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Abstract In this paper we identify strong facet defining inequalities for the master
knapsack polytope. Our computational experiments for small master knapsack prob-
lems show that 1/k-facets for small values of k (k < 4) are strong facets for the
knapsack polytope. We show that this finding is robust by proving that the removal
of these facets from the master knapsack polytope significantly weakens the resulting
relaxation in the worst case. We show that the 1/k-facets for k = 1 are the strongest
in that their removal from the master knapsack polytope weakens the relaxation by
a factor of 3/2 in the worst case. We then show that the 1/k-facets with k = 3 or 4
are the next strongest. We also show that the strength of the 1/k-facets weakens as k
grows and that the 1/ k-facets with k even are stronger than the 1/ k-facets with k odd.

Mathematics Subject Classification 90C10 - 90C27

1 Introduction

For n > 0, define the vector A = {A;,i = 1, ..., n} where A; = i/n. The vector A is
referred to as the lineality of n. A master knapsack problem of order n is defined to be
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max vf, ey
n

st Z)\it,‘ =1, (2)
i=1

t >0, 3

; are integers, “)

where v > 0. The constraints (2), (3) and (4) define the master knapsack problem
K (n). The convex hull of the solutions to K (n) is denoted by P (K (n)) and referred
to as the master knapsack polytope. The dimension of P (K (n)) is n — 1 and the non-
negativity constraints (3) are facet defining for i > 2: #; > 0 is not facet defining.
(See Shim [14] and Shim and Johnson [15].) We call the facet-defining non-negativity
constraints as trivial facets. The other facets are called knapsack facets. Since P (K (n))
is not full dimensional, each knapsack facet has infinitely many representations.

In Fulkerson’s blocking framework of the cyclic group and the knapsack problems,
Gomory [8] and Ardoz [1] preferred subadditive relations of m-variables for char-
acterizing the facets; in particular, knapsack facets are represented by 7t > 7, for
P(K (n)), where 7 is the length n row vector of coefficients. In this paper, we use an
alternative characterization £ = —m of knapsack facets £ < 1 using superadditive
relations between components of the vector £ once we fix £ = 0 and &, = 1. This
characterization is inspired by the characterization of packing knapsack facets in Hun-
saker [13]. The superadditive characterization of knapsack facets allows us to identify
some classes of strong facets for which Chopra et al. [4] develop efficient separation
algorithm. This would not be possible with the subadditive representation. Given our
representation, we define a coefficient vector £ to be a 1/k-facet if k is the smallest
integer such that

& €e{0/k,1/k,2/k, ..., k/k} foralliforkeven,] )
& € {0/k,1/k,2/k,...,k/k}U{1/2} foralli for k odd.

1/ k-facets build on 1-facets (k = 1) first defined by Ardoz et al. [2]. In Sect. 2, we
introduce the knapsack facets dealt with in this paper.

The ultimate value of studying the master knapsack polytope comes from our ability
to use this information to solve the general integer knapsack problem where some of
the variables #; are missing (or set to 0). We believe that 1/ k-facets for small values of
k can play an important role in this regard. This paper shows that 1/k-facets for small
values of k are “strong” for the master knapsack polytope. Our work in Chopra et al. [4]
shows that 1/ k-facets can be separated effectively for small k. As a result 1/k-facets
for small k can be used effectively when solving the general knapsack problem.

There have been a variety of approaches used to define the strength of a facet
defining inequality. Gomory introduced the shooting experiment as a way to measure
the size of a facet (see Gomory et al. [12].) The shooting experiment shoots arrows
in random directions from the origin and counts the number of shots that hit each
facet. The size of each facet is proportional to the number of shots absorbed by it.
Goemans [7] provides an alternative approach to understand the strength of a class of
facet defining inequalities for the traveling salesman problem (TSP). In his approach,
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if P and Q are polyhedra in R” where P is a relaxation of Q obtained by dropping
some inequalities from Q, then the strength of the dropped inequalities from Q can
be measured by the ratio

min{cx : x € Q}

t(P,Q)= sup ——.
(7, Q) CEIIJR% min{cx : x € P}

Given that our goal is to identify strong knapsack facets, we use a similar approach to
identify the strength of 1/ k-facets. For any knapsack facet £¢ < 1 define P(K (n) — &)
to be the polytope obtained by eliminating the inequality £ < 1 from a minimal
complete inequality description of P (K (n)). Using Goemans’ terminology, P(K (n)—
&) is a relaxation of P(K (n)). Let zEP®) (v) = max{vr : t € P(K(n) — &)} and
P ) = max{vt : t € P(K(n))}. We thus measure the strength of the knapsack
facet £&¢ < 1 through its &-relaxation gap given by the ratio

max —ZLP(E)(U)
veRY ZIP(U) '

Observe that the &-relaxation gap for an inequality £¢ < 1 is obtained when v = £. If
£t < 11is a facet defining inequality, z/ ¥ (£) = 1. We thus obtain

ZLP(,E)(v) _ ZLP(,E)@) _LPe
e T e ©

The larger the &-relaxation gap, the stronger the corresponding inequality is because
its removal from a complete inequality description increases the worst case objec-
tive function value by a large amount. In this paper, we use the &-relaxation gap to
characterize the strength of 1/ k-facets.

We initiated our research by explicitly evaluating the &-relaxation gap for all knap-
sack facets of the master knapsack polytopes P (K (n)) for n < 26. Our computational
analysis for n < 26 showed the following patterns:

1. The &-relaxation gaps of all the knapsack facets are < 1 4 1/2.

2. The 1-facets have &-relaxation gapsof 1 +1/2, 14+ 1/3 or 1 4 1/4.

3. The 1-facets are strongest (i.e. have the largest £-relaxation gap) and all other
knapsack facets have &-relaxation gaps < 1 4 1/4.

4. The next strongest knapsack facets are 1/3-facets and 1/4-facets with &-relaxation
gapof 1 4 1/6.

In Sects. 4 and 5, we prove the &-relaxation gaps of the 1-facetstobe 1 +1/2,141/3
or 1+ 1/4 for all n as suggested in Observation 2. In Sect. 6, we prove that & -relaxation
gap of 1/3-facets is at most 1+1/6 as mentioned in Observation 4. In Sect. 7, we prove
the &-relaxation gap of 1/4-facets is strictly less than 1+1/4. In Sect. 8, we show that
the &-relaxation gaps of the knapsack facets except the 1-facets are strictly less than
1+ 1/2. That is, the upper bound 1 + 1/2 is achieved only among the 1-facets, which
verifies Observation 1 and provides some support for Observation 3.
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For large values of n it is very time consuming to evaluate the &-relaxation gap.
Thus, we used the shooting experiment to estimate the size of 1/k-facets for large
values of n (see Chopra et al. [4]). The shooting experiment results further validated
Observations 1-4 and provided the following further observations:

5. The size of 1/k-facets decreases as k grows.
6. The size of 1/k-facets is smaller for k odd and larger for k even.
7. There are spikes of the size of 1/k-facets at k where k + 1 divides n + 1.

