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Abstract The well-known symmetric rank-one trust-region method—where the
Hessian approximation is generated by the symmetric rank-one update—is generalized
to the problem of minimizing a real-valued function over a d-dimensional Riemannian
manifold. The generalization relies on basic differential-geometric concepts, such as
tangent spaces, Riemannian metrics, and the Riemannian gradient, as well as on the
more recent notions of (first-order) retraction and vector transport. The new method,
called RTR-SR1, is shown to converge globally and d + 1-step g-superlinearly to
stationary points of the objective function. A limited-memory version, referred to as
LRTR-SR1, is also introduced. In this context, novel efficient strategies are presented
to construct a vector transport on a submanifold of a Euclidean space. Numerical
experiments—Rayleigh quotient minimization on the sphere and a joint diagonaliza-
tion problem on the Stiefel manifold—illustrate the value of the new methods.
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1 Introduction

We consider the problem
min f 1
XG}\A (X) ( )

of minimizing a smooth real-valued function f defined on a Riemannian manifold
M. Recently investigated application areas include image segmentation [30] and
recognition [37], electrostatics and electronic structure calculation [39], finance and
chemistry [7], multilinear algebra [21,32], low-rank learning [8,26], and blind source
separation [25,34].

The wealth of applications has stimulated the development of general-purpose
methods for (1)—see, e.g., [2,30,31] and references therein—including the trust-
region approach upon which we focus in this work. A well-known technique in opti-
mization [16], the trust-region method was extended to Riemannian manifoldsin [1] (or
see [2, Ch. 7]), and found applications, e.g., in [8,21,23,26,38]. Trust-region methods
construct a quadratic model m of the objective function f around the current iterate
xy and produce a candidate new iterate by (approximately) minimizing the model m
within a region where it is “trusted”. Depending on the discrepancy between f and mjy
at the candidate new iterate, the size of the trust region is updated and the candidate
new iterate is accepted or rejected.

For lack of efficient techniques to produce a second-order term in my that is inex-
act but nevertheless guarantees superlinear convergence, the Riemannian trust-region
(RTR) framework loses some of its appeal when the exact second-order term—the
Hessian of f—is not available. This is in contrast with the Euclidean case, where
several strategies exist to build an inexact second-order term that preserves superlin-
ear convergence of the trust-region method. Among these strategies, the symmetric
rank-one (SR1) update is favored in view of its simplicity and because it preserves
symmetry without unnecessarily enforcing positive definiteness; see, e.g., [27, §6.2]
for a more detailed discussion. The n + 1 step g-superlinear rate of convergence of the
SR1 trust-region method was shown by Byrd et al. [11] using a sophisticated analysis
that builds on [15,24].

The classical (Euclidean) SR1 trust-region method can also be viewed as a quasi-
Newton method, enhanced with a trust-region globalization strategy. The idea of quasi-
Newton methods on manifolds is not new [18, §4.5], however, most of the literature
of which we are aware restricts consideration to generalizing the Broyden—Fletcher—
Goldfarb—Shanno (BFGS) quasi-Newton method combined with a line search strategy.
Early work such as [10,32] used Riemannian BFGS methods for a specific application
without an analysis of convergence properties, but more recently, systematic analyses
of Riemannian BFGS methods based on the framework of retraction and vector trans-
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port developed in [2,4] have been made. Qi [29] analyzed a version of Riemannian
BFGS methods with retraction and vector transport restricted to exponential map-
ping and parallel translation and showed superlinear convergence using a Riemannian
Dennis-Moré condition. Ring and Wirth [30] proposed and analyzed a Riemannian
BFGS that avoids the restrictions on retraction and vector transport assumed by Qi but
that needs to resort to the derivative of the retraction. Seibert et al. [33] discussed the
freedom available when generalizing BFGS to Riemannian manifolds and analyzed
one generalization of BFGS method on Riemannian manifolds that are isometric to
R". Most recently, Huang [20] developed a complete convergence theory that avoids
the restrictions of Qi, Ring and Wirth, guarantees superlinear convergence for the
Riemannian Broyden family of quasi-Newton methods (including a version of SR1),
and facilitates efficient implementation.

In this paper, motivated by the situation described above, we introduce a general-
ization of the classical (i.e., Euclidean) SR1 trust-region method to the Riemannian
setting (1). Besides making use of basic Riemannian geometric concepts (tangent
space, Riemannian metric, gradient), the new method, called RTR-SR1, relies on the
notions of retraction and vector transport introduced in [2,4]. A detailed global and
local convergence analysis is given. A limited-memory version of RTR-SR1, referred
to as LRTR-SR1, is also introduced. Numerical experiments show that the RTR-SR1
method displays the expected convergence properties. When the Hessian of f is not
available, RTR-SR1 thus offers an attractive way of tackling (1) by a trust-region
approach. Moreover, even when the Hessian of f is available, making use of it can
be expensive computationally, and the numerical experiments show that ignoring the
Hessian information and resorting instead to the RTR-SR1 approach can be beneficial.

Another contribution of this paper with respect to [11] is an extension of the
analysis to allow for inexact solutions of the trust-region subproblem—compare (10)
with [11, (2.4)]. This extension makes it possible to resort to inner iterations such as the
Steihaug—Toint truncated CG method (see [2, §7.3.2] for its Riemannian extension)
while staying within the assumptions of the convergence analysis.

The paper is organized as follows. The RTR-SR1 method is stated and discussed in
Sect. 2. The convergence analysis is carried out in Sect. 3. The limited-memory version
is introduced in Sect. 4. Numerical experiments are reported in Sect. 5. Conclusions
are drawn in Sect. 6.

2 The Riemannian SR1 trust-region method
The proposed Riemannian SR1 trust-region (RTR-SR1) method is described in Algo-
rithm 1. The algorithm statement is commented in Sect. 2.1 and the important ques-

tions of representing tangent vectors and choosing the vector transport are discussed
in Sects. 2.2 and 2.3.

2.1 A guide to Algorithm 1

Algorithm 1 can be viewed as a Riemannian version of the classical (Euclidean) SR1
trust-region method (see, e.g., [27, Algorithm 6.2]). It can also be viewed as an SR1
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Algorithm 1 Riemannian trust region with symmetric rank-one update (RTR-SR1)

Input: Riemannian manifold M with Riemannian metric g; retraction R; isometric vector transport 7g;
differentiable real-valued objective function f on M; initial iterate xo € M; initial Hessian approxi-
mation By, symmetric with respect to g.

: Choose Ag > 0,v € (0,1),c €(0,0.1), 71 € (0,1) and 1p > 1; Set k < 0;

2: Obtain s; € Ty, M by (approximately) solving

—_

Sk = argminger, pAqmi(s) = argminger, A f () + glerad £ (k). 5) + 385, Bis),
st [lsll < Ag;

@)

S0 = (Reg ()
mp (0)—my (sg)
4: Let yp = Tskl grad f(Ry; (sg)) — grad f(xp); If |Gk, vk — Bese)| < vllselllye — Beskll, then

S,

3: Set p <«

l’;’k_,_l = By, otherwise define the linear operator [;’k+1 1 Ty, M — Ty, M by

Ok — Bresi) Ok — Bisg)”

. (SRI1 3
8(sks Yk — Bresi) (SRD &)

Bii1 =B+

where a” denotes the flat of a € Ty M,ie., a: Tx M —=R:v— g(a,v);
1 if p; > c then
5 —1
X1 < R (513 B < Ty 0 By o TSSk ;

: else ~

8 Xp1 < Xk Bry1 < Brg1s
9: end if

10: if pp > %then

11: if ||sgll = 0.8A then

12: Apy1 < 124k

13:  else
14: Apy1 < A
15:  end if

16: else if p; < 0.1 then

17 Agq1 < 114%;

18: else

19: Agq1 < A

20: end if

21: k < k + 1, goto 2 until convergence.

version of the Riemannian trust-region framework [2, Algorithm 10 p. 142]. Therefore,
several pieces of information given in [2, Ch. 7] remain relevant for Algorithm 1.

