

where A is a cocoercive operator. Cocoercivity plays an important role, not only to
ensure the existence of solutions, but also in analyzing their long-term behavior. They
discovered that it was possible to prove weak convergence to a solution of (2) if the
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394 H. Attouch, J. Peypouquet

cocoercivity parameter A and the damping coefficient y satisfy Ay> > 1. Taking into
account that for A > 0, the operator A, is A-cocoercive and that A;l 0) = Al 0)
(see “Appendix A.17), we immediately deduce that, under the condition Ay? > 1,
each trajectory of

X() +yx@) + Anx(0) =0

converges weakly to a zero of A. In the quest for a faster convergence, our analysis of
Eq. (1), led us to introduce a time-dependent regularizing parameter A(-) satisfying

o2
)\.([)Xt—2>l

for t > ty. A similar condition appears in the study of the corresponding algorithms.
We mention that a condition of the type A(r) ~ > appears to be critical to obtain fast
convergence of the values in the case A = 9P, according to the results in [9]. But
system (1) is not just an interesting extension of the heavy ball dynamic. It also arises
naturally in stochastic variational analysis.

1.3 Connections with stochastic optimization

Let us present some links bewteen our approach and stochastic optimization.
1.3.1 Stochastic approximation algorithms

A close relationship between stochastic approximation algorithms and inertial dynam-
ics with vanishing damping was established by Cabot et al. in [19]. Let us briefly (and
skipping the technicalities) comment on this link and see how it naturally extends to
our setting.

When A is a sufficiently smooth operator, stochastic approximation algorithms are
frequently used to approximate, with a random version of the Euler’s scheme, the
behavior of the ordinary differential equation x(t) + A(x(z)) = 0. If A is a general
maximally monotone operator, a natural idea is to apply this method to the regularized
equation x (1) + A, (x(¢)) = 0, which has the same equilibrium points, since A and A
have the same set of zeros. Consider first the case where A > 0 is a fixed parameter. If
we denote by (X,;)nen the random approximants, (wy),>1 and (1,),>1 two auxiliary
stochastic processes, the recursive approximation is written as

X411 =X — €1 A (X, Wy 1) + €ng 10041, )

where ¢, is a sequence of positive real numbers, and 7, is a small residual perturba-
tion. Under appropriate conditions (see [19]), solutions of (8) asymptotically behave
like those of the deterministic differential equation x(¢) + A, (x(t)) = 0. A very com-
mon case occurs when (wy,),>1 is a sequence of independent identically distributed
variables with distribution  and
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Anx) = f A, (x, ) p(dw).

When A = 9® derives from a potential, this gives a stochastic optimization algorithm
(see [32]). When the random variable A (X,, -) has a large variance, the stochastic
approximation of A, (X,) by A, (X,, wy+1) can be numerically improved by using
the following modified recursive definition:

€n+1

e D€ An(Xi, wis). ©)

Xn—H =X, —

As proved in [19, Appendix A], the limit ordinary differential equation has the form

. 1 .
X() + t—l—_bx(t) + A (X (1)) =0, (10)

t+b
where b is a positive parameter. After the successive changes of the time variable
t+— t —b,t — 24/t, we finally obtain

X)) + ;X(r) + A, (X (1)) =0, (11)

which is precisely (1) with @ = 1 and A(¢) = A.

This opens a number of possible lines of research: First, it would be interesting to
see how the coefficient o will appear in the stochastic case. Next, it appears important
to understand the connection between (10) and (11) with a time-dependent coefficient
A(-). Combining these two developments, we could be able to extend the stochastic
approximation method to a wide range of equilibrium problems, and expect that the
fast convergence results to hold, considering that (1) is an accelerated method in the
case of convex minimization when o > 3. In the case of a gradient operator, the
above results also suggest a natural link with the epigraphic law of large numbers of
Attouch and Wets [11]. The analysis can be enriched using the equivalence between
epi-convergence of a sequence of functions and the convergence of the associated
evolutionary semigroups.

1.3.2 Robust optimization, regularization

Suppose we are interested in finding a zero of an operator A, which is not exactly known
(a situation that is commonly encountered in inverse problems, for instance). If the
uncertainty follows a known distribution, then the stochastic approximation approach
described above may be applicable. Otherwise, if A is known to be sufficiently close
to some model A (in a sense to be precised below), an alternative is to use robust
analysis techniques, interpreting A as a perturbation of A, Regularization techniques
(like Tikhonov’s, where the operator A is replaced by a regularized operator A + p B)
follow a similar logic. We recall the notion of graph-distance bewteen two operators,
introduced by Attouch and Wets in [12,13] (see also [35]). It can be formulated using
Yosida approximations as
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dip(A, A) = sup [|Ax(x) — A, ()],
IxlI<p

where p is a positive parameter. These pseudo-distances are particularly well adapted
to our dynamics, which is expressed using Yosida approximations. In the case of min-
imization problems, they are associated with the notion of epi-distance. The calculus
rules developed in [12,13] make it possible to estimate these distances in the case of
operators with an additive or composite structure. In Sect. 4, the convergence of the
algorithm is examined in the case of errors that go asymptotically to zero. A more
general situation, where approximation and iterative methods are coupled in the pres-
ence of noise, is an ongoing research topic. See [25,36,38] for recent results in this
direction.

1.4 Organization of the paper

In Sect. 2, we study the asymptotic convergence properties of the trajectories of the
continuous dynamics (1). We prove that each trajectory converges weakly, ast — +o0,
to a solution of (2), with ||x(¢)|| = O(1/¢t) and ||X(¢)|| = O(I/tz). Then, in Sect. 3,
we consider the corresponding proximal-based inertial algorithms and prove parallel
convergence results. The effect of external perturbations on both the continuous-time
system and the corresponding algorithms is analyzed in Sect. 4, yielding the robustness
of both methods. In Sect. 5, we describe how convergence is improved under a quadratic
growth condition. Finally, in Sect. 6, we give an example that shows the sharpness of
the results and illustrates the behavior of (1) compared to other related systems. Some
auxiliary technical results are gathered in an “Appendix”.

2 Convergence results for the continuous-time system

In this section, we shall study the asymptotic properties of the continuous-time system:
. [0
xX() + 7x(t)+A,\(,)(x(t)) =0, t >ty > 0. (12)

Although some of the results presented in this paper are valid when A(-) is locally

integrable, we shall assume A(+) to be continuous, for simplicity. The function (¢, x) —

Ay (x) is continuous in (¢, x), and uniformly Lipschitz-continuous with respect to

x. This makes (12) a classical differential equation, whose solutions are unique, and

defined for all t > 1o, for every initial condition x (f9) = xo, %(f) = vo. | See Lemma

(A.1) for the corresponding result in the case where A(-) is just locally integrable.
The main result of this section is the following:

! The idea consisting in regularizing with the help of the Moreau envelopes an inertial dynamic governed
by a nonsmooth operator was already used in the modeling of elastic shocks in [5].
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Theorem 2.1 Let A : H — 2 be a maximally monotone operator such that S =
A~H0) # 0. Let x : [tg, +0o[— H be a solution of (12), where

2

t
o >2 and )»(t):(l—i—e)—2 for some € > ——.
o oa—2

Then, x(t) converges weakly, as t — 400, to an element of S. Moreover
limy— 400 | ()| = lim/— 400 [|¥ ()] = 0.

