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Abstract We study the Asymmetric Traveling Salesman Problem (ATSP), and our
focus is on negative results in the framework of the Sherali-Adams (SA) Lift and
Project method. Our main result pertains to the standard linear programming (LP)
relaxation of ATSP, due to Dantzig, Fulkerson, and Johnson. For any fixed integer
t > 0 and small €, 0 < € K 1, there exists a digraph G on v = v(t,€) = O(t/€)
vertices such that the integrality ratio for level 7 of the SA system starting with the

standard LP on G is >1 + 21;;3 ~ %, g, %, .... Thus, in terms of the input size, the
result holds for any t = 0, 1, ..., ®(v) levels. Our key contribution is to identify a

structural property of digraphs that allows us to construct fractional feasible solutions
for any level ¢ of the SA system starting from the standard LP. Our hard instances
are simple and satisfy the structural property. There is a further relaxation of the
standard LP called the balanced LP, and our methods simplify considerably when the
starting LP for the SA system is the balanced LP; in particular, the relevant structural
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property (of digraphs) simplifies such that it is satisfied by the digraphs given by the
well-known construction of Charikar, Goemans and Karloff (CGK). Consequently, the
CGK digraphs serve as hard instances, and we obtain an integrality ratio of 1 + ;_‘_;f
for any level 7 of the SA system, where 0 < € <« 1 and the number of vertices
is v(r,€) = O((t/€)"/)). Also, our results for the standard LP extend to the PATH
ATSP (find a min cost Hamiltonian dipath from a given source vertex to a given sink

vertex).
Keywords Asymmetric TSP - Sherali-Adams hierarchy - Integrality ratios

Mathematics Subject Classification 90C05 - 90C27

1 Introduction

The Traveling Salesman Problem (TSP) is a celebrated problem in combinatorial
optimization, with many connections to theory and practice. The problem is to find a
minimum cost tour of a set of cities; the tour should visit each city exactly once. The
most well known version of this probelm is the symmetric one (denoted TSP), where
the distance (a.k.a. cost) from city i to city j is equal to the distance (cost) from city j
to city i. The more general version is called the asymmetric TSP (denoted ATSP), and
it does not have the symmetry restriction on the costs. Throughout, we assume that
the costs satisfy the triangle inequalities, i.e., the costs are metric.

Linear programming (LP) relaxations play a central role in solving TSP or ATSP,
both in practice and in the theoretical setting of approximation algorithms. Many LP
relaxations are known for ATSP, see [19] for a recent survey. The most well-known
relaxation (and the one that is most useful for theory and practice) is due to Dantzig,
Fulkerson and Johnson; we call it the standard LP or the DFJ LP. It has a constraint for
every nontrivial cut, and has an indegree and an outdegree constraint for each vertex;
see Sect. 2.1. There is a further relaxation of the standard LP that is of interest; we
call it the balanced LP (Bal LP); it is obtained from the standard LP by replacing the
indegree and outdegree constraint at each vertex by a balance (equation) constraint.
For metric costs, the optimal value of the standard LP is the same as the optimal value
of the balanced LP; this is a well-known fact, see [19], [7, Footnote 3].

One key question in the area is the quality of the objective value computed by the
standard LP. This is measured by the integrality ratio (a.k.a. integrality gap) of the
relaxation, and is defined to be the supremum over all instances of the integrality ratio
of the instance. The integrality ratio of an instance [ is given by opt(I)/dfj(I), where
opt(I) denotes the optimum (minimum cost of a tour) of /, and dfj(/) denotes the
optimal value of the standard LP relaxation of /; we assume that the optima exist and
that dfj (1) # 0.!

For both TSP and ATSP, significant research efforts have been devoted over several
decades to prove bounds on the integrality ratio of the standard LP. For TSP, methods

1 Although the term integrality ratio is used in two different senses—one refers to an instance, the other
to a relaxation (i.e., all instances)—the context will resolve the ambiguity.

@ Springer



On integrality ratios for asymmetric TSP in the Sherali... 3

based on Christofides’ algorithm show that the integrality ratio is <3, whereas the

best lower bound known on the integrality ratio is %. Closing this gap is a major

open problem in the area. For ATSP, a result of Asadpour et al. [3] showed that the
integrality ratio is <O (logn/loglogn). Recently, Anari et al. [1] improved the upper
bound on the integrality ratio to polyloglog(n) for ATSP. On the other hand, Charikar,
et al. [7] showed a lower bound of 2 on the integrality ratio, thereby refuting an earlier
conjecture of Carr and Vempala [6] that the integrality ratio is 5‘3—1.

Lampis [14] and Papadimitriou and later Vempala [18], respectively, have proved
hardness-of-approximation thresholds of % for TSP and % for ATSP; both results
assume that P#NP. Recently, Karpinski et al. [13] have improved both hardness-of-
approximation thresholds to 123/122 and 75/74, respectively, assuming that P#ANP.

Our goal is to prove lower bounds on the integrality ratios for ATSP for the tighter LP
relaxations obtained by applying the Sherali-Adams Lift-and-Project method. Before
stating our results, we present an overview of Lift-and-Project methods.

1.1 Hierarchies of convex relaxations

Over the past 25 years, several methods have been developed in order to obtain tight-
enings of relaxations in a systematic manner. Assume that each variable y; is in the
interval [0, 1], i.e., the integral solutions are zero/one, and let n denote the number of
variables in the original relaxation. The goal is to start with a simple relaxation, and
then iteratively obtain a sequence of stronger/tighter relaxations such that the asso-
ciated polytopes form a nested family that contains (and converges to) the integral
hull.2

These procedures, usually called Lift-and-Project hierarchies (or systems, or meth-
ods, or procedures), use polynomial reasonings together with the fact that in the 0/1
domain, general polynomials can be reduced to multilinear polynomials (utilizing the
identity yi2 = y;), and then finally obtain a stronger relaxation by applying lineariza-
tion (e.g., for subsets S of {1, ..., n}, the term [[,_¢ yi is replaced by a variable yg).
In this overview, we gloss over the Project step. In particular, Sherali and Adams [20]
devised the Sherali—-Adams (SA) system, Lovdsz and Schrijver [17] devised the
Lovasz—Schrijver (LS) system, and Lasserre [15] devised the Lasserre system. See
Laurent [16] for a survey of these systems; several other Lift-and-Project systems are
known, see [4,10].

The index of each relaxation in the sequence of tightened relaxations is known as
the /evel in the hierarchy; the level of the original relaxation is defined to be zero.
The relaxation at level n is exact, i.e., the associated polytope is equal to the integral
hull. For Lovasz—Schrijver hierarchy and Sherali-Adams hierarchy, and for any
t = O(1), it is known that the relaxation at level ¢ of the hierarchy can be solved to
optimality in polynomial time, assuming that the original relaxation has a polynomial-
time separation oracle, [21].

2 By the integral hull we mean the convex hull of the zero-one solutions that are feasible for the original
relaxation.
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Over the last two decades, a number of important improvements on approximation
guarantees have been achieved based on relaxations obtained from Lift-and-Project
systems. See [10] for a recent survey of many such positive results.

Starting with the work of Arora et al. [2], substantial research efforts have been
devoted to showing that tightened relaxations (for many levels) fail to reduce the
integrality ratio for many combinatorial optimization problems (see [10] for a list of
negative results). This task seems especially difficult for the SA system because it
strengthens relaxations in a “global manner;” this enhances its algorithmic leverage
for deriving positive results, but makes it more challenging to design instances with
bad integrality ratios. Moreover, an integrality ratio for the SA system may be viewed
as an unconditional inapproximability result for a restricted model of computation,
whereas, hardness-of-approximation results are usually proved under some complexity
assumptions, such as P £ NP. The SA system is known to be more powerful than the
LS system, while it is weaker than the Lasserre system; it is incomparable with the
LS. system (the positive-semidefinite version of the Lovasz—Schrijver system [17]).

A key paper by Fernandez de la Vega and Kenyon-Mathieu [11] introduced a
probabilistic interpretation of the SA system, and based on this, negative results (for
the SA system) have been proved for a number of combinatorial problems; also see
Charikar et al. [8] and Benabbas et al. [5]. At the moment, it is not clear that methods
based on [11] could give negative results for TSP and its variants, because the natural
LP relaxations (of TSP and related problems) have “global constraints.”

To the best of our knowledge, there are only two previous papers with negative
results for Lift-and-Project methods applied to TSP and its variants. Cheung [9] proves
anintegrality ratio of ‘—3‘ for TSP, for O (1) levels of LS. For ATSP, Watson [22] proves
an integrality ratio of % for level 1 of the Lovasz—Schrijver hieararchy, starting from
the balanced LP (in fact, both the hierarchies LS and SA give the same relaxation at
level one).

We mention that Cheung’s results [9] for TSP do not apply to ATSP, although at
level 0, it is well known that any integrality ratio for the standard LP for TSP applies
also to the standard LP for ATSP (this relationship does not hold for level 1 or higher).

