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Abstract We propose a novel stochastic method, namely the stochastic accelerated
mirror-prox (SAMP) method, for solving a class of monotone stochastic variational
inequalities (SVI). The main idea of the proposed algorithm is to incorporate a
multi-step acceleration scheme into the stochastic mirror-prox method. The devel-
oped SAMP method computes weak solutions with the optimal iteration complexity
for SVIs. In particular, if the operator in SVI consists of the stochastic gradient of a
smooth function, the iteration complexity of the SAMP method can be accelerated in
terms of their dependence on the Lipschitz constant of the smooth function. For SVIs
with bounded feasible sets, the bound of the iteration complexity of the SAMP method
depends on the diameter of the feasible set. For unbounded SVIs, we adopt the modi-
fied gap function introduced by Monteiro and Svaiter for solving monotone inclusion,
and show that the iteration complexity of the SAMP method depends on the distance
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from the initial point to the set of strong solutions. It is worth noting that our study
also significantly improves a few existing complexity results for solving deterministic
variational inequality problems. We demonstrate the advantages of the SAMP method
over some existing algorithms through our preliminary numerical experiments.

Keywords Stochastic variational inequalities - Stochastic programming - Mirror-prox
method - Extragradient method

Mathematics Subject Classification 90C25 - 90C15 - 62L.20 - 68Q25

1 Introduction

Let £ be a finite dimensional vector space with inner product (-, -) and norm || - ||
(not necessarily induced by (-, -)), and Z be a non-empty closed convex set in £. Our
problem of interest is to find an u* € Z that solves the following monotone stochastic
variational inequality (SVI) problem:

(Ee [Fu; €, Ol u*—u) <0, YueZ. (1)

Here, the expectation is taken with respect to the random vectors & and ¢ whose
distributions are supported on & € R and &’ C R, respectively, and F is given by
the summation of three components with different structural properties, i.e.,

Fu;6,0) =Gu; &) + Hw; ¢) + J'(w), Vu e Z. )

In particular, we assume that J'(u«) € 8J (u) is a subgradient of a relatively sim-
ple and convex function J (see (10) below), H(u; ¢) is an unbiased estimator of a
monotone and Lipschitz continuous operator H such that E; [H(u; ¢)] = H (u),

(Hw)—H),w—v) >0, and |H(w) — HW)||x < M||lw —v]|], Yw,v € Z,
3)

where | - ||+ denotes the conjugate norm of || - ||. Moreover, we assume that G (u; &)
is an unbiased estimator of the gradient for a convex and continuously differentiable
function G such that E¢[G(u; £)] = VG (u) and

0<Gw)— GO — (VGW),w —v) < —|w—v|?, Yw, veZ. @)

|

Observe that u* given by (1) is often called a weak solution for SVI. A related
notion is a strong SVI solution. More specifically, letting

Fu) :=Ee o [F; 6,01 = VG) + Hw) + J'(w), (&)
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Accelerated schemes for a class of variational inequalities 115

we say that u™ is a strong SVI solution if it satisfies
(Fw™),u*—u) <0, YueZ. 6)

It should be noted that the operator F' above might not be continuous. Problems (1)
and (6) are also known as the Minty variational inequality and the Stampacchia varia-
tional inequality respectively, due to their origin [16,27]. For any monotone operator
F, it is well-known that strong solutions defined in (6) are also weak solutions in (1),
and the reverse is also true under mild assumptions (e.g., when F is continuous). For
example, for F in (5), if J = 0, then the weak and strong solutions in (1) and (6)
are equivalent. For the sake of notational convenience, we use SVI(Z; G, H, J) or
simply SV I(Z; F) to denote problem (1).

SVIs have recently found many applications, especially in data analysis. To motivate
our discussion, let us mention one widespread machine learning model which helps
to represent massive data in a compact way [17]. Consider a set of observed data
S = {(x;, yi)}/L,, drawn at random from an unknown distribution D on X x Y. We
would like to find a function y = )(x, 6), parameterized by 6 € @, to describe the
relation between x and y. To this end, we can solve different problems of the form
(e.g., [4,45,49,52])

géi({)lE[E(y(x, 0), )1+ r @), (N

where £ denotes a loss function, r is a regularization to enforce certain structures of
the generated solutions, and the expectation is taken w.r.t. the random vector (x, y).
While one can directly solve (7) as a stochastic optimization problem, the SVI in (1)
provides us a unified model to study different subclasses of problems given in the
form of (7), which include but not limited to the following cases when: (a) L is a
smooth convex function (see [24]); (b) either £ or r are nonsmooth, but admitting a
saddle point reformulation (see [10]); (c) the feasible set contains linear or nonlinear
functional constraints; and (d) 6 has to satisfy the optimality condition for another
optimization problem. Moreover, the SVI in (1) can potentially be used to solve a
wider class of stochastic equilibrium and complementarity problems whose operators
are given in the form of expectation (see for instance the survey [26] and the references
therein).

In spite of the modeling power of SVIs and many different algorithms that have been
developed for solving deterministic VIs [9,20,22,28,32,35,37,40,43,44], to compute
the solutions of SVIs still seems to be challenging. A basic difficulty to solve (1)
is that the expectation function in (1) cannot be computed efficiently within high
accuracy, especially when the dimension of the random vector (&, ¢) is large. Hence,
the algorithms for solving deterministic VIs are not directly applicable to SVIs in
general. This paper focuses on Monte-carlo sampling (or scenario generation) based
approaches for solving SVIs. In particular, we assume that there exist stochastic oracles
SO and SO that provide random samples of G (u; £) and H (u; &) for any test point
u € Z. At the i-th call of SOg and SOp with input z € Z, the oracles SO¢ and
SOy output stochastic information G(z; &) and H(z; ¢;) respectively, such that
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116 Y. Chen et al.

Al
E[I6w: &)~ VG@|2] < o0&, B [IMw: &) = Hwl?] < o,

for some oG, oy > 0, where &; and ¢; are independently distributed random samples.
For the sake of notational convenience, throughout this paper we also denote

0::,/0(2;4—0121. ®)

Assumption Al basically implies that the variance associated with G(u, &;)
and H(u, ¢;) is bounded. It should be noted that deterministic VIs, denoted by
VI(Z; G, H, J), are special cases of SVIs with o = oy = 0. The above setting
covers as a special case of the regular SVIs whose operators G (1) or H (u) are given
in the form of expectation as shown in (1). Moreover, it provides a framework to study
randomized algorithms for solving deterministic VI or saddle point problems [33] (see
Sect. 4.2 for an example).

One popular approach based on Monte-carlo sampling to solve SVI is the sample
average approximation (SAA) method [8,41,42,48,50]. In this approach one first
approximates the expectation F (1) = E[F (u; &, {)]byf(u) = vazl E[F(u; &, &)]
/N forsome N > 0, and then solves a deterministic counterpart of (1) with F replaced
by F. However, the resulting deterministic VI problem is still often difficult to solve
when the dimension of u or the sample size N is large. Moreover, this approach is
not applicable to the online setting when the decision vector needs to be updated as
new samples arrive. Recently, there has been a resurgence of interest in stochastic
approximation (SA) type algorithms which aim at solving the SVIs directly based on
the noisy estimation of the operators returned by the stochastic oracles (see, e.g., [19,
20,23,24,33,51]). These more recent studies focused on analyzing the convergence
behaviour of SA type methods during a finite number of iterations (i.e., complexity)
and exploring whether these performance bounds are tight or not. However, to the best
of our knowledge, none of existing algorithms can attain the theoretically optimal rate
of convergence to solve the SVI problems in (1) due to its rich structural properties
(e.g., gradient field G and Lipschitz continuity of H). More specifically, we can see
that the total number of gradient and operator evaluations for solving SVI cannot be

smaller than
L M o?
9] ( —+—+ —2) . 9)
€ € €

This is alower complexity bound derived based on the following three observations:

I.If H=0and o0 = 0, SVI(Z; G,0,0) is equivalent to a smooth optimization
problem min, ¢z G (1), and the complexity for minimizing G (1) cannot be better
than O(/L/¢) [34,38];

2. If G = 0 and o = 0, the complexity for solving SVI(Z; 0, H, 0) cannot be better
than O(M /e€) [31] (see also the discussions in Section 5 of [32]).

3.If H =0, SVI(Z; G,0,0) is equivalent to a stochastic smooth optimization
problem, and the complexity cannot be better than O (o2 /€?) [24].
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Accelerated schemes for a class of variational inequalities 117

However, there exist significant gaps between the above lower complexity bound
and the complexity of existing algorithms, especially in terms of their dependence on
the Lipschitz constants L and M, while it is well-known that SA-type methods are
sensitive to these parameters. It is worth noting that the above lower complexity bound
has not been attained even for the deterministic VIs with o = 0.