2.1 Anchor
As a fundamental tool we will use the distance to equilibria in order to anchor the

trajectory to the solution set S = A~!(0). To this end, given a solution trajectory
x 1 [to, +0o[— H of (12), and a point z € H, we define h; : [tp, +oo[— R by

1
he(t) = S llx (@) = z|I%. (13)

We have the following:
Lemma 2.2 Givenz € S = A~1(0), define h, by (13). For all t > ty, we have

ho(t) + %km + AN Ariy @) I* < 1E O (14)
Proof First observe that
ho(t) = (x(t) —z,%(0))  and  ho(6) = (x(t) — 2, ¥(0) + [
By (12), it ensues that
ho (1) + %hzm + (A (1)), x(1) — 2) = [lF (D). (15)
Sincez € § = A~1(0), we have Aj1)(z) = 0, and the A(¢)-cocoercivity of A, ;) gives

(Axiy x()), x(1) — 2) = MO [ Axy (x(O)1%. (16)
It suffices to combine (15) and (16) to conclude. O

As suggested in 1.2, we are likely to need a growth assumption on () —related to
A(t) x (%)2 > 1 — in order to go further. Whence, the following result:

Lemma 2.3 Givenz € S = A~1(0), define h_ by (13) and let
2

o
k(t)t—z >14e€ (17)

@ Springer



398 H. Attouch, J. Peypouquet

for some € > 0. Then, for eachz € S = A~YN0) and all t > 1y, we have

. o - . s i) d
hz(t)+?hz(t)+GIIX(t)|| t—

ZIEOIP + 20O 0. (18)
Proof By (12), we have
A (x(0) = =5(1) = ().
Replacing Aj ) (x (1)) by this expression in (14), we obtain
e+ 2420 [50 + Leo|” < 1oP, (19)

After expanding the third term on the left-hand side of this expression, we obtain

.. o - o? A(t) d
h () + ?hz(t) + ()\(t)t—2 - ) Il () |1 to—— I| O + 1@ 1%@®) )1
The result follows from (17). O

2.2 Speed and acceleration decay

We now focus on the long-term behavior of the speed and acceleration. We have the
following:

Proposition 2.4 Let A : H — 2" be a maximally monotone operator such that
S =A"10) # 0. Let x : [tg, +0o[— H be a solution of (12), where

12 2
o >2 and A1) = (1 +6)—2 for some € > ——.
o oa—2

Then, the trajectory x(-) is bounded, ||%(t)|| = O(1/1), ||¥(0)| = O(1/1?) and

+o0
f tx(0))1? dt < +o0.
fo

Proof As before, take z € S = A~1(0) and define h, - by (13). First we simplify the
writing of Eq. (18), given in Lemma 2.3. By setting g(t) = ||%(2)||? and B = 1+6
we have . o.
h (1) + 7hz(t) +eg(t) + Bt () + LD E(D)]* < 0. (20)
Neglecting the positive term A(¢)||X () | and multiplying by ¢, we obtain
th,(t) + ah, (1) + etg(t) + Br2&(t) < 0. (21)

@ Springer



Convergence of inertial dynamics and proximal algorithms... 399

Integrate this inequality from 7y to . We have

t t
[ (sh2(5) + aha(s)) ds = th (1) — tohz(10) — / ha(s)ds + ahy (1) — ah (1o)
10 0]

= thy (1) 4+ (@ — D), (1) — toh(t0) — (& — 1)h(to)

t t t
/ (es3(5)+ Bs%()) ds = prg() — Bro”g(10) — 28 / sg(s)ds + / s8(s)ds
1o 10} )
t
= Brlg(t) — Bro*g(to) + (¢ — 2p) f sg(s)ds.
0]

Adding the two above expressions, we obtain

t
tho(t) + (@ — Dh(t) + Br*g(t) + (¢ — Zﬁ)/ sg(s)yds < C (22)
0]

for some positive constant C that depends only on the initial data. By the definition of

_ l+e _Ap_a=2(__ 2 . 2
B ==, wehavee — 28 = = (6 _a—Z)' Since @ > 2 and € > =5, we observe

that e — 28 > 0. Hence, (22) gives
thy(t) + (@ — DA () < C. (23)

Multiply this expression by 7%~ to obtain

d
=1 () < cr* 2.
dt

Integrating from #( to 7, we obtain

C D
h,(t) < a1 + P

for some other positive constant D. As a consequence, /. (-) is bounded, and so is the
trajectory x(-). Set

M = sup ||x(t)]| < +o0,

=1

and note that
()] = [(x(1) — 2, X(D))| < [lx(@) = 2 [£@O] < (M + [zIDIEDII. (24)
Combining (22) with (24) we deduce that

el 1) < € + M + lz]) (151
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This immediately implies that

supt|lx(1)] < +oo. (25)
t>1
This gives
[x@1 = O/1). (26)

From (12), we have

. a . o, M+ ||z||
XN = — x4+ 1Are DI < X O + ——— (27
t t A1)
Using (26) and the definition of A(7), we conclude that

IFO) = 01/t%). (28)

Finally, returning to (22), and using (24) and (25) we infer that

+00
f 1% (0)|1?dt < +oo, (29)
0]

which completes the proof. O

2.3 Proof of Theorem 2.1

We are now in a position to prove the convergence of the trajectories to equilibria.

According to Opial’s Lemma A.2, it suffices to verify that lim,_, 4 ||x (¢) — z]| exists

for each z € §, and that every weak limit point of x(¢), as 1 — +o0, belongs to S.
We begin by proving that lim;_,  ||x () — z|| exists for every z € S. By Lemma

2.2, we have . )
tho(t) + ah, (t) + O [ Asey (xO)* < 1201 (30)

Since &, is nonnegative, and in view of (29), Lemma A.6 shows that
i .0

exists. It follows that lim,_,  ||x(#) — z|| exists for every z € S.
From Lemma A.6 and (30), we also have

+o00
/ t)»(t)||Ak(,)(x(t))||2dt < +o00. 3D
to
Since A(1) = ct? for some positive constant ¢ we infer

+o0 1
/ IA(0) Ascr) <x(r>)||2;dt < +o0. (32)
0]
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The central point of the proof is to show that this property implies
lim A () Ay (x ()]l = 0. (33)
t—>—+00

Suppose, for a moment, that this property holds. Then the end of the proof follows
easily: let t, — +o0 such that x(#,) — x weakly. We have A(#,) Ay, (x(t,)) — 0
strongly. Since A(f,) — 00, we also have A;,)(x(#,)) — O strongly. Passing to
the limit in

A (X () € A(x(tn) — Atn) Aji,) (X (1))
and using the demi-closedness of the graph of A, we obtain
0e A(x).

In other words, x € S, and we conclude by Opial’s Lemma.

As a consequence, it suffices to prove (33). To obtain this result, we shall estimate
the variation of the function ¢ — A(f) A, ;. By applying Lemma A.4 with y = A(¢),
6 =XA(s),x =x(t) and y = y(s) with s, t > 9, we obtain

Alt) — A
A1) Ajyx (1) = A(8) Ap )X (9] < 2IIJC(I)—)C(S)II+2||)C(t)—ZII% (34)

for each fixed z € S. Dividing by r — s with ¢ # s, and letting s tend to ¢, we deduce
that

by
<200 + 2lx () — 2 2D

d
H o (M) Arpyx (1)) A0

for almost every ¢ > fy. According to Proposition 2.4, the trajectory x(-) is bounded
by some M > 0. In turn,

a

IOl = —,

for some C > 0 and all # > £y, by (25). Finally, the definition of A(¢) implies

A0 _ 2
O
for all # > ty. As a consequence,
d 2C +4(M + Izl
HEO‘O)A“’)X(ID < ; :
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402 H. Attouch, J. Peypouquet

This property, along with the boundedness of A(f)A;)x(¢), and estimation (32),
together imply that the nonnegative function w(r) := |[A (1) Ay x(2) ||2 satisfies

<n()

d (1)
—w
dt
for almost every ¢t > fg, and
+00
/ w(t) n(t)dt < +o0,
10

where

_ 20+ 4M + izl
p .

n(t)

Noting that n ¢ L (fy, +00), we conclude thanks to Lemma A.5.

3 Proximal-based inertial algorithms with regularized operator

In this section, we introduce the inertial proximal algorithm which results from the
discretization with respect to time of the continuous system

i) + %x(t) + Auny (x(1) =0, (35)

where A, is the Yosida approximation of index A(¢) of the maximally monotone
operator A. Further insight into the relationship between continuous- and discrete-time
systems in variational analysis can be found in [30].