1.2 Our results and their significance

Our main contribution is a generic construction of fractional feasible solutions for any
level 7 of the SA system starting from the standard LP relaxation of ATSP. We have a
similar but considerably simpler construction when the starting LP for the SA system
is the balanced LP. Our results on integrality ratios are direct corollaries.

We have the following results pertaining to the balanced LP relaxation of ATSP:
We formulate a property of digraphs that we call the good decomposition property,
and given any digraph with this property, we construct a vector y on the edges such
that y is a fractional feasible solution to the level ¢ tightening of the balanced LP by
the Sherali-Adams system. Charikar, Goemans, and Karloff (CGK) [7] constructed
a family of digraphs for which the balanced LP has an integrality ratio of 2. We show
that the digraphs in the CGK family have the good decomposition property, hence,
we obtain an integrality ratio for level # of SA. In more detail, we prove that for any
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On integrality ratios for asymmetric TSP in the Sherali... 5

integer t > 0 and small enough € > 0, there is a digraph G from the CGK family
onv = v(t,e) = O((t/e) / €) vertices such that the integrality ratio of the level-f
tightening of Bal LP is at least 1 + }+f ~ 2, g ‘3‘ Z, ... (where t = 0 identifies the
original relaxation).

Our main result pertains to the standard LP relaxation of ATSP. Our key contribu-
tion is to identify a structural property of digraphs that allows us to construct fractional
feasible solutions for the level 7 tightening of the standard LP by the Sherali-Adams
system. This construction is much more difficult than the construction for the bal-
anced LP. We present a simple family of digraphs that satisfy the structural property,
and this immediately gives our results on integrality ratios. We prove that for any
integer ¢+ > 0 and small enough € > 0, there are digraphs G on v = v(t, €) = O(t/€)
vertices such that the integrality ratio of the level ¢ tightening of the standard LP on G
is at least 1 + ﬁ ~ %, g, %, %, .... The rank of a starting relaxation (or polytope)
is defined to be the minimum number of tightenings required to find the integral hull
(in the worst case). An immediate corollary is that the SA-rank of the standard LP
relaxation on a digraph G = (V, E) is at least linear in |V |, whereas, the rank in terms
of the number of edges is £2(+/[E]) (since the LP is on a complete digraph, namely,
the metric completion).

Our results for the balanced LP and for the standard LP are incomparable, because
the SA system starting from the standard LP is strictly stronger than the SA system
starting from the balanced LP, although both the level zero LPs have the same optimal
value, assuming metric costs. (In fact, there is an example on 5 vertices [12, Fig-
ure 4.4, p. 60] such that the optimal values of the level 1 tightenings are different: 9%
for the balanced LP and 10 for the standard LP.)

Finally, we extend our main results to the natural relaxation of PATH ATSP (min
cost Hamiltonian dipath from a given source vertex to a given sink vertex), and we
obtain integrality ratios >1 + 3, -~ 3 2 g, %, ... for the level-+ SA tightenings.
Our result on PATH ATSP is obtamed by “reducing” from the result for ATSP; the
idea behind this comes from an analogous result of Watson [22] in the symmetric
setting; Watson gives a method for transforming Cheung’s [9] result on the integrality
ratio for TSP to obtain a lower bound on the integrality ratio for PATH TSP.

The solutions given by our constructions are not positive semidefinite; thus, they
do not apply to the LS hierarchy nor to the Lasserre hierarchy.

Let us assess our results, and place them in context. Observe that our integrality
ratios fade out as the level of the SA tightening increases, and for ¢ > 35 (roughly) our
integrality ratio falls below the hardness threshold of 73 75 of [13]. Thus, our integrality
ratios cannot be optimal, and it is possible that an mtegrahty ratio of 2 can be proved
for O(1) levels of the SA system.

On the other hand, our results are not restricted to + = O(1). For example, para-
meterized with respect to the number of vertices in the input v, our lower bound for
the standard LP holds even for level + = £2(v), and our lower bound for the bal-
anced LP (which improves on our lower bound for the standard LP) holds even for
level t = £2(log v/ loglogv), thus giving unconditional inapproximability results for
these restricted algorithms, even allowing super-polynomial running time.

@ Springer



6 J. Cheriyan et al.

Moreover, our results (and the fact that they are not optimal) should be contrasted
with the known integrality ratio results for the level zero standard LP, a topic that has
been studied for decades.

2 Preliminaries

When discussing a digraph (directed graph), we use the terms dicycle (directed cycle),
etc., but we use the term edge rather than directed edge or arc. Foradigraph G = (V, E)
and U C V, 8% (U) denotes {(v, w) € E : v € U, w ¢ U}, the set of edges outgoing
from U, and 8" (U) denotes {(v,w) € E:v ¢ U,w € U}). Forx e RE and § C E,
x(S) denotes D, g Xe.

By the metric completion of a digraph G = (V, E) with nonnegative edge costs
¢ € RE, we mean the complete digraph G’ on V with the edge costs ¢/, where ¢’ (v, w)
is taken to be the minimum cost (w.r.t. ¢) of a v, w dipath of G.

An Eulerian subdigraph of G is defined as follows: the vertex set is V and the
edge set is a “multi-subset” of E (that is, each edge in E occurs zero or more times)
such that (i) the indegree of every vertex equals its outdegree, and (ii) the subdigraph
is weakly connected (i.e., the underlying undirected graph is connected). The ATSP
on the metric completion G’ of G is equivalent to finding a minimum cost Eulerian
subdigraph of G.

For a positive integer ¢ and a ground set U, let P; denote the family of subsets of U of
size atmost ¢,i.e., Py = {S: S C U, |S| < t}. We usually take the ground set to be the
set of edges of a fixed digraph. Now, let G be a digraph, and let the ground set (for P;)
be E = E(G). Let E' be a subset of E. Let 1£"1 denote a vector indexed by elements
of P; such that for any S € P, 1?” =1if S C E’, and lfl’t = 0, otherwise. Note
that 1! has the entry for ¢ at 1, and the other entries give the incidence vector of E’.

We denote set difference by —, and we denote the addition (removal) of a single item
e to (from) a set S by S + e (respectively, S — e), rather than by S U {e} (respectively,
S —{e}).

2.1 LP relaxations for asymmetric TSP

Let G = (V, E) be a digraph with nonnegative edge costs c. Let ﬁS\PD”(G) be
the feasible region (polytope) of the following linear program that has a variable x,
for each edge e of G:

minimize E CeXe
e

subject to x (5""(5)) > 1, VS:4cScV
x (87(9)) = 1, vS:pcScVv
x (ai"({v})) =1, x (8™ () =1, YveV
0<x<1

@ Springer



On integrality ratios for asymmetric TSP in the Sherali... 7

In particular, when G is a complete digraph with metric costs, the above linear program
is the standard LP relaxation of ATSP (a.k.a. DFJ LP).

We obtain the balanced LP (Bal LP) from the standard LP by replacing the two
constraints x (8”’({1}})) =1, x (80’”({1)})) = 1 by the constraint x (6’”({1}})) =
x (874" ({v})), for each vertex v. Let ATSP 47 (G) be the feasible region (polytope)
of Bal LP.

minimize Z CeXe
e

subject to
x ( ) : VS:#cScV
x (87(8)) = VS:#cScV
x (87 ({v}) = (5""({1)})), VveV
0<x<1

In particular, when G is a complete digraph with metric costs, the above linear program
is the balanced LP relaxation of ATSP.

Our construction of fractional feasible solutions exploits the structure of the original
digraph. This is the reason for discussing the polytopes on the original digraph (and
not only on the complete digraph). To justify this, we observe that any feasible solution
for the original digraph can be extended to a feasible solution for the complete digraph
by “padding with zeros.” (This argument is formalized in Sect.2.2.1).

2.2 The Sherali-Adams system

Definition 1 (The Sherali-Adams it system) Consider a polytope P C [0, 11" over
the variables yi, ..., y,, and its description by a system of linear constraints of the
form >_"_, a;iy; > b; note that the constraints y; > Oand y; < 1 foralli € {1, . ,n}
are included in the system. The level- Sherali—-Adams tightened relaxation S .A’ (P)
of P, is an LP over the variables {ys: S C{1,2,...,n}, |S| < t+1} (thus, y €
RPi+1 where P, has ground set {1,2, ...,n}); moreover, we have ys = 1. For
every constraint Z?Z] aiy; > b of P and for every disjoint S, Q C {1, ..., n} with
|S| + Q] < t, the following is a constraint of the level-t Sherali—-Adams relaxation.

Sai > DMhysoron =0 D (=D ysur. €]

i=1 (¢CTCQ PST<O

We will use a convenient abbreviation:

5,0 '= z (—D"ysur,

PST<O

where zg ¢ are auxiliary variables between 0 and 1.