The lower complexity bound in (9) and the three observations stated above provide
some important guidelines to the design of efficient algorithms to solve the SVI prob-
lem with the operator given in (5). It might seem natural to consider the more general
problem (6) by combining VG (u) and H (u) in (5) together as a single monotone
operator, instead of separating them apart. Such consideration is reasonable from a
generalization point of view, by noting that the convexity of function G («) is equivalent
to the monotonicity of VG (1), and the Lipschitz conditions (3) and (4) are equivalent
to a Lipschitz condition of F(u) in (6) with | F(w) — F(v)|l« < (L + M)|lw — v||.
However, from the algorithmic point of view, a special treatment of VG separately
from H is crucial for the design of accelerated algorithms. By observations 2 and 3
above, if we consider F' := VG + H as a single monotone operator, the complexity
for solving SVI(Z; 0; F; 0) can not be smaller than

L+M 2
o<+ +“).

€ €?

This is worse than (9) in terms of the dependence on L. The identification and
specialized treatment on the gradient field VG allows us to use its Lipschitz condition
(4) to achieve the optimal iteration complexity (see observation 1 above) for solving
SVIs.

In order to achieve the complexity bound in (9) for SVIs, we incorporate a multi-
step acceleration scheme into the stochastic mirror-prox method in [20], and introduce
a stochastic accelerated mirror-prox (SAMP) method that fully exploits the structural
properties of (1). We show that SAMP can exhibit a complexity bound given by (9).
To the best of our knowledge, this is the first time in the literature that the lower com-
plexity bound in (9) has been achieved for SVIs. Table 1 shows in more details how
our results improve the best-known so-far complexity results for solving deterministic
and stochastic VIs. In particular, for deterministic VIs, the Lipschitz constant L can
be as large as §2(1/€) without affecting the rate of convergence. Moreover, the Lips-
chitz constant L can be as large as £2(1/€3/?) without significantly slowing down the
convergence rate for solving SVIs. We demonstrate the advantages of these acceler-
ated algorithms over some existing algorithms through our numerical experiments in
Sect. 4.

In addition to improving existing complexity bounds for solving VI problems,
we incorporate into SAMP the termination criterion employed by Monteiro and
Svaiter [28,29] for solving variational and hemivariational inequalities posed as mono-
tone inclusion problem. As a result, the SAMP can deal with the case when Z is
unbounded, as long as a strong solution to problem (6) exists, and the iteration com-
plexity of SAMP will depend on the distance from the initial point to the set of strong
solutions. It is worth noting that no such complexity results have been presented before
in the literature for solving unbounded SVIs.
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118 Y. Chen et al.

Table 1 Comparison of complexity results

SVI(Z;G,H,J) @

Problem class Complexity bound Related work
L+M
VI(Z,G,H,0) (@] ( + ) Nemirovski [32] (see also [1,35])
e
L+M
VI(Z,G,H,J) O ( + ) Monteiro et al. [29]
e
/L M .
VI(Z;G,H,J) O( +) This paper
3 e
L+M o2 .
SVI(Z,G,H,0) o + — Juditsky et al. [20]

&
L M o )
-+ —+ This paper
& & e

The remaining part of this paper is organized as follows. We propose the SAMP
algorithm and discuss its main convergence results for solving SVIs in Section 2. To
facilitate the readers, we present the proofs of the main convergence results in Sect.
3. Some preliminary numerical experiments are provided in Sect. 4 to demonstrate
the efficiency of the SAMP algorithm. Finally, we make some concluding remarks in
Sect. 5.

2 The stochastic accelerated mirror-prox method

In this section, we develop the stochastic accelerated mirror-prox (SAMP) method for
solving SV I(Z; F) and demonstrate that it can achieve the optimal rate of convergence
in (9).
Throughout this paper, we assume that the following prox-mapping can be solved
efficiently:
P! (n) := argmin(n, u — z) + V(z,u) + J (). (10)

ueZ

In (10), the function V (-, -) is defined by
Viz,u) i =wu) —wi) — (Vo(z),u —z), Yu, z € Z, an

where w(-) is a strongly convex function with convexity parameter u© > 0, and is
called the distance generating function. The function V (-, -) is known as a prox-
function, or Bregman divergence [6] (see, e.g., [2,3,32,39] for the properties of prox-
functions and prox-mappings and their applications in convex optimization). Using
the aforementioned definition of the prox-mapping, we describe the SAMP method in
Algorithm 1.

Observe that in the SAMP algorithm we introduced two sequences, i.e., {w{”d } and
{w{®} (here “md” stands for “middle”, and “ag” stands for “aggregated”), that are
convex combinations of iterations {w;} and {r;} as long as o, € [0, 1]. f &y = 1,
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Accelerated schemes for a class of variational inequalities 119

Algorithm 1 The stochastic accelerated mirror-prox (SAMP) method

Choose rj € Z. Set wy :rl,w‘fg =ry.

Fort=1,2,..., N — 1, calculate
w{”d = (1 —a)w;® +ar, (12)
w1 = P (VzH(rt; -1 + nGw; St)), (13)
Tt = Pr):’J (VIH(WI—H; &) + )/tg(w;nd; St)) , (14)
wfﬁl =1 —a)w® + eywigy. (15)

ag
Output wy;.

G = 0 and J = 0, then Algorithm 1 for solving SVI(Z; 0, H, 0) is equivalent to
the stochastic mirror-prox method in [20]. If, in addition, o = 0, then it reduces to
the mirror-prox method in [32]. Moreover, if the distance generating function w(-) =
| - I7/2, then iterations (13) and (14) become

. 1
w1 = argmin(y, H (1), u — r¢) + S llu — )%,
uez 2

. 1
rre1 = argmin(y, H (wy41), u — ry) + = llu — rell?,
uezZ 2

which are exactly the iterates of the extragradient method in [22]. On the other hand, if
H = 0, then (13) and (14) produce the same optimizer w; | = r;41, and Algorithm 1
is equivalent to the accelerated stochastic approximation method in [24]. Specifically,
if, in addition, o = 0, then it reduces to a version of Nesterov’s accelerated gradient
method for solving min,ecz G(u) + J(u) (see, for example, Algorithm 1 in [46]).
Therefore, Algorithm 1 can be viewed as a hybrid algorithm of the stochastic mirror-
prox method and the accelerated stochastic approximation method, which gives its
name stochastic accelerated mirror-prox method. It is interesting to note that for any
t, there are two calls of SO but just one call of SOg. However, if we assume that
J = 0 and use the stochastic mirror-prox method in [20] to solve SVI(Z; G, H, 0),
for any ¢ there would be two calls of SO and two calls of SO¢. Therefore, the cost
per iteration of SAMP is less than that of the stochastic mirror-prox method.

In order to analyze the convergence of Algorithm 1, we introduce a notion to
characterize the weak solutions of SVI(Z; G, H, J). For all u, u € Z, we define

O, u):=Gw) — Gu) + (H@), u —u) + J(@) — J (). (16)
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120 Y. Chen et al.

Clearly, for F defined in (5), we have (F(u),u — u) < Q(u, u). Therefore, if
Q(u,u) < 0forall u € Z, then i is a weak solution of SVI(Z; G, H, J). Hence
when Z is bounded, it is natural to use the gap function

g() :=sup Q(it, u) a7

uezZ

to evaluate the accuracy of a feasible solution # € Z. However, if Z is unbounded,
then g(z) may not be well-defined, even when z € Z is a nearly optimal solution.
Therefore, we need to employ a slightly modified gap function in order to measure the
accuracy of candidate solutions when Z is unbounded. In the sequel, we will consider
the cases of bounded and unbounded Z separately. For both cases we establish the rate
of convergence of the gap functions in terms of their expectation, i.e., the “average”
rate of convergence over many runs of the algorithm. Furthermore, we demonstrate
that if Z is bounded, then we can also establish the rate of convergence of g(-) in the
probability sense, under the following “light-tail” assumption:

A2 For any i-th call on oracles SOy and SOy with any input u € Z,

Elexp(||[VG () — G(u; &) |12 /0&}] < exp{1},
and
Elexp{|| H (u) — H(u; &)12 /o] < exp{l}.

Assumption A2 is sometimes called the sub-Gaussian assumption. Many different
random variables, such as Gaussian, uniform, and any random variables with a bounded
support, will satisfy this assumption. It should be noted that Assumption A2 implies
Assumption Al by Jensen’s inequality.