3.1 A regularized inertial proximal algorithm

We shall obtain an implementable algorithm by means of an implicit discretization
of (35) with respect to time. Note that, in view of the Lipschitz continuity property
of the operator A,, the explicit discretization might work well too. We choose to
discretize it implicitely for two reasons: implicit discretizations tend to follow the
continuous-time trajectories more closely; and the explicit discretization has the same
iteration complexity (they each need one resolvent computation per iteration). Taking
a fixed time step 4 > 0, and setting #;x = kh, xy = x(t), Ax = A(#), an implicit
finite-difference scheme for (35) with centered second-order variation gives

1 o
ﬁ(ka — 2xp + xp—1) + m(xk — Xk—1) + Ay, (k1) =0. (36)
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After expanding (36), we obtain
2 a
Xkl +h7 Ay (1) = X+ (1 - E> (Xk — Xg—1)- 37
Setting s = h?, we have

xee1 = (1 —Fsz‘\xk)_1 (xk + (1 - %) (xx — kal)) , (38)

where (I +sA ;Lk)_l is the resolvent of index s > 0 of the maximally monotone
operator A;, . This gives the following algorithm

yi =xk + (1= %) x — xx-1)
. (39)
X1 = (I +5A5)" ).

Using equality (84):
(A)»)s = A)H-S»

we can reformulate this last equation as

A K
I+sA) ' = — 14+ "I+ AL
(I +sA;) P +A+S(+(+S))

Hence, (39) can be rewritten as

-2

k) (X — Xg—1)

Yk = Xk + (
(RIPA)

)\,k N -1
= 1 A A )
Xk+1 Ak+syk+/\k+s( + Ak +)A) ()

where (RIPA) stands for the Regularized Inertial Proximal Algorithm. Let us refor-
mulate (RIPA) in a compact way. Observe that

)\,k N —1
+ (I + (e +5)A) ™ ()

X =
k+1 )»k~|-syk T

s s 1
=(1-— 1 A A
( Ak+s)yk+kk+s( + (ke +5)A) (i)

== s (= U+ Gx 9™ 00).

A+ s
By the definition of Aj, , this is

Xkp1 = Yk — SApps (Vi) - (40)
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404 H. Attouch, J. Peypouquet

Thus, setting o = 1 — ¢, (RIPA) is just

Yk = Xk + o (X — Xj—1)
41)
Xkl = Yk — SAjyts (V)

Remark 3.1 Letting Ay — 0 in (41), we obtain the classical form of the inertial
proximal algorithm
Yk = Xk + otk (Xk — Xg—1)
(42)
X1 = (L +5A) 7 ().

The case 0 < ox < @ < 1 has been considered by Alvarez and Attouch in [2]. The
case oy — 1, which is the most interesting for obtening fast methods (in the line of
Nesterov’s accelerated methods), and the one that we are concerned with, was recently
studied by Attouch and Cabot [3,4]. In these two papers, the convergence is obtained
under the restrictive assumption

2
> akllxrr — xell* < +oo.
k

By contrast, our approach, which supposes that Ay — 400, provides convergence of
the trajectories, without any restrictive assumption on the trajectories. Let us give a
geometrical interpretation of (RIPA). As a classical property of the resolvents ([14,
Theorem 23.44]), for any x € 'H, J,x — projg(x) as A — +oo. Thus the algorithm
writes

X1 = Oy + (1 — 0) s (k)

with A ~ 400, O = SN 1, and Jy, +5 (yk) ~ 10j ¢ (yx). This is illustrated in the
Ai+s k p JS
following picture.

Xk—1
Xk
yi =xk + (1= %) O — xx—1)
// 7 Xt = Ok vk + (L= 0) Jagts (06) ~ Ok + (1 — O)projg (i)

>

Remark 3.2 As amain difference with (42), (RIPA) contains an additional momentum
term k:‘is vk, which enters the definition of x; 1. Although there is some similarity,
this is different from the algorithm introduced by Kim and Fessler in [23], which also

contains an additional momentum term, but which comes within the definition of yy.
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It is important to mention that, in both cases, the introduction of this momentum term
implies additional operations whose cost is negligible.

3.2 Preliminary estimations

Given z € 'H and k > 1, write
1 2
hex = §||xk —z|~ 43)

Since there will be no risk of confusion, we shall write iy for h; ; to simplify the
notation. The following result is valid for an arbitrary sequence ax > 0:

Lemma 3.3 Let ax > 0. For any z € 'H, the following holds for all k > 1:

(hig1 — he) — ax(he — hg—1) — (Xkp1 — Yio Xkt1 — 2)

l o2 l 2 _ 2
+2||xk+1 yell© = 2(0lk + ) llxg — xp—1l1” (44)
Proof Since yx = xx + o (xy — xx—1), we have

2 2
lve —zlI” = 1(xk — 2) + ar(xx — xx—1) |l
2 2 2
= |lxx — zlI” + o lxk — xk—1 17 + 20 (xk — 2, Xk — Xk—1),
2 2 2 2
= llxk — zll” + " llxx — xp—1I” + arllxx — zll
2 2
+ apllxe — xp—1117 — axllxk—1 — zll
_ 2 2 2 2 2
= llxk — zll” + ar(llxe — zllI” = lIxe—1 — zlI7) + (o + ™) llxx — xp—1l
2 2
= 2(hg + ax(hr — hr—1)) + (o + o) lIxk — xk—1]]”. (45)

Combining (45) with the elementary equality

1
(Mt — hi) — o (hy — hg—1) = zllxk+1 — z|I* — (hk + aw(hy — hi—1)),
we deduce that

(hi1 — hi) — ag(hi — hg—1)

1 1 1
= 5 lxiepr = zlI* — 7 v = zlI* + 5@+ i) lxe — xe—1|I?
1 1 2 5
= (Xk4+1 — Yk» = (k1 + 30) — 2) + = (ke + o) |xk — xk—1]
2 2
1 1
= (Vg1 = o (k1 = 2) + 5 Ok = Xy ) + 5 (e + o) e — x|

1 1
= (Xk41 — Yk Xkt1 — 2) — 5|IXk+1 — yll* + z(ak + ) |k — xx—1 |2
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which gives the claim. O

Letus now use the specific form of the inertial algorithm (RIPA) and the cocoercivity
of the operator A, . The following result is the discrete counterpart of Lemma 2.2:

Lemma3.4 Let S = A7 (0) # 0, and 0 < oy < 1. For any z € S, the following
holds for all k > 1

(i1 — i) — o (g — hie—1) + Sl Aprs ) 17 < allxe — xe—1 12 (46)

Proof By Lemma 3.3 and the fact that xi 41 = yx — s Ay, +5 (V&) (see (40)), we have

(hig1 — hi) — ax(he — he—1) + (A5 k) » Yk — SAxs k) — 2)
s? ) 2 . 2
+ gllekﬂ ) I = E(ak + o) lxk — xpe—1ll”.

Since z € S, we have A;, 1,(z) = 0. By the (Ax + s)-cocoercivity property of Aj, 1,
we deduce that

(Argts 00 vk — 2) = O + ) 1 Arers ) 117

As a consequence,

N
(it = h) = o (e = 1) +5 (R + ) DAzyes O0) 12

<l( 2 _ 2
=3 oy + o) lxe — xe—111”

But %(ak + ax?) < ay because 0 < o < 1. Since s > 0, the result follows immedi-
ately. O

It would be possible to continue the analysis assuming the right-hand side of (46) is
summable. The main disadvantage of this hypothesis is that it involves the trajectory
(xx), which is unknown. In the following lemma, we show that the two antagonistic
terms s(Ag + %)HAM_H (yx) II? and ag ||xx — xx—1]|* can be balanced, provided X is
taken large enough.