@ Springer



8 J. Cheriyan et al.

Informally speaking, the level-+ Sherali—-Adams relaxation is derived by multi-
plying any constraint of the original relaxation by the high degree polynomial

[T [Ta-m.

Jjes  jeQ

where S, Q are disjoint subsets of {1, ..., n} with |[S| 4 |Q| < t. After expanding the
products, we obtain a polynomial of degree at most ¢ 4 1. Replacing any occurrences
of [ [;c5 ¥i by the corresponding variable yg forall § C {1, ..., n} gives the constraint
described in Inequality (1) (Definition 1).

There are a number of approaches for certifying that y € S.A’ (P)fora given y. One
popular approach is to give a probabilistic interpretation to the entries of y, satisfying
certain conditions. We follow an alternative approach, that is standard, see [16], [21,
Lemma 2.9], but has been rarely used in the context of integrality ratios.

First, we introduce some notation. Given a polytope P C [0, 17", consider the cone
P={y(l,y):yg >0,y € ﬁ}. (Throughout the paper, we use an accented symbol to
denote a polytope, e.g., P, and the symbol (without accent) to denote the associated
cone, e.g., P.) It is not difficult to see that the SA system can be applied to the cone
P, so that the projection in the n original variables can be obtained by projecting any
y € SA'(P) with yg = 1 on the n original variables. Note that SA’(P) is a cone,
hence, we may have y € SA'(P) with yy # 1; but if ys # 0, we can replace y by
%y. Also, note that SA(P) = {y: yg = 1, y € SA'(P)} by Definition 1.

For a vector y indexed by subsets of {1, ..., n} of size at most ¢ + 1, define a shift
operator “x” as follows: for every e € {1,...,n}, let e x y to be a vector indexed
by subsets of {1, ..., n} of size at most ¢, such that (e * y)s := ys4.. We have the

following folklore fact, [21, Lemma 2.9].

Fact1l y € SA'(P) ifand only ifexy € SA!(P), and y —exy € SA ! (P),
Ve e {1,...,n}.

The reader familiar with the Lovasz—Schrijver system may recognize the similarity
of its definition with the characterization of the Sherali-Adams system of Fact 1.
In fact, the SA system differs from the LS system only in that it imposes additional
consistency conditions; namely, the moment vector y, indexed by subsets of size # + 1,
has to be fixed beforehand. This seemingly small detail gives the SA system enhanced
power compared to the LS system.

2.2.1 Eliminating variables to 0

In our discussion of the standard LP and the balanced LP, it will be convenient to
restrict the support to the edge set of a given digraph rather than the complete digraph.
Thus, we assume that some of the variables are absent. Formally, this is equivalent to
setting these variables in advance to zero. As long as the nonzero variables induce a
feasible solution, we are justified in setting the other variables to zero. The following
result formalizes the arguments.

@ Springer



On integrality ratios for asymmetric TSP in the Sherali... 9

Proposition 1 Let P be the feasible region (polytope) of a linear program. Let C be
a set of indices (of the variables) that does not contain the support of any “positive
constraint” ofP where a constraint 3", a;y; > b ofP is called positive if b > 0.
Let Pc be the feasible region (polytope) of the linear program obtained by removing all
variables with indices in C from the constraints of the linear program of P (informally,
the new LP fixes all variables with indices in C at zero). Then, for the SA system, for
any feasible solution y to the level-t tightening of ﬁc, there exists a feasible solution
Y’ to the level-t tightening of P moreover, Y is obtained from y by fixing variables,
indexed by subsets intersecting C, to zero.

Proof Fory € SA!(Pe), the “extension” vy’ of y is defined as follows:

;| s, ifSNC =490
YS =10, otherwise

For the corresponding auxiliary variables z, this would imply that

.o, SN C # 0
5.0 7| zs,0—c. otherwise.

In order to show that y’ € S A’ (IA’ ), we need to verify that for every pair of sets S, Q
as in Definition 1, we have 371 @iz ) o = b2 o

First we note that if S N C # @, then for every i we have ZiS‘U{i},Q = z’S’Q =0, and
hence the constraint is satisfied trivially.

For the remaining case S N C = (J, we have

Zaﬂsu Lo = D aizsuio + D didsui0

ieC i¢C

= Z“izsum,Q

i¢C
= ZaiZsu{i},ch
i¢C
>bzso-C
=b ZZS‘,Q—C
— b5, 2)

where (2) follows from the validity of the corresponding constraint of Pc; here, we use
the fact that C does not contain the support of any positive constraint—otherwise, the
summation »; ¢C(~ ..) would be zero since the index set {i:i ¢ C} would be empty,
and hence, the inequality 0 = Zi¢c(- ..) > b z5 9—c would fail to hold for b > 0
and z5,9—c > 0.

@ Springer



10 J. Cheriyan et al.

3 SA applied to the balanced LP relaxation of ATSP
3.1 Certifying a feasible solution

A strongly connected digraph G = (V, E) is said to have a good decomposition
with witness set F if the following hold

(i) E partitions into edge-disjoint dicycles Cy, C», ..., Cy, that is, there exist edge-
disjoint dicycles Cq, Ca, ..., Cy such that £ = UlijEN E(Cj); let N denote
the set of indices of these dicycles, thus N = {1, ..., N};

(ii) moreover, there exists a nonempty subset F of N such that for each j € F the
digraph G — E(C}) is strongly connected.

Let F denote N’ — F. For an edge e, we use index(e) to denote the index j of the
dicycle C;, j € N that contains e. In this section, by a dicycle C;, C;, etc., we mean
one of the dicycles C1, ..., Cy, and we identify a dicycle C; with its edge set, E(C).
See Fig. 1 for an illustration of a good decomposition of a digraph.

Informally speaking, our plan is as follows: for digraph G that has a good decom-
position with witness set F, we construct a feasible solution to SA’ (A/T-S\P BaL(G))
by assigning the same fractional value to the edges of the dicycles C; with j € F,
while assigning the value 1 to the edges of the dicycles C; with i € F (this is not
completely correct; we will refine this plan). Let ATSP g 41, (G) be the associated cone

Of/ﬁS\PBAL(G).

Definition 2 Let ¢ be a nonnegative integer. For any set S C E of size < 7+ 1, and any
subset Z of F, let FZ(S) denote the set of indices Jj € F—ZIsuchthat E(C;)NS # ¥;
moreover, let f z (S) denote |F z (8)[, namely, the number of dicycles C; with indices
in F — 7 that intersect S.

Definition 3 For a nonnegative integer 7 and for any subset Z of F, let yZ-* be a vector
indexed by the elements of P;41 and defined as follows:

7o _ 42— f1()
Vs t+2

s VS e Pt+1

Fig. 1 A digraph G with a good decomposition given by the dicycle with thick edges, and the length 2
dicycles C; formed by the anti-parallel pairs of thin edges; G — E(C}) is strongly connected for each
dicycle C;

@ Springer



On integrality ratios for asymmetric TSP in the Sherali... 11

Theorem 2 Let G = (V, E) be a strongly connected digraph that has a good decom-
position, and let F be the witness set. Then

vt e SA(ATSPgaL(G)), Vi€ 7., ¥I C F.

In order to prove our integrality ratio result for A/TS\P BAL, we will invoke Theorem 2
for Z = ) (the more general setting of the theorem is essential for our induction proof;
we give a high-level explanation in the last paragraph of the proof of Theorem 2 below).
Since also only the values of y#? indexed at singleton edges affect the integrality ratio,
it is worthwhile to summarize all relevant quantities in the next corollary.

Corollary 1 We have
Y1 e SAN(ATSPyAL(G)), Vi€ Z..

Moreover, for each dicycle Cj, j € N, and each edge e of C; we have

o1 _ iié fjeF

Ve = : 3)
1, otherwise.

Informally speaking, we assign the value 1 (rather than a fractional value) to the
edges of the dicycles C; with j € Z C F. For the sake of exposition, we call the
dicycles C; with j € F —1 the fractional dicycles, and we call the remaining dicycles
C; (thus i € T U F) the integral dicycles.

Proof (Proof of Theorem 2): To prove Theorem 2, we need to prove
yb! e SA/ATSPgAL(G)).

We prove this by induction on ¢.

Note that y; "' = 1 by Definition 3.

The induction basis is important, and it follows easily from the good decomposition
property. In Lemma 1 (below) we show that y*-0 € SA°(ATSPg 41 (G)). We conclude
that yI’0 satisfies the first two sets of constraints of ATSPg4r (G), since yI’O >
y?-0 (this follows from Definitions 2, 3, since F Z(S) € F(S)). As for the balance
constraints, it is enough to observe that every vertex of our instance (see Fig. 1)
is incident to pairs of outgoing and ingoing edges, which due to Definition 3 are
assigned the same value. Finally, again by Definition 3, and for all edges e, we have
0 < y2'° < 1. All the above imply that yZ-0 € SA°(ATSP3AL(G)), VI C F, as
wanted.