While Observation 7 is previously known from Gomory et al. [12], all other Obser-
vations 1-6 are new. In Sect. 9, we perform the worst case analysis for a subset of
1/ k-facets defined in closed form by Ardoz et al. [2]. Consistent with Observation 5,
we identify upper bounds of these 1/k-facets to be 1 + 1/k which decreases as k
grows. We identify tighter upper bounds 1 + 1/2k for k odd, providing support for
Observation 6.

Following Gomory, several authors have studied polyhedra corresponding to binary
and cyclic groups. For example, Gomory and Johnson [9, 10] defined two-slope facets
for master cyclic group polyhedra, and Cornuejols and Molinaro [6] and Basu et
al. [3] have defined other families of facets for such polyhedra, including three-slope
and (k + 1)-slope facets. Shu et al. [16] gave a new class of 1/3- and 1/4-facets with
no 0-valued coefficient for master binary group polyhedra. Araoz et al. [2] studied
the relation between cyclic group and knapsack facets, and defined strong families of
knapsack facets that mainly came from 2-slope facets in the subadditive representation.

2 Characterization of 1/ k-facets
The work of Gomory [8] and Araoz [1] allows us to obtain all knapsack facets £ < 1
as the extreme points of a polytope described by polynomially many relations:

Theorem 2.1 The coefficient vectors & of the knapsack facets €t < 1 of P(K (n)) with
& = 0and &, = 1 are the extreme points of the system of linear constraints

& +&; <&y; wheneveri+ j <n, @)
§itén—i=1 forl=i=n/2 (3)
&1 =0, ©)

&, = 1. (10)

All feasible solutions to the system give valid inequalities £t < 1 for P(K (n)).

Fixing &; = 0 is inspired by the characterization of the packing knapsack facets in
Hunsaker [13]. The knapsack facets become perpendicular to the first non-negativity
constraint 1 > 0 by fixing & = 0.

The relations (7) and (8) are referred to as superadditivities and complementarities
respectively. Due to superadditivities (7) and the fact that &; = 0, the coefficients of
every knapsack facet & must be a non-decreasing sequence, i.e.,

& =& +& <& foralli=1,...,n—1. (11)
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If € is a 1/ k-facet, due to the complementarities (8), £ is symmetric in thatif§&; = m/k
then &,_; = (k — m)/k. Let & be a symmetric non-decreasing vector as defined in
(5). Then, & is uniquely determined by a non-decreasing sequence of indices (a, =
min{i : & > m/k}) (or (af,,) if we need distinguish k from others) where a,, represents
the first index i such that §&; > m/k. Such a vector &£ will be denoted by gk=(@m) Tn this
paper, a 1/k-facet £¢ < 1 will sometimes be denoted by £~(@n) and at other times in
terms of its individual components &; or £ (7).

Observe that k/2 is not an integer for k odd but is required to obtain the coefficient
1/2. Also, because of symmetry, the number of &;’s of value m/k must equal the
number of those of value (k — m)/k. Thus, a,, form = 1,...,k/2 are enough to
define £~ (@) where a;, /2 corresponds to the first index i such that & = 1/2. For any
knapsack facet Sk_(”'"), the interval ay /2 to n — a2 with all coefficients having value
1/2 is referred to as the half landing. We can easily see that ai/» > n/3 (this implies
that n — ag/2 < 2n/3). A 1/k-facet is a special case for a 1/k-inequality defined in
Chopra et al. [4]. In the rest of this section we introduce a variety of 1/k-facets that
will be studied in the paper. Each special case introduced by us can be described in
closed form.

2.1 The 1-facets

The 1-facets are the 1/k-facets with k = 1. A 1-facet £!7(41/2:41) ig thus defined by
the indices {a1,2, a1} where a5 is the first index with coefficient at least 1/2 and a;
is the first index with coefficient 1. If a; > = ay, there is no half landing. If a; > < ay,
the half-landing of the 1-facet is from a2 ton — ay» = a; — 1. One of ay,2 and a;
is enough to decide the other and therefore define the 1-facet. Shim and Johnson [15]
defined the rank r of a 1-facet as

H
r=|=|—aipn.
2 1/2

The largest possible rank of a 1-facet is denoted by R(n) which is the largest integer
satisfying

o <[2]-%

Figure 1 illustrates the coefficients of the 1-facet of rank 2 for P (K (16)). Observe that
& =0for0<i<5,&=1/2for6 <i <10,and& =1forll <i < 16.

2.2 The 1/3-facets and the 1/4-facets

The 1/3- and 1/4-facets are the 1/k-facets with k = 3 and k = 4 respectively.
Figure 2 illustrates a 1/3-facet of P(K(19)). A 1/3-facet £3~(@n) is determined by

the first index i = ay of § = 1/3 and the first index i = a3, of § > 1/2. We see
thata = n —az; + 1 and a3 = n — a; + 1 and simply denote g3-@ap.a.a) by
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1/2 r—0—0—
0 Gt p——p—t—————————————————
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Fig.1 The graph (i, si“‘ﬁ’”)) of a 1-facet of P(K (16))
1 0>
2/3 >—o—o—o—4
1/3 e
0 = tppm—p————— T ——————
01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

Fig. 2 Knapsack facet £3~G-10) of P(K (19))

£3=(@.a32)  Chopra et al. [5] have given the following characterization of the 1/3-
facets by restrictions to and relations between a; and a3>.

3 3
Theorem 2.2 (Chopraetal. [5]) Let & 370143 pe g symmetric non-decreasing vector
given by a? < ag’/z < (n+ 1)/2. It is a knapsack facet, if and only if

24} + a3, = n+1, and (12)
3a3 < n. (13)

Likewise, a 1/4-facet & 4=(a1,42) ig determined by a; and ax = a4/>. The 1/4-facets
can be characterized as follows:

Theorem 2.3 (Chopra et al. [5]) The vector £4~1-%) s q knapsack facet, if and only
if
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1 / *—o
5/6 ’A r—¢
2/3

1/2 =
1/3 ) 4
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Fig. 3 The coefficients of the regular 1/6-facet of rank 1 for P (K (18))

— 1
oz O (14)
ar < 2aj, and (15)
a <n—2ay. (16)

2.3 The regular 1/ k-facets

Ardoz et al. [2] defined regular 1/k-facets as follows. Let n = kd with divisors k > 3
and d > 3. The regular 1/ k-facet £¥=(@) of rank r is the 1/k-facet given by

k
a,, = md form < 3 and (17
n—d+1 n n+1
- < =|=-|—-r< . 18
2 S (2] =73 (18)

The largest rank is denoted by R¥(n). Observe that regular 1/k-facets are a subset of
all 1/ k-facets where each coefficientm/k for 1 <m < k/2 (fork/2 < m < n) begins
(ends) at regular intervals at the index md where n = kd. For general 1/k-facets the
starting index a,, for each coefficient m/k need not be regularly distributed.