We start with establishing some convergence properties of Algorithm 1 when Z is
bounded. It should be noted that the following quantity will be used throughout the
convergence analysis of this paper:

1, whent =1
Iy = (18)
(I —o)Il;—;, whent > 1.
Theorem 1 Suppose that
sup V(z1,22) < £23. (19)
21,22€Z

Also assume that the parameters {a;} and {y;} in Algorithm 1 satisfy a1 = 1,

2.,2
M=y; O - (o 78|

= = > Vt > 17
Liye = Ty

(20)

gun — Loy — >0 forsomeq € (0,1), and

where I is defined in (18). Then,
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Accelerated schemes for a class of variational inequalities 121

(a) Under Assumption A1, forallt > 1,

t

a 20 1 QY
E[gw¥)] < Qo) := 7’9% + [40,21 + (1 T q)) aé] r ; T
2

(b) Under Assumption A2, forall A > Qandt > 1,
Prob{g(w}$,) > Qo(t) + Q1 (1)} < 2exp{—2?/3} + 3exp{—A},  (22)

where

2\
Q) == Ti(o6 +om2z | > (%)
i=1 ! (23)
2 1 2 t A Yi
" [4"” i <1 T —q))"G} L2 un

i=1

There are various options for choosing the parameters {«;} and {j;} that satisfy
(20). In the following corollary, we give one example of such parameter settings.

Corollary 1 Suppose that (19) holds. If the stepsizes {a;} and {y;} in Algorithm I are
set to:

wut

= ——andy; = , 24
MY T AL 3Mr 4 G+ DJr @4
where B > 0 is a parameter. Then under Assumption Al,

16L2%  12M$22

E[g(wip] = - -

pt+1)  u@+1)

(I.QZ <4ﬂ.QZ 160 )
+ =:Co(1), (25)
Vpe—=1) \ o 3p82z

where o and §2 7 are defined in (8) and (19), respectively. Furthermore, under Assump-
tion A2,

Prob{g(w?f_l) > Co(t) + AC1 (1)} < 26xp{—k2/3} + 3exp{—A}, VA >0,

where

Ci(t) .=

o2, <4J§ 160)_ 6)

-n\ 3 3pe;
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122 Y. Chen et al.

Proof 1Tt is easy to check that

2 o o
and —" < i .
tit+1) Lyy = Ty

I, =

In addition, in view of (24), we have y, < ut/(4L) and y*> < (u?)/(9M?), which
implies

5 3M2yr 5 r2
2 Lewy - L Es
6 w 6 4 t+1 3

Therefore the first relation in (20) holds with constant ¢ = 5/6. In view of Theorem
1, it now suffices to show that Q(r) < Co(r) and Q;(t) < C;(r). Observing that
o/ =t,and y; < /jt/(B+/1), we obtain

v R NG f 20412 _ 2y + D
Z Zf / Vidi = 3 3

i=1 I

Using the above relation, (19), (21), (23), (24), and the fact that /t + 1/t < 1/4/t — 1
and ) j_ i <t(t +1)%/3, we have

2

Q—4Q AL +3M D/jat) + 82t”

16L22  12MQ%L  4BR2L 16021+ 1
< + + +
utt+1)  p@+1) N 3./nBt
Co(®),

IA

and

_ 2(oG +oH)
Qi(1) = T 2z

_ 2V2(0G +op)2z N 16021 + 1
- 3ut 3./mBt
Ci(1).

IA

We now add a few remarks about the results obtained in Corollary 1. Firstly, in view
of (9), (25) and (26), we can clearly see that the SAMP method is robust with respect
to the estimates of o and §27. Indeed, the SAMP method achieves the optimal iteration
complexity for solving the SVI problem as long as 8 = O(c/§27). In particular, in
this case, the number of iterations performed by the AMP method to find an €-solution
of (1),1i.e.,apoint w € Z s.t. E[g(w)] < €, can be bounded by
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L M 2
0(,/—+—+“—2), 27)
€ € €

which implies that this algorithm allows L to be as large as O(¢ ~>/2) and M to be as
large as O(e~!) without significantly affecting its convergence properties. Secondly,
for the deterministic case when o = 0, the complexity bound in (27) significantly
improves the best-known so-far complexity for solving problem (1) (see (9)) in terms
of their dependence on the Lipschitz constant L.

In the following theorem, we demonstrate some convergence properties of Algo-
rithm 1 for solving the stochastic problem SVI(Z; G, H, J) when Z is unbounded.
It seems that this case has not been well-studied previously in the literature. To study
the convergence properties of AMP in this case, we use a perturbation-based termi-
nation criterion recently employed by Monteiro and Svaiter [28,29], which is based
on the enlargement of a maximal monotone operator first introduced in [7]. More
specifically, we say that the pair (v,u4) € £ x Z is a (p, €)-approximate solution
of SVI(Z; G, H,J) if |[v]| < p and g(u, v) < &, where the gap function g(-, -) is
defined by

g(u,v) :=sup Q(u,u) — (v, u — u). (28)
ue”Z

We call v the perturbation vector associated with #. One advantage of employing
this termination criterion is that the convergence analysis does not depend on the
boundedness of Z.

Theorem 2 below describes the convergence properties of SAMP for solving SVIs
with unbounded feasible sets, under the assumption that a strong solution of (6) exists.
It should be noted that this assumption does not limit too much the applicability of
the SAMP method. For example, when J = 0 in (1), the conditions for the existence
of strong solutions are described in Section 2.2 of the seminal book [12]. Indeed, any
weak solution to SV I(Z; F) is also a strong solution in such case. For general case
in which J # 0 and F in (5) is a point-to-set map, there has also been several studies
on the theories of strong solutions to (6) (see, e.g., [13,21]). For example, when J
is a finite-valued closed convex function, some conditions for the existence of strong
solutions are proven in Theorem 2.3 of [21].

Theorem 2 Suppose that V(r,z) := ||z — r||2/2 foranyr € Z and z € Z. If the
parameters {a;} and {y;} in Algorithm 1 are chosen such that «y = 1, and for all
t>1,

O Or+1

Lve Ts1veer
(29)

0<a; <1, Loy, + 3M2y,2§c2<qf0rsome c,qe(0,1), and

where I3 is defined in (18). Then for all t > 1 there exists a perturbation vector v;4
and a residual ;41 > 0 such that g(wf_fl, Vit+1) < &41. Moreover, forallt > 1, we
have

Elfve1l] < (;ﬁ <2D +2/D? + C?) ; (30)

t
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a 180207
Bleil = O {06007+ A +60CT ]+ =Yy 6D
4 i=1

t
where
D = |r; —u*], (32)

u™ is a strong solution of SVI(Z; G, H, J),

2

c 1 !
0= 1, dC; = ||40? 1+ —— ) o2 2. (33
max{ p cz}an f |:0H+< +2(1—q)>0Gi|§y’ 33)

Below we give an example of parameters «; and y; that satisfies (29).

Corollary 2 Suppose that there exists a strong solution of (1). If the maximum number
of iterations N is given, and the stepsizes {«;} and {y;} in Algorithm 1 are set to

t
" S5L+3MN+BNJN -1

(34)

o = 1 and y;

where o is defined in Corollary 1, then there exists vy € & and ey > 0, such that
gwi*[IIN], vv) < en,

E{[ow[] < 40LD N 24M D L 88D s 35)
v 5
NME=NWN—D TN -1 N—1\ o
and
90LD?>  54MD? oD 188D 560 180
E[ey] < + . (36)
N(N—-1)  N-1 N—1\ o 38D  BDN

Proof Clearly, we have I'; = 2/[t(t 4+ 1)], and hence (18) is satisfied. Moreover, in
view of (34), we have

Loyy: +3M%y? < L MV
"' = 50L4+3MN (5L +3MN)?