In the induction step, we assume that yI’ "' e SA"(ATSPg 4. (G)) for some integer
t > 0 (the induction hypothesis), and we apply the recursive definition based on the
shift operator, namely, yZ- '+ € SATH(ATSPg.(G)) iff foreach e € E

e yE e SA(ATSP 4L (G)), “)
YLl gy y Tt ¢ SANATSPgAL(G)). &)
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12 J. Cheriyan et al.

Lemma 2 (below) proves (4) and Lemma 3 (below) proves (5).

We prove that e % yZ: 't is in SA' (ATSP g4z (G)) by showing that for some edges
e, e x yL- 11 is a scalar multiple of yZ"*, where 7’ 2 7 (see Eq. 6 in Lemma 2); thus,
the induction hinges on the use of 7.

Lemma 1 We have y*'° € SA°(ATSPg a1 (G)).

Proof Observe that y» 0 has |E| + 1 elements, and yg’o = 1 (by Definition 3); the
other | E| elements are indexed by the singleton sets of E. For notational convenience,
let y € RE denote the restriction of y?-? to indices that are singleton sets; thus,
Yo = y?e’}o,‘v’e € E. By Definition 3, y, = 1/2 if e € E(C;) where j € F, and

v = 1, otherwise. We claim that y is a feasible solution to :ﬁS\PBAL(G).

y is clearly in [0, 1]¥. Moreover, y satisfies the balance-constraint at each vertex
because it assigns the same value (either 1/2 or 1) to every edge in a dicycle Cj,
VjeN.

To show feasibility of the cut-constraints, consider any cut § = U C V. Since
1€ is a feasible solution, there exists an edge ¢ € E crossing from U to V — U. If
ec E(C)),je F, then we have y, = 1, which implies y(§°“/ (U)) = y(8"(U)) > 1
(from the balance-constraints at the vertices). Otherwise, we have e € E(C}), j € F.
Applying the good-decomposition property of G, we see that there exists an edge
¢'(# e) € E— E(Cj) such that ¢’ € §°/(U), i.e., [8°'(U)| = 2. Since y, > % for
each e € E, the cut-constraints y (8" (U)) = y(8°*/(U)) > 1 are satisfied.

Before proving Lemmas 2, 3, we show that yL 1+ restricted to Pry1 (the family
of subsets of E of size at most ¢ + 1), can be written as a convex combination of yI”
and the integral feasible solution 12-/+1_ This is used in the proof of Lemma 2; for
some of the edges e € E, we show that e % yZ:/T1 = yZ-/+1 (see Eq. 6), and then we
have to show that the latter is in SA’ (ATSPgaL (G)).

Fact 3 Lett be anonnegative integer and let T be a subset of F. Then forany S € Pi4+1

r+2 1
we have y?’tﬂ = L.t lg’tﬂ.

T i3 t+3

Proof Wehave S C E,|S| <t+1, and we get lf’ *+1 _ | from the definition. Thus,

Lot 13- 1O 1422 70®) L 42z 1 e
ST T3 143 14314375 Ty

Lemma 2 Suppose that y-' € SA' (ATSPga1(G)), for each T < F. Then for all
e € E and for all T € F we have e x y© 't € SA'(ATSPgaL(G))

Proof For any S € P41, the definition of the shift operator gives (e * yI’ g

y?;rtjl . Let C(e) denote the dicycle containing edge e, and recall that index(e) denotes

the index of C(e).
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On integrality ratios for asymmetric TSP in the Sherali... 13

We first show that

T,t+1 _

e*ys 375

Z,t+1
Vs

[ﬁyz+i"dex(e)’t ifindex(e) e F — T ©)

otherwise

If index(e) € T U F, that is, the dicycle C(e) is not “fractional,” then Definition 3
directly gives y?j:rl = y? L Otherwise, if index(e) € F—1, then from Definition 3
we see that if C(e) N S # @, then FI(S +e) = FI(S), and otherwise, fI(S +e) =

FZ(S) + 1. Hence,

—fT .
TN L O it Ce)nS £ o
VST et e _
B0t Cens =0
t+2 Tiind
(e % yI, t+1)S _ P S—Hn ex(e), t (8)

where in the last line we use Definition 3 to infer that fZHindex(e)(§) = fZ(§) — 1, if
C(e) NS # @, and fLrindex©) gy = £I1(S), otherwise.

Note that Fact 3 along with yZ-/ € SA'(ATSPg4.(G)) implies that yZ-/+!,
restricted to P4 1,1isin SA’(ATSP g a1 (G)) because it can be written as a convex com-

bination of yZ-* and an integral feasible solution 1£-1+1 Equation (6) proves Lemma 2
because both yZHindex(e).1 ang yI. 141 (restricted to Py1) are in SA (ATSP AL (G)).

Lemma 3 Suppose that yL-' € SA' (ATSPga1(G)), for each T < F. Then for all
e € E and for all T € F we have y2- "1 — ¢ x y2- 141 ¢ SA'(ATSPgAL(G)).

Proof Let C(e) denote the dicycle containing edge e, and recall that index(e) denotes
the index of C (e). If index(e) € TUF, then we have FZ(S+¢) = FZ(S),VS € P41,
hence, we have yZ- 1 = ¢ % yZ-+1 and the lemma follows.

Otherwise, we have index(e) € F — Z. Then, for any S € P;,1, Equation (7) gives

0 ifCe)NS£D
OE —eny i =10 LEO0 T ©)
/3 1 eynsS=40
1 _
= 1o (10)

The good-decomposition property of G implies that 1£—C(©)-1+1 jg a feasible integral
solution of SA' (ATSPpAL(G)).

The next result presents our first lower bound on the integrality ratio for the level ¢
relaxation of the Sherali—Adams procedure starting with the balanced LP. The rele-
vant instance is a simple digraph on @ (¢) vertices; see Fig. 1. In the next subsection,
we present better integrality ratios using the CGK construction, but the CGK digraph
is not as simple and it has ® (¢") vertices.
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14 J. Cheriyan et al.

Theorem 4 Let t be a nonnegative integer, and let € € R satisfy 0 < € < 1. There
exists a digraph on v = v(t, €) = ©(t/€) vertices such that the integrality ratio for
the level t tightening of the balanced LP (Bal LP) (by the Sherali—-Adams system) is

1—e
> 1+ 2t+3°

Proof Let G be the digraph together with the good decomposition shown in Figure 1,
and let the cost of each edge in G be 1. We call an edge of G a thin edge if it is
contained in a dicycle of length 2; we call the other edges of G the thick edges; see
the illustration in Fig. 1. Consider the metric completion H of G. It can be seen that
the optimal value of an integral solution of ATSP on H (equivalent to the minimum
cost Eulerian subdigraph of G) is >4¢ + 2, where £ is the length of the “middle path.”
(This can be proved by induction on £, using similar arguments as in Cheung [9,
Claim 3 of Theorem 11].)

Given ¢ and €, we fix £ = 2(2¢ 4 3) /€ to get a digraph G (and its edge costs) from
the above family.

By Corollary 1 the fractional solution y?- (Deﬁnition 3)isin SA’ (ATS Ppar(G)):

we have y = 1 for each thick edge e, and y = ;ii for each thin edge e. By

Sect.2.2.1, we can extend y?-! to a feasible solution of S.A’ (ATSPBAL (H)).
Hence, the integrality ratio is

4042 2042 2 1—¢
> ——>1+

> .
—254_4_4_2({;1_5_ 2t+3 ¢~ 2t +3

3.2 Charikar-Goemans—Karloff (CGK) construction

We briefly explain the CGK [7] construction and show in Theorem 7 that the resulting
digraph has a good decomposition This theorem along with a lemma from [7] shows
that the integrality ratio is > 1 + 1=¢ i1 for 7 rounds of the Sherali-Adams procedure
starting with the Balanced LP, for any given 0 < € < 1, see Theorem 8.

Let r be a fixed positive integer. Let G be the digraph with a single vertex. Let G
consist of a bidirected path of r + 2 vertices, starting at the “source” p and ending
at the “sink” ¢, whose 2(r + 1) edges have cost 1 (see Fig. 2). We call E(G1) the
external edge set of G| (we use this in the proof of Lemma 4).