In particular, the algorithm statement makes use of standard Riemannian concepts
that are described, e.g., in [2,28], such as the tangent space Ty M to the manifold M
at a point x, a Riemannian metric g, and the gradient grad f of a real-valued function
f on M. The algorithm statement also relies on the notion of retraction, introduced
in [4] (or see [2, §4.1]). A retraction R on M is a smooth map from the tangent bundle
T M (i.e., the set of all tangent vectors to M) onto M such that, for all x € M and
all &, € Ty M, the curve t — R(t&,) is tangent to &, at + = 0. We let R, denote
the restriction of R to T, M. The domain of R need not be the entire tangent bundle,
but this is usually the case in practice, and in this work we assume throughout that
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A Riemannian symmetric rank-one trust-region method 183

R is defined wherever needed. Specific ways of constructing retractions are proposed
in [2—4]; see also [22,39] for the important case of the Stiefel manifold.

Within the Riemannian trust-region framework, the characterizing aspect of Algo-
rithm 1 lies in the update mechanism for the Hessian approximation By. The proposed
update mechanism, based on formula (3) and on Step 6 of Algorithm 1, is a rather
straightforward Riemannian generalization of the classical SR1 update
(o — Bisi) (k — Bisi)”

Ok — Bes)Tse
Significantly less straightforward is the Riemannian generalization of the superlinear
convergence result, as we will see in Sect. 3.4. (Observe that the local convergence
result [2, Theorem 7.4.11] does not apply here because the Hessian approximation
condition [2, (7.36)] is not guaranteed to hold.)

Instrumental in the Riemannian SR1 update is the notion of vector transport, intro-
duced in [2, §8.1] as a generalization of the classical Riemannian concept of parallel
translation. A vector transport on a manifold M on top of a retraction R is a smooth
mapping

Biy1 = By +

TMAETM — TM: (ny, &) — Z)x(gx) eTM
satisfying the following properties for all x € M:

1. (Associated retraction) 7;, (§x) € Tg,(¢,) M forall & € T M;
2. (Consistency) 7o, (&x) = &, forall &, € Ty M;
3. (Linearity) 7, (aéy + b¢y) = a7y, (§¢) + b7, ().

The Riemannian SR1 update uses tangent vectors at the current iterate to produce a
new Hessian approximation at the next iterate, hence the need to perform a vector
transport (see Step 6) from the current iterate to the next.

In the Input step of Algorithm 1, the requirement that the vector transport 7g is
isometric means that, for all x € M and all &, ¢, n, € Ty M, the equation

g(/]i?,“ Exs ,TSnx $x) = g(6x, &x) 4)

holds. Techniques for constructing an isometric vector transport on submanifolds of
Euclidean spaces are described in Sect. 2.3.

The symmetry requirement on By with respect to the Riemannian metric g means
that g (Bo&xy, 1xy) = &(Exy» Bonx,) forall &y, ny, € Ty, M. Itisreadily seen from (3)
and Step 6 of Algorithm 1 that 5 is symmetric for all k. Note however that By is, in
general, not positive definite.

A possible stopping criterion for Algorithm 1 is || grad f (xx)|| < € for some spec-
ified € > 0, where || - ||, which also appears in the statement of Algorithm 1, denotes
the norm induced by the Riemannian metric g, i.e.,

61 = v, 8). ®)

In the spirit of [30, Remark 4], we point out that it is possible to formulate the SR1
update (3) in the new tangent space T, ; M; in the present case of SR1, the algorithm
remains equivalent since the vector transport is isometric.
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Otherwise, Algorithm 1 does not call for comments other than those made in [2,
Ch. 7]. In particular, we point out that the meaning of “approximately” in Step 2 of
Algorithm 1 depends on the desired convergence results. We will see in the convergence
analysis (Sect. 3) that enforcing the Cauchy decrease (9) is enough to ensure global
convergence to stationary points, but another condition such as (10) is needed to
guarantee superlinear convergence. The truncated CG method, discussed in [2, §7.3.2]
in the Riemannian context, is an inner iteration for Step 2 that returns an sy satisfying
conditions (9) and (10).

2.2 Representation of tangent vectors

Let us now consider the frequently encountered situation where the manifold M is
described as a d-dimensional submanifold of an m-dimensional Euclidean space £.
In particular, this is the case of the sphere and the Stiefel manifold involved in the
numerical experiments in Sect. 5.

A tangent vector in T, M can be represented either by its d-dimensional vector
of coordinates in a given basis By of T, M, or else as an m-dimensional vector in £
since T, M C T, £ >~ €. The latter option may be preferable when the codimension
m — d is small (e.g., the sphere) because building, storing and manipulating the basis
B, of T, M may be inconvenient.

Likewise, since By is a linear transformation of T, M, it can be represented in the
basis By asad x d matrix, or as an m x m matrix restricted to act on T, M. Here again,
the latter approach may be computationally more efficient when the codimension m —d
is small.

A related choice has to be made for the representation of the vector transport, since
7y, is a linear map from Ty M to Tg,(y,) M. This question is addressed in Sect. 2.3.

2.3 Isometric vector transport

We present two ways of constructing an isometric vector transport on a d-dimensional
submanifold M of an m-dimensional Euclidean space £.

2.3.1 Vector transport by parallelization

An open subset U of M is termed parallelizable if it admits a smooth field of tangent
bases, i.e., a smooth function B : if — R™*? : z > B, where B. is a basis of T, M.
The whole manifold M itself may not be parallelizable; in particular, every manifold
of nonzero Euler characteristic is not parallelizable [35, §1.6], and it is also known that
the only parallelizable spheres are those of dimension 1, 3, and 7 [6, p. 116]. However,
for the global convergence analysis carried out in Sect. 3.2, the vector transport is not
required to be smooth or even continuous, and for the local convergence analysis in
Sect. 3.4, we only need a parallelizable neighborhood U/ of the limit point x*. Such a
neighborhood always exists (take for example a coordinate neighborhood [2, p. 37]).

Given an orthonormal smooth field of tangent bases B, i.e., such that Bi B, = I for
all x (where I stands for the identity matrix of adequate size), the proposed isometric
vector transport from T, M to Ty, M is given by
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T = B,B.. (6)

The d x d matrix representation of this vector transport in the pair of bases (By, By) is
simply the identity. This considerably simplifies the implementation of Algorithm 1.

2.3.2 Vector transport by rigging

If M is described as a d-dimensional submanifold of an m-dimensional Euclidean
space £ and the codimension (m — d) is much smaller than the dimension d, then the
vector transport by rigging, introduced next, may be preferable. For generality, we do
not assume that M is a Riemannian submanifold of £; in other words, the Riemannian
metric g on M may not be the one induced by the metric of £. A motivation for this
generality is to be able to handle the canonical metric of the Stiefel manifold [17,
(2.22)]. For simplicity of the exposition, we work in an orthonormal basis of £ and,
for x € M, we let G, denote a matrix expression of gy, i.e., gx(&x, Ny) = ng Gxnx
forall &, n, € T, M.

An open subset U of M is termed rigged if it admits a smooth field of normal
bases, i.e., a smooth function N : f — Rm*xm=d) . -5 N, where N, is a basis
of the normal space N, M. The whole manifold M itself may not be rigged, but it is
always locally rigged.

Given a smooth field of normal bases N, the proposed isometric vector transport
T from Ty M to Ty, M is defined as follows. Compute (I — Ny(NIN,)"INT)N,
(i.e., the orthogonal projection of Ny onto T, M) and observe that its column space is
Ty Mo (Ty MNT, M). Obtain an orthonormal matrix Q by Gram-Schmidt ortho-
normalizing (I — N, (N XT NN XT )N,. Proceed likewise with x and y interchanged
to get Q. Finally, let

_1 1
T =Gy (- 0,07 —0,00)G}. ™

While it is clear that 7 satisfies the three properties of vector transport mentioned in
Sect. 2.1, proving that 7 is (locally) smooth remains an open question. Moreover, the
column space of (I — Ny(N XT NN XT )N, gets more sensitive to numerical errors
as the distance between x and y decreases. Nevertheless, there is evidence that 7
is smooth indeed, and we have observed that using vector transport by rigging in
Algorithm 1 is a worthy alternative in large-scale low-codimension problems.