10L2 + 6LMN +3M*N? 5 5
= < —=< -,
(5L +3MN)? 12 6

which implies that (29) is satisfied with c2=5/12andg = 5/6. Observing from (34)
that y; = tyy, setting t = N — 1 in (33) and (34), we obtain

N-1
and C3_| = 402 Z yiit <

i=1

402y2N3(N — 1)
3 9

aN-1
YN—1  VINN —1)

(37
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where Cy_1 is defined in (33). Applying (37) to (30) we have

) 8D 8o
E <— @D +2Cn_) < +
llew Il =~ =5 NOEIRN-D T ANCD
_ _40LD N 24M D 4+ 8D 45
SNN-D) "N—-1 JUN=I\ o '

In addition, using (31), (37), and the facts that & = 1 in (33) and

N—-1
YoV =ViNA(V - 1)?/4,
i=1

we have
2 7207 Y2N2(N —1)2
Elen—1] < ————©OD* +7C%_) + T
vl = o v =1 w1 yZN2(N — 1)? 4
18D? 5602y N )

< 18

SyNN-D 3

90LD*>  54MD*  188D> 560 1807,

< + + + +
NWN-1) N-1  (JN-1 38J/N—-1 PBNJN-1

_ 90L D? N 54M D? oD 188D 560 180

“NN—-1) N-1 N—1\ o 38D ' BDN )’

Several remarks are in place for the results obtained in Theorem 2 and Corollary 2.
Firstly, similarly to the bounded case (see the remark after Corollary 1), one may want
to choose § in a way such that the right hand side of (35) or (36) is minimized, e.g.,
B = O(o/D). However, since the value of D will be very difficult to estimate for the
unbounded case and hence one often has to resort to a suboptimal selection for §. For
example, if 8 = o, then the RHS of (35) and (36) will become O(LD/N*+MD/N +
O’D/\/N) and O(L D2/N2 + MD2/N + 0D2/\/N), respectively. Secondly, both
residuals ||vy || and e in (35) and (36) converge to O at the same rate (up to a constant
factor). Finally, it is only for simplicity that we assume that V (r, z) = ||z — r||?/2;
Similar results can be achieved under assumptions that Vo is Lipschitz continuous.

3 Convergence analysis

In this section, we focus on proving the main convergence results in Sect. 2, namely,
Theorems 1 and 2.

To prove the convergence of the stochastic AMP algorithm, we first present some
technical results. Lemmas 1 and 2 describe some important properties of the prox-
mapping PrJ () used in (13) and (14) of Algorithm 1. Lemma 3 provides a recursion
related to the function Q(-, -) defined in (16). With the help of Lemmas 1, 2 and 3, we
estimate a bound on Q(-, -) in Lemma 4.
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Lemma 1 Forallr,; €&, ifw = PrJ (¢), then for allu € Z, we have
(C,w—u)y+J(w)—Jw) <V@Eu) —Vir,w) — V(w,u).

Proof See Lemma 2 in [14] for the proof.

The following lemma is a slight extension of Lemma 6.3 in [20]. In particular, when
J(-) = 0, we can obtain (41) and (42) directly by applying (40) to (6.8) in [20], and
the results when J(-) # 0 can be easily constructed from the proof of Lemma 6.3 in
[20]. We provide the proof here only for the sake of completeness.

Lemma 2 Givenr,w,y € Z and n, v € & that satisfy

w= P/ ), (38)
y=P/ @), (39)
and
19 —nli2 < LAlw —r|* + M>. (40)
Then, forallu € Z,
w L? M?
Wow—u)+Jw)—Jw) <V@ru)—Vyu) — = ——)lIr—wl*+ =,
2 2u 21
(41)
and
L? M?
Vi,w) < =V(hbw) + —. 42)
w? 21

Proof Applying Lemma 1 to (38) and (39), for all u € Z we have

n,w—u)y+J(w)—Jw) <V@u —Vi,w) —V(w,u), 43)
@Gyy—u)y+Jy)—JW) <V@,u)=V(,y) = V(y,u), (44)

In particular, letting u = y in (43) we have
mw—=—y)+Jw) —Jy) =V, y) -Vi,w) - Vw,y). (45
Adding inequalities (44) and (45), then

O,y —u)+m,w—y) +J(w) — J(u)
< V(rau)_v(yvu)_v(rv w)_v(w7y)a
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which is equivalent to

W, w—u)+J(w)—Jw) <@ —n,w—y)+V(,u)
—V@,u) =V, w)—Vw,y).

Applying Schwartz inequality and Young’s inequality to the above inequality, and
using the fact that

%nz —ul? < V(u,2),Vu,z € Z, (46)

due to the strong convexity of w(-) in (11), we obtain

(0, w—u) + J(w) — J(u)
< 19 =nl«llw =yl +V@,u) = V(y,u) = Vir,w) — %Ilw —y|?

1 iz iz
< 0 =nl2+ Slw—yIP+ Vi u) = V,u) — Viw) — =llw—y|?
21 2 2
1
- ﬂuﬁ — 02+ V) = Vy,u) — Vi, w).
47
The result in (41) then follows immediately from above relation, (40) and (46).

Moreover, observe that by setting ¥ = w and u = y in (44) and (47), respectively,
we have

(hy—w)+Jy) —Jw) <VE,w) =V, y) -V, w),

1
(0w =) + W) = () = 1P = 2+ Vi, y) = Vi, w).

Adding the above two inequalities, and using (40) and (46), we have

01— al-vom = —wr+ ™ v w
— 9 — - JWw) < —|lr —w —— W
=5 nllz — V(y oy ¥ y
L? M?
< —2V(r, w)+ — —V(y, w),
2 2u

and thus (42) holds.

Lemma 3 For any sequences {r;};>1 and {w;};>1 C Z, if the sequences {wlag} and
{w;"d} are generated by (12) and (15), then for allu € Z,

QWS w) — (1 —a) Q(wi®, u) < o (VG (W) + H(wis1), wis1 — u)
2 (48)

La; 2
+ T”wt—H — 1l o J (wigr) — o J (u).
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Proof Observe from (12) and (15) that wt 1 w}”d = oy (wy41 —r). This observation

together with the convexity of G(-) imply that for all u € Z,

Gwif) < G+ (VGw), wi§, —w) + —llw,+1—w,d||

= (1—-0a) [G(w;"d) + (VG(wf"d), wy'® — wlmd)]

ta [G(w,md) F (VG W™y, u — w;"d)]

md L“zz 2
+ o (VG (W), w1 —u) + T”wl‘+] — 7l
< (1 —a)GW®) + G ) + e (VG W), wi1 — u)
2
9 2
+ = lwe =l

Using the above inequality, (15), (16) and the monotonicity of H (-), we have

QWi u) — (1 —a) Q(wy®, u)
= G — (1 —a)Gw®) —a,Gu)
+ (H ), wi§ ) —u) = (1= ) (H @), wi® —u)
+ T W) — A —a)J (w®) —a;J (u)
Gwys ) — (1 — )G (wi®) — ;G (u) + a; (H (), wyp1 — u)
+ o J (wit1) — apJ(u)

IA

2

md Laj 2
<o (VG ), w1 —u) + T||wt+1 —rell” + o (H(wig1), Wit — u)

+ o J(weg1) — o J ().

In the sequel, we will use the following notations to describe the inexactness of the
first order information from SOy and SO¢. At the -th iteration, letting H (r¢; ¢or—1),
H(wi+1; &) and G (w{”d ; &) be the output of the stochastic oracles, we denote

AGT =M Gumr) — Hr),
A% = H(wyy1; Cor) — H(wiy1), and (49)

A =G &) — VG "),

Lemma 4 below provides a bound on Q(w, T u)forallu € Z.
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Lemma 4 Suppose that the parameters {a;} in Algorithm 1 satisfies «y = 1 and
0 <o; < 1forallt > 1. Then the iterates {r;}, {w;} and {wfg} satisfy

t

o 3M2y.2
Q(wt—H’ u) < By(u, rpp) — Z 2y (CIM Loy — " ) ey — wig I
i iV

t
+)Aiw), YueZ,
i=1

(50)
where I is defined in (18),
t o
By, i) =Y ——(V(ri,u) = V(rig1, w)), (51)
= Livi
and
Aiw = 3 (1A +145712) - DM P
o
— FI(AI; + AlG, Wiy] — U).
Proof Observe from (49) that
IH (i1 C0) = Hres -0
< (1 @) = HEolL+ 1251+ 1437'1)
(53)

=3 (IH (i) = HoD I+ 143012 + 1437"12)

<3 (MPlhwsr — 2+ 18512+ 1437'12)

Applying Lemma 2 to (13) and (14) (with r = ry, w = w,_H, Y = Fi41,0 =
ViH (e o l)+7/tg(w[ 360,V = yviH(wis1; §2t)+1/tg(w, &), J =y J,L? =
3A42y2andA42-3y,(HA I2-+11A%"112)), and using (53), we have for any u € Z,

Vi(H(Wig1 C0) + G &), it — u) + vid (wig1) — yiJ ()

pwo 3M%y?
< V(e u) = Vs, u) — (5 - L) vy — w12

(||A 12+ 1A%,
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Applying (49) and the above inequality to (48), we have

Q(w1+19 M) - (1 - al)Q(w;lgv M)

< o (H(wet15 C0) + G &), et — u) + o J (wep1) — I (1)
2

Lo
+ = lwi = el — e (A% + A, wis —u)
O 3M2yt2 2
< X WV u) = Vg, ) — — (1 — Loy, — Ire — weg
Vi 2y n
3y,
5 (IR + 1457 12) = A + 8, wi ).