For each k > 2, we construct G by taking r copies of G;_1, additional source and
sink vertices p and ¢, a dipath from p to ¢ of r 4+ 1 edges visiting the sources of the r
copiesintheorderuy, us, ..., u,,and another dipath from g to p of 41 edges visiting
the sinks of the » copies in the order v,, v,_1, ..., v where u;, v; denote the source
and sink of the i-th copy of Gk 1 (see Fig. 3). All the new edges have cost r*=1 Denote

the i-thcopy of Gx—1 by G\ | . Let Ex = E(Gy)—Uj<i<, E(GY ). Let{G\" D} 1< <

PO 2o Oy o0 >0 C; o4
(@) V\_/N_/\/

(@) Go (b) G
Fig.2 Gpand G| forr =3
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On integrality ratios for asymmetric TSP in the Sherali... 15

Fig.3 Gy and Ly fork >2andr =3

be the r copies of G2 in Gy . Let E{) | = E(G{ ) — U=, E(G{)). Let AD)
be the dipath from u; to v; in E ,E'l , and let B be the dipath from v; to u; in E ,El_)l
Let E,E’_]l = Ulsier]Qy We call E; U E,Er_]l the external edge set of Gi. The other
edges form the internal edge set of Gy.

For each k > 2, the digraph L is constructed from Gj; by removing vertices
p and ¢, and adding the edges (u,,u1) and (vy, v,), both of cost A=l et E, =
(Ex U {(ur,u1), (o1, v))) = {(p, ), (01, p), Gy, @), (g, v)). We call By U E[
the external edge set of Li. The other edges form the internal edge set of Lj. (Our
description of the CGK construction is essentially the same as in [7], but they use s
and 7 to denote the source and sink vertices, whereas we use p and ¢; this is to avoid
conflict with our symbol 7 for the number of rounds of the SA procedure.)

[r]

Fact5 Let k > 2 be a positive integer. The external edge set of Ly, i.e., E,; UE,_,,

can be partitioned into r dicycles C1, ..., Cl. such that

Cl = {(ui, uit1), Wit1, )} UBDUATD for1 <i <r —1, and
C) = {(ur, ur), (v1,v)} U BY U AD.

Moreover, for each dicycle C!,i = 1,...,r, Ly — E(C}) is strongly connected.

We denote the decomposition of the external edge set of Ly by Cp,, (E,/( UE ,Er_]l) =
{Ci,....CL}.

Fact 6 Let k > 2 be a positive integer. The external edge set of Gy, i.e., Ex U E,Er_]l
can be partitioned into r + 1 dicycles Cy, C1, ..., C, such that

Ci = {(ui, uis1), Wip1, v)}UBD UATTD for1 <i <r—1,
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16 J. Cheriyan et al.

Co = {(p,u1), (v1, p)} U AWY, and
Cr = {(ur, q), (g, v,)} UB",

Moreover, for eachdicycle C;,i =0, 1,...,r, Gy—E(C;) has two strongly-connected
components, where one contains the source p and the other one contains the sink q.

We denote the decomposition of the external edge set of G by Cg, (Ex U E ,Er_]l) =
{Co, C1, ..., C,}. Next we identify a structural property that will allow us to prove
that Ly has a good decomposition.

Definition 4 We say that G, has a (p, ¢)-good decomposition, if the edge set of Gy
can be partitioned into dicycles Cy, Ca, ..., Cy such that for each 1 <i < N, either

(1) C; consists of external edges, and moreover, Gy — E(C;) has two strongly con-
nected components, one containing the source p and the other one containing the
sink ¢.

(2) C; consists of internal edges of G, and moreover, Gy — E(C;) is strongly con-
nected.

Lemma 4 Forallk > 1, Gy has a (p, q)-good decomposition.

Proof We prove the result by strong induction on k. For the base cases, consider
G1 and G». For G, we take the dicycles Cp, ..., Cy to be the length 2 dicycles
formed by two anti-parallel edges; thus, N = r + 1 (see Fig.2). For G, we use the
decomposition of the external edge set given by Fact 6.

For the induction step, we have k > 3; we assume that the statement holds for
1,2,...,k — 1 and prove that it holds for k. By the induction hypothesis, for each

1 <i,j <r,weknow that G(l j) has a (p, ¢)-good decomposition C(E(G(l ]))) =
{C(’ 7 C(’ D C(' 2 o C0n51der the decomposition of E(Gy) into edge-disjoint
p g )

dicycles given by C = CGk (Ex U E ) UU<ij<r C(E(G(’ ]))) We claim that C is
a (p, g)-good decomposition of Gy. Clearly, for C € C such that E(C) C ExU Ekf1 s

we are done by Fact 6. Now, consider one of the other dicycles C € a thus C consists
of some internal edges of Gy. Then, there exists an i and j (1 < i, j < r) such that
Ce C(E(G(l ]))) We have two cases, since either condition (1) or (2) of (p, g)-good

(@, /)

decomposition of G( ) » applies to C. In the first case, G5 — E(C) has two strongly

connected components, where one contains the source p(’ ) of G,(j’_jz) and the other
one contains the sink ¢/ of G,(f;jz) . Note that the external edge set of G “strongly
connects” p(i'j) and q(i'j) ,hence, Gy — E(C) is strongly connected. In the second case,
G,(f’_jz) — E(C) is strongly connected; then clearly, G — E(C) is strongly connected.
Thus Cis a (p, g)-good decomposition of G.

Theorem 7 For k > 2, Ly has a good decomposition with witness set F such that
F =N, i.e every edge in any cycle in the decomposition can be assigned a fractional
value.

Proof LetCp, (E UE, [r] 1) be the decomposition of the external edge set of Ly given by
Fact 5. If k = 2, then we are done (we have a good decomposition of Ly with F = N).
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On integrality ratios for asymmetric TSP in the Sherali... 17

Otherwise, we use the decomposition C= Cr, (E,/c U E,Er_]l) uy I<i,j<r C(E(G,iijé))),
where C(E (G,(:;jz) ))isa(p, g)-good decomposition of G,(f’jz) . Using similar arguments
as in the proof of Lemma 4, it can be seen that Cisa good decomposition with F = N.

Lemma 5 (Lemma 3.2 [7]) For k > 2 and r > 3, the minimum cost of the Eulerian
subdigraph of Ly is >(2k — 1)(r — )rk=1,

Theorem 8 Let t be a nonnegative integer, and let € € R satisfy 0 < € < 1. There
exists a digraph onv = v(t, €) = O((t/€) /) vertices such that the integrality ratio
forthe level t tightening of the balanced LP for ATSP (Bal LP) (by the Sherali-Adams

system) is >1 + L_;f

Proof Given t and €, we apply the CGK construction with k = r = 5(¢ 4+ 1) /€ to get
the digraph L and its edge costs. Let Hj be the metric completion of L.

We know from CGK [7] that the total cost of the edges in Ly is < 2k(r+1)r*~1. By
Theorem 7, Lj has a good decomposition C1q, ..., Cy such that each of the dicycles
C; has its index in the witness set F (informally, each edge is assigned to a fractional
dicycle). Hence, Corollary 1 implies that the fractional solution that assigns the value

;i—é to (the variable of) each edge is feasible for S.A’ (/@BAL (L)). By Sect. 2.2.1,

this feasible solution can be extended to a feasible solution in S.A’ (,ﬁS\P BarL (Hy)).
Then, using Lemma 5, we see that the integrality ratio of SA’(ATSP g4 (Hy)) is

>(2k—1)(r—1)r’<—1 _ 1 5r—1 . 1 51
T EDRG DAkl Bl nen s i+l B e
42 42 1+2

1 —€
>1 .
=t

4 SA applied to the standard (DFJ LP) relaxation of ATSP

Let G = (V, E) be a strongly connected digraph that has a good decomposition, and
moreover, has both indegree and outdegree < 2 for every vertex. We use the same
notation as in Sect. 3.1, i.e., C1, Ca, ..., Cy denote the edge disjoint dicycles of the
decomposition, and there exists 7 € A" = {1, ..., N} such that F is nonempty and
G — E(C}) is strongly connected for all j € F. For an illustration of important notions
introduced in this section, the reader may consult Figs. 4, 5, 6, 7.

We define a splitting operation that splits every vertex that has indegree 2 (and
outdegree 2) into two vertices (along with some edges); our definition depends on the
given good decomposition of the digraph. The purpose of the splitting operation will
be clear from Fact 9.

Splitting Operation: Let v € V(G) whose indegree and outdegree is 2. Suppose
Ci, C; are the dicycles in the good decomposition going through v. Let ¢;1 =
(vi1,v),ej1 = (vj1,v) and e;2 = (v,v;2),ej2 = (v, vj2) be the edges in 8 (v),
8°U (v), respectively, where ¢;1, ¢;» € C; and ej1,ejr € Cj. We split v into v, v as

follows:
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18 J. Cheriyan et al.

new ’r_Lew
€1 €;2
€i1 €52
/
eo, Yel
A, "0
€j1 €i2
new new
€51 €2

Fig. 4 An illustration of the vertex splitting operation used for mapping G to G"¢%

— Replace ¢;1, ejs by e/ = (v;1, v"), e%w = (v, v;2) (the new edges are called
solid edges)

— Replace e;>, ej1 by el5” = P, vin), e;f‘{w = (vj1, v?) (the new edges are called
solid edges)

— Add the auxiliary edges (also called dashed edges) ey = (vb, v, e(’) = (v*, v?).