Figure 3 illustrates the coefficients of the regular 1/6-facet of rank r = 1 for
P (K (18)). Observe that the coefficients of the facet coincide with the coefficients of
the lineality A = (1/n,2/n, ..., n/n) for every index i = md form € {0, 1, .., k}.
Also observe that the coefficients to the left of the half landing are less than or equal
to the corresponding coefficients in the lineality A. The coefficients to the right of the
half landing are greater than or equal to the corresponding coefficients in the lineality
A. As k grows, the regular 1/k-facet of rank O converges to the lineality A.

3 A general approach to finding the &-relaxation gap

In this section we describe the general approach used in the rest of the paper to find
the &-relaxation gap and also give some preliminary results that are used later in the

@ Springer
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proofs. Assume that we know the complete inequality description of the polytope
P (K (n)). For any objective v > 0, the primal linear program over P(K (n)) can be
written as

max{vt:kt:l,tanndéltf1forl=1,...,K}, (19)

where A = (1/n,2/n,...,n/n) and El,l = 1,..., K, are all the knapsack facets.
The dual problem can be written as

min xg + x1 + -+ + xg, (20)
st xok+x1§1 +~~—|—xK§K > v, 20
x; >0fori=1,..., K. (22)

Given any knapsack facet £/t < 1 from the complete inequality description, define
P(K (n) — £') to be the polytope obtained by deleting the inequality £/ < 1 from
P(K (n)), where we keep all ; > 0 including #; > 0 though it is not facet-defining for
P (K (n)). To obtain the &-relaxation gap P (51)(51 ) we proceed as follows. The first
step is to obtain a primal feasible solution 7 (referred to as the primal certificate) to

max{&'t : 1 € P(K(n) — &H}.
The next step is to obtain a dual feasible solution x satisfying (21) and (22) withx; = 0

(referred to as the dual certificate) such that the primal and dual objectives have the
same value. We then obtain

ZLP(&’)(gl) _ sllc'

3.1 Some useful results

In this section, we prove some lemmas that are used for proving theorems throughout
this paper. Our first result gives a minimal representation of the system (7)—(10):

Lemma 3.1 (Shim [14]) A minimal representation of the system (7)—(10) is given by
replacing the inequalities (7) with

& +éi<&yjfori<j<i+j<n/2 (23)

& +&j+téu—i—j<lfori<j<n—i—j<n/2, 24
n n r..

and 2§ (Z) < (5) =3 ifn=0 mod 4. (25)

The next lemmas give a sufficient condition for an inequality £~ to be a
knapsack facet. Chopra et al. [4] discover that the super-additivity relations of &; are
equivalent to the subadditivity relations of a,,. The main idea is that (m1 + m3)/k =
E(am,) + &(am,) < &(am, + am,) implies day,+m, < am, + am, by the definition of
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The worst case analysis of strong knapsack facets 473

am,+m,- The next lemma is a special case for strict (including all multiples of 1/k)
1/ k-inequalities &.

Lemma 3.2 Let £ have all the multiples of 1/ k except 1/2; i.e.,
k—(d ) m k
& " (@) = ;for allm # 7 (26)
It satisfies (7) if and only if

Ay + Ay = Ay +my] for all my < mp with [my +my] < k. 27

Lemma 3.3 Ler £ sarisfy (26) and (27). The inequality =@ is a knapsack
facet if

(a) 5 (ay) + ) (ay, 1) = €47 (ay 4 ap—1) for | < m < k/2, and
(b) g~ (q,, ) + £~ () = EK=@n) (q,, + ay,) for some my < my < k/2
withk/2 <m) +my < k.
Proof Let & satisfy all binding constraints of £¥~@) among (7)~(10) as equalities.
We show that & is uniquely determined to be £ = £X~(@) which will complete the
proof of the lemma.
We easily see that &y + &1 = &1 =& fori # a,, imply
& =&(ay) fora, <i < ap+ for k even
am <i <amp1,m—+1<|%], fork odd (28)
J— f m m+1 5

§i =&(am) for [am <i<agp,m= L’%J, for k odd.

Now, we only need to show that & (a,,) = mé(a1) = m/kform # k/2,and & (ay2) =

1/2if axj2 < ajkj2+1-
From (28) and complementarities (8), we see

§(am) = 1 — §(ak—p) (in particular, §(ax2) = 1 —§(ak2) = 1/2) (29)
unless m = k/2 and a2 = a|k/2+1. From (28), (a) implies that
§(ar) +&(am—1) = &(ar +am—1) = &(ap) for 1 <m < k/2
and therefore
E(am) =mé&(ay) forl <m < k/2. (30)
From (28), (b) is followed by

E(am, + amy) = & (amy+m,)- €1V
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474 S. Shim et al.

From (30), (31) and (29), (b) implies

(m1 +m2)é(ay) = s(am]) + s(amz) = é(aml +amz)
= s(aml-‘rmz) =1- %_(ak—ml—mz)
=1—(k—m; —mp)é(ar).

Thus, we have £(a;) = 1/k and so &(a,) = m/k = ¥~ (a,,), completing the
proof of the lemma. O

The next lemma shows that the 1-facets have the smallest support.

Lemma 3.4 Let a;;2(R(n)) be the first index of the half landing of the 1-facet of the
largest rank R(n). If a knapsack facet § with &1 = 0 and §, = 1 has &4, ;,(R(n))-1 = 0,
then & is a 1-facet.

Proof Let £17(@12) be the 1-facet with a; /2 equal to the index of the first non-zero
component (which mustbe 1/2 or 1) of §. Thatis, §;,,, > Oand§; = Oforalli < aj),.
The knapsack facet £ satisfies n linearly independent equality constraints including
the equalities in (8)—(10) and binding constraints from (23) and (24). Note that £ does
not satisfy (25) as equality because & (%) =0whenn =0 mod 4.

We show that all the binding constraints from (23) and (24) are satisfied as equalities
by £17(@/2) Sincei < j <i+j <n/2impliesi < n/4 < ai,2(R(n)) and therefore
& = 0, every binding constraint from (23) is written as

§i+& =0+ =&+

Given that it is satisfied as equality by £!7(@/2)| we have

1—(ai/2) I—(a12) 1—(a1/2) 1—(a1,2) 1
Ei v +§] i =O+§j i =€i+j 2 =00r§.