3 Convergence analysis of RTR-SR1
3.1 Notation and standing assumptions
Throughout the convergence analysis, unless otherwise specified, we let {x}, {B},
{Br}, {sr}, {yx}, and {A;} be infinite sequences generated by Algorithm 1, and we

make use of the notation introduced in that algorithm. We let £2 denote the sublevel
set of xq, i.e.,
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R={xeM: f(x)< f(xo))}

The global and local convergence analyses each make standing assumptions at the
beginning of their respective sections. The numbered assumptions introduced below
are not standing assumptions and will be invoked specifically whenever needed. Note
that, apart from Assumption 6, all the numbered assumptions are Riemannian general-
izations of assumptions made in [11] for the analysis of the Euclidean SR1 trust-region
method.

3.2 Global convergence analysis

In some results, we will assume for the retraction R that there exist 4 > 0 and 5, > 0
such that

€] > wdist(x, Rc(§)) forallx € £2, forall& € T, M, ||§]| < ,. (8)

This corresponds to [2, (7.25)] restricted to the sublevel set §2. Such a condition is
instrumental in the global convergence analysis of Riemannian trust-region schemes.
Note that, in view of [30, Lemma 6], condition (8) can be shown to hold globally
under the condition that R has equicontinuous derivatives.

The next assumption corresponds to [11, (A3)].

Assumption 1 The sequence of linear operators {B} is bounded by a constant M
such that | Bi|| < M for all k.

We will often require that the trust-region subproblem (2) is solved accurately
enough that, for some positive constants o1 and o7,

. || grad f (xo) |
mi(0) — my(sy) > o] grad £ (x¢) | min {Ak, 02%] : )
and that
Bys = — grad f (xx) + 8 with [|8]| < || grad f(x)]|'7,
whenever ||s¢|| < 0.8Ag, (10)

where 6 > 0 is a constant. These conditions are generalizations of [11, (2.3-4)].
Observe that, even if we restrict to the Euclidean case, condition (10) remains weaker
than condition [11, (2.4)]. The purpose of introducing § in (10) is to encompass
stopping criteria such as [2, (7.10)] that do not require the computation of an exact
solution of the trust-region subproblem. We point out in particular that (9) and (10)
hold if the approximate solution of the trust-region subproblem (2) is obtained from
the truncated CG method, described in [2, §7.3.2] in the Riemannian context.

We can now state and prove the main global convergence results. Point (iii) gener-
alizes [11, Theorem 2.1] while points (i) and (ii) are based on [2, §7.4.1].
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Theorem 1 (convergence) (i) If f € C? is bounded below on the sublevel set £2,
Assumption I holds, condition (9) holds, and (8) is satisfied thenlimy_, », grad f (x;) =
0. (ii) If f € C?, M is compact, Assumption 1 holds, and (9) holds then
limg_ o grad f(xx) = 0, {xx} has at least one limit point, and every limit point
of {xx} is a stationary point of f. (iii) If f € C?, the sublevel set $2 is compact, f has
a unique stationary point x* in 82, Assumption 1 holds, condition (9) holds, and (8)
is satisfied then {x;} converges to x*.

Proof (i) Observe that the proof of [2, Theorem 7.4.4] still holds when condition [2,
(7.25)] is weakened to its restriction (8) to £2. Indeed, since the trust-region method
is a descent iteration, it follows that all iterates are in £2. The assumptions thus allow
us to conclude, by [2, Theorem 7.4.4], that limy_, oo grad f(xx) = 0. (ii) It follows
from [2, Proposition 7.4.5] and [2, Corollary 7.4.6] that all the assumptions of [2,
Theorem 7.4.4] hold. Hence limy_, o grad f(xx) = 0, and every limit point is thus
a stationary point of f. Since M is compact, {x;} is guaranteed to have at least one
limit point. (iii) Again by [2, Theorem 7.4.4], we get that limy_, o, grad f(xx) = O.
Since {x;} belongs to the compact set £2 and cannot have limit points other than x*,
it follows that {x;} converges to x*. m|

3.3 More notation and standing assumptions

For the purpose of conducting a local convergence analysis, we now assume that {x;}
converges to a point x*. Moreover, we assume throughout that f € C2.

We let Uy be a totally retractive neighborhood of x*, a concept inspired from the
notion of totally normal neighborhood (see [13, §3.3]). By this, we mean that there is
Sun > O such that, for each y € Uiy, we have that Ry (B(0y, 8ym)) 2 Un and Ry (+)
is a diffeomorphism on B(0y, i), where B(0y, 8ym) denotes the ball of radius 8y, in
T, M centered at the origin 0,. The existence of a totally retractive neighborhood can
be shown along the lines of [13, Theorem 3.3.7]. We assume without loss of generality
that {x;} C Uym. Whenever we consider an inverse retraction R;l (y), we implicitly
assume that x, y € Uy

3.4 Local convergence analysis

The purpose of this section is to obtain a superlinear convergence result for Algo-
rithm 1, stated in Theorem 2. The analysis can be viewed as a Riemannian general-
ization of the local analysis in [11, §2]. As we proceed, we will point out the main
hurdles that had to be overcome in the generalization. The analysis makes use of sev-
eral preparation lemmas, independent of Algorithm 1, that are of potential interest in
the broader context of Riemannian optimization. These preparation lemmas become
trivial or well known in the Euclidean context.
The next assumption corresponds to a part of [11, (A1)].

Assumption 2 The point x* is a nondegenerate local minimizer of f. In other words,
grad f(x*) = 0 and Hess f (x*) is positive definite.
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The next assumption generalizes the assumption, contained in [11, (A1)], that the
Hessian of f is Lipschitz continuous near x*. (Recall that 7 is the vector transport
invoked in Algorithm 1.) Note that the assumption holds if f € C3; see Lemma 4.

Assumption 3 There exists a constant ¢ such that for all x, y € U,

| Hess f(y) — Ts, Hess f ()7, || < edist(x, y),

where Hess f(x) is the Riemannian Hessian of f atx (see,e.g.,[2,85.5]),n = R;l ),
and || - || is also used to denote the operator norm induced by the Riemannian norm (5).

The next assumption is introduced to handle the Riemannian case; in the classical
Euclidean setting, Assumption 4 follows from Assumption 3. Assumption 4 is mild
since it holds if f € C 3 as shown in Lemma 4.

Assumption 4 There exists a constant ¢ such that for all x, y € Uy, all & € T, M
with Ry (&) € Uyn, and all §;, € T, M with R, (&) € Uy, the inequality

| Hess fy (&) — Ts, Hess fo (€075 Il < colllgyll + 15l + lInl)

holds, where n = R !(y), fx = foR,,and f) = foR,.

The next assumption corresponds to [11, (A2)]. It implies that no updates of By are
skipped. In the Euclidean case, Khalfan et al. [24] show that this is usually the case in
practice.

Assumption 5 The inequality

lg(sks Yk — Bisi)l = vliskllllye — Brskll

holds.

The next assumption is introduced to handle the Riemannian case. It states that
the iterates eventually continuously stay in the totally retractive neighborhood Uy
(the terminology is borrowed from [5, Definition 2.8]). The assumption is needed, in
particular, for Lemma 5. Note that, whereas in the Euclidean setting the assumption
follows from the standing assumption that {x;} converges to x*, this is no longer
the case on some Riemannian manifolds, where {x;} may converge to x* while the
connecting segments {Ry, (sx) : ¢t € [0, 1]} do not. Assumption 6 is thus invoked to
ensure that we are in a position to carry out a local convergence analysis.

Assumption 6 There exists N such that, forall k > N and all # € [0, 1], Ry, (ts¢) €
utrn-

The next lemma is proved in [19, Lemma 14.1].

Lemma 1 Let M be a Riemannian manifold, letU be a compact coordinate neighbor-
hood in M, and let the hat denote coordinate expressions. Then there are co > ¢ > 0
such that, for all x, y € U, we have
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A Riemannian symmetric rank-one trust-region method 189

crllx = Yll2 = dist(x, y) < 2l — Yll2,

where || - |2 denotes the Euclidean norm, i.e., |||, = VXTI x.

Lemma 2 Let M be a Riemannian manifold endowed with a retraction R and let
X € M. Then there exist agp > 0, a; > 0, and 84y,4, > O such that for all x in
a sufficiently small neighborhood of X and all £, n € Ty M with ||&|| < 84y,a, and
71l < 8ag,a;» the inequalities

aoll§ — nll < dist(Rx (), Rx(§)) < a1ll§ —nll

hold.

Proof Since R is smooth, we can choose a neighborhood small enough such that R
satisfies the condition of [30, Lemma 6], and the result follows from that lemma. 0O

The following lemma follows from Lemma 2 by setting = 0. We state it separately
for convenience as we will frequently invoke it in the analysis.