Lemma 3.5 Let S = A_I(O) #+ @, and take ay = 1 — % with o > 2. For eachk > 1,
set
S 2
e = (1 4+ k2, @7
o

for some € > 0, and write § = lai Then, for each z € S and all k > 1, we have

(i1 =)=tk (g —hi—)+ellxe—xe-1 1248k (Ixesr =3l = o = xe-1]2) <O0.
(48)
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Proof First, rewrite (46) as
Ak 2 2
(M1 — he) — o (he — hy—1) + ?||xk+l = yill” < oellee — xe—111°. (49)

Let us write ||x¢1 — yx || in a recursive form. To this end, we use the specific form
of ax =1 — ¥ to obtain
2 _ 2
lxk+1 = Yell” = (k1 — xk) — (ke — xe—1) |
2
= | Cek1 — xp) — Oop — x,—1) + (1 — o) (e — xx—1) ||
o 2
= H (k41 — xk) — (xk — xp—1) + ;(xk - kal)H

2
o 2

2
= || (k41 — xx) — e — x,—D 17 + k_Zka — X1l

o
+ 2;((Xk+1 —xk) — (Xk — Xg—1), Xk — Xg—1)-
But

1 1
5|IX/<+1 —xl? = EIIXk — 1 1 A (k1 — X% — (X — Xk—1), Xk — Xg—1)
1 2
+§||(Xk+1 —x) — (X — xe—)I°.

By combining the above equalities, we get

o2

o
et = 3l = (1= ) M0kt = x0) = O = =D + T3 i = e 1

o 2 2
+ % lxks1 — xkll” — llxe — xe—1ll”-

Using this equality in (49), and neglecting the nonnegative term (1 — %)”(xk -
xk) — (xx — xk—1)|?, we obtain

(M1 — he) — ag(h — hr—1)
2

Ao Ao

+ =l — P+ = (lek+1 — xil)? = llxx — xx ||2> < ok — x|l
sk sk

(50)

Using (47) and the definition 8 = lai inequality (50) becomes (48). O

3.3 Main convergence result

We are now in position to prove the main result of this section, namely:
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Theorem 3.6 Let A : H — 2 be a maximally monotone operator such that S =
A7Y0) # 0. Let (x) be a sequence generated by the Regularized Inertial Proximal
Algorithm

o
Ve = X + (1 - Z> (Xk — Xk—1)
(RIPA)
Y n
X =
k= sk

s -1
s I+ Ak +)A)™ ()

where o > 2 and

S 2
A = (1+€)—2k
o

for some € > ﬁ and all k > 1. Then,

(1) The speed tends to zero. More precisely, || xi+1 — x|l = (’)(%) and Zk kllxy —
xe-1? < +oo.
(ii) The sequence (xi) converges weakly, as k — +00, to some X € S.
(iii) The sequence (yi) converges weakly, as k — +00, to X.

Proof First, we simplify the writing of the Eq. (48) given in Lemma 3.5. Setting
gk = llxk — xg—1]1%, we have

(hkvr — hi) — ap(hg — hy—1) + egr + Bk (gk+1 — &) < 0.
Then, we multiply by & to obtain
k(hs1 — hie) — (k — @) (hi — hg—1) + ekgr + Bk (g1 — gx) < O.

We now write these inequalities in a recursive form, in order to simplify their summa-
tion. We have

k(hggr — hi) — (k — D) (hg — hg—1) + (@ — D) (hg — hg—1) + ekgy
+ Bk* g1 — Bk — g — B(2k — Dgk < 0.

Summing for p =1, ..., k, we obtain

k k
k(his1 —hi) + (@ — Dhx+ (€ —2B) Y pgp+ B g1 +BY gy <C (1)
1 1

for some positive constant C that depends only on the initial data. Since g = lai with

a>2ande > é,wehavee —2B = “a;z (e - 0(272) > 0. From (51) we infer that

k(hitr — hi) + (@ — Dhy = C (52)
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for all k > 1. Since o > 2 and hy > 0, (52) implies
k(hisr — hi) + hi < C.
Equivalently,
khiy1 — (k — Dh < C.
Applying this fact recursively, we deduce that
khiy1 < Ck,

which immediately gives sup, h; < +oo. Therefore, the sequence (xx) is bounded.
Set

M = sup ||xx|| < +o0.
k

Now, (51) also implies that
k(his1 — he) + Bk*gks1 < C (53)

But

1 2 2
[hip1 — hel = 3 lxer1 —zll” = llxe — zlI7| =

1
<xk+1 — Xk, 5(Xk+1 + Xi) — Z>
(M 4+ N1zID N xk4+1 — xk|l- (54)

IA

Combining this inequality with (53), and recalling the definition g; = |lx; — xx—1]|%,
we deduce that

2
Blkllx1 — xell]” = (M + llzlD [kllxx41 — xill] = € < 0.
This immediately implies that

S‘;pk”ka — x|l < +o0. (55)

In other words, ||xx4+1 — x¢|| = (’)(%). Another consequence of (51) is that
k
(€=28) Y pllxp —xp-1ll*> < C — k(i1 — ).

p=1
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By (54), we deduce that

k
(€=28) Y pllxp —xp1ll> < C+ k(M + [z llxes1 — xxll-
p=1

Then, (55) gives
D kllxk = xi1l* < o0, (56)
k

which completes the proof of item i).

For the convergence of the sequence (x;), we use Opial’s Lemma A.3. First, since

op=1-— % < 1, Lemma 3.4 gives

o
(it = h) + skl Apyes O 12 = (1= 2) e = b)) + e = i 1P
for all K > 1. Using (56) and invoking Lemma A.7, we deduce that

D kMl Arrs Qi) [ < +o0. (57)
k

and

Z[hk — hi—1]+ < +o0.
K

Since Ay is nonnegative, this implies the existence of limy_, g, and also that of
limy—s 400 Ik — zlI.

In order to conclude using Opial’s Lemma A.3, it remains to show that every weak
limit point of the sequence (x¢), as k — +00, belongs to S. We begin by expressing
(57) with respect to xy, instead of y;. We have

I Asts o) 17 < 201 Ass i) 117 + 211 Asg s (k) — Asgts ) 112

< 20 Ass ) 7 + — xll?

2
G+ )2 K

2, 2 2
= 20| Apts G 117 + v Xk — xe—1l1,
3

where the last inequality follows from the definition of y; given in (39). Using (55)
and the definition of A, we may find a constant D > 0 such that

D
1Az ss G 112 < 201 Asgss () 12 + K232
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Hence,
S kil Angrs () 12 < 23 Khll A 0 12 4+ 30 2
k ' a k i & k)\,k

Now, using (57) and the definition of A, we conclude that

D kMl Aprs () |17 < +o0.
k

Since Ax tends to infinity, this immediately implies

D kO + 9 Apers () 17 < +00.
k

To simplify the notations, set iy = Agx + s, so that

D kil Ay () [P < oo (58)
k

As we shall see, this fact implies
lim || Ay, (xe) | = 0. (59
k—+00

Suppose, for a moment, that this is true. Let (xg,), be a subsequence of (x;) which
converges weakly to some x. We want to prove that ¥ € § = A~!(0). Since 1) tends
to infinity, we also have

kEI—Poo 1A () I = 0.
Passing to the limit in
A, (%,) € Ak, — i, Apuy, (X,))
and using the demi-closedness of the graph of A, we obtain
0e A(x).