Sincei < j <n-—i—j<n/2impliesi <n/3 < ay/2(R(n)) and therefore §; = 0,
every binding constraint from (24) is of the form

§i+&+E—i-j=0+8+8&-i—j=1

From§&; <1/2and §,_;_; < 1/2, we have

I—(a12) 1—(ai,2) 1
é&jzénfiszsj‘ :i:n_,‘_j zz-

The binding constraint is satisfied as equality by £!7(“1/2), Thus, the n constraints
uniquely determine & = £!7(41/2) completing the proof. O
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The worst case analysis of strong knapsack facets 475

4 The 1-facet of rank 0

In this section, we show that the &-relaxation gap for any 1-facet £ < 1 of rank O is
1+1/2 forn £ 0 mod 4 and 1+1/3 forn = 0 mod 4 as mentioned in Observation 2.
Given a 1-facet & 1=(a12) of rank 0, let a1 be the index of the first coefficient equal to
1. We observe that a; is the smallest integer that is larger than n/2.

To prove the worst case bound, we provide a primal certificate / € P(K(n)
— g1=(@2)y with objective function value 3/2 if n % 0 mod 4 and 4/3 if n = 0
mod 4. We then provide a dual certificate with only one non-zero component which
is showntobe 3/2ifn 0 mod 4 and4/3ifn = 0 mod 4. Thus, the primal objec-
tive value is the same as the dual objective value, proving the &-relaxation gap of the
1-facet of rank O by strong duality. We first prove the result for n £ 0 mod 4.

Lemma 4.1 Letn %= 0 mod 4 and let a; denote the index of the first coefficient equal
to 1 of the I-facet of rank 0. If a knapsack facet & satisfies

&4 > 2/3, (32)

then it must be the I-facet of rank 0.
Proof We show that if (32) holds or equivalently if it holds that

é:n—a]:l_éal <1_§=%7 (33)
then £ is the 1-facet of rank 0. For the knapsack facet &£, consider the binding constraints
from (8)—(10) and (23)—(24). (Since n # 0 mod 4, we don’t have to consider (25).)
We show that none of the binding constraints comes from (24) and therefore the 1-facet
of rank 0 is uniquely determined to be £ by the binding constraints.

By complementarities (8), (24) is equivalent to

§i+& <1—-§&—i—j =&,

wherei < j <n/2 < i+ jimplies

1 1 2
Si"‘é}'jféj‘nfm"‘énfal <§+§=§<§a1§€i+j- (34)

Therefore, & does not satisfy any constraint in (24) as equality, and the 1-facet of rank
0 satisfies all binding constraints of &, completing the proof of & being the 1-facet of
rank 0. O

In the next result, we obtain our primal certificate.
Lemma 4.2 Letn %0 mod 4 and let a; denote the index of the first coefficient equal
to 1 of the 1-facet £'=@2) of rank 0. Then, t given by

n—3a1/2 fori =1,
fi=13/2 fori =ay, 35)
0 fori #1ora;
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476 S. Shim et al.

is afeasible solution to the LP problem maximizing €' ~@/2)t over P (K (n)—¢! _(“1/2)).
Proof Considering

n A 3
E'tzéal gy Zgal .57
f is feasible for P (K(n) — 51_(“1/2)) by Lemma 4.1. O

We now identify the inequalities over which our dual certificate will have a non-zero
component.

Lemma 4.3 Forn %0 mod 4,

gl = g37@H1204D gy — 4g 41, (36)
£2 = g67@ar1 201D for y — dg 4 2, (37)
£ =gt 2t forn = 4q + 3, (38)

are knapsack facets.

Proof By Theorem 2.2, é‘ I'and §3 are knapsack facets. By Lemmas 3.2 and 3.3, é 2 is
a knapsack facet, where (b) of Lemma 3.3 may be satisfied by m; = my = 2.

We now show that 3/2 is the non-zero component in the dual certificate.

Lemmad.4 Forn=4q+i, i =1,2,3, & = &' in (36)~(38) satisfies

3.
I=(a1p) « Z¢&
3 55

Proof Note that éf—'a] = 2/3, where a is the first index larger than n /2.
We now prove that the &-relaxation gap is 1 + 1/2.

Theorem 4.5 Forn # 0 mod 4, the &-relaxation gap of the 1-facet €'~ @/2) of rank
Ois1+1/2.

Proof Lemma 4.2 gives a feasible solution 7 with value 3/2 to the primal LP problem
of maximizing £!~@/2)t over P (K (n) — £'~(@1/2)). Lemma 4.3 gives knapsack facets

é such that

A

£, =2/3ifn#£0 mod 4.

Lemma 4.4 gives a dual feasible solution with only one nonzero component equal to
3/2 at the dual variable corresponding to &. The dual objective value is 3/2 (equal to
the primal objective value) completing the proof of the theorem. O

The next set of results show the &-relaxation gap to be 4/3 if n = 0 mod 4. The
proofs of Lemmas 4.6—4.8 are similar to those of Lemmas 4.1-4.3 (except that we use
Theorem 2.3 in the proof of Lemma 4.8) and are thus included in the “Appendix”.
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Lemma 4.6 Let n be a multiple of 4 and let ay denote the index of the first coefficient
equal to 1 of the 1-facet of rank 0. If a knapsack facet & satisfies

&q > 3/4, (39)

then it must be the I-facet of rank 0.

The next result provides the primal certificate with objective function value 4/3 if
n =0 mod 4.

Lemma 4.7 Letn =0 mod 4 and let a; denote the index of the first coefficient equal
to 1 of the I-facet of rank 0. Let £t < 1 be a knapsack facet of K (n) with &, = 0 and
&, = 1. Then, t given by

n—4a1/3 fori =1,
ti=14/3 fori =ay, (40)
0 fori #1ora

is afeasible solution to the LP problem maximizing €' ~@/2)t over P (K (n)—¢! _(”1/2)).

Lemma 4.8 Forn = 4q, é = £4@29 5 g knapsack facet.

The next result provides the dual certificate with 4 /3 as the only non-zero component
and thus an objective function value of 4/3.

Lemma 4.9 Forn = 4q, £ =g+ satisfies

é&l*(al/z) <

e
35
As in the proof of Theorem 4.5, we can show that the &-relaxation gap is 1+1/3

if n = 0 mod 4 by showing the equality of the primal and dual objective function
values.

Theorem 4.10 For n = 0 mod 4, the &-relaxation gap of the 1-facet of rank 0 is
14+1/3.

5 The 1-facets of positive rank

In this section, we show primal certificates (41) and dual certificates (53)—(54) which
prove the following theorem:

Theorem 5.1 The &-relaxation gap for any 1-facet & of rankr > 0is 1 4+ 1/4.