Lemma 3 Let M be a Riemannian manifold endowed with retraction R and let X €
M. Then there exist ag > 0, a1 > 0, and 84y,4, > 0 such that for all x in a sufficiently
small neighborhood of x and all & € T, M with ||&|| < 844,q,, the inequalities

aoll§ |l = dist(x, R (§)) < arl|§]]

hold.
Lemma 4 If f € C3, then Assumptions 3 and 4 hold.

Proof First, we prove that Assumption 3 holds. Define a function # : M x M x
TM — TM, (x,y,&) — Ts, Hess f(x)TS;lgy, where = R_'(y). Since f €

C3, we know that h(x,y,8)is C ! Then there exists bo such that for all x, y € Uy,
& €Ty M, Iyl =1,

”h(y’ Vs Ey) - h(xs Vs gy)” = bO dlSt({yv Y, ‘i:y}v {x? Vs sy})

<bil{$. 9.6} — £, 9,6} > (by Lemma 1)
=bill§ — %l
< by dist(y, x), (by Lemma 1)

where by, b1 and b, are some constants. So we have

b2 dlSt(y, -x) > ”h(y’ Y, Ey) - h(-xv Vs Ey)”
= ||(Hess £ (y) — Ts, Hess f(x)T5 )&, |
Givenany linear operator A on'Ty, M, we have that || A|| by definitionis supz = [|A§].

Note that ||£|| = 1 is a compact set. Hence, there exists [|£*|| = 1 such that ||A| =
| A&*|. Therefore, we can choose &y, ||£, || = 1 such that
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I (Hess /() — Ts, Hess f ()5, &, |l = | (Hess £(y) — Ts, Hess £ ()T "Il
We obtain

| Hess f(y) — 7s, Hess f(X)TS;l I < badist(y, x).

To prove Assumption 4, we redefine h as h(y, x, &) = 7s, Hess fx(éx)TS;l. If we
use orthonormal vector fields to obtain the coordinate expression of 4, denoted by
h, then the manifold norm and the Euclidean norm of coordinate expressions are the
same and we have

I Hess fy(€,) — Ts, Hess f1(€0 75, 'l = || Hess fy(§,) — Ts, Hess fx (0T, 'l
(1)

Since f € C?, we know that h is also in C'. Hence there exists a constant b3 such that
18G5, 9.6) = h(. £, 8012 < 3115, 3. &) — (9. £, &) 2.
Therefore,

| Hess fy(€,) — Ts, Hess fx (€0 T, 12
=175, 5. &) — h(P, %, &)l
< b3ll{F. $. &) — (5. % &l
< bs(IF — 2l + 15,02 + 1cl12)

< bs(dist(x, y) + Iy 2 + lI€c]l2) (by Lemma 1)
< be(Inll + 1€ | + & 1. (by Lemma 3)

This and (11) give us Assumption 4. O

The nextlemma generalizes [11, Lemma2.2]. The key difference with the Euclidean
case is the following: in the Euclidean case, when s; is accepted, we simply have
IIskll = |lxk+1—xk ||, while in the Riemannian generalization, we invoke Assumption 6
and Lemma 3 to deduce that ||sx || < al—o dist(xg+1, xx). Note that Assumption 6 cannot
be removed. To see this, consider for example the unit sphere with the exponential
retraction, where we can have x; = xp41 with ||s¢|| = 2.

Lemma 5 Suppose Assumption 6 holds. Then either

A — 0 12)
or there exist K > 0 and A > 0 such that for all k > K

Ay = A. (13)

In either case s — O.
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Proof Let A = liminf Ay and suppose first that A > 0. From line 1 of Algorithm 1, if
Ay is increased, then ||sg|| > 0.8 Ay and x 1 = Ry, (sx), which implies by Lemma 3
and Assumption 6 that dist(xg, xx+1) > a00.8Ag. The latter inequality cannot hold
for infinitely many values of k since x; — x™ and lim inf A; > 0. Hence, there exists
K > 0 such that Ay is not increased for any k > K. Since A > 0, this implies that
Ax = Aforall k > K. In view of the trust-region update mechanism in Algorithm 1
and since A = lim inf Ay, we also know that, for some K| > K, Ag, < TLIA. If the
trust region radius were to be decreased we would have Ag, 11 < A, which we have
ruled out. Since neither increase nor decrease can occur, we must have Ay = A for
allk > K.

Suppose now that A = 0. Since x; — x*, forevery € > 0 there exists K. > 0 such
that dist(xg+1, xx) < € forall k > K. Since liminf Ay = 0, there exists j > K, such
that A; < €. Butsince Ay is increased only if Ay < Olﬁ [Isxll < ().é_ao dist(xgy1, Xk) <
ﬁ, and the increase factor is 72, we have that A, < 0%20 for all k > j. Therefore
(12) follows.

To show that ||si|| — O, note that if (12) is true, then clearly ||s¢|| — 0. If (13)
is true, then for all k > K, the step sy is accepted and ||sx| < % dist(xg+1, xr) (by
Lemma 3), hence ||si|| — O since {x;} converges. m|

Lemma 6 Let M be a Riemannian manifold endowed with two vector transports Ty
and T, and let x € M. Then there exist a constant ay and a neighborhood U of x
such that forall x, y € U and all § € Ty, M,

17,6 = 75, '€l < aalENlImll,

where n = Rx_l(y).
Proof We use the hat to denote coordinate expressions. Let T} (x, 7)) and T»>(X, 1)
denote the coordinate expression of 71;1 and 7’2;1, respectively. Then
17 ' =T, €|l

n n

< boll(Th(x,n) — T2(x, N)E|l2

< bollEl2IT1 (R, 7)) — T2 (&, D)2

< b ||§||2||ﬁ||2(since Ti(x,0) = T»(x, 0) and both 77 and 7> are smooth)

< ballE NNl
for some constants by, bj, and b;. O

The next lemma is proved in [19, Lemma 14.5].

Lemma 7 Let F be a C' vector field on a Riemannian manifold M and let ¥ € M
be a nondegenerate zero of F. Then there exist a neighborhood U of X and as, ag > 0
such that for all x € U,

as dist(x, ¥) < [|F(x)|| < ag dist(x, ¥).
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In the Euclidean case, the next lemma holds with a; = 0 and reduces to the
Fundamental Theorem of Calculus.

Lemma 8 Let F be a C' vector field on a Riemannian manifold M, let R be a
retraction on M, and let x € M. Then there exist a neighborhood U of X and a
constant a; such that for all x, y € U,

1
IP)"F(y) — F(x) — / PY'DF (y (1)) Py 0t | il < agllnll®,
0

where n = R Y(y) and P, is the parallel translation along the curve y given by by
y (@) = Ry (tn).

Proof Define G : [0,1] - T, M :t — G@) = PJE)‘_’F(y(t)). Observe that
G(0) = F(x) and G(1) = P)<"' F(y). We have

d
G'(n) = EG(’ +€)|e=0

. d
= Py - Py R (y (4 )leo

d
PO‘_’]D)F(;/(I)) [ Y@+ e)] le=0
= P)'DF(y () [Trann] .

where we have used an expression of the covariant derivative ID in terms of the parallel
translation P (see, e.g., [14, theorem 1.2.1]), and where Tg( 1 = %(R(tn)). Since

G(1) — G(0) = [} G'(1)dt, we obtain

1
12 ) = Foo = [ PEDEG )P )
0

PY'DF (y () (Tramn — P, On)dt||

||
O\H

1
/ | POTDF (p (1) PO [ (PO Ty — m) e
0

< / | PYDE (1) PEONN (PO Ty n — Tl Tramm

< bollnll* (by Lemma 6)

where b is some constant. O
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Lemma 9 Suppose Assumptions 2 and 3 hold. Then there exist a neighborhood U and
a constant a7 such that for all x|, X1, x2, and Xy € U, we have

l§(Zs, &1, y2) — g(Ts, 1, &)
< a7 max{dist(xy, x*), dist(x2, x™), dist(X1, x*), dist(X2, x*)}|E1 [ |2,

where ¢ = R;'(x2), & = R'(K%1), & = R (%), 1 = Ts;l grad f(x1) —
grad f (x1), and yo = Tg_| grad f () — grad f (x2).