Dividing the above inequality by I'; and using the definition of A,(u) in (52), we
obtain

1 8
Q( l‘+1’ )_ I/l)
= (V(re,u) = V(reyr, u))
FtVt
o 3M2)/[2 2
— g — Loy — lre — wept I” + As ().
20y

Noting the factthate; = land (1 — ;) /I = 1/I7—1,t > 1,due to (18), applying
the above inequality recursively and using the definition of B, (-, -) in (51), we conclude
(50).

We still need the following technical result that helps to provide a bound on the last
stochastic term in (50) before proving Theorems 1 and 2.

Lemmas$s Let6;,y; >0,t =1,2,..., be given. For any w| € Z and any sequence
{A"} C &, if we define w} = wy and

wlyy = argn;in —yi (A u) + V(! u), Vi1, (54)
ue
then
d Vi
Ze L w) —u) _Z;(V(wl,u) V(wl+1,u))+2#|m 12, Yue Z.
i=1
(55)

Proof Applying Lemma 1 to (54) (withr = w}, w = w/ |, ¢ = —y; Al and J = 0),

we have

i+1°
—yilAL wl —u) < V@l u) = V!, wl) — Vwp,,u), VYueZ.
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Moreover, by Schwartz inequality, Young’s inequality and (46) we have

2
' ‘ Vi 2 K 2
—vilAh wi —wiyy) S villAlllw) — wi ]l < ﬁllAill* + Ellw}) —will

V'2 2

Adding the above two inequalities and multiplying the resulting inequality by 6; /y;,
we obtain

—0, (AT, w! —u) < ”’nA 12+ —f(V(wf,u)—V<w;f+1,u>>.
l

Summing the above inequalities from i = 1 to ¢, we conclude (55).

With the help of Lemma 4 and 5, we are now ready to prove Theorem 1, which
provides an estimate of the gap function of SAMP in both expectation and probability.

Proof of Theorem 1 We first provide abound on B3; (u, r[;]). Since the sequence {r,}l 11
is in the bounded set Z, applying (19) and (20) to (51) we have
By (u, r1t1)
e o
i i+1 . t
= V(- [— —L] V(rlilou) — ——V (g1, )
Iy 2 Iyi Tit1vi1 " e T
-1 .
< L:| 2 = Q2 YueZz,
o Fl)’l Z |:F7/l Fit1yiv z- Ft)/t z
(56)
Applying (20) and the above inequality to (50) in Lemma 4, we have
t
—QWHP 7+ Aiw), VueZz. (57)
i=1

Letting w] = wy, defining wi”Jrl as in (54) with A? = A% + A‘b foralli > 1, we
conclude from (51) and Lemma 5 (with 6; = «; /I;) that

Qi Yi

|m”+A Yu e Z.

12,

t
_Za AZl—i—Al,w —u) < B (u, w[t])—}—z

i=1
(58)
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The above inequality together with (52) and the Young’s inequality yield

t

t t
3 Aiw) = Z“—A§5+A",w;/—u +Z
i=1 i hi i=1

o ) .
+Z [ ——— i —wipllI* - <A’G,wi+1—r,->}

t

(0] . o .
_Z#(Ab,ri— ZFI (A% wiyy — w})
i—1 1

i=1

(18 + 14 e)

< B (u, wﬁ]) + Uy,

(59)
where
: Vi
=33 % l||A21+A [ +Zz(1 4 Gl
i=1
3a;y,
+Z o (a3 + a3 i2) (60)
o ! o
_ZFI.M'G’” ZF o wip — w}).
i=1 ! i=1
Applying (56) and (59) to (57), we have
20{1 2
Q(wt+1v )_ Qz+U[, VMGZ,
1
or equivalently,
20{[ 2
t

Now it suffices to bound Uy, in both expectation and probability.

We prove part (a) first. By our assumptions on SOg and SOy and in view
of (13), (14) and (54), during the i-th iteration of Algorithm 1, the random noise
A% is independent of w;1; and w/, and AiG is independent of r; and w;, hence
E[(A G i — )] = ]E[(A%, Wiyl — w;’)] = 0. In addition, Assumption Al implies
that E[|| AL || ] < o2, E[lA7 21 < of and E[|| A% 2] < o}, where AL, A7
and A%} are independent. Therefore, taking expectation on (60) we have
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t

E[UI]SE[Z o (18317 1451 )+22(l 1461

i=1

+Z3"“V’ (nagi2 + a3 1||2)} (62)

aiYi 2 1 2
b +(1+—)a ]
; oy [ " 20-q)) ¢
Taking expectation on both sides of (61), and using (_62), we obtain (21).
Next we prove part (b). Observe that the sequence {(A{;, r; —w}')};>1 is amartingale

difference and hence satisfies the large-deviation theorem (see, e.g., Lemma 2 of [25]).
Therefore using Assumption A2 and the fact that

[ {u(air.‘mf »—wf))ZH
E | exp =)
20060, I 27)?
RIAL 2|l — w? |1 i
< E[eXp{ 2ol H = E [exp {14512/03 || = expl1),

we conclude from the large-deviation theorem that

roo 1\ 2
Prob | — Z %(A’G, ri —w!) > oGz l) < CXP{—AZ/?’}-
l' i

i=1

(63)

By using a similar argument we have

t 2
o .
Prob Z — H’ Wit] — Iv> > Aoy §2z —) < exp{—A2/3}.
P I;

(64)

In addition, letting S; = o;y; /(i) and S = Z§:1 Si, by Assumption A2 and the
convexity of exponential functions, we have

[exp{ ZSHA || /aG” [ ZSexp{m I /oG]]sexp{l}.

Noting by Markov’s inequality that P(X > a) < E[X]/a for all nonnegative
random variables X and constants a > 0, the above inequality implies that

t
Prob [Z SillAL)2 > (14 A)ogs]

i=1
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= Prob [exp{ Zs AL )12 /UG} >exp{1+k}:|
[exp{ Z&M I /UG”/GXP{1+)~}

< exp{—A7}.
Recalling that S; = «;y;/(ul;) and S = Z§=1 S;i, the above relation is equivalent
to
t

1 Qi Yi 2 1 d Qi Yi
PrOb{(1+—2(1—q)>Z ”A Il >(1+)‘)UG< +—2(1—Q)>§E}

< exp{—A\}.
(65)

Using similar arguments, we also have

t 2t
3 3 Vi
pmb{z Sup 143 = A4 UHZ&} <expl-1).  (66)

5 507 <~ @iy
Prob Z GVAZ 2 > (14 2) 22 S 2V i a). 67)
i 2Kl 2 I

Using the fact that ||A% + A%;i_l 12 < 2||A% ||£ + 2||AZG'-_l ||£, we conclude from
(61)—(67) that (22) holds.

In the remaining part of this subsection, we will focus on proving Theorem 2, which
describes the rate of convergence of Algorithm 1 for solving SVI(Z; G, H, J) when
Z is unbounded.

Proof the Theorem 2 Let U; be defined in (60). Firstly, applying (29) and (59) to (50)
in Lemma 4, and noting that . = 1, we have

Q(w,H, u) (68)

t
< Bi(u, 1)) — T < (q - C2> lri — witl® + By, wlyy) + Uy, Vu € Z.
(69)

@ Springer



Accelerated schemes for a class of variational inequalities 135

In addition, applying (29) to the definition of B; (-, -) in (51), we obtain

o 2
B (u, rjp) = Y (Iry — ul? — llre41 —ull?) (70)
t t
o
= Y (lry — w,+1|| lree1 — w,aflll2 +2(r1 — re+1, W,aﬁl —u)).
t t
(71)

By using a similar argument and the fact that w{ = wy = ry, we have

Bi(u, wj,) = 2n t(””_”” — Jwlyy — ul®) (72)
= (Nl — w17 = wpy — w17 + 20 — wlyy, wis | — u)).

2n Vi
(73)

We then conclude from (68), (71), and (73) that

O™, 1) — (1, W', —u) <1, Vuez, (74)
where
(073 v
Vil = —Q2ry —regq — wt+l) (75)
Vi
and
R a 2 ag 2 v
it s = o (2 =P = W — w1 = ol — P
(76)

t
=Y (a-¢) i - wi+1||2> + LU,
i=1

It is easy to see that the residual &,y is positive by setting u = w 1 in (74).