In other words, x € S. As a consequence, it only remains to prove (59) in order to
obtain ii) by Opial’s Lemma. To this end, define

op = [l Ay, () 112
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We intend to prove that limg_, y wx = 0. Using (58) and the definition of g, we
deduce that

1
Z L@k < +00. (60)

k

Therefore, if limg_, 4+~ Wy eXists, it must be zero. Since

itk Ay o) | = ke = Jea Gl < i = 2l < M+ izl
we have
jor1 = okl = [kt A Geen) 12 = kA (o) 112
< 2(M + Nzl k1 Ay Grg1) — micApy ) |- (61)

On the other hand, by Lemma A.4 we have

[k1 — ikl
ka1 Apy Gre) — s Apye G | < 201041 — Xl 4 2llxk41 — Z”T
+
[Akt1 — Al
< 2 xkg1 — xpell + 2l x40 — 2l —/——
Ak+1
4(M + |zl
< 2lxpsr — x| + ————=,
< 2|xp1 — x|l 1

by the definition of Ax. Using (55) and replacing the resulting inequality in (61), we
deduce that there is a constant £ > 0 such that

».| oy

|ok41 — wi] <
But then

1
DM@’ = @0 < E Y 2@kt +ox) < +00
k k

by (60). It follows that limy_, 4 a),% exists and, since wy > 0, limg_, 4 o, wy exists as
well. This completes the proof of item ii). Finally, item iii) follows from the fact that
limg [lxgq1 — yell = limg [[s Aps ) | = 0. o

3.4 An application to convex—concave saddle value problems

As shown by Rockafellar [33], to each closed convex—convave function L : X x ¥ —
IR acting on the product of two Hilbert spaces X and Y is associated a maximally
monotone operator M : X x ¥ = X x Y whichis givenby M = (9L, —0d,L). This
makes it possible to convert convex—concave saddle value problems into the search
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for the zeros of a maximally monotone operator, and thus to apply our results. Let’s
illustrate it in the case of the convex constrained structured minimization problem

(P) min{f(x)+g(y): Ax — By =0},

where data satisfy the following assumptions:

e X, Y, Z are real Hilbert spaces
e f: X —> RU{4oo}and g : Y — RU {400} are closed convex proper functions.
e A: X — Zand B : Y — Z are linear continuous operators.

Let us first reformulate (P) as a saddle value problem

(x’ygleigxygleazx {f(x) +g(y) + (z, Ax — By)}. (62)

The Lagrangian L : X x ¥ x Z — R U {400} associated to (62)

L(x,y,z) = f(x) +g(y) + (z, Ax — By)

is a convex—concave extended-real-valued function. The maximal monotone operator
M:X xY xZ = X xY x Zthatis associated to L is given by

M(x,y,z) = (9c,yL, —0;L) (x,y,2) = (3f (x) + A'z, 0g(y) — B'z, By — Ax).

(63)
When the proximal algorithm is applied to the maximally monotone operator M,
we obtain the so-called proximal method of multipliers. This method was initiated
by Rockafellar [34]. By combining this method with the alternating proximal mini-
mization algorithm for weakly coupled minimization problems, a fully split method
is obtained. This approach was successfully developed by Attouch and Soueycatt in
[10]. Introducing inertial terms in this algorithm, as given by (RIPA), is a subject of
further study, which is part of the active research on the acceleration of the (ADMM)
algorithms.

4 Stability with respect to perturbations, errors

In this section, we discuss the stability of the convergence results with respect to
external perturbations. We first consider the continuous case, then the corresponding
algorithmic results.

4.1 The continuous case

The continuous dynamics is now written in the following form
. o,
X0+ X)) + Ao (x(0) = f @, (64)
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where, depending on the context, f can be interpreted as a source term, a perturbation,
or an error. We suppose that f is locally integrable to ensure existence and uniqueness
for the corresponding Cauchy problem (see Lemma A.1 in the “Appendix”). Assuming
that f(¢) tends to zero fastenough ast — 400, we will see that the convergence results
proved in Sect. 2 are still valid for the perturbed dynamics (64). Due to its similarity
to the unperturbed case, we give the main lines of the proof, just highlighting the
differences.

Theorem 4.1 Let A : H — 2™ be a maximally monotone operator such that

S = A~ H0) # (. Let x : [ty, +00[— H be a solution of the continuous dynamic
2

(64), where « > 2 and A(t) = (1 + e)é{—2 with € > (ﬁ Assume also that

ft:w B3I f(@))*dt < 400 and f;oo t| f(®)|ldt < +o0. Then, x(t) converges weakly,

ast — +09, to an element of S. Moreover || x(t)|| = O(1/t).

Proof First, a similar computation as in Lemma 2.2 gives
. o . .
h (1) + ?hz(t) +AONA GO < 1EO1 + 1lx(@) =zl F O (65)

Following the arguments in the proof of Lemma 2.3, we use (64), then develop and
simplify (65) to obtain

heo (1) + %hz(t) +eg(t) + prg(r) < llx(@) — zllILf O + 2Bt x DN f (O, (66)

where, as in the proof of Proposition 2.4, we have set g(t) = ||x(¢) 2. Using the fact
that forany 0 < 6 < 1

2
2Bt f )] < Bl (0)]*> + f—etznf(z)nz,
and multiplying by ¢, we obtain
2
th (1) +ah (1) +e(1-0)tg(t)+p124(t) < tllx(t)—zllllf(t)||+f—9t3llf(t)||2. (67)

Integration from 7 to ¢ yields

t
tha(t) + (@ — Dha(t) + P25 () + (e(1 — 6) — 28) / sg(s)ds < C
1
t ‘32 t ’
+ f slx(s) — 2l F ) Ids + 2 / S5 1ds 68)
10 €0 Jy,

for some positive constant C that depends only on the initial data. In all that follows, C

is a generic notation for a constant. By the definition § = lai and the assumptions and
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the parameters « and €, we can choose 0 positive small enough to gete (1—0)—28 > 0.

Taking into account also the hypothesis f:)'oo B3| £(0)]]?dt < 400, we deduce that

. t
the (1) + (e — Dh(1) < C +/ slx(s) =zl f($)llds.

fo

Multiply this expression by %2, integrate from fg to ¢, and use Fubini’s Theorem to
obtain

1 1 !
Slx@ = AP =Cc+ —/ tlx@) =zl f(©)lldz.
a—1J4,

The main difference with Sect. 2 is here. We apply Gronwall’s Lemma (see [ 16, Lemma
A.5]) to get

1 t
lx(@) —zll < C+ —/ t) f(@)|\dt.
a—1J,

Since ftz'oo t| f(@®)]ldt < 400, we deduce that the trajectory x(-) is bounded. The rest
of the proof is essentially the same. First, we obtain

supz[lx(2)| < +o0,
t>1

by bounding that quantity between the roots of a quadratic expression. Then, we go
back to (68) to get that

+00
/ % (®))*dt < +oo.
fo
We use Lemma A.6 to deduce that lim,_, 4o /i, (¢) exists and
+00 )
/ A A (x(@)]I7dt < +o00.
fo

The latter implies lim;— o0 A(#)[|Ay) (x ()| = 0, and we conclude by means of
Opial’s Lemma A.2. O

4.2 The algorithmic case

Let us first consider how the introduction of the external perturbation f into the
continuous dynamics modifies the corresponding algorithm. Setting fr = f(kh), a
discretization similar to that of the unperturbed case gives

1 o
ﬁ(xk+l — 2xp + xp—1) + m(xk — Xk—1) + Ay (k1) = fie
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After expanding this expression, and setting s = h?, we obtain

X1 + S Ay (K1) = xp + ( ) (xk — xk—1) + Sfks
which gives
yie =xk + (1= %) x — xx-1)

.
Xprt = (T +545,) " Ok +5fi) -

Using the resolvent Eq. (84), we obtain the Regularized Inertial Proximal Algorithm
with perturbation

o
Yk = Xg + (1 — ;) (Xk — Xk—1)
(RIPA-pert)

Ak
—J
Tkt = 5 Ok +5fi) + —— s oA (k + 811
Setting o = 1 — %, and with help of the Yosida approximation, this can be written in
a compact way as

Vi = Xp + o (X — Xp—1)
(69)
X1 = Ok + 5fx) — SAnas Ok +5fr) -

When f; = 0 we recover (RIPA). The convergence of (RIPA-pert) algorithm is ana-
lyzed in the following theorem.

Theorem 4.2 Let A : H — 2" be a maximally monotone operator such that S =
A710) # 0. Let (xi) be a sequence generated by the algorithm (RIPA-pert) where
o > 2 and

S 2s
A =<1 - )—k2
k +2+6 "

for some € > Z'H and all k > 1. Suppose that )", k|| fxll < +ocand ), Bl fell?> <
+00. Then,

(1) The speed tends to zero. More precisely, || xk+1 — Xkl = (9(%) and )" kllxg —
Xe—1]? < +oo0.
(ii) The sequence (xi) converges weakly, as k — 400, to some X € S.
(iii) The sequence (yi) converges weakly, as k — +00, to X.