See Fig. 4 for an illustration.

We obtain G"*" = (V"¢", E"Y) from G by applying the splitting operation to
every vertex in G whose indegree and outdegree is 2. We map each dicycle C, j € N,
of G to a set of edges of G"*" that we call a cycle and that we will (temporarily) denote
by C ;’ew. We define C ;’ew to be the following set of edges: for every edge of C}, its
image (in G"*")isin C ;.'e“’; moreover, for every splitted vertex v of G incident to C;,

note that one of v* or v? (the two images of v) is the head of one of the two edges
of C ;.’ew incident to {v*, v?}, and one of the two auxiliary edges e, e(, has its head at
the same vertex; we place this auxiliary edge also in C;‘ew. Note that C"*" is not a

directed cycle. For example, in Fig. 4, the cycle C/*** contains the edges e}/ (image

of e;1), ely" (image of e;2), and the auxiliary edge o, whereas the cycle C;’ew contains

the edges e;ff“’, e%“’, and the auxiliary edge ¢;).

In what follows, we simplify the notation for the cycles of G"** to C; (rather than
C ;?e“}); there is some danger of ambiguity, but the context will resolve this. We denote
the set of auxiliary edges (also called the dashed edges) of a cycle C; = C;’ew by
D(C}), and we denote the set of remaining edges of C; = C;’ew by E(C;). Note that
E"Y = E(G"Y) = UjeN(E(Cj) U D(C})). Clearly, there is a bijection between
the edges of E(Cj) = E(C;’ew) in G"" and the edges of E(C;) in G. Also, observe
that in G"*", the dashed edges are partitioned among the cycles C;“’w, jeN.

Fact9 Consider adigraph G = (V, E) that has a good decomposition, and consider
x € RE such that 1) 0 < x < 1, (2) for every dicycle Cj, j € N, x. is the
same for all edges e of C;, and (3) for every vertex v with indegree = 1 = outdegree,
x(8"(v)) = x(8°“" (v)) = 1. Then, for the digraph G = (V"¢* | E"¥) obtained by
applying the splitting operations, there exists x"¢* € RE"" such that 0 < x"* < 1,
and x"" (8" (v)) = x"¥ (87 (v)) = 1, Vv € V¥,

Proof For each j € N, we consider the dicycle C;. Let «; be the x-value associated
with the dicycle C; of G, ie., x. = o, Ve € E(C;). Then, in x"** and G"*", we
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On integrality ratios for asymmetric TSP in the Sherali... 19

fix x. = aj,Ve € E(Cj) = E(C;.”’w), and we fix x, = (1 — «j),Ve € D(C;) =
D(C’l?‘””). It can be seen that x"“% satisfies the given conditions.

Definition 5 Consider the digraph G"¢". For any j € F, let tour(j) := D(C;) U
Uie(N—j) E(C).

Thus four(j) consists of all the solid edges except those in C; together with all the
dashed edges of C;. Note that each vertex in G"*" has exactly one incoming edge
and exactly one outgoing edge in tour(j). Thus tour(j) forms a set of vertex-disjoint
dicycles that partition V"%,

Definition 6 Let G be a digraph with indegree and outdegree < 2 at every vertex,
and suppose that G has a good decomposition with witness set F. Let G"" be the
digraph obtained by applying splitting operations to G and its good decomposition.
Then G is said to have the good tours property if tour(j) is connected (i.e., tour(j)
forms a Hamiltonian dicycle of G"") for each j € F.

A A A
11 11 11

LY Ly LY LY LY LY LY LY LY

A A A A A A
11 11 11 11 11 11

Fig. 5 Digraph from Fig. 1 after the splitting operation

Fig. 6 Transforming a dicycle

C; formed by an anti-parallel O—)AC)
pair of thin edges in Fig. 1 to | |
C ?“"’ by the splitting operation O/\O I |
S~ v |
C«——=20
() (b)
el I

Fig.7 tour(e)
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4.1 Certifying a feasible solution

In what follows, we assume that G is a digraph that satisfies the conditions stated in
Definition 6. We focus on the digraph G"*" obtained by applying splitting operations
to G; observe that G"*" depends on G as well as on the given good decomposition of

G. Let ATSPpr;(G"™Y) be the associated cone of ATSP p g7 (G™Y).

Let E denote the set of images of the edges of G (the solid edges), and let D denote
the set of auxiliary edges (the dashed edges). Given S € E andZ C F, let F Z S
denote the set of indices j € F —Z such that £(C}) intersects S, and let f z (S) denote
the size of this set; thus, f 1 (S) denotes the number of “fractional cycles” that intersect
S in the solid edges.

Note that each (solid or dashed) edge e is in a unique cycle C(e); let index(e)
denote the index of C(e) in N; if index(e) € F — I, then we use tour(e) to denote
tour(index(e)).

Let 7 be a nonnegative integer. We define the feasible solution y for the level ¢
tightening of the DFJ-LP (of ATSP, by the SA system) as follows:

Definition 7 For a nonnegative integer 7 and for any subset Z of F, let yZ-! be a vector
indexed by the elements of P, .1 and defined as follows:

T
Hz;r# ifSND=¢ (Shasno dashed edges)

()’I’I)S _lm ifSND 7&.@ and3di € F — T : tour(i) .2 N . .
(S contains somedashed edges and is contained in a tour)

0 otherwise

(1)

Observe that the second case applies when the set S has one or more dashed edges,
and moreover, S is contained in a tour(i), i € F — I, also, observe that there is at
most one tour that contains S, because the dashed edges are partitioned among the
cycles Cj, j € N, so each dashed edge in S belongs to a unique tour.

To show the feasibility of yZ-* for the level 7 tightening of the DFJ-LP, we need the
size of F to be large. In fact, we require |F| > |Z| + ¢ + 2.

Theorem 10 Let G = (V, E) be a strongly connected digraph that has a good decom-
position with witness set J, and moreover, has (i) both indegree and outdegree < 2 for
every vertex, and (ii) satisfies the “good tours” property. Then, for any nonnegative
integer t, and any T C F with |Z| < |F| — (t 4+ 2), we have

vt e SA(ATSPpr (G™Y)).

Proof Note that yg ! = 1 by Definition 7. Thus, we only need to prove yZ/ €
SA"(ATSPprs(G"Y)). The proof is by induction on ¢. The base case is impor-
tant, and it follows easily from the good decomposition property and the “good
tours” property of G. This is done in Lemma 6 below, where we show that yI’ 0e
SAYATSPpr;(G™™)), VI C F,|I| < |F| - 2.
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In the induction step, we assume that yI L e SAYATSPpry(G™™)) for some
integer ¢ > 0 (the induction hypothesis), and we apply the recursive definition based on
the shift operator, namely, yZ-'+! € SAT(ATSP pr;(G"¢")) iff for each e € E"¢Y

ex yh !t e SA(ATSPpry (G™™)), (12)
yE I — e s yB € SANATSP £ (G™)). (13)

Lemma 7 (below) proves (12) and Lemma 9 (below) proves (13).

The next lemma proves the base case for the induction; it follows from the “good
tours” property of the digraph.

Lemma 6
y10 e SAYATSPpr;(G™™)), VI C F,|T| <|F|—-2

Proof Note that yg *0 = 1. Let z be the subvector of y£-0 on the singleton sets {e;}.
We need to prove that z is a feasible solution of the DFJ LP. It can be seen that z is
as follows: if index(e) € F — 7, then z, = %, otherwise, if e € E (e is a solid edge),
then z, = 1, otherwise, if e € D (e is a dashed edge), then z, = 0. Clearly, z is in
[0, I]Enew, and z satisfies the degree constraints (see the proof of Fact 9). Now, we
need to verify that z satisfies the cut constraints in the digraph G"°". Consider any
nonempty set of vertices U # V, and the cut §°/ (U).

Observe that |F — Z| > 2, hence, there are at least two indices i, j such that
i, j € F —Z. Hence, both tour(i) and tour(j) exist; moreover, every edge e (either
solid or dashed) in either four(i) or tour(j) has z, > % Clearly, each of four(i) and
tour(j) has atleast one edge in §°*/ (U). Let e be an edge of tour () thatis in §°/ (U).
If z,; = 1, then we are done, since we have (8% (U)) > ze; = 1. Thus, we may

assume z,; = % Now, we have two cases.

First, suppose that ¢ is a dashed edge. Then, note that the edge of rour (i) in §°*' (U),
call it e;, is distinct from e; (since the tours are disjoint on the dashed edges), and
again we are done, since z(8°“'(U)) > z,, + Ze; > 1.

In the remaining case, e; € tour(j) is a solid edge and Ze; = % Then, index(e;) €
F — I, and so tour(e;) exists and it has at least one edge e’ in §°“'(U); moreover,
e #e j because rour (e ;) contains none of the solid edges of the cycle C index(e)- Thus,
we are done, since z(§°“/(U)) > Ze; + 2o = 1. It follows that z staisfies all of the cut
constraints.