Proof Define y; = P)(,)l‘_1 grad f(x;) — grad f(x;) and y, = P)(,)Z‘_1 grad f(X2) —
grad f(x2), where P is the parallel transport, y1 (f) = Ry, (t§1),and y»(t) = Ry, (t&2).
From Lemma 8, we have

131 — HiGxr, )& < boll&ilIP and (|52 — Ha(xa, 82)&l < boll&2ll®,  (14)

where by is a positive constant, H(x;, %) = fol P)E)l‘_’ Hess f(y1 (t))P}ﬁl‘_Odt and

Hy(x2. %) = [ P9 Hess f(y2(1)) P! 0dr. Tt follows that

18 (Zs. &1, y2) — 8(Ts, y1, )|
<18(7s.&1, y2) — 8(Ts. y1, 62)| + 18(Ts,. &1, y2 — ¥2) — 8(Ts, (y1 — Y1), &)
< 18(Ts. &1, Ha(x2, %2)€2) — g(Ts, Hi(x1, X1)&1, &)
+ br(I&11l + 162D 151 H1&211 (by (14))
+18(Ts 61, T grad f(2) — P! grad f ()]
+1g(Ts, (Tg, | grad f (31) — Py grad f (1)), &2)]
< 1g(7s,é1, Hy(x2, $2)€2) — 8(7s, Hi(x1, X1)E1 &)
+ br(IEl + 182D 115 182
+ ball&rlllI&2 11l grad £ (x2) 1 + b3ll&1IH1&2 111l grad f(x1)]| (by Lemma 6)
< |g(Ha(x2, ¥2)Ts, &1, &) — g(Ts, Hi(x1, X1, &)
(average Hessian is also self-adjoint)
+ ball&1 || 1E2 1l (dist(xy, ¥1) + dist(xa, X2) + dist(X2, x*) + dist(¥1, x™))
(by Lemmas 3 and 7)
< bs||&1]|11&2 || max{dist(x, x¥), dist(xz, x™), dist (X1, x™), dist(X2, x*)}
(by triangle inequality of distance)
+ |g(Ha(x2, ¥2)Ts &1, &2) — &(Ts, Hi(x1, X1)&1, &) (15)

where b1, by, b3, bs and b5 are some constants. Using hat to denote coordinate
expressions, T (X1, x2) to denote 7; and G (¥7) to denote the matrix expression of the
Riemannian metric at xp, we have

@ Springer



194 W. Huang et al.

|g(Ha(x2, %2)Ts, &1, &2) — g(Ts, Hi(x1, 1)1, &)
= IEA1TT(J?1,J?2)TH2(3?2,Xcz)Té(fz)éz — T H (%1, INTT G122 G|

< 1E1120IT Gr, %) Hy (o, 20T — Hi (1, i) T T (E1, 22) T 121G Go) [1211€2112
(16)

where || - ||2 denotes the Euclidean norm. Define a function
S B = TG )T s, £ — i, 207 TGy 82
(X1, X1, X2, X2) = T(xX1, X2)" Ha(X2, X2) 1 (X1, X)) T (X, x2)" .

We can see that when ()c1 , );1 ) = ()c2 ,);2 ), J = 0. Since, in view of Assumption 3,
J is Lipschitz continuous, it follows that (16) becomes

|g(HaTs, &1, &) — 8(Ts Hi§1, &)

<bellT, X1y — GT, 2D 2 lE 1 12118212
< b7||&1|l1&2 || max{dist(x1, x2), dist(X1, X2)},

where bg, b7 are some constants. Combining this equation with (15), we obtain

1§ (Zs. &1, y2) — g(Ts, y1, 2|
< bgll&1 ||[|&2 |l max{dist(x1, x*), dist(x2, x*), dist(¥1, x*), dist(¥2, x*)},

where bg is a constant. O
Lemma 10 Let M be a Riemannian manifold endowed with a vector transport T
with associated retraction R, and let X € M. Then there is a neighborhood U of x
and ag such that for all x, y € U,

|lid — I’T 1’Z}|| < ag max(dist(x, x), dist(y, X)),

[lid —7; "7, T2 || < ag max(dist(x, %), dist(y, X)),

where & = R;l(x), n= Rx_l(y), = R;l(y), id is the identity operator, and || - ||
is the operator norm induced by the Riemannian metric.

Proof Let the hat denote coordinate expressions, chosen such that the matrix expres-
sion of the Riemannian metric at x is the identity. Let L (x, y) denote 7,1 )" We have

lid =7 "7, T = 1 = LG )" Lx, y) 7' L(E, p)I.

Define a function J (¥, §,¢) = I — L(X, Rz (€)) "' L(Rz(§), Rz (2)) "' L(X, Rz (¢)).
Notice that J is a smooth function and J (x, Oz, 03) = 0. So

1T (%, & Ol = IIJ(F, & ¢) — J(X, 05, 09
= |J(x, &, &) — J(x, 05,002
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< bo(l€]l2 + 1Z[|2) (smoothness of J)
< by (dist(x, x) 4 dist(y, x)) (by Lemma 3)
< br max(dist(x, x), dist(y, x)),

where by, b; and by are some constants and || - || denotes the Euclidean norm. So
|lid —Tg_l?;]_l?} || < by max(dist(x, x), dist(y, x)).

This concludes the first part of the proof. The second part of the result follows from a
similar argument. O

The next lemma generalizes [15, Lemma 1]. It is instrumental in the proof of
Lemma 13 below. In the Euclidean setting, it is possible to give an expression for ag
and ajg in terms of ¢ of Assumption 3 and v of Assumption 5. In the Riemannian
setting, we could not obtain such an expression, in part because the constant b, that
appears in the proof below is no longer zero. However, the existence of ag and ajo can
still be shown, under the assumption that {x;} converges to x*, and this is all we need
in order to carry on with Lemma 13.

Lemma 11 Suppose Assumptions 1, 2, 3, and 5 hold. Then
yj—Bszj:O (17)
for all j. Moreover, there exist constants ag and ayo such that
i—j—2
ly; — Bi)jsill < agayy” “eijlis;ll (18)
forall j, i > j+ 1, where €; j = max j<i<; dist(xg, x*) and
—1
B = TS{./J BiTs,,,
with ¢} = R ! (xi).

Proof From (3), we have

5 (n O =Bisp)hj— Bjsj)’

Sj :yj.

This yields (17), as well as (18) with i = j 4 1. The proof of (18) fori > j 4 1is by
induction. We choose k > j + 1 and assume that (18) holds foralli = j + 1,..., k.
Let ry = yx — Bysg. We have
|g(rk7 ,]TS(J.J(SJ)' = |g(yk - Bksk, 73‘{./.ksj)|
< 180w T, 5) — 80k T, )| + 18 T, (v — (Br)js))]
+ 18 (ks Ts(j‘k ((Br)js;j)) — g(Bksk, Ts{j_ij)I
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< 180k Tsg  57) = 8Gk Ty Yl + 11 Ts,, (v — Br) js ) sl
+ 1g (s, BkTS;j,ij) — g(Brsk, Ts;j.ks]-)l

k—j—2
< 18 (ks 73;}..ij) — g(sk, Ts;j,k vl + boasayy ! e jllsj skl
(By, self-adjoint and induction assumption)
j_

k—j—2
< boagary e jlsjllsell + breisr jlisells; . (by Lemma9)

where by and b; are some constants. It follows that

lyj — BesDjsill = ly; — 75"

Bii17s S
e RS il

—1
= |ly; — 7y

~ 1 -
Cjk+1 Ig"k Bk+17;Sk %CI-HI Sil

71 -~
<lly; — ngjkBkJrlTS;j’ij”

-1 3 | 5 -1 )
T3, BeniTs,, 5 —T5.) | T, Bon T Ty, s

St jok+

b
<l = (@B + T SO

(by Lemma 10, Assumption 1, and (3))
180k T, 5
Il sl

k—j—2 k—j—2
<agay,’ “ex jlisjll + bsboaoayy ' er jlls;ll + b3biex jlisill + baekri jlls;ll

Ise; I8l +boertr jlisjll

<lly; = (Br)jsjll + b3 + baeg41,jlsj |l (by Assumption 5)