Proof Letus observe that the definitions of yy and &, are the same as in the unperturbed
case. Hence, it is only when using the constitutive equation xz+1 = (yr + Sfx) —
5 Ay, +s (yk + sfi), which contains the perturbation term, that changes occur in the
proof. Thus, the beginning of the proof and Lemma 3.3 is still valid, which gives

(M1 — hi) — o (hie — hg—1) — (Xk+1 — Vi Xks1 — 2)
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+l||x =1 ) lxx — 2 70
5 ¥k Vil —z(ak+01k Mixe — xp—11I° (70)

The next step, which corresponds to Lemma 3.4, uses the constitutive equation. Let
us adapt it to our situation. By (70) and xx+1 — yk = S(fk — An+s Ok + 5fk)), it
follows that

(M1 — he) — o (hie — hg—1) + s{(Ax 45 Gk + Sfr)

— fro Ok +5fk —2) — SAuts Ok +5f2))
2

s 1
+ S 1 Asscks G+ 50 = fill> = S (@ +aD)lxe —xe1 2 (7D

Since z € S, we have A, 1,(z) = 0. By the (A + s)-cocoercivity property of A;, 1,
we deduce that

(Asgts Ok + 50 Yk + 5 — 2) = Ok + ) [ Ass Ok + 5f0) 112

Using the above inequality in (71), and after development and simplification, we obtain
(hk+1 — hi) — ag(hg — hg—1) +5 (kk + ) 1 Asss Ok + 50 112

< = Ifil® +s{ve —z fi) + = (ak+ak2>||xk—xk 1% (72)

52
2
From A;, 15 (yx + sfr) = %(yk ~+ sfx — xx+1) it follows that

1
(it = i) = ke = hie) + = (345 ) 108 = xeen) + il

s
2

S}

1
< = Nfil® + s — 2, fi) + 5 (e + o) |k — xx—1 1%

Using the elementary inequality [|yx — xk111> < 20k — Xk1) + sfill® + 2llsfell®
we deduce that

1
(hit = i) = e = hie) + 5= (b + 3 ) I = el

S
< SN +s (4 + 5 )||fk||2+SYk—Z i+ e+ @l — i 1P

Since %(ak +a;?) < ax < 1,5 > 0, and by using Cauchy—Schwarz inequality, it
follows that

Ak
(ke = i) = o = i) + e — ill?

< s(s + 2 Fell> + sllye — 2 fell + llooe — xe—111%. (73)
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By the definition of y; and elementary inequalities we have

”yk Z””fk” =< ||)Ck Z””fk” ”xk xk—l”” )k” =< ||)Ck Z””fk”
+ = + =Xk — XK= .
) k 2 k k—1

Combining this inequality with (73) we obtain

Ak
(M1 — hi) — g (hg — hg—1) + Z”xk—kl — yill?

1
5s(§+s+m)WﬁV+SWk—ﬂWﬂ”

S
+U+§Wm—qu~ (74)

Let us write ||xg+1 — Yk ||2 in a recursive form. The same computation as in Lemma
3.5 gives

o
e = 3l = (1= 2) 6okt = 3) = G = -l
o? 2, @ 2 2
el R ey (N A e S

Using this equality in (74), and neglecting the nonnegative term (1 — %)H(xk 41—
xk) — (xx — xk—1)]|?, we obtain

2
14%9 2
(his1 — hi) — o (hye — hy—1) + m”xk — xp—1]l

2 (ot = el = e = 21 12)

25k
1 s
5s<§+s+m>w&W+sw%—AMﬂn+(1+5)w%—m_m? 75)
14+5+€

Using A = (1+5+€) 242 and the definition 8 =

~—, inequality (75) becomes

(hicy1 = i) = ag g — 1) + €lleg = xie-1 12 + Bk (I = xel = g = xi-11%)
1
SS(E +S+)»k) 1Lfl® + sl — 2l fiel- (76)
Setting gx := |lxx — xk—1]|%, we have
(hi+1 — hi) — o (hge — hg—1) + €8k + Bk (gk+1 — k)
1
<s (5 +s5+ Xk) 1ficll> + sl — 2l fell.
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Then, we multiply by & to obtain

k(i1 — hi) — (k — a) (b — hg—1) + ekgr + BK* (grr1 — &)
1
< sk (5 +s +)»k> Il fill> + skllxe — 2l fill-

We now write these inequalities in a recursive form, in order to simplify their summa-
tion. We have

k(hist — i) — (k = 1) (i — he—) + (& — D (g — hg—1)
+ ekgi + PR gir1 — Bk — 1) gk — B2k — Dgr

1
= sk <§ +s +kk) Ificll® + sklloxx — 2l fel.

Summing for p = 1, ..., k, we obtain

k k

k(his1 — hi) + (@ — Dhx + (€ —28) Y pegp+ Bk grr1 +B Y &)
1 1

k k
1
ssanxp—z||||fp||+s2p<5+s+x,,) ILfplI. (77)
1 1
Since 8 = H;i with o > 2 and € > %,wehavee—ZB = E(a_ma& > 0.

Moreover by the definition of Ax and the assumption ) k3| fill> < 400, we have
s Zlf p(% + 5+ )»,,)IIf,,H2 < C for some positive constant C. Whence

k
k(his1 — hi) 4 (@ — Dhg 4 kg1 < C + Zpllxp =zl fpll (78)

1

for all k > 1. Since o > 2 and hj > 0, (78) implies

k
khip1 — (k= Dy < C+ ) pllx, =zl £l

1

By summing the above inequalities, and applying Fubini’s Theorem, we deduce that

k k
khit1 < Ck + Zpllxp —zlll fpll(k — p) = Ck +kZP|pr =zl fpl-

1 1
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Hence

k k

1
Sl =2l < €+ plixy = 2llfplltk = p) < C+ 3 pllxy =zl £l
1 1

Applying the discrete form of the Gronwall’s Lemma A.8, and ), k|| fx|l < 400, we
obtain sup; hy < +o00. Therefore, the sequence (x) is bounded. The remainder of

the proof is pretty much as that of Theorem 3.6. We first derive

Sl/:l)k”ka — x|l < +o0. (79)

Then, we combine (77) with (79) to obtain

> kllxe — xe1ll? < oo, (80)
k

Since o = 1 — ¢ < 1, inequalities (72) and (80) give

N o
(it = k) +5 (4 3) 1Ans 00 12 = (1= 2) O = i) + 6

for all k¥ > 1, and ZkeN k6y < +oo. Invoking Lemma A.7, we deduce that
limg_s 400 Ay exists and

D kil Asps O 17 < +o. @81)
k
We conclude using Opial’s Lemma A.3 as in the unperturbed case. O

Remark 4.3 The perturbation can be interpreted either as a miscomputation of y
from the two previous iterates, or as an error due to the fact that the resolvent can be
computed at a neighboring point y; + sfk, rather than y;. Anyway, perturbations of
order less than kiz are admissible and the convergence properties are preserved.

5 Quadratic growth and strong convergence

In this section, we examine the case of a maximally monotone operator A satisfying
a quadratic growth property. More precisely, we assume that there is v > 0 such that

(x*, x — z) > vdist(x, 5)* (82)
whenever x* € Ax and z € S. If A is strongly monotone, then (82) holds and S is a
singleton. Another example is the subdifferential of a convex function ® satisfying a

quadratic error bound (see [18]). Indeed,

(x*, x —z) > ®(x) — min(d) > v dist(x, S)2
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if x* € 9®(x) and z € § = argmin(®). A particular case is when A = M*M,
where M is a bounded linear operator with closed range (if ®(x) = %HM x||2, then
V& (x) = M*Mx). We have,

(Ax,x —z) = |[M(x — z)ll2 > v dist(x, Ker(M))2

(see [17, Exercise 2.14]).
We obtain the following convergence result:

Theorem 5.1 Let A : H — 2" be a maximally monotone operator satisfying (82)
for somev > Qandall x € Hand z € S. Let x : [ty, +00[— H be a solution of the
continuous dynamic

. o,
X(1) + 7x(t) + Any(x (@) =0,
where a > 2 and

2
t

A =0 —i—e)—2 with € >
o

oa—2

Then, lim;—, ~ dist(x(t), S) = 0. If, moreover, S = {z}, then x(t) converges strongly
tozast — +o0.