The following fact summarizes some easy observations; this fact is used in the next
lemma.

Fact 11 Let T be a subset of F. Suppose that S is not contained in any tour(j),
j € F—1. Q) Then, for any edge e, S + e is also not contained in any tour(j),
j € F —1I.(2) Similary, for any index h € F, S is not contained in any tour(j),
jeF—T+h).

Lemma 7 Suppose that for any nonnegative integer t and any T' C F with |T'| <
|F| — (t +2), we have yT'' € SA'(ATSPpr;(G"™)). Then for any I < F with
IZ| < |FI = (t+3),
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ex yD 't e SA(ATSPpry(G™Y)), Ve e E™".

Proof For any edge e and any S € Py, the definition of the shift operator gives

Z, t+1)S T, t+1

(exy = Vs+te

Let C(e) denote the cycle containing edge e, and let index(e) denote the index of
C(e) in V.
We will show that

e ife € E(Cj)wherej e TUTF
(eisasolid, integral edge)
0 ife € D(Cj)where j e TUF
(e yI’ g = (eisadashed, integral edge) (14)

;'_t—%y?ri"dex(e)’t ifee E(C;)wherej € F -1
(eisasolid, fractional edge)
197+ ife € D(Cj)where j € F—T

(eisadashed, fractional edge)

1

t+3

Lemma 8 (below) shows that

T4l P2 74h L tour(hy, 141
’ = — ’ —1 , Vhe F-1T.
Vs r+3°S t+3°5

Hence, for every edge e (i.e., in every case), e * y2- /1 is in SA' (ATSPpr s (G™Y)).

Case 1. e € E(Cj)where j € TUZF (eisasolid, integral edge). We apply Definition 11

(the definition of y), and consider the three cases in it:
Subcase 1.1. S N D = @. Then we have (S 4+ ¢) N D = ¢, and moreover, we have
f Zs) = f Z(S + ¢) (the number of “fractional cycles” intersecting

SN E and (S + e) N E is the same, since e is a non-fractional edge).

I, t+1 Z,t+1
Hence, Viste) =Vs .

Subcase 1.2. SN D # @Yand i € F — T : tour(i) 2 S. Then it is clear that
(S+e)N D # @ and tour(i) 2 S + e, because tour(i) contains every

solid edge except those in the fractional cycle C;. Hence, yi’fjl =
1 _ . Z,t+1
w3 =Ys
Subcase 1.3. SND # YandVj € F—1 : tour(j) 2 S.Thenitis easily seen that both

conditions apply to S + e (rather than §). Hence, nyrte H_0= y?’ any

Case 2. Wehavee € D(C;) where j € TUF (eis adashed, integral edge). We apply
Definition 11, noting that (S +e) N D # @ and there exists no indexi € F —7
such that four(i) 2 S + e (no “valid tour” contains a dashed, integral edge),
hence, yé’f:l =0.

Case 3. Wehavee € E(C;) where j € F —1 (eis asolid, fractional edge). We apply
Definition 11. We have two subcases, either S N D = @, or not.
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Subcase 3.1. If SN D = @, then (S + ¢) N D = @J. Thus, the analysis is the same as
in the previous section in particular, see Eq. 6 in the proof of Lemma 2.
Hence, we have Ny Z,i+1 _ :i§y1—+mdex(e) t

Subcase 3.2. Otherwise, SN D # (Z) Then we have two further subcases: either there
isani € F — 7 with tour(i) 2 S or not.

Subcase 3.2.1. Consider the first subcase; thus, S C tour(i) where i € F — 1.
Note that S is not contained in other tours since S N D # . We
have two further subcases, either e € E(C;) or not.

Subcase 3.2.1.1. If e € E(C;), then four(i) 2 (S + e), hence, ygjr’;’l =0
(by the last case in the definition of y); moreover, note that

tour(i) is the unique tour containing S but it is not a “valid
tour” w.r.t. Z +index(e), hence, yIHndex(e) "=0 (by the last
case in Definition 11).

Subcase 3.2.1.2. Otherwise, if e ¢ E(C;), then tour(i) 2 (S + ¢), and more-
over, tour(i) is a “valid tour” w.rt. Z + zndex(e) (since

i ¢ 7 and i # index(e)), hence, we have yg, AR

= t-‘r_3 =
T-tindex(e), t
L = Hindex(©).1 by the second case in Defini-

tion 11, for both iHS and RHS).
Subcase 3.2.2. Consider the last subcase; thus, S g tour(i) for alli € F — 1.
Then by Fact 11, the same assertion holds w.r.t. (S + e) (rather than
S), as well as w.r.t. (Z 4 index(e)) (rather than 7). Hence, we have
y?jrtjl =0= ;i—% ?’mdex(e)’t (by the last case in Definition 11,

for both LHS and RHS).
Case 4. We have e € D(C;) where j € F — 1 (e is a dashed, fractional edge). We
apply Definition 11, noting that (S+e) N D # . We have two subcases, either
tour(e) 2 S, or not. If tour(e) O S, then the second case of Definition 11
together with the fourth case of Equation (14) (the definition of e x y) gives

yb{:“] == 197+ Otherwise, four(e) 2 S, and then we have
y§+te+] =0= I+—31w”r(€) "+ note that the last case of Definition 11 applies

because tour(e) is the unique “valid tour” that could contain e.

Lemma 8 shows that yZ-/*1, restricted to P41, is in SA (ATSP pr s (G™™)); this
is used in Lemma 7 to show that e % yZ: /1 is in SA' (ATSPp s (G"")).

Lemma 8 For any nonnegative integer t, any S € Pry1, any T € F with |Z| <
|F| — (t 4+ 3), and any h € F — I, we have

T+l _ 1+2 1in L tourh), 141
’ = — ’ —1 ' 15
$ t+3°5 t+35 (15)
Proof Wehave SC DUE,|S| <t+1.
We apply Definition 11 (the definition of y) to yI’ +1 and we have three cases.

Case 1. SND = . Then yI t+1 W For the RHS, we have two subcases,
either four(h) 2 S or not. In the first subcase, we have SN E(Cj) = ¥ (since

tour(h) contains none of the solid edges of Cj,), hence, fI+h S = fI(S),
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Tz
;ig W + —=, which is the same as the LHS.

consequently, the RHS is . +3 ,
In the other subcase, tour(h) ;_5 S. Then, we have S N E(Cp,) # ¢ (because

S C E and tour(h) contains all solid edges except those in Cj), hence,
v
fIHh(S) = £I(S) — 1, and consequently, the RHS is 2 (=" 4 o

. +3 +2
M, which is the same as the LHS.
Case2. SN D # VJ and there exists j € F — Z such that rour(j) 2 S. Then

y?’ 1 _ ; +3, by Definition 11. For the RHS, we have two subcases, either
T+h,t

J = hornot. In the first subcase, we have y = 0, because tour(h) is the
unique tour containing S but it is not a “valid tour” w.r.t. Z + h, hence, the last

case in Definition 11 applies. Thus, the RHS is 0 + 113 1l 3

which is the same as the LHS. In the second subcase, j # h. Then, in the

RHS, yI+h f= H_2,becausej € F—(Z+h)and tour(j) 2 S so the second
case in Definition 11 applies. Moreover, lts(mr(h) L 0, because j # h,

and rour(j) is the unique tour containing S, so four(h) 2 S. Thus, the RHS

t+2 1 _ 1 . .
is Bt 0= P which is the same as the LHS.

Case 3. SN D # ¢ and tour(j) 2 S,Vj € F — 1. Then yg’ ™1 = 0. In the RHS,
y?“”h’ () by the third case in Definition 11, since the relevant conditions

hold (by Fact 11). Moreover, lls’)”r(h)’”“] = 0, because h € F — 7 and
tour(h) 2 S. Thus, the RHS is 0, which is the same as the LHS.