5.1 A primal certificate

Given a 1-facet El_(“m(’)) of rank r where 0 < r < R(n), our first step is to obtain a
primal feasible solution for P (K (n) — gl-(@pt ))) . In Lemma 5.2 we define a primal
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feasible solution 7 with objective function value £!~(@1/20)f = 1 4 1/4, which leads
to

N 1
ZLP(S)(E) > 51—(01/2(r))t =1+ e 41)

Lemma 5.2 Let0 < r < R(n) and let ay j2(r) denote the first index of the half landing
of the 1-facet of rank r. A fractional solution

A ai(r) 1 .
I = (n = /2 =1 g 0) = X In—aypry+1 =1 i =0 otherwzse) ,

(42)

is feasible for P(K (n) — &'~ (@2()),

Proof Weassume&t < 1isaknapsack facet that is violated by £, and only need to show
that § = £!7(@2(0)_This would prove that 7 is feasible for P (K (n) — &17(@12()),
Our assumption that £&# < 1 is violated by 7 can be written as

1
Eéal/z(r) + %‘n*tll/z(rH1 > L
By substituting complementarity &g, ,(-)—1 + n—a1 n()+1 = 1, it is equivalent to

284, 00m—1 < Eaypp(r)- (43)

There are n linearly independent binding constraints including the equalities in
(8)—(10). We may assume that the other binding constraints are from (23)—(25). We
show that (43) allows only three cases (44), (46) and (51) of the binding constraints,
and we see that they are all satisfied by £!7(@1/20) a5 equalities.

For the indices in (23), there are four possible cases

i<j<i+j<aiplr) <n/2 (44)
i<j<aipr)<i+j<n/2 (45)
i<aipr)<j<i+j<n/2 (46)
aip(r) <i<j<i+j<n/2 (47)

Case (47) provides a contradiction because

%<a1/2(r)§ifj<i+j<n/2.

From (43), case (45) is also forbidden, because it would be followed by

& +&j < 284,,07-1 < a1y < &itj- (48)
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Sincei = j =7 < aipp(r) — land aj2(r) < 5 in (48), inequality (25) is forbidden
when n = 0 mod 4. Therefore, only two cases (44) and (46) are possible for the
indices in (23).

For the indices in (24), there are four possible cases

i<j<n—i—j<aplr) <n/2 49)
i<j<apr)ysn—i-—j<n/2 (50)
i<aiypr)<j<n—i—j<n/2 (@28
ajpr)<i<j<n—i—j<n/2 (52)

From (43), cases (49) and (50) are forbidden by

1 1 1 1
gi +€j +é,-:n7i7j =< 2%-111/2(}’)—1 + 5 < Eal/z(}’) + E =< 5 + E = 1.
Case (52) provides a contradiction
n () <i<< . n o n n
- < r —l—j<n—=-—=-==.
3 apr)<i<j<n—-i—-j<n 3733

Therefore, (51) is only possible case for the indices in (24).

Since inequalities (23) in cases (44) and (46) and inequalities (24) in case (51)
are satisfied by £!17(@12()) a5 equalities, the n binding constraints uniquely determine
g1=@) completing the proof of the lemma. O

5.2 Dual certificates

Our next step is to identify dual feasible solutions with a weight of 0 on the deleted
1-facet £'7(@120) and an objective value 5/4. For £ = &£!7@200) with r > 0, we
show thatif » =2 mod 3 and r = R(n),

glm@p) < Z £ fora knapsack facet £ (53)

TNV

Thus a dual solution with weight 5/4 on £ and 0 elsewhere is feasible and has objective
value 5/4. For all other cases we show that

~ 1 ~
51_(‘”/2(”) <1l-&+ 7 ~$1_(“1/2(0)) for a knapsack facet &. (54)

Thus a dual solution with weight 1 on é , 1/4 on £'=(@200) and 0 elsewhere is feasible
and has objective value 5/4. They certify that the £-relaxation gap of &!=(@1/2(") with
r > 0 is less than or equal to 1 4 1/4. We first consider the case whenn =2 mod 3.
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5.2.1 The I-facet of the largest rank R(n) in case n =2 mod 3

If n = 2 mod 3, then either n = 2 mod 6 or n = 5 mod 6. We show that (53)
holds in either case.

Lemma 5.3 Let n = 2 mod 6 and let R(n) > 2 be the largest rank of a I-facet

A~ 5 5.5
or n)). Then, n = n) + 2 and the facet &€ = &7 V2552 given by
for P(K (n)). Th 6R(n) + 2 and the 1/5-facet £ = &> (@1:92:452) b
ai = R(n) + 1, ag=2R(n)+1anda§/2=3R(n)+1san'sﬁes

El—(al/z(R(n))) <

1w
>

Lemma 5.4 Letn = 5 mod 6 and let R(n) > 2 be the largest rank of a I-facet

for P(K(n)). Then, n = 6R(n) — 1 and the 1/5—facet§ = 55—(af,a§,a§/2) given by
a; = R(n), a3 = 2R(n) and a3, = 3R(n) satisfies (53), i.e.

El—(al/Z(R(”))) <

&~

5.2.2 All the other I-facets of rank r > 0

We now show that (54) holds in all other cases. Unless n =2 mod 3 and r = R(n),
each rank r satisfies

whenever n is odd

n—2

r< whenever n is even,

which imply n + 1 — 2a;12(r) < a1/2(r). We use this observation to define é in the
following lemma.

Lemma 5.5 Assume thatn #2 mod 3 orr # R(n). Let ayj»(r) be the first index of
the half landing of the 1-facet of rank r and let

m =max”ral/;(r)—‘ ,n+1 —Zal/z(r)] )

Then, m < ay/(r) and therefore é = g4~ maip™) s well-defined. It is a knapsack
facet satisfying (54), i.e.,

%-1—(a1/2(r)) <1 é + _%-1—(41/2(0))_

=

The results in Sects. 5.1 and 5.2 together prove Theorem 5.1.
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6 The %-facets
In this section, consistent with Observation 4 we first show that the gap of a 1 /3-facet

is less than or equal to 1 4- 1/6. Then, we identify a strong 1/3-facet with gap 1 4-1/6
forevery n =3 mod 4. It shows that 1+1/6 is the best achievable gap for 1/3-facets.

6.1 The bound of the gap of the 1/3-facets

Theorem 6.1 The &-relaxation gap of a %-facet g3-(@.a32) s less than or equal to
14 1/6.

Proof To prove the result we need to find dual feasible solutions with a value of 14-1/6
and a weight of 0 on the selected 1/3-facet. The case when a; = n/3 is included in
the more general result in Theorem 9.2. We thus assume that a; < n/3. From (12) in

Theorem 2.2 we need to consider two cases, 2a1 +a3z;2 —1 > nand 2a;+az;p—1 = n.
Firstly, let 2a; + azj> — 1 > n. Then, £37(@1:432=D j5 a knapsack facet, and

53—(a1,a3/2) < 53—(a1,a3/2—1) + 151—(01/2(0))
- 6

follows from

,)33—(01,!13/2) _ 53—(611,03/2—1)

11—
—0< géf @O fori £ {1, ... ny\ {azj — 1n —asjp + 1,
1 1 1 1—(a1/2(0))
== -—- = —— f = - l
373 6 g ori =az;
2 1 1 1 1
=37 27676 ' 7 651 PO fori = n— a3 +1,

The dual feasible solution thus assigns weight 1 to £3~(@-@32=1 and weight 1/6 to
g1=(@2(0) Thus, the theorem is true when 2a; + azjp —1>n.