J

k—j—2 k—j—2 )
< (agay, + bsboasayy '~ 4 b3bi + ba)exy1jllsjll, (since ek j < €x41,;)

where b», b3 are some constant. Because bg, b1, by and b3 are independent of ag and
aip, we can choose ag and ajo large enough such that

k—j—2 k—j—2 k+1—j-2
(agayy ™" + bsboaga|y ' " + bsby + by) < agay, .

for all j, k > j + 1. Take for example, a9 > 1 and aj9 > 1+ b3bg + b3b; + b>.
Therefore

—j—2

k+1
ly;j — Brs1)jsjll < agay, €c+1,7 11571l

This concludes the argument by induction. O

Lemma 12 If Assumption 3 holds then there exist a neighborhood U of x* and a
constant a1\ such that for all x1, x, € U, the inequality

ly = Ts,, Hess £(*) T 's|| < anlls] max{dist(xy, ), dist(xa, x*))
1

holds, where ¢ = R (x1). s = R;'(x2), y =T grad f(x2) — grad f (x1).
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Proof Define y = P79‘_1 grad f(xp) — grad f(x1), where P is the parallel transport
along the curve y defined by y () = Ry, (¢s). From Lemma 8, we have

|5 — Hsll < bolls||*, (19)

where H = fol P)(,)‘_’ Hess f(y (t))P]ﬁ‘_Odt and by is a constant. We then have

Iy — Zs,, Hess f(x*)TS;lsH
< Iy =30+ 115 = Hsll + | Hs — T, Hess f()Tg 5]
= ||Ts;1 grad f(x2) — P;,)(_l grad f(x2)|| + bolls||?

+ 1A — Ty, Hess £ )T lls|
< by ||s|| max{dist (x1, x*), dist(x2, x*)} + b ||s]|* (by Lemma 6)
1

+ II/P)E)‘_’ Hess f (y (1)) P, dt — Hess f (x1)||
0

+I Hess £ (x1) = Ts, Hess £ ()T 'l | I

< by|s|| max{dist(xy, x*), dist(x2, x*)}, (by Assumption 3)

where b and b; are some constants. O

With these technical lemmas in place, we now start the Riemannian generalization
of the sequence of lemmas in [11] that leads to the main result [11, Theorem 2.7],
generalized here as Theorem 2. For an easier comparison with [11], in the rest of the
convergence analysis, we let n (instead of d) denote the dimension of the manifold
M.

The next lemma generalizes [11, Lemma 2.3], itself a slight variation of [24, Lemma
3.2]. The proof of [11, Lemma 2.3] involves considering the span of a few s;’s. In the
Riemannian setting, a difficulty arises from the fact that the s;’s are not in the same
tangent space. We overcome this difficulty by transporting the s;’s to T« M.

Lemma 13 Let sx be such that Ry, (sx) — x*. If Assumptions 1, 2, 3, and 5 hold then
there exists K > O suchthatforany setofn+1steps S = {sk; : K < ki < ... < kny1},

there exists an index k,, withm € {2,3,...,n + 1} such that
Br,, — H,,)Sk k-2~ L
(B, ) Sk | - (alzallc(n)ﬂ k=2 dn)el.

Ik |

where a1, aip are some constants, n is the dimension of the manifold, Hy, =

1 . .
7Is,, Hess f(X*)TS{km, €5 = maxi<j<p+1{distCa;, x7), dist(Ry, (s,), x™)}, and

—1
é‘km = Rx* (ka)~
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Proof Given S, for j =1,2,...,n+ 1, define

Sky Sky A:kj
Sj = -_ b -_ 90 -_ 9
155, 11 1158, 1 llsk; I

where 53, = TS:I Sk»i=1,2,..., j. The proof is organized as follows. We will first
ki

obtain in (28) that there exists m € [2,n + 1] and u € R~ w e Ty« M such that

Sk / 1Sk Il = Sm—14 —w, Sp,—1 has full column rank and is well conditioned, and ||w]|

is small. We will also obtain in (30) that (’TSZ1 Bk, Tsck — Hess f(x*))S,;—1 is small
km m

due to the Hessian approximating properties of the SR1 update given in Lemma 12
above. The conclusion follows from these two results.

Let G denote the matrix expression of inner product of T, M and S ; denote the
coordinate expression of S;, for j € {1, ..., n}. Let k; be the smallest singular value

of Glpﬁj and define «, 11 = 0. We have

l=x1>k2...>Ky41 =0.
Let m be the smallest integer for which

Km 1

< eg. (20)

Km—1

Since m <n + 1 and k; = 1, we have

Km—1 = K1 (9) (K’”“) > TR hin, 1)
K

1 Km—2

Since xx — x™ and Ry, (sx) — x™*, we can assume that eg € (0, (‘]—‘)”) for all k. Now,
we choose z € R such that

1/2 &
1G> Smzlla = km 1zl (22)

= ().

where u € R™~!. (The last component of z is nonzero due to that m is the smallest
such that (20) is true.) Let w = S,z and its coordinate expression w = S,z. From
the definition of Gl/ 2 S;» and z, we have

and

122
1/2 A Gy " Sk,

1728
G 28y iu — G2 = (23)
1G5, 12
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where s, is the coordinate expression of sy, . Since k,,—1 is the smallest singular

1/2

value of G, S’m, 1, we have that

1/22
12, G*/

s < ——1GY?8_ulls = —— |G T
Km—1 Km—1 IIG Sk 12
1/2 ~
G, 1 1
NG il 1wl + o
Km—1 Km—1
1/2 A
G "Wl2+ 1 _ Jwii+1
(n 1)/n (n—l)/n ' (by (21)) (25)
€s
Using (22) and (24), we have that
12,5 124
lwl® = 1GY/ D)3 =G / Small3 = kpllzll3 = k(1 + [[u]l3)
Km R K
<K+ ( ) UGl + 1)? = k2 + ( L ) (lwl + D2
Km—1 Km—1
Therefore, since (20) implies that k,,, < € ;/ " using (20),
2 2 2
lwl? < e + 5" (wll + D* < 45" (]| + 1) (26)
This implies
lwll (1 —2e/") < 2¢™,
and hence ||w| < 1, since €5 < (4—11)". Therefore, (25) and (26) imply that
2
flull2 < (n_—l)/n, 27
lw| < 46””. (28)

Equation (28) is the announced result that w is small. The bound (27) will also be
invoked below.
Now we show that ||(Tszk1 kaTS{k_ —Hess f(x*))S;_1llissmallforall j € [2, n+1]
i X J

(and thus in particular for ]J = m). By Lemma 11, we have

ki—i—2 fons1 —k1—2
lyi = Br)isill < avayy — “ex;illsill < avayg™ ™' “esllsill, (29)

foralli € {ky, k2, ..., k;_1}. Therefore,
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1T, B, T, — Hess f(* ))H I
J l

S -
TS% Yi Ts;kj BijS;kj Si TSQ v; — Hess f(x*)s;
< = I+l = I
I i|| l15i
T3 =5 By Ty,

B ” | + bies (by Lemma 12)
Si

—1 —1 —1
7;‘; (yl - 73‘;[- %{k-Bkj%{k-,TS;» S,’)
i | j i

= - I+ bies
llsi
By )isi
= bzw + b3zes (by Lemma 10 and Assumption 1)
5i
knt1—k1—

=< (baay; ? + by)es (by (29)

where by, b3 and by are some constants. Therefore, we have that for any j € [2, n+1],

”(Ts;klv Bkj%;kj — Hess f(x)Sj_1llg2 < bses, 30)
J

where bs = \/n(baa\" ™ ">4b3) and || - || 2 is the norm induced by the Riemannian
metric g and the Euclidean norm, i.e., | A|l g2 =sup [[Av]|/||v|l> with |- || defined in (5).

We can now conclude the proof as follows. Using (23) and (30) with j = m, (27)
and (28), we have

(s, Br, Ts,,, — Hess f(x*)5ull

(A

= ”(TS;,; By, Ts, ~—Hess f(x™)(Sp—1u — w)
< I(Tg,, Bu, Ts,,, —Hess f () St lg2llulla
+ T3, By, Ts,,, —Hess fG)lw]
< b5656(% + (M + Hess f(x* ))465/ (by Assumption 1)

< (2bs + be)es"

where bg is some constant. Finally,

By = Hi sl _ 1B = Ty, Hess ST sy |

56, 56,
—1 _
I(T5,! By, T, — Hess £ ("), |

1%, I

1/n

< (2bs + be)eg
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The next lemma generalizes [11, Lemma 2.4]. Its proof is a translation of the proof
of [11, Lemma 2.4], where we invoke two manifold-specific results: the equality of
Hess f(x*) and Hess(f o Ry+)(0y*) (which holds in view of [2, Proposition 5.5.6]
since x* is a critical point of f), and the bound in Lemma 3 on the retraction R.