Proof First, fix t > ty and observe that

(Any(x(0)), x(1) — z) = (Any(x (1)), Jaya(x(1)) — 2)
A& @), x(t) — Jrhna(x(1)))

1
vdist(Jyya(x(1)), )% + mllx(t) — Jyax@))?

v

v

vdist(Jypya(x()), $)°

L la 0 -z
+W)[ —O)lx) — 2l

1 2
+ (1 - E) lz = Jhyax (@)l i|

for all ¢ > 0 (we shall select a convenient value later on). In turn, the left-hand side
satisfies

(Any(x (), x(1) = 2) = | Axey x@O) ] lx (@) — 2l
< AONAL EO)IZ 4+ 1Axe @) 1 aia (x(0)) — 2|

¢ 2,V 2
< (X(f) + 5) | An (x@DIIT + ZWA(:)A(X(I)) —z|~.
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Since [|x(¢) — z|| > dist(x (), S), by taking z as the projection of Jy )4 (x(7)) onto S,
and combining the last two inequalities, we obtain

(ll\zlf)dist(x(t), ) + (v - % + %) dist(J5 1y a (x (1)), 5)
< <k(t) + 2%) 1 A5 DI
whenever 0 < ¢ < 1. Set
_ 24amv 1 1
20120 2 20+ A0
so that
o<ty Ly
2 2 T2+ Aty
and

voor—1 20,0y —AOv+20—2  20(1+A0Y) — R+ ADY)

T T o 200(0) 200(0) 0
It follows that
(-2 . ¢
o s, $)? < (A(t) + 5) [ A )%,
and so
. 2 [2(01 + A(to)v) 1 2

dist(x(z), $)° < [—)»(lo)v :| A1) ()»(l) + 2U> | Any (x (@)1

The right-hand side goes to zero by (33). O

A similar result holds for (RIPA), namely:
Theorem 5.2 Let A : H — 2™ be a maximally monotone operator satisfying (82)
for some v > 0 and all x € H and z € S. Let Let (x) be a sequence generated
by the algorithm (RIPA), where o > 2 and A, = (1 + e)%z with € > asz Then,
limg_, 4o dist(xg, S) = 0. If, moreover, S = {z}, then xj converges strongly to Z as
k — +oo.

6 Further conclusions from a keynote example

Let us illustrate our results in the case where H = RZ, and A is the counterclockwise
rotation centered at the origin and with the angle %, namely A(x, y) = (=, x). This
is a model situation for a maximally monotone operator that is not cocoercive. The
linear operator A is antisymmetric, that is, (A(x, y), (x, y)) = 0 for all (x, y) € H.
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6.1 Critical parameters

Our results are based on an appropriate tuning of the Yosida approximation parameter.
Let us analyze the asymptotic behavior of the solution trajectories of the second-order
differential equation

i(r) + %b’t(t) + Ay (1)) =0, (83)

where u(t) = (x(¢), y(¢)). Since O is the unique zero of A, the question is to find
the conditions on A(#) which ensure the convergence of u(¢) to zero. An elementary

computation gives
1 A —1
Y= (l » )

For easy computation, it is convenient to set z(#) = x(¢) + iy(t), and work with
the equivalent formulation of the problem in the Hilbert space H = C, equipped
with the real Hilbert structure (z1, z2) = Re(z122). So, the operator and its Yosida

approximation are given respectively by Az = iz and Az = 1’\:)\"21 Then (83)
becomes

50+ 2200 + ) = 0

¢ i ° 1+ e ="

Passing to the phase space C x C, and setting Z(t) = (z(t), z'(t))T, we obtain the
first-order equivalent system

. 0o -1
Z(O)+M@)Z(1t) =0 where M) =| ro)+i o |-
1+1(1)2 ¢

The asymptotic behavior of the trajectories of this system can be analyzed by exami-
nating the eigenvalues of the matrix M (¢), which are given by

o 462 () +i
o) = — 414 [1— — 21T
@) 2t \/ aZ 1+ r(1)?

Let us restrict ourselves to the case AL(t) ~ t?. If p > 2, the eigenvalues 64 and 6_
satisfy

1 1
9+(l) ~ ; and 9_([) ~ WTI

Although the solutions of the differential equation v(¢) + %v(t) = 0 converge to 0,
those of v(7) + —L

T
theorem, we are not allowed to let A(¢) tend to infinity at a rate greater than 2, which

shows that 2 is a critical size for A(7).

v(t) = 0 do not. Thus, to obtain the convergence results of our
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Table 1 Distance to the unique equilibrium for a solution of each equation

Key Differential equation Distance to (0, 0) at = 100
(E1) X()+Ax(t) =0 14.141911

(E2) E() + G0 + Ax(1) =0 3.186e24

(E3) () + Ap(x@) =0 0.0135184

(E4) X(t)+ A (x@)=0 0.0007827

(ES) X)) 4+ $x() + Aypyx() =0 0.000323

6.2 A comparative illustration

As anillustration, we depict solutions of some first- and second-order equations involv-
ing the rotation operator A, obtained using Scilab’s ode solver. In all cases, the initial
condition atfyp = 1is (10, 10). For second-order equations, we take the initial velocity
as (0, 0) in order not to force the system in any direction. When relevant, we take
A1) = (1 +e)t?/a® witha = 10 and € = 1 + 2(a — 2)~!. For the constant A, we
set A = 10. Table 1 shows the distance to the unique equilibrium (x, y) = (0, 0) at
t = 100.

Observe that the final position of the solution of (E5) is comparable to that of (E4),
which is a first-order equation governed by the strongly monotone operator Aj.

Acknowledgements The authors thank P. Redont for his careful and constructive reading of the paper.

A Auxiliary results
A.1 Yosida regularization of an operator A

Given a maximally monotone operator A and A > 0, the resolvent of A with index A
and the Yosida regularization of A with parameter A are defined by

1
Ba=T+207"  and Ay = (=),
respectively. The operator J,4 : H — H is nonexpansive and eveywhere defined
(indeed it is firmly non-expansive). Moreover, A, is A-cocoercive: for all x, y € ‘H
we have
(Ary — Asx,y —x) = Al Asy — Asx ||,

This property immediately implies that A, : H — H is %-Lipschitz continuous.
Another property that proves useful is the resolvent equation (see, for example, [16,
Proposition 2.6] or [14, Proposition 23.6])

(A = Aptp) (84)

@ Springer



Convergence of inertial dynamics and proximal algorithms... 425

which is valid for any A, u > 0. This property allows to compute simply the resolvent
of A;: forany A, u > 0 by

A

n
= —I1I 4+ — () A-

J
AT

Also note that for any x € H, and any A > 0
A (x) € A(Juax) = A(x — LA (X)).

Finally, for any A > 0, A and A, have the same solution set S := A;l 0) = A=1(0).
For a detailed presentation of the properties of the maximally monotone operators and
the Yosida approximation, the reader can consult [14] or [16].

A.2 Existence and uniqueness of solution in the presence of a source term

Let us first establish the existence and uniqueness of the solution trajectory of the
Cauchy problem associated to the continuous regularized dynamic (1) with a source
term.

Lemma A.1 Take tg > 0. Let us suppose that A : [to, +00[— RT is a measurable

function such that A(t) > X for some A > 0. Suppose that f € L'([to, T1, H) for all
T > to. Then, for any xo € 'H, vy € H, there exists a unique strong global solution

x : [to, +0o[— H of the Cauchy problem

X(t) + $E@) + Any(x (1) = f(2)

. (85)
x(10) = xo, x(to) = vo.

Proof The argument is standard, and consists in writing (85) as a first-order system
in the phase space. By setting

_ (x® _ v =(°
x0=(50) Feuv=Co,_at s i) mixo= ().

the system can be written as

X(t) = F(t, X (1))
(86)
X (19) = Xp.