Secondly, let 2a; + a3/ — 1 = n. Given ay, the half landing is then largest possible
and, therefore, £3~(41:43/2=1) 5 not a knapsack facet. Theorem 6.4 will show the &-
relaxation gap equals 1 + 1/6 if 2a; + a3 — 1 = nandn = 3 mod 4. We thus
assume here that n £ 3 mod 4. Instead of £3~@-@2=1D we consider 56_(“1671) given
by a? =a; — 1, ag = a; and ag = a3,2. This inequality is a knapsack facet by
Lemmas 3.2 and 3.3 with m; = my = 2 in (b) of Lemma 3.3. We then obtain

g3-@a) < 6= | Lei-@pon,
= 6

In this case, the dual feasible solution assigns weight 1 to & 6=@3) and 1/6 to gl=(@1200)
and 0 elsewhere. This completes the proof of the theorem. O
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6.2 Strong 1/3-facets with &-relaxation gap 1 + 1/6

Now we identify a set of 1/3-facets that achieve the upper bound gap of 1 + 1/6
showing that a gap of 1 4 1/6 is the best achievable for 1/3-facets. We show that the
1/3-facet £3-@+1.24%2) for n = 4¢ + 3 achieves the &-relaxation gap of 1 + 1/6,
the largest achievable for 1/3-facets. We do so by defining suitable primal and dual
certificates.

The first step is to obtain a primal certificate 7 with objective function value
E3—(q+l,2q+2)f — 7/6

Lemma 6.2 Letn = 4q + 3. Then,
N R 7 A 7 . )
t= t1=n—5(q+1); lg+1 = 5 ti =0fori #1orq+1 (55)

is feasible for P(K (n) — £37(@+1.24+2))
Proof See the online appendix. O

The next step is to obtain a dual feasible solution with value 7/6 and weight O on
the inequality £3~(@+1.24+2),

A _ 7 .
Lemma 6.3 Letn = 4q + 3. A 1/7-facet & = €'~ @) given by az =gq, az =qg+1,
aZ =2q + 1 and a;/z = 2q + 2 satisfy

%.3—(q+l,2q+2) S (56)

AN
e

Proof Inequality & T=@n) s a knapsack facet by Lemmas 3.2 and 3.3 withm| = my =
2in (b) of Lemma 3.3. Then, a; = ¢ + 1 and a7, = 2¢ + 2 imply (56).

Theorem 6.4 Let n = 4q + 3. The &-relaxation gap of 1/3-facet £3~@T1.24+2) jg
1+1/6.

Proof Lemma 6.2 gives a feasible solution 7 with value 7/6 to the primal LP problem
of maximizing &3~ 12072t over P (K (n) — £37@+1:24+2)) Lemma 6.3 gives a
dual feasible solution with only one nonzero component equal to 7/6 at the dual
variable corresponding to £. The dual objective value is 7/6 completing the proof of
the theorem.

7 The %-facets

In this section, we show that the gap for a 1/4-facet is strictly less than 1 4 1/4. Then,
we identify a 1/4-facet with gap 1 + 1/6 for every n = 4 mod 6. This still leaves
some room between 1 4+ 1/6 and 1 + 1/4 in terms of the best achievable gap for
1/4-facets. In our computational experiment we did not find any 1/4-facets with gap
larger than 1 + 1/6.
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7.1 A strict bound of the gap for 1/4-facets

Theorem 7.1 The &-relaxation gap for a 1/4-facet £4=@92) s strictly less than
1+ 1/4

Proof To prove the result we identify a dual feasible solution with objective value
strictly less than 1 + 1/4. Given 1/4-facet £4~(@:92) there exists a 1-facet £!~(@1/2()
with a as the first index of the half landing; i.e.,

aip(r) = a, (57)
because Theorem 2.3 implies 5 < a; < 7 and (14) implies

n—ap+1 n+1 1 n+1 n 1 n
a > = —ai- 5> -3 5=3
2 2 2 2 3 2 3

Let £!17(@20)) satisfy (57). Given lineality A, in order to prove the theorem, we
only need to show

5
AN W (A L Cglm@p) 5 g4=(01.02) for g small & > 0. (58)
4 4ay

If we can prove (58) we obtain the appropriate dual feasible solution by assigning
weight % to the lineality A, (% — % — g) to £17(@2) and 0 to all other inequali-
ties. We prove (58) by showing

L (é—i—a)-o>l fori > a (59)
4a; n 4 4da — 4 -

noi 5 n 1 1 .

T ;+(Z__4al—g)-zzz fori > ay (60)
i i+(§—l—s)-1>§ fori >n—ay+1 61)
day n 4  4ay — 4 -

noi 5 n

H';“F(Z—H—{E)-IZI fori >n —aj. (62)

We can immediately see that (59) holds, because # > % is equivalent to i > aj.
We show (60) by (14) in Theorem 2.3 which implies

n—a;+1 n—a 1 n—a
= —- >
2 2 2 2

i >ap >

The strict inequality i > “5** is equivalent to

i 1 n

10, 787 sar
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It implies that

noi n 5 n 1 i n 1 n 1 n 1
_ . — _— - = — — - — — > —,
4a; n 4 4da 2 4a;r 8 2 8ap 2

completing the proof of (60).
We show (61) by (15) in Theorem 2.3 which implies a; < 2a; and therefore

i >n—ay+1>n—2ay. The strict inequality i > n — 2a; is equivalent to
i 1 n
— > —.
4a1 2 4611

It implies that

n l+ 5 n 1 i +1+3 n 3
—_ = R — . —Jp— — —-_——> -,
4a; n 4 4da 4a; 2 4 4da 4

completing the proof of (61).
We now show (62). The assumption i > n — aj is equivalent to

i 1 n

i, 47 14y

It implies that

noi n 5 n : i n 1 L n )
_ = _— — . = — — - — > 1,
4a; n 4  4a 4a; 4 da,
completing the proof of (62). Thus, (58) holds completing the proof of the theorem. O

7.2 Strong 1/4-facets with gap 1 + 1/6

We now define a set of 1/4-facets with a provable &-relaxation gap of 1 + 1/6. We
show that the &-relaxation gap for £+~ (412042 for n = 6g +4 is 1 +1/6 by defining
suitable primal and dual certificates.

To prove the primal certificate, we restrict some components of the knapsack facet.