Hence g(wt T Vr+1) < &+1. To finish the proof, it suffices to estimate the bounds for
E[||vi+1]]] and E[g,41]. Observe that by (2), (6), (16) and the convexity of G and J,
we have

QW% ), u*) = (Fu), w', —u*) >0, (77)

where the last inequality follows from the assumption that u™* is a strong solution of
SVI(Z; G, H, J). Using the above inequality and letting u = u* in (68), we conclude
from (70) and (72) that
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t

2 2 2 2 2
2l = w2 = e = w1 = Nl = w12 = Y (g =€) i = wia

i=1

217 2
el 4 _ﬁQ(le,u*)zO.
t

By the above inequality and the definition of D in (32), we have

t
et — w1+ lwf g — w2+ ) (q - 02> lri = wiga1l® < 2D + 210},% U;.
- (78)
In addition, applying (29) and the definition of C; in (33) to (62), we have
E[U] = Xt: o [4"13 - (1 + 5o ) ffcz;] =2 a9
T L 2(1 —gq) Ly !

Combining (78) and (79), we have

t
Elres1 =121+ El wfy —u 121+ (¢ = ) Ellr — wis 2] < 2D? +2C2
i=1
(80)

We are now ready to prove (30). Observe from the definition of vy in (75) and
the definition of D in (32) that [[v;11]| < & 2D + lw/ | — u*|| + llre1 — u* D/ vr,
using the previous inequality, Jensen’s inequality, and (80), we obtain

Elllve4111]

IA

o
22D+ JBLrir — i+ Ty, — u1)21)
Vi

o
= 2 (2D + 2Bl — w1 + iy, — w*]21)
14

il (2D+2,/D2+c,2>.

Vi

IA

Our remaining goal is to prove (31). By (15) and (18), we have

| 1 ag
—w = —w,° + —u) , V> 1.
E t+1 — [}71 t F t+1

Using the assumption that w?g = w, we obtain

»
wif =1 —wig, ®1)
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where by (18) we have

o
ny — =L (82)
i=1
Therefore, th is aconvex combination of iterates wo, . . ., wy1. Also, by asimilar

argument in the proof of Lemma 4, applying Lemma 2 to (13) and (14) (with r =
Fr, W = Wig1, Y = g1, N = Y H(rg; §2t 1)+ Vtg(w; 16,0 = yiH (w1 G20) +
yGwr: &), J = yJ, L = 3M*y? and M* = 3y2(| A% 12 + 147" 12)). and
using (42) and (53), we have

1 2 3M2 2 2 2t—1
Ellh+1—wt+1ll < 5 Clry — w17 + (IIA Il + 1A% 12)
c? 2 2t—1
< 3|In—wt+1ll (IIA |I*+||A %),

where the last inequality follows from (29).
Now using (76), (81), (82), the above inequality, and applying Jensen’s inequality,
we have

t
o
ro—ut+ 1 Z Fl_(u* —rit1)

i=1 "'

(643 ag 2
g1 — U < 7||rl_wt_f1|| = —
t

¢ 2

o
+ I3 —(Fig1 — Wit1)
I—'.

i=1 "

3 e
= 2 D24 1Y 2 (I — w12+ i = i) | B3
Vi P I;

3“;

Vi

IA

t
2 o 2 2 2
[D +n2;(nrl~+1 —u*|? + A llwipr —ri
i=1 !

+ 372 (AR %+ 143712 )||)]

Noting that by (33) and (78),

t
ai 2 2 2
I E —(Irig1 — w17 + e Nwigr —rilI9)
—~ T;
i=l1
t

a6
< LY ——rip = IP + (g = A lwips —rillP)

<
~T
i=1
t t
o6 21y,
< [ @D+ = =U) =20D% + 2017 ) yiUs,

i=1 ! i=1
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and that by (29),

t t
3a;y? - 3o,
Ny = UAIR + 1A = Ry = SR+ 14771
i=1 i=1 Iy
3 !
= I3 AT )2 4 142712,

T =1

we conclude from (79), (83) and Assumption A1 that

Eler11]

IA

Vi

LE[U,] + — [Dz +20D* 4 20T; Z Vi ]
i=1 i=1

IA

6
Y24 2% (1 4 20)D? 26T, Z c2 6e0y Z
Vi )’t [CA—

Finally, observing from (33) and (82) that

t

% 2 o 2
EZ -Ci <CF’ZF,-_C”
i=1

we conclude (31) from the above inequality.

4 Numerical experiments

In this section, we present some preliminary experimental results on solving deter-
ministic and stochastic variational inequality problems using the SAMP algorithm.
The comparisons with the mirror-prox method in [32] and the stochastic mirror-prox
method in [20] are provided for better examination of the performance of the SAMP
algorithm.

4.1 Overlapped group lasso

Our first numerical experiment is on a problem of form (7). Specifically, we consider
the following overlapped group lasso problem:

min Eaf[(ax f)]+AZjS||xg|| (84)
ge

Here, the feasible set X is a Euclidean ball with X := {x € R"|||x|| < D}, | - || is
the Euclidean norm, the random variable pair (a, f) represents a dataset of interest,
and x is the sparse feature of the dataset to be extracted. The sparsity structure of x is
represented by group S € 21"} and forany g € {1,...,n}, X, is a sparse vector
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that is constructed by components of x whose indices are in g, i.€., Xy = (X;)iecg
and there are very few number of non-zero components in x,. Problems utilizing such
sparsity structure is known as the overlapped group lasso [18]. In this experiment, we
assume that each group g € S consists of k elements. The first term in (84) describes
the fidelity of the relation between dataset and its underlying feature, and the second
term is the regularization term to enforce certain group sparsity. Problem (84) can be
formulated as a SVI problem (1) with & = (a, f) and

_ T
Fu; §) = <(<a’x) _IJ;)T‘;JFK y) , Yu=(@x,y)eZ:=XxY. (85)
Here the linear operator K is defined by Kx = )»(ngl , ngz, o ngl)T, whereg; € S

and § = {gi}f.zl. The set X is R”, and the set Y is the set of vectors y € R that are
composed by n sub-vectors in the k dimensional unit ball:

Y = {y c Rkn| ‘<y(ki—k+l)’ y(ki—k+2)’ o y(k[))T < 1} ) (86)
We can see that F has the form of (2) where
_ T
G gy = (@ =Da) pey—mw=(° X Vu. and Jw) =o.
0 —-K 0
(87)

In this experiment, we assume that the k-th components of a satisfy a® ~ N (0, 1)
for all k, f = (a, xtrue) + € for some underlying ground truth x4, and noise & ~
N, Ufm.se). The goal of solving (84) is to recover a feature x that is as close to x4y
as possible, with only the knowledge of norm D := ||x;,. | of the underlying ground
truth. With such assumptions, it can be computed that G(u) = [x — Xuel*/2 +

anzm.se. The stochastic gradients G(u; &) is computed through a mini-batch fashion

with batch size b, namely, G(u; &) = (Zib: 1Uai, x) — fi)a;)/b with b independently
generated samples (g;, f;), where ai(k) ~ N (0, 1) for all the k-th components of a®,
fi = {(ai, Xtrue) + €i, and & ~ N(O, anzm.se). Fixing any x € X and denoting that

d = x — X¢rye and x; := ({(a;,d) — &;)a; — d, we have E[x;] = 0 and ||d|| < 2D,
hence

E[l«11?] = E[I(ai, d) — e)ai|*] = ld ]|
=E[l{ai, d)a;|1* +E [} la; 1] — ld|I*

~ 5 _
S () 3G S (M\?
=E| > |ad¥ + Z“:( ) g ®) (“i’ ) +nol. — |d|?
Jj=1 ;:;l
L J i
- )
n () 2 . n () ‘
=E| 3| (a”) a9 + 300 aPa® | | 4 nol
j=1 k=1
L k#j |
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SOV DV LN (0 0N (®)2 5
E{ Y] (o) (a9) + 3 (aaf) (¢©) | | +nomise — el
= =
n 2 n )
3(a) +Z(d(’") 102150 — I
j=1 1

iz
=+ DId|? + 1ol <40+ 1)D? +nol,,.

noise —

Therefore, noting that «; are i.i.d., we have

b
E[G(u; £)] = E [% ;K,- + d] = x — Xprue = VG (u),

and
2

1 b
p 2t

b
1
= 33 _Ellill’]
i=1
4(n +1)D? + 02

noise’
- b

E[1G0s: &) - VG 2] =

By the above analysis it can be computed that L = 1in (4), M = || K| in (3),
(TG = (4(n+1)D*+ nmen)/b and oH = 01in Assumption A1l. The true feature x;, ¢
is the n-vector form of a 64 x 64 two-dimensional signal whose intensities are shown in
Fig. 1. Within its support, the nonzero intensities of x;,,. are generated independently
from standard normal distribution. The group sparsity structure we enforce is a grid
structure as described in [18] with all the 4-cycles, in order to enforce that each pixel
in the support x;,,. is connected to the pixels that are above, below, left, and right of
itself.