This completes the proof of the lemma.
Lemma 9 Suppose that for any nonnegative integer t and any T' C F with |I'| <
|F| = (t +2), we have yL-! € SA (ATSPpr;(G"")). Then for any T < F with
IZ] < |[FI = (+3),

yI, t+1 e*yI,t+1 c SAI(ATSPDFJ(Gnew)), Ve € EMew

Proof By Lemmas 7, 8, we have foreach e € E"” = EU D and any S € P41,

0 ifeeE(Cj)wherejeIU?
(eisasolid, integral edge)
yo i ife € D(Cj)where j e TUF
(yI’ L, yI’t'H)s _ (eisadashed, integral edge)

A1y ife € E(Cj)where j € F— T
(eisasolid, fractional edge)
ifee D(Cj)where j € F -1
(eisadashed, fractional edge)
(16)

t+2  Z+index(e), t
+3Ys

Hence, in every case, y2 't1 — e s yZ. 141 € SA(ATSPpr s (G™Y))
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Theorem 12 Let t be a nonnegative integer, and let € € R satisfy 0 < € < 1. There
exists a digraph on v = v(t, €) = ©(t/€) vertices such that the integrality ratio for
the level t tightening of the standard LP (DFJ LP) (for ATSP, by the Sherali-Adams

procedure) is >1 + 211_:3

Proof Given t and €, we fix £ = 2(2t + 3) /e to get a digraph G shown in Figure 1
where ¢ is the length of the “middle path”. Let the cost of each edge in G be 1. Then
we construct G™" from G. We keep the cost of edges in G to be 1 and fix the cost of
new edges to be 0. See Fig. 5; each solid edge has cost 1 and each dashed edge has
cost 0. In the proof of Theorem 4, we claimed that the minimum cost of an Eulerian
subdigraph of G is >4¢ + 2. It can be seen that the minimum cost of an Eulerian
subdigraph of G"*" is >4¢ + 2 (to see this, take an Eulerian subdigraph of G"***, then
contract all dashed edges contained in it, to get an Eulerian subdigraph of G of the
same cost). Let H be the metric completion of G"*". Then, the optimal value of the
integral solution in S A’ (A/T\SPDFJ(H)) is >4¢ 4+ 2.

Now we invoke Theorem 10, according to which the fractional solution y“’ " (Def-
inition 7) is in S.A’ (ﬁS\PDm(G’”“’)); see Fig. 5; we have y?” = 1 for each solid,
thick edge e (the solid edges of the outer cycle), y,? = ii—% for each solid, thin edge
e (the solid edges of the middle paths), while the value of the dashed edges do not
contribute to the value of the objective. By Sect.2.2.1, this feasible solution can be

extended to a feasible solution in S.A’ (,ﬁS\P pry(H)).
Hence, the integrality ratio of SA (ATSPpr;(H)) is
4042 204+2) 2 -«
> ——>1

= 1 = = :
U+4+2075 2t+3 14 2t+3

5 Path ATSP

Let G = (V, E) be a digraph with nonnegative edge costs ¢, and let p and ¢ be two

distinguished vertices. We define PATSP, ,(G) to be the polytope of the following
LP that has a variable x, for each edge e of G:

minimize E CeXe
e

subject to

x(af"(S))zl, VS: B CSCV—{p)
x (87(8)) = 1, VS: dcCcSCV—{q)
x (af"({v})) =1, YueV —(p)
x (87 (fv)) =1, Yv eV —{q}
x (87 ((ph) =0

x (87 ({g})) =0,

0<x<l1
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In particular, when G is a complete digraph with metric costs, the above LP is the
standard relaxation for the p-g path ATSP, which is to compute a Hamiltonian (or,
spanning) dipath from p to ¢ with minimum cost in the complete digraph with metric
costs. For Fﬁ'@Pp,q (G), we denote the associated cone by PATSP ), ,(G).

(In the literature, the notation for the two distinguished vertices is s, ¢, but we use
P, q to avoid conflict with our symbol ¢ for the number of rounds of the SA procedure.)

An (p, q)-Eulerian subdigraph G of G is V together with a collection of edges of
G with multiplicities such that (i) for any v € V — {p, g}, the indegree of v equals its
outdegree and (ii) the outdegree of p is larger than its indegree by 1 and the indegree of
q is larger than its outdegree by 1 and (iii) G is weakly connected (i.e., the underlying
undirected graph is connected). The p-g path ATSP on the metric completion H of G
is equivalent to finding a minimum cost (p, g)-Eulerian subdigraph of G.

For any subset V' of V, we use G(V’) to denote the subdigraph of G induced by V.
As before, we use P; to denote P, (E) (for the groundset E). Also, by the restriction
of y on E’ C E we mean the vector y|g € RP+1(E") that is given by (y|g/)s = ys
forall S € P,y (E").

Lemma 10 Let ¢ be a nonnegative integer. Let y € SA’ (/ﬁS\PDF/(G)). Suppose
that there exists a dipath Q C E from some vertex q to another vertex p such that
Ye = 1 foreache € Q. Let Vg denote the set of internal vertices of the dipath Q, and
let G' = G(V —Vg) =G — Vg. Then,

YlE@H € SA(PATSP, 4 (G))).

Proof Let V' =V — Vg and let E' = E(G'), i.e., G' = (V', E’). The proof is by
induction on 7. Denote y|g by y’ for short. Clearly, yé = 1. Thus, we only need to
prove y' € SA'(PATSP, ,(G").

Base case: 1 = 0. Let z be the subvector of y on the singleton sets {e;}, and let z’ be
the subvector of y” on the singleton sets.

We have to prove that 7’ is a feasible solution of PATSP p.q(G"). It is easy to see
that z’ is in [0, l]E, and it satisfies the degree constraints. Thus, we are left with the
verification of the cut constraints. Observe that each positive edge (on which z is
positive) of G with its head (tail) in Vj has its tail (head) in Vo + g (Vg + p). Let
P #UC V' .IfU C V' —{q}, then observe that every edge in 8" (U) has its head in
V — Vo —U = V'—U,hence, we have ' (8% (U)) = z(8¢" (U)) = 1. Similarly, if
U C V' —{p}, then we have z’(cSiG”,(U)) = Z(SZL(U)) > 1; the equation holds because
every edge in SiG"(U) hasitstailinV — Vo —U = V' - U.

Induction step: For 7 > 0, we know y’ € SA'*! (PATSP,, ,(G")) if and only if for
any e € E/,

exy € SA(PATSP, ,(G")
y —exy € SA(PATSP, ,(G")) (17)
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Since y is a feasible solution in SATYATSPpr,(G)), we have

exy e SAt(ATSPDFj(G))
y—exy e SA(ATSPpr,(G)) (18)

Note thate € E’.Forany S C E’suchthat|S| < t+1, wehave (exy’)s = yéu{e} =
ysuge) = (exy)s. Thus, exy’ = (exy)|g . Similarly, wehave y' —exy’ = (y—exy)|g.
For any el € 0, since y,; = 1, we have y(¢ ¢} = ye (by the definition of the SA
procedure), hence, we have

(€% Y)iei} = Vieei) = Ye = (e % Y)g.

Similarly,
(Y= €% Y)(ei) = Yei — Views) =1 = Ye = (y —exy)y.

Case 1: (e x y)y = 0. In this case, all items in e * y are zero. This implies e * y’ €
SA'(PATSP,, ,(G")).

. : : exy
Case 2: (e x y)g > 0. In this case, we consider @ Note that ((e*})w){ei}

forany ¢; € Q and 22— ¢ SA'(ATSPpr;(G)) with value 1 at the item indexed

(exy)y
by . By the inductive hypothesis, we have (f*v) g € SA'(PATSP, ,(G"), i.e.,

ey o SAt(PATSP,, ¢(G"). Thus, e x y' € SA' (PATSP, ,(G')).

(exy)g

Similarly, we have y’ — e % y’ € SA'(PATSP, ,(G")). This completes the proof.

From the last section, we know that y?-! (Definition 7) is in SA'(ATSPpr;(G)),
where G is defined in Figure 5; note that G is obtained from the digraph and the good
decomposition given in Figure 1. The solid edges in G have cost 1 and the dashed
edges in G have cost 0.

Let g be the right-most vertex in the second row (incident to two dashed edges), let
p be the left-most vertex in the second row (incident to two dashed edges), and let Q
be the dipath of solid edges from ¢ to p. By the definition of y#, we have y@ =1
foreache; € Q.Let G’ = G(V’) where V/ = V — Vp where Vj is the set of internal
vertices of the dipath Q. The next result is a direct corollary of Lemma 10.

Corollary 2 We have
Y g6y € SA (PATSP, ,(G')), Vit eZ,.

The proof of the next lemma follows from arguments similar to those in the proof
of Theorem 12.

Lemma 11 The minimum cost of a (p, q)-Eulerian subdigraph of G’ is >3¢, where
£ is the number of edges in the middle path in G.
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Theorem 13 Let t be a nonnegative integer, and let € € R satisfy 0 < € < 1. There
exists a digraph on v = v(t, €) = ©(t/€) vertices such that the integrality ratio for

the level t tightening of PATSP by the Sherali-Adams procedure is > 1 + 321;_:4

Proof Given ¢ and €, we fix £ = 2(3t + 4)/e. Consider the metric completion H of
G’. By Sect. 2.2.1, we can extend the feasible solution from Corollary 2 to a feasible
solution to SA"(PATSP,, ,(H)). This gives an upper bound on the optimal value of
a fractional feasible solution to SA"(PATSP,, ,(H)). On the other hand, Lemma 11
gives a lower bound on the optimal value of an integral solution. Thus, the integrality
ratio is at least
3¢ 2 2 2—¢€
>1

>+ > 14 :
Bl +1+2 3t+4 ¢ 3r+4
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