Lemma 7.2 Letn = 6q +4 and let a knapsack facet &€ with&; = 0 and &, = 1 satisfy

2
§§2q+1 + 2§2q+2 > 1. (63)
Then, it holds that
2
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3
65
€2q+1 = 10 (65)

and §2442 > — (66)

10°

Proof Since (63) and (65) imply (66) and (64) by

: 1 25 o2 3 4
> — X - = X — = — an
22~ 5 21 ) =5 X 3710) 10

Eg =1 —&4g4a <1 — (Eag12+82g42) <1 —-2x — = —

we only need to show (65). Since 3 x (2g + 1) < 6q + 4 = n implies 352,41 < 1,
we have

§2g+1 < (67)

3

We denote the initial upper bound in (67) by U, ., = 1/3 and show a decreasing

2q+
oo
sequence <U§q+l)k=1 with &,41 < U2qu1 converging to 3/10.
From (63) and (67), we have that

1 2 1 2 5 1,
242 > D) X 52q+1 2 x|\ 1= §U2q+1 =57 §U2q+1~ (68)

Complementarity (8) and (68) imply

1 I o 1 L o
§4q+2 =1- §2q+2 <1- E - §U2q+1 = 5 + §U2q+1. (69)

As a result we have

1 1 /1 1
Erg+1 = = (E2g+1 + E2g41) < §§4q+2 <5 (5 + gquH) =7 + 6U2q+1'

N =

We now define new strict upper bound U21 g+1 given by

11,
§2g+1 < Upgyr = 1 T gl (70)

o
We repeat the process above to recursively define an infinite sequence (U é‘q 11 )k
=1
of strict upper bounds of &, by

11 5 3 1
Usp1 =+ Uy == x =+ U5 fork =1,2,. (71)
476 9T 6710 6 =
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Since U§q+l is a convex combination of 3/10 and Ué‘qjll in (71), we have

UY —1>U1 > U? > 0> —
2q+1_3 2q+1 2g+1 .

Fork =0,1,2,..., we can write U§q+1 explicitly as

o= (= 3) () 3G 9)- ()
2q+1 7 10 2a+l 10 6 10 \3 10 6
3001 1\*
ZE-F%X(E).

o
. k . . .
Since (U2 4 +1)k | is a decreasing sequence converging to 3/10 such that &, <

U5, > it holds that

2g+1 = >
2g+1 = 10 5
completing the proof of the lemma. O

We now define our primal certificate :

Lemma 7.3 Letn = 6g +4, g > 1. Then,

~ - 16 14 . 2 . N
t = (tlzn — ?q — ?; t2q+1=§; hg+2 =2; 1 =0fori #1,2g + lor2q +2)

(72)
is feasible for P (K (n) — 54—(24"‘1,244-2))_
Proof In order to show that 7 in (72) is feasible for P (K (n) — g4~ Qa+l.2q +2)), we

only need to show that all knapsack facets & except £+~ 241,24+ 1D gatisfy

A2
§t = §§2q+1 + 28442 < 1. (73)

Equivalently, we show that, if a knapsack facet & satisfies (63), then & =
£47(2q+1.2942) et £ be a knapsack facet satisfying (63). Then, there are n lin-
early independent relations binding at & which include the equalities in (8)—(10)
and relations from (23)—(25). By Lemma 7.2, they are all shown to be equalities
at & = £47(2¢+1.2a42) which will complete the proof of the lemma. (See the online
appendix for more details.) O

We now define the appropriate dual certificate.
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Lemma7.4 Letn = 6g + 4, g > 1. Then, é = Slo_wrlno) defined by allo = gq,
a%o =qg+1, ago =2q+1, a}to =2q +2and a510 = 3q + 2 is a knapsack facet and
satisfies

g4 Qat1,2442) - %é n %514‘;./2(1«”)))_ (74)

Proof We prove this lemma in a similar way to the proof of Lemma 6.3. O

Theorem 7.5 Letn = 6q+4,q > 1. The &-relaxation gap of 1 /4-facer €4~ (24+1,.24+2)
is14+1/6.

Proof Lemma 7.3 gives a feasible solution 7 with value 7/6 for the primal LP problem
of maximizing £+~ 4112072t over P (K (n) — £47(24+1.2072)) Lemma 7.4 gives a
dual feasible solution with two nonzero components, 5/6 and 1/3, as the dual vari-
ables corresponding to the knapsack facet £ (defined in Lemma 7.4) and the 1-facet

g1=(@2(Rm)) of the largest rank. The dual objective value is 7/6 = 5/6 + 1/3 com-
pleting the proof of the theorem. O

8 A global upper bound for the &-relaxation gap

Consistent with Observations 1 and 2, we show that 1 4 1/2 is an upper bound over
all the knapsack facets and can be achieved only among the 1-facets.

Proposition 8.1 Let & be a knapsack facet with &, = 0 and &, = 1, and let m > 2.
Then,

& < Sio wheneveri < i—o.
m m
Proof By super-additivities (7),
méi < (m —2)§i + &5 = (m —3)§ + 83 <+ <& +Em—1)i <&mi = 8iy-
O
Theorem 8.2 Let & be a knapsack facet with &1 = 0 and &, = 1. If € is not a I-facet,

PO @E) < 1+ % (75)

Proof Recall that A is the lineality of n. We first show that for i ¢ (%, ZT”) ,

j 1 T 1 ! A 76
Ez<(+§)';—(+§)'l~ (76)
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For m’jrl < i < .- where m > 2, substituting ig = n for Proposition 8.1 gives
1
& < —.
m
Since m > 2 andi > mLH, we obtain
1 3 3 01
B<— <<l
m =~ 2m+1) 2 n
Therefore, (76) holds for all i < n/2. Fori > 27",
3 2n 1 3 1 3
fE<l=>.20 . 2 2. 2220,
2 3 n 2 n 2

3
§i<1=§'

fori = 27" when 7 is a multiple of 3. Thus, for every i < % and for every i > ZT", (76)
holds. If £ satisfies (76) for 5 < i < 27", it satisfies (75).

Now, we assume that £ does not satisfy (76) for some % <i< 2?”; iLe.,

(77)

i
n

N W

& >

Let i; be the first index satisfying (77), and leti; = n — i1. Then, i1 is the last index

in 5 < i) < 5 which satisfies

3 4 1
gilfz';—z- (78)
Let / be the first index satisfying
i
5;- > ; = )»g-
Then, foralli < f, .
i
& < o= A (79)
We show that i| < i , and that for all 7,
L, 1—(aip(r)
§ <A+ EE,- ; (80)
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where the rank r of &!7@20")) is set up for i to be the first index of the half-landing
Offl_(am(r)) (r=0ifi > %)A ‘
Firstly, we show that ij < i. Fori < 3, (78) and Proposition 8.1 imply that for

'—‘<i§%withm=2,

3
%_<1§_<1 311 1_111 lll 1
=22 =2 \2 »n 2 2 n 4 n 4
1 1+11 11 1+, |
< - -t = —-—=-< = - — ==,
22 3 T aTaT T AT,

1 1 3 i 1 3i1 —n
< s < — D= -
i = mgl1 “m (2 n 2) 2nm

3m+1)i—n 2mi+mi+3i—n i+(m+3)i—n
< —_— f— —

2nm - 2nm n 2nm
i  2mi—n i 2i1—n i 0 i
<-+—=-+ <-4 —=-.
n 2nm n 2nm n  2nm n
For 4 <i <iy,

i1 1 1 4 i 1
R A A

1 1+1 1 i 1 i

— - = == < —.