Fig. 1 True feature x4 in the experiment of overlapped group LASSO. From left to right: problem
instances 1 through 3
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Table 2 The comparison of the SAMP and SMP algorithms in extracting overlapped group sparse feature
of datasets, in terms of the relative error (88) to the ground truth

Problem instance Iteration SAMP SMP
N Rel. error (%) CPU Rel. error (%) CPU
1 500 26.8 1.7 89.3 34
1000 11.6 35 80.1 6.8
1500 6.5 53 722 10.2
2000 4.7 7.0 65.3 13.7
2 500 26.8 1.9 89.3 3.3
1000 11.6 3.8 80.1 6.6
1500 6.5 5.7 72.2 9.9
2000 4.7 7.7 65.3 13.3
3 500 26.7 1.7 89.3 33
1000 11.6 35 80.1 6.6
1500 6.5 53 72.1 9.9
2000 4.7 7.1 65.3 13.2

The relative error and CPU time in the table is the average results of 100 runs

We present in Table 2 the comparison results between the SAMP algorithm and the
stochastic mirror-prox (SMP) algorithm in [20]. Three problem instances are gener-
ated, and in all the instances we set A = 10~% in (84), and o,pisc = 0.1 and b = 50
in the sampling process. The accuracy of feature extraction of algorithm output x is
evaluated by the relative error to the ground truth, which is defined by

”x - xtrue”

1%t rue

(88)

For both the SAMP and SMP algorithms, the parameters are selected based on
the recommended optimal settings. In particular, for the SAMP algorithm, we use the
parameters described in Corollary 1 (in which 8 = o/ D). For the SMP algorithm, we
use the parameters described in Corollary 1 (with L = 14 |[K||, M =0, 2 = D, and
o = 0g)in [20] . We can observe that the SAMP algorithm significantly outperforms
the SMP algorithm in extracting the underlying feature of the datasets.

4.2 Randomized algorithm for solving two-player game

The goal of this subsection is to demonstrate the efficiency of the SAMP algorithm in
computing the equilibrium of a two-player game. In particular, we consider the SVI

problem
Plx; &)+ Ky (v ¢y) o —x )
<E |:<_’Cx(x2 $x) +)Q(y§ %y)>:| ’ (y* _ y>> <0, Vx,yeA”, (89)
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where &,, &y, {x, ¢, are random variables such that

Prob(P(x; &) = P;) = x, Prob(Q(y; &,) = 0x) = v, (90)
Prob(K, (x; &) = K;) = x”, and Prob(Ky (y; £,) = K™) = y™.  (91)

Here A" is a standard simplex, P; and Qy are the j-th and k-th columns of positive
semidefinite matrices P and Q, and K; and (K™)7 are the [-th column and m-th row
of a matrix K, respectively. Letting Z := A" x A", & := (&4, &), ¢ := (&, §y), and
using the notation u = (x, y) € Z, problem (89) can be formulated as (1) where

. . P(x; &) . _ Ky(y;gy) _
s = (Goren) o0 = (JEGS)) masw =0 o2

Also, it can be checked from (90) that E[P(x; &) = Px, E[Q(y;&))] = Qy,
E[y(x; &) = Kx and E[K,(y; ¢y)] = KTy, hence problem (89) also have the
equivalent form (5) where

r 1 1 T
Fu) = (_PK KQ )” Gu) = 5 (Px,x)+ E(Qy,y), and H (u) = (foC)

or a saddle point problem

1 1
i —(Px, Kx,y)— =
xrglAr}’;relfzxnz( x,x)+(Kx,y) 2

(Qy. y). 93)
The above saddle point problem describes the equilibrium of a two-player game.

It should be noted that, although problems (89) and (93) are equivalent, from the
algorithm design point of view the stochastic formulation (89) may have some advan-
tages over its deterministic counterpart (93), as pointed out in [33]. This is because
that when P, Q and K are dense and » is large, the matrix-vector multiplication of
Px, Qy, KTy and Kx may be relatively expensive. Consequently, the stochastic for-
mulation (89) becomes more favorable than its deterministic counterpart (89), since
each sampling of P(x; &x), Q(¥; &), Ky (y; &y) and Ky (x; ¢y ) is just a random selec-
tion of a column or row, rather than a matrix-vector computation. Indeed, designing a
stochastic approximation algorithm for solving the SVI (89) is equivalent to designing
a randomized algorithm for solving (93).

To compute a solution of (1), we consider an entropy setting for the prox-function
used in the AMP algorithm. For simplicity, we only consider in this experiment the
case when max; [P = max; ; |Q@D | Forallz = (R,7) € Z,u= (x,y) € Z
and n = (1x, ny) € &€, we define

' When the maximum absolute values of P and Q are different, it is recommended to introduce weights wy

and wy and set [[u]| := /oy |x[13 + wy|ly|? and [|7]|s := / Inxl13 /@x + Iy 13 /ey. See “mixed setups”

in Section 5 of [32] for the detailed derivations for best values of weights wy and wy.
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lall ==\ 10T + IplTs, Inlls = lInelZ + lIny %, and

(]) + /

() (94)
Z ) i tvin
+ (y;" +v/n)In 50
Jj=

14 = D4 y/myl
(z,u) := Z(x v/n)ln ———— o/

j=1

Here, yl.(" ) denotes the j-th entry of the strategy y;, and v is arbitrarily small (e.g.,
v = 10716). With the above setting, the optimization problem in the prox-mapping (10)
can be efficiently solved within machine accuracy, and the strong convexity parameter
of the prox-function V(z,u) is u = 1 4+ v (See [3] for details on the entropy prox-
functions). It is easy to check that

k. j) . )) &y o2 _ Y n
L smax{n;ix|P | max|Q |}, M < max|K©D), 27 214 ) m (S +1).
Ee [ug(u; £) — vc(u)ni] <4 (r?a_x P2 max |Q<k,j)|z) . and

5] sJ

By [ 1740 ) = H@)I] < 8 max K &P

Therefore, we set

o6 = 2\/<nk1ax |PODP 4 max |Q<kvi)|2), on =2 [rmax K&
s 5J »J

and o by (8).

In this experiment, we generate random matrices B, C € R!199%" and K e R"*"
first, where each entry of these matrices are independently and uniformly distributed
over [0, 1]. The matrices P and Q are then generated by P = BT B and o=C T, and
alsorescaled so that P and Q are both positive semidefinite and L = maxy_; | P &0 =
maxg, |7 |. For the SAMP algorithm, we use the scheme in Algorithm 1 with the
parameters described in (94) and Corollary 1 (in which 8 = o /£27). As a comparison,
we also implement the stochastic mirror-prox (SMP) method in with parameters set

by Corollay 1 in [20] (in which L = \/2maxkj [P®.D)|2 + 2max, j [KED|2, 0 =

4\/maxk |P*.0)|2 4+ maxy, j |K*)|2 and 2 = 22). The performance of the SAMP
and SMP algorithms are compared in terms of the average of the gap function values
(17) (computed by MOSEK [30]) in 100 runs.

The comparison between the SAMP and SMP algorithms in terms of the perfor-
mance on computing approximate solutions of (93) is described in Table 3. We can
see that the SAMP algorithm outperforms the SMP algorithm, which is consistent
with our theoretical observation on the iteration complexities of the SAMP and SMP
algorithms. In particular, as L increases, the advantage of SAMP over SMP in terms
of E[g(u)] becomes more evident.
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Table 3 The comparison of the SAMP and SMP algorithms in solving SVI (89), in terms of the expectation
of the gap function value g(«) for any approximate solution u

Problem Iteration SAMP SMP

instance N Elgw)] CPU (ave.) Elgw)] CPU (ave.)