Using the %-Lipschitz continuity property of A;, one can easily verify that the con-
ditions of the Cauchy-Lipschitz theorem are satisfied. Precisely, we can apply the
non-autonomous version of this theorem given in [21, Proposition 6.2.1]. Thus, we
obtain a strong solution, that is, t — x(¢) is locally absolutely continuous. If, more-
over, we suppose that the functions A(-) and f are continuous, then the solution is a
classical solution of class C. O
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A.3 Opial’s Lemma

The following results are often referred to as Opial’s Lemma [28]. To our knowledge,
it was first written in this form in Baillon’s thesis. See [30] for a proof.

Lemma A.2 Let S be a nonempty subset of H and let x : [0, +o0[— H. Assume that

(1) for every z € §, lim;_  ||x(t) — z|| exists;
(ii) every weak sequential limit point of x(t), as t — oo, belongs to S.

Then x(t) converges weakly as t — 00 to a point in S.
Its discrete version is

Lemma A.3 Let S be a non empty subset of H, and (xi) a sequence of elements of
‘H. Assume that

(1) forevery z € S, limy_, 40 || Xk — z|| exists;
(ii) every weak sequential limit point of (xi), as k — 00, belongs to S.

Then xi converges weakly as k — oo to a point in S.

A.4 Variation of the function y — yA,x

Lemma A4 Let y,5 > 0, and x,y € H. Then, for each z € S = A’l(O), and all
t > tog, we have

ly =4l

lyAyx —8Asyll < 2llx — yll +2[lx — 2] (87)

Proof We use successively the definition of the Yosida approximation, the resolvent
identity [14, Proposition 23.28 (i)], and the nonexpansive property of the resolvent, to
obtain

lyAy,x —8Asyll < llx — yll + IJyax — Jsayll

8 8
= llx =yl + 154 (—x + (1 - —) JyAX) — Jsayll
v 14
8 8
Sle=yll+l-x+{1=—=)Jpax =l
14 14

)
=2lx =yl + 1= ;Hl-’yAx — x|

Since J, 4z = z for z € §, and using again the nonexpansive property of the resolvent,
we deduce that
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)
lyAyx —8Asyll < 2|lx — yll + 1 — ;III(J;/AX —Jyaz) + (@ —xID

ly =4l
<2x =yl +2llx —z|l v

which gives the claim. O

A.5 On integration and decay

Lemma A.5 Letw, n : [tg, +0oo[— [0, +00[ be absolutely continuous functions such
that n ¢ L' (19, +00),

+00
/ w(t) n(t)dt < +oo,
]

and |w(t)| < n(t) for almost every t > to. Then, lim;_, ;oo w(t) = 0.

Proof First, for almost every ¢t > fq, we have

‘iuﬂ(r)‘ =2 ‘iw(r) w(t) < 2w(t) n(r)
dt dt - ’

Therefore, |j—tw2| belongs to L. This implies that lim;—, 4 wz(t) exists. Since w is
nonnegative, it follows that lim;_, ;o w(#) exists as well. But this limit is necessarily
zero because 1) ¢ L. O

A.6 On boundedness and anchoring

Lemma A.6 Letty > 0, and let w : [ty, +00[— R be a continuously differentiable
function which is bounded from below. Given a nonegative function 0, let us assume
that

tw(t) +oaw(t) +0(t) < k(1), (88)

for some a > 1, almost every t > to, and some nonnegative functionk € L' (1, +00).
Then, the positive part (w4 of w belongs to L' (tg, +00), and lim,_, o w(t) exists.
Moreover, we have ft:oo 0(t)dt < 4o0.

Proof Multiply (88) by 1! to obtain
d a a—1 a—1
E(t () + 170 < k@),

By integration, we obtain

, L 0l 1 [
w(t)-l—t—a/tos“ G(S)dsft—a—i-t—a/tos“ k(s)ds. (89)
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Hence,

fo% | w (1 1 !
it < SO L [ et
0]

and so,

R 1% |w (to) | /OO 1 (fl el )
d D EEEE—— — k(s)ds ) dt.
/to [w]+(dr < v l)tg_l + @\, s (s)ds | dt

Applying Fubini’s Theorem, we deduce that

o0 1 t oo oo l 1 o0
— s Vk(s)ds ) dr = —dt ) s* k(s)ds = —— k(s)ds.
PR 1 oa—1
0 to 0] s to

Asa consequence,

1o |w (7o)
(@ — D!

/ [l (1)t < 4 / k(s)ds < +o0o.
i) a—1 to

This implies lim;_, 1 o, w(¢) exists. Back to (89), integrating from #( to 7, using Fubini’s
Theorem again, and then letting ¢ tend to +00, we obtain

1 00 0% 1 (¢ 1
lim w(t) —w(tg) + —— | O(s)ds < —2 o)l /
t—+00 a—1 to ((X—])I’g_l oa—1

o0
k(s)ds < 4o00.
fo

Hence ftgo 0(s)ds < 4o0. o

A.7 A summability result for real sequences

Lemma A.7 Leta > 1, and let (hy) be a sequence of real numbers which is bounded
from below, and such that

o
(it =) = (1= ) (e = i) + o <6 (90)

forall k > 1. Suppose that (wy), and (6;) are two sequences of nonnegative numbers,
such that )", kb < +oc. Then

Z[hk — hx—1]4+ < 400 and Zka)k < +00.
keN keN

Proof Since (wy) is nonegative, we have
o
(hi+1 — hi) — (1 - ;) (hk — hg—1) < k.
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Setting by := [hy — hx—1]+ the positive part of hy — hx_1, we immediately infer that
o
bry1 < (1 — E) bi + 6k
for all £ > 1. Multiplying by k and rearranging the terms, we obtain
(@ — Dby < (k — 1)bg — kbg+1 + k.

Summing fork = 1, ..., K, and using the telescopic property, along with the fact that
Kbk > 0, we deduce that

K K
(@=1) be <) kb,
k=1 k=1

which gives

Z[hk — hi—1]+ < +oo.
keN

Let us now prove that ) ", . kw < +00, which is the most delicate part of the proof.
To this end, write 6y = hy — hx—1, and o = (1 — ) so that (90) becomes

Sky1 + wp < i + O.
An immediate recurrence (it can be easily seen by induction) shows that

k k k k

k
8k+1+2 1—[ aj |wi | < HOlj 51+Z 1—[ o 6 |,
i=1

j=itl j=1 i=1 j=i+l

k

with the convention ]_[l;zk L1 @, = L. To simplify the notation, write A¥ = [] i

Sum the above inequality for k = 1, ..., K to deduce that

hK+1—h1+ZZA,+1wl5512A’<+ZZA1+1 1)

k=1 i=1 k=1i=1

Olj.

Now, using Fubini’s Theorem, we obtain

K
hK+1—h1+Z|:a),ZA :|<81ZA]‘+Z|:9,-ZA{-‘+I:|. (92)
i=l1 i=1 k=i

Simple computations (using integrals in the estimations) show that

. o . o
i <A].‘1< i+1 s
k) — = k+1
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and

. o0 . . o
i k i i+1
oz—lS Ai"'lfot—l( i )
k=i

(see also [4] for further details). Letting K — 400 in (92), we deduce that
o0 o0
Ziwi < C—I—DZiOi < 400
i=1 i=1

for appropriate constants C and D. O

A.8 A discrete Gronwall lemma

Lemma A.8 Letc > 0and let (ar) and (B;) be nonnegative sequences such that (8)
is summable and

k
2 2
ap <c +Zﬁjaj

j=1

o0
forallk € N. Then, ax < c+ Y _ Bj forallk € N.
j=1

Proof Fork € N, set Ay := maxXi<m,<k dn. Then, for 1 <m < k, we have

I

m (0.¢]
<P+) Bjaj <+ Ay By
j=1

Jj=1
Taking the maximum over 1 < m < k, we obtain
o0
AF <+ ALY B
Jj=l1
Bounding by the roots of the corresponding quadratic equation, we obtain the result.
O
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