2 n 2 2 2 n n

Thus, (79) holds for all i < iy, and therefore by the definition of i

n A

2o <. 81)
It implies that £'~(@/2")) with i as the first index of its half-landing (r = 0if i > %)
is well-defined and (80) holds for all i < i. Thus,

1 11—
§i<hi=hit5 0<hi+o§ (@2(r))

n

Secondly, we show that (80) holds for all i > iIfi > 2, (80) is trivial for all i > i.
We assume that i < 5 .Fori <i< 5, (81) implies that

1 1 1 i 11 i 1 1—(a120r)
i <=+ -<-+z-z=-+4+=¢
5i<5 3'6 n 32 n 351
] 1 1
- l_+ 51 (ar2(r)) = A +—§1 (al/z(r))
n 27 27
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For 4 <i <n —1i,(81)implies that

1 1 1 i 11 i L 1—@po)
== <l-—c=c4+-<-—F---=—-+--§
§i =6 Si<l-3 2 6 nT3 253k
o B
- r + 5 'sil (a12(r)) _ 51 (al/z(r))'
Fori >n—i> 7,
o<1 1 n 1
T2 02
i1 i1 —@pey) L 1—@pe)
4l l=_4_ & =\ 4+ = £ ,
SptalELtys it3s
completing the proof of the theorem. O

9 A decreasing and oscillating bound for the &-relaxation gap

In this section, we prove two results. Consistent with Observation 5, we provide
a bound for the &-relaxation gap of regular 1/k-facets that decreases as k grows.
Consistent with Observation 6 we show that the bound for the &-relaxation gap for
regular 1/k-facets is smaller for k odd compared to k even.

Theorem 9.1 Let k > 3. The &-relaxation gap of the regular 1/ k-facets £K=@m) jg
strictly less than 1 + 1/ k.

Proof Let ay /> denote the first index of the half landing of § k=am) Fori < ay 2 and

e >0,
_ 1 i i 1 i i
Sik (a"l)—)\,i=—~ R A
k d kd k d d
1 1 1 1—(ay2(r))
Lomom (T o= (e

Let the 1-facet £'=(@1/2(") of rank r have the same half landing as that of £~ (@),
ie.,

a1 (r) = ag)2.
For ayj» <i < n — ag2, the lower bound in (18) implies

|

%)
n

%-k (am) )L _

L

=

l\.)l'—‘

bl el NS S

1 1 I—=(ai2(r))
R—— . 83
2 ké' (83)

l\)l’—‘
I\Jl’—‘
N‘I»—A
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Fori > n — ax)2,

1 n—i i
k—(am)
gl —xizl—z-{ ~ J‘;

I
=/—\
—_
|
S -~
S~
|
| =
—_—
. S
SN
=
I
=
S
|
1 —
P
N
SN
| I

-1 1 n—i| 1 n—i n—i
kd k d k d d
1 L 1—@p0)
-1 ==& . 84
<z kE’ (34)
From (82), (83) and (84), we have
k=(an) 1 1—(ai2()
£ m_r<-—-¢)e 172(r))
k
for a small ¢ > 0, completing the proof of the theorem. O

Theorem 9.1 shows that as k gets larger, the £-relaxation gap approaches 1. In other
words a regular 1/ k-facet for small k is much stronger than a 1/ k-facet with large k.

Theorem 9.2 Ifk > 3 is odd, the &-relaxation gap of the regular 1/ k-facets £* —(ay, ()
of any rank r are less than or equal to 1 + 1/(2k).

Proof Ifr < Rk (n), we easily see that

gh=(@n ) < gh=(ar+D) | i‘;l*(dm(o))‘

We assume r = R¥(n). Then, &2—@) given by a7t = all§/2 and

k
a%,];:af;:mdanda%ﬁ,_l=a,],‘1—1=md—1f0r1§m<5,

is a knapsack facet by Lemmas 3.2 and 3.3. This facet satisfies

ék—m{;(Rk(n))) < Ezk—mﬁl‘) + %51—(01/2(0))’

completing the proof of the theorem. O

Comparing Theorems 9.1 and 9.2 we see that the bound for the &-relaxation gap
for regular 1/k-facets with k odd is less than that for k& even. This provides support
for Observation 6 from our computational experiments that 1/k-facets for k even are
“stronger” than 1/ k-facets for k odd.

Acknowledgements We thank two referees for thoughtful comments that significantly improved our paper.
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Appendix: Lemmas 4.6-4.9

Lemmas 4.6-4.9 Let n be a multiple of 4 and let a) = % + 1 denote the smallest
integer that is larger than n/2. Let £t < 1 be a knapsack facet of K (n) with& =0
and &, = 1. If it holds that

&, > 3/4, (85)

then & is the I-facet of rank 0. There is a knapsack facet é‘ t <1 with éal = 3/4,
é] = 0and én = 1. Therefore,
i = (s =4/3;1i =n—aily; f; =0fori # 1 oraj) (86)

is a feasible solution to the LP problem maximizing &'~@/2t over the system of
the knapsack equation, the non-negativity constraints and all knapsack facets except
51*(‘”/2% < 1. Its objective value is

glm@nf =43,
Proof We show that if (39) holds or equivalently if it holds that

3 1

§(5-1) = =1-fn<1-3=7 (87)

then & is the 1-facet of rank 0. For the knapsack facet &, consider the binding constraints
of & from (8)—(10) and (23)—(25). If £ satisfied (25) as equality, it would hold

(D) =e(G-).

contradicting to (87). Therefore, & does not satisfy any constraint in (25) as equality.
We show that & does not satisfy any constraint in (24) as equality and therefore the
1-facet of rank O satisfies all binding constraints of £ as equalities, which will prove &
is the 1-facet of rank 0.

By complementarities (8), (24) is equivalent to

§i+& =1 —8—i—j =8+
wherei < j <n/2 < i+ j implies

1

1
Ei+€j§€n—a1+€n—a1 <Z+Z=§§$a1 §§i+j~ (88)

Therefore, & does not satisfy any constraint in (24) as equality, and the 1-facet of rank
0 satisfies all binding constraints of &, completing the proof of & being the 1-facet of
rank 0.

Let n = 4q. From Theorem 2.3,

£ = 54—(%24)
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is a knapsack facet satisfying éal = 3/4, él = 0 and én = 1. And, we see that 7 in
(40) satisfies the knapsack equation, the non-negativity constraints and all knapsack

facets except the 1-facet of rank 0. O
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