1 1000 6.39e—2 0.4 7.69e—2 0.4
2000 5.82e—-2 0.7 7.27e—2 0.8
5000 4.54e—2 1.7 6.43e—2 2.0

2 1000 4.09e—2 0.5 5.05e—1 0.6
2000 1.86e—2 0.9 4.84e—1 1.1
5000 6.78¢—3 2.3 4.44e—1 2.8

3 1000 9.51le-2 0.9 3.72e0 1.1
2000 5.8le—2 2.2 3.63e0 2.6
5000 3.27e—2 5.4 3.45e0 6.6

The CPU time in the table is the average time of 100 runs
Instance 1: n = 1000, L =1, M = 1,0 = 4.00

Instance 2: n = 2000, L =10, M = 1,0 =9.38
Instance 3: n = 5000, L = 100, M = 1,0 = 28.43

4.3 Two-player game with nonlinear payoff

Our goal in this subsection is to demonstrate the advantages of the SAMP algorithm
over the mirror-prox method (or extragradient method) even for solving certain classes
of deterministic VIs. We consider a problem on computing the equilibrium of a convex-
concave two-player game of form

() m
. y by, x)
log (1 -+ ¢l)) log 1 — > tog (1 -+,
i 3o (14 60) 2t (14 % ) < Dt (1
95)
where A" is the standard simplex. When ¢; = b; = O foralli = 1, ..., m, the above

becomes the water filling problem (see, e.g., [5]). Letting Z := A" x A" and using
the notation u = (x, y), the above problem is equivalent to (5) with J(x) = 0 and

m m
GGy =Y log (1+e) + 3 log (14 9), (96)
i=1 i=1
) NG
Hay= [ €@+ +20+y0) | 97)

S 4 x4 y®

In this experiment, we generate a; and b; randomly from the standard normal
distribution, and set ¢) = 1 for all i. We apply the entropy setting in (94). For
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Fig. 2 Performance of SAMP and MP on solving problem (95). Left: iteration versus gap value g(u).
Right: CPU time versus gap value g(u)

the SAMP algorithm, we incorporate a backtracking linesearch technique in order to
determine the best values of L and M that guarantees the convergence of Algorithm
1 (see, e.g., the backtracking technique in [36]). We compare the SAMP algorithm
with the mirror-prox (MP) algorithm with adaptive stepsize described in [32]. The
comparison between the SAMP algorithm and the MP algorithm is illustrated through
the convergence of gap function g() in (17) (computed by IPOPT [47]). It can be
observed from Fig. 2 that the SAMP algorithm outperforms the MP algorithm in terms
of both iteration vs. gap value and CPU time versus gap value. This is consistent with
our theoretical observation that SAMP has a better iteration complexity bound than
the MP algorithm for solving deterministic VIs.

4.4 Variational inequality on the Lorentz cone

In this section, we study the performance of SAMP when the feasible set is unbounded.
In particular, we consider an SVI problem on solving u™* € Z such that

(E[Au+¢],u* —u) <0, VYue€Z, (98)

where A € RO+Dx+D) jg 3 Jinear monotone operator, £ is a random vector whose
expectation b = [E[{] is unknown a priori, and Z is the Lorentz cone:

Z = {(x,1) e R"D | |x|| < 1}.

To solve (98), we can decompose the linear monotone operator A to the sum of a
symmetric positive semidefinite matrix (A + A”)/2 and a skew-symmetric matrix
(A—AT) /2, hence the SVI problem (98) can be viewed as an instance of (1) and (5)
with
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Table 4 The comparison of the SAMP and MP algorithms in solving the SVI problem (98)

Problem N SAMP, N iterations MP, 2N iterations

E[g(w, v)] Effvll CPU g(w, v) vl CPU
n = 1999 1000 8.0e—2 3.6e—1 5.0 7.6e—2 3.3e0 6.7
L =5861.5 2000 3.6e—2 1.6e—1 10.2 l.le—1 2.3e0 13.9
M =36.5 4000 2.3e—2 l.le—1 15.3 1.2e—1 1.8e0 20.5
n = 2999 1000 4.5e—2 3.1e—1 10.7 6.0e—1 3.6e0 14.9
L =8645.0 2000 2.0e—2 1.4e—1 22.2 7.6e—2 2.4e0 30.6
M =44.6 3000 1.3e—2 9.3e—2 33.6 7.9e—2 1.8e0 45.6

In the table w and v denote the approximate solution and perturbation vector respectively, and g (-, -) is the
gap function defined in (28)
The CPU time in the table is the average time of 100 runs

F(u)=Au+b, Gu) = %((A + ADYu, u), Hu) = %(A —ADYu+b, J(u) =0,

Gu; &) =VGw), and H(u; &) = %(A — AT)u +¢.
99)

In this experiment, we generate the linear monotone operator A randomly by A =
BTB+(C —CT), where B € RI*+1/21x(+1) (5o that A is monotone but not strictly
monotone), C € R™+DX+D ‘and the entries of B and C are generated independently
from the uniform [0, 1] distribution. We generate £ by £ ~ N (b, %I ), where the entries
of the mean vector b are also randomly distributed between 0 and 1. Therefore, in
Assumption Al we have og = 0 and oy = 1. By setting V(z,u) = ||z — ul|?/2, the
prox-mapping PZJ (u) in (10) becomes the projection of z — n to the Lorentz cone Z,
which can be calculated efficiently. For the SAMP algorithm, we use the parameter
settings in Corollary 2 with L = ||A + AT|/2, M = |A — AT|/2, and B = 1.
Since the study of the stochastic mirror-prox method in [20] only considers compact
feasible sets, we could not find recommended parameter settings of the stochastic
mirror-prox method for solving unbounded SVI. Therefore, we compare the SAMP
algorithm with the deterministic mirror-prox (MP) method in [32]. In each iteration, the
SAMP algorithm is supplied with the stochastic information F (u; &, ¢), and the MP
method is supplied with the deterministic information F'(u). We choose the parameters
of MP according to (3.2) of [32] in which L = ||A||. Noting the fact that SAMP
computes relatively more matrix-vector multiplications due to the aforementioned
decomposition, we set the total number of iterations of the MP method to be twice
of that of the SAMP method. The performance of the SAMP and MP algorithms are
compared in terms of the gap function (28), which is computed using MOSEK [30].
In particular, for any approximate solution w and perturbation vector v, we compute
the value of g(w, v) in (28) and norm of the perturbation vector || v|| 2The comparison
between the SAMP and MP algorithms is described in Table 4.

2 See the proof of Theorem 2 for the definition of the perturbation term in the SAMP algorithm, and
Theorem 5.2 in [28] for the definition of the perturbation term in the MP algorithm.
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Two remarks on the performance of the SAMP and MP algorithms are in order.
Firstly, it is interesting to observe that the practical convergence of the perturbation
vector ||v]| is slower than that of the gap function value g(w, v), although they have
the same rate of convergence (see Corollary 2). Secondly, the SAMP algorithm out-
performs the MP algorithm for solving (98). Such performance comparison indicates
the importance of the special treatment of the gradient field term VG from the SVI
(98).

5 Concluding remarks

We present in this paper a novel stochastic accelerated mirror-prox method for solving
a class of stochastic variational inequality problems. The basic idea of this algorithm
is to incorporate a multi-step acceleration scheme into the stochastic mirror-prox
method in [20]. The SAMP achieves the optimal iteration complexity, not only in
terms of its dependence on the number of the iterations, but also on a variety of
problem parameters. As a byproduct, the SAMP also significantly improves the
iteration complexity for solving a class of deterministic variational inequalities. More-
over, the iteration cost of the SAMP is comparable to, or even less than that of
the stochastic mirror-prox method in that it saves one computation of the stochas-
tic gradient of the smooth component. To the best of our knowledge, this is the
first algorithm with the optimal iteration complexity bounds for solving the SVIs
of type (2). Furthermore, we show that the developed SAMP scheme can deal with
the situation when the feasible region is unbounded, as long as a strong solution
of the VI exists. In the unbounded case, we adopt the modified termination crite-
rion employed by Monteiro and Svaiter in solving monotone inclusion problem, and
demonstrate that the rate of convergence of SAMP depends on the distance from the
initial point to the set of strong solutions. Our preliminary numerical results show that
the proposed SAMP algorithm is promising to solve large-scale variational inequality
problems.

It should be noted that in this paper we focus on the algorithm design for com-
puting weak solutions to monotone SVIs. In view of some recent development on
the unified analysis for convex and nonconvex stochastic optimization algorithms
(see, e.g., [15]), it will be interesting to study a unified SAMP method that deals
with both monotone and non-monotone SVIs. Also, considering that the problem
of interest is a SVI with only deterministic feasible set, in the future it will be
interesting to study different stochastic approximation type algorithms for solv-
ing SVIs involving expectation or probabilistic constraints. Moreover, it has been
shown in [11,28,29] that the for SVI(Z;0, H,0) with 0 = 0 and G = 0, the
mirror-prox method in [32] indeed converges to a strong solution with complex-
ity O(M?/e%). Since our main interest of this paper is to study the specialized
treatment of gradient field VG in the SVI, we focus only on how to achieve the
lower complexity bound for computing weak solutions. However, by incorporat-
ing the analysis in [11], it will be interesting to see if Algorithm 1 could also
compute an approximate strong solution of the SVI problem (1) with complexity

OL]e + (M? 4 0?%)/e?).
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