Lemma 14 Suppose that Assumptions 1, 2, 3, 4, 5 and 6 hold and the trust-region
subproblem (2) is solved accurately enough for (9) to hold. Then there exists N such
that for any set of p > n consecutive steps Sg41, Sk+1, - - -» Sk+-p With k > N, there
exists a set, Gy, of at least p — n indices contained in the set {i - k + 1 <i < k + p}
such that for all j € G,

I1(B; — Hj)s;ll

1
n
Is; 1 R

-2 - —1 -1
where aj3 = alzaﬁ) +ap, Hj = TS;,- Hess f(x*)’TS{_ , ¢ =R (x), and
J

er = max {dist(x;, x¥), dist(Ry, (s;), x™)}.
k+1<j<k+p I

Furthermore, for k sufficiently large, if j € Gy, then
lIsjll < aiadist(xj, x*), (31)
where a4 is a constant, and
pj = 0.75. (32)
Proof By Lemma 5, sy — 0. Therefore, by Lemma 13, applied to the set

{8k Ska1s -5 Skap)s (33)

there exists NV such that for any k > N there exists anindex /1, withk+1 </} <k+p
satisfying
”(Bll - Hl|)sl| ”

1
13€; »
lls, 1

where ajz = alzafo_z +aj2. We apply Lemma 13 to the set {s, Sk41, - . . Sk+p} — 51, tO
get [>. Repeating this p —n times, we get a set of p —n indices Gy = {l1,l2, ..., lp_n}
such that if j € Gy, then

B; — Hj)s, 1
NGE; — Hpsjl <ane]. (34)
llsl

We show (31) next. Consider j € Gi. By (34), we have
1

g(sj, (Hj — Bj)sj) < IsjII(Hj — Bpsjll < aize] lIs; 1%
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1
Therefore, g(s;, Bjs;) > g(s;, Hjs;) —aue; Is;l= > bo||sj||2 for sufficient large k,

where by is a constant and we have

1
0<mj0)—m;(s;) = —g(grad f(x;),s;) — Eg(sj, Bjs;)
1
=<l grad f(xp)lls;ll — Ebollsj-ll2

1
< by dist(x;, x™)|Is;l — §b0||sj||2, (by Lemma 7)

where b; is some constant. This yields (31). .
Finally, we show (32). Let j € Gy and define f;(n) = f (R (n)). It follows that

[f(xj) = f(Ry;(sj)) — (mj(0) —mj(s;))]
1
= 1 (xj) = f(Ry; () + g(grad f(x)). 5j) + 58(s;. Bjsj)]

A A 1
= 1f; Ox)) = f;(5) + g(grad £ (x}). 5j) + 58(s;. Bjs)l
1
— |lg(sj, Bjsj) —/g(Hess ij(tsj)[sj],sj)(l — 17)dt|(by Taylor’s theorem)

2
0
1 1
< |§g(5j, Bjsj) — Eg(sj7 Hjsj)|
{ 1
+ |§g(5j, Hjsj) —/g(HeSS fx; (@splsil sl — 7)dr|
0
1
= Izg(sj, (Bj — Hj)sj)l
1
1 [ (6065 T, Hess VT3 157) = gtHess o sl 5y (1 = 21
0
I
< §||Sj||||(6j — Hj)sjll
1
sy [ 1T, Hess e 0T, — Hess £, (zsy 1 = e
0

(by [2, Proposition 5.5.6])

1
< ballsj el + balls;II* (dist(x;, x*) + [Is;1)
(by (34), Lemma 3 and Assumption 4)

1 1
< D4lls; ||Ze,é’ , (by (31) and dist(x;, x*)is smaller than €, eventually)
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where b, b3 and b4 are some constants. In view of (31) and Lemma 7, we have

lsjll < bsll grad f(x;)ll,

where bs is some constant. Combining with [|s;|| < A;, we obtain

llsj I < bsll grad £ (x;)| min{A;, bs|| grad f(x;)|]}.

Noticing (9), we have

1
|f(xj) = f(Ryx;(sj)) — (m;j(0) —mj(sj))| < bee;’ (m;j(0) —m;(sj)),

where bg is a constant. This implies (32). O

The next result generalizes [11, Lemma 2.5] in two ways: the Euclidean setting is
extended to the Riemannian setting, and inexact solves are allowed by the presence
of ;. The main hurdle that we had to overcome in the Riemannian generalization is
that the equality dist(xgx + sk, x*) = |lsx — &k || does not necessarily hold. As we will
see, Lemma 2 comes to our rescue.

Lemma 15 Suppose Assumptions 2 and 3 hold. If the quantities

| (B — Hi)skll

ey = dist(xg, x*) and
Il sl

are sufficiently small and if

Besi = —grad f(xx) + & with |8l < |l grad f(x) ',

then
dist(Ry, (1), x*) < alswek +agee, ™M, (35)
h(Ry (50)) < anme Fagh O () (36)

and
aroh(xr) < ex < axoh(xy) 37

1
where a5, aje, 17 and aig are some constants and h(x) = (f(x) — f(x™))2.

Proof By definition of s, we have

sk = H; '[(Hx — Bo)sk — grad f (xi) + 8], (38)
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Define & = Rx_k]x*. Therefore, letting y be the curve defined by y (t) = Ry, (t&x),
we have

sk — &ll = I1H " [(Hi — Be)se — grad f(xe) + 8 — Hié] |l
< bo(|(Hx — Bi)sill + 15kl
1

+[1P)<" grad f(x*) — grad f (x) — / P)" Hess f(y (1)) P, dt | &]|
0
1

+1 / P)" Hess f(y (1)) P} dt | & — Hess f (xp)&ll
0
+ || Hess f(xx)&x — Hiéill)
< bo(ll(Hx — Bo)skll + by l|& | ™™ 1} (by Lemmas 7 and 8)
1

+ / PO Hess f(y (1)) PL=d1 | & — Hess £ (x0)&]
0
+ || Hess f(x¢) — Helll& 1)
< boll(H — Be)skll + boby &) T™ ™Y 4 bobs|||* (by Assumption 3)
< boll(H — B)skll + ballg '+ (39)

where by, by, bz and b4 are some constants. From Lemma 2, we have
dist(Ry, (sx), x™) = dist(Ry, (s¢), Ry (6x)) < bsllsx — &l (40)
where bs is a constant. Combining (39) and (40) and using Lemma 3, we obtain
. * T 14+min{0,1}
dist(Ry, (sx), x™) < bobs||(Hy — Bi)sk |l + babse, : (41)

From (38), for k large enough such that ||Hk_1 I (Hr — Bi)sill < %||sk||, we have

1 _
lsill < 5 llsell + 11 Hy NIl grad £l 4 Il grad £ )'F).
Using Lemma 7, this yields
lIskll < be dist(xg, x™*),

where bg is a constant. Using the latter in (41) yields

| (Hx — B)skll
llsk |l

dist(xg, x™) + B4b5eli+min{0’1},

dist(Ry, (sx), x™) < bobsbe
which shows (35).

@ Springer



A Riemannian symmetric rank-one trust-region method 205

We show (37) next. Define fx(n) = f(Rx(n)) and let ¢ = R;*l (xr). We have, for
somet € (0, 1),
Fer (@) = for (Op) = glgrad f(x*), &) + g(Hess for (¢80 2], &)
= g(Hess fe= (10O, &),

where we have used (Euclidean) Taylor’s theorem to get the first equality and the
fact that x* is a critical point of f (Assumption 2) for the second one. Therefore,
since Hess fx* = Hess f(x™) is positive definite (in view of [2, Proposition 5.5.6] and
Assumption 2), there exist b7 and bg such that

b1 (fur (6 = fer (0x0)) < 16kl1* < b (o (8) = fo+ (05))
Then, using Lemma 3, we obtain that there exist bg and bjq such that
bo(f (i) — f(x*)) < dist(xx, x*)* < bio(f (xx) — f(x*)).
In other words,
boh®(xx) < e < bioh®(xp),

and we have shown (37). Combining it with (35), we get (36). O

With Lemmas 14 and 15 in place, the rest of the local convergence analysis is
essentially a translation of the analysisin [11]. The nextlemma generalizes [11, Lemma
2.6].

Lemma 16 If Assumptions 1, 2, 3, 4, 5, and 6 hold and the subproblem is solved
accurately enough for (9) and (10) to hold, then
h
im ok 0,
k—o0 Ag
where hy = h(xy).

Proof Let p be the smallest integer greater than 2n + n(—In 71/ In 72), where 71 and
7 are defined in Algorithm 1. Then

g > (42)

Applying Lemma 14 with this value of p, there exists N such that if k > N, then
there exists a set of at least p — n indices, Gy C {j : k+ 1 < j < k + p}, such that if
J € Gk, then

1(B; — Hj)s;ll

1
< ce!

k>
Il

pj > 0.75. (43)
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We now show that for such steps,

P Lhy

< : (44)
Ajtl A

If ||s;]l = 0.84;, then since from Step 12 of Algorithm 1, A;1; = 2 A; and since
{hi} is decreasing, (44) follows. If on the other hand ||s;|| < 0.84, then from Step 14
of Algorithm 1, we have that A;; = Aj. Also since the trust region is inactive, by
condition (10), we have that Bjs; = — grad f(x;) + 8. 18]l < |l grad £ (x;)|' 7.
Therefore, in view of (36) in Lemma 15 and of (43), if N is large enough, we have
that
1
hjt1 = Eh je

This implies that (44) is true for all j € G;, where k > N.
In addition, note that for any j, ;41 <hjand A;y; > 11 A; and so
Rjwr LR 45)
Ajig T Aj

Since (44) is true for p — n values of j € Gy and (45) holds for all j, we have that for

allk > N,

B (L) (L) (L)

Akt p T] 19 Ag 1%) Ak
where the second inequality follows from (42). Therefore, starting at k = N, it follows
that

hn+ip
—_— %
AN+ip
as [ — oo. Using (45) again, we complete the proof. O
The next result generalizes [11, Theorem 2.7].

Theorem 2 [f Assumptions 1, 2, 3, 4, 5, and 6 hold and the subproblem is solved
accurately enough for (9) and (10) to hold then, the sequence {xi} generated by
Algorithm 1 is n + 1-step g-superlinear (where n denotes the dimension of M); i.e.,

dist(xXg4n41, X™)
dist(xg, x*)

Proof By Lemma 14, there exists N such that if k > N, then the set of steps

{Sk+1, .., Sktnt1} contains at least one step sy, 1 < j < n + 1, for which
1(B; — Hj)s;ll 1
e R ape; .
lls;ll
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By (31) in Lemma 14 and (37) in Lemma 15 (when checking the assumptions, recall
the standing assumption made in Sect. 3.3 that ¢ := dist(xg, x*) — 0), there exists
a constant bg such that

skt ll < bohg+j.

Therefore, by Lemma 16, if N is large enough and k > N, then we have |[[sg4 ;] <
0.8 Ak . By (10), this implies By jsk+; = — grad f(xk4;) + Sk, with [[8k4 ]| <
| grad f (e )l 140 Thus by inequality (36) of Lemma 15, if N is large enough and
k > N, then

1 .
n 0,1
hiyjr = h(Ry (et ) < (arraze] +aighyy .

The first equality holds because (32) implies that the step is accepted. Since the
sequence {h;} is decreasing, this implies that

1 .
w min{6,1}
hiint1 < (@rraze) +aighy, ;" Hhi

By (37),
k+n+1 < @20Mktn+1
1 .
n min{6,1}
< axo(arraiz€y +agh, ;" )hi
% ex min{6,1} ex
< ay(arraize] +aig| — )—.
a9 a9
This implies n + 1-step g-superlinear convergence. O

It is also possible to extend to the Riemannian setting the result [11, Theorem 2.8]
that the percentage of By being positive semidefinite approaches 1 provided that By
is positive semidefinite whenever ||si|| < 0.8 Ag. In the proof of [11, Theorem 2.8],
replace Lemma 2.6 by Lemma 16, Lemma 2.4 by Lemma 14, (2.14) by (31), and (2.9)
by (37).

4 Limited memory version of RTR-SR1

In RTR-SR1 (Algorithm 1), storing By = 7, o Bis1 o ’Z;,;l in matrix form may
be inefficient for two reasons. The first reason, which is also present in the Euclidean

case, is that B]H- 1= By + %ﬁi is a rank-one modification of 5. The
second reason, specific to the Riemannian setting, is that when M is alow-codimension
submanifold of a Euclidean space £, it may be beneficial to express 7, as the restriction
to Ty, M of a low-rank modification of the identity (7). Instead of storing full dense
matrices, it may then be beneficial to store a few vectors that implicitly represent
them. This is the purpose of the limited memory version of RTR-SR1 presented in this

section.
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The proposed limited memory RTR-SR1, called LRTR-SR1, is described in Algo-
rithm 2. It relies on a Riemannian generalization of the compact representation of the
classical (Euclidean) SR1 matrices presented in [12, §5]. We set By = id. At step
k > 0, we first choose a basic Hessian approximation Bk, which in the Riemannian
setting becomes a linear transformation of Ty, M. We advocate the choice

Bt = yiid,
where
8(Vk=1, Yk—1)
Ve = —F >
8(Sk—1, Yk—1)

which generalizes a choice usually made in the Euclidean case [27, (7.20)]. As in the
Euclidean case, we let S ,, and Y ,, contain the (at most) m most recent corrections,

which in the Riemannian setting must be transported to T,, M, yielding S ,, =

k k k k k k .
{S]E_)gv S]E_)£+1v L) slg_)l} and Yk,m = {y]E_)g» y]i_)[_;’_lv ] y]E_)l}’ Wheree = mln{ms k}

and where s© denotes s transported to T, M. We then have the following Riemannian
generalization of the limited-memory update based on [12, (5.2)]:

Bi = B + Yean — BESkm) (Pean — Sy BESkm) ™ Y — BESkm)’. &k > 0,

where Py = Dim + L + L]

k,m>
Dy = diag{g(sx—¢, Yk—e), 8 Xk—e415 Yk—e4+1)s - > 8(Sk—1, Yk—1)},
and

(Lim)ij = 8(Sk—t4i—1, Ye—e+j—1), ifi > J;
kmJi,j 0, otherwise.

Moreover, letting Qy ,, denote the matrix Sz o Sk,ms W obtain

By = Yk id +(Yk,m - VkSk,m)(Pk,m — Yk Qk,m)il(Yk,m - VkSk,m)bs k> 0. (46)
For all n € Ty, M, Bin can thus be obtained from (46) using Yk ., Sk,m, Pk,m and

Qi .m- This is how By is defined in Algorithm 2, except that the technicality that the
B update may be skipped is also taken into account therein.

5 Numerical experiments
As an illustration, we investigate the performance of RTR-SR1 (Algorithm 1) and

LRTR-SR1 (Algorithm 2) on a Rayleigh quotient minimization problem on the sphere
and on a joint diagonalization (JD) problem on the Stiefel manifold.
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Algorithm 2 Limited-memory RTR-SR1 (LRTR-SR1)

Input: Riemannian manifold M with Riemannian metric g; retraction R; isometric vector transports 7g;
smooth function f on M; initial iterate xg € M;

1: Choose an integer m > 0 and real numbers Ag > 0, v € (0, 1), ¢ € (0,0.1), 71 € (0,1) and 15 > 1;
Setk <~ 0, <0,y < 1;

2: Obtain sy € Ty, M by (approximately) solving

. . 1
Sk=argminger, A mk(s):argmlnseTXk M f(xp)+g(grad f(xk),s)-i-ég(s, Bis), s.t. ||s]| < A,

where By, is defined in accordance with (46);
S Gp)—f (Ryy (sg))
my (0)—my (sg) °
4: Set y < T grad f (Ryy (1)) — grad f (xp):
S5:if |g sk, yi — Bresi)l = viisglllyx — Byesy || then

. 8Ok YK) . (k) (k) I : o) (k)
6: Vi1 < FORTIE Add s, and y;" into storage; If £ > m, then discard vector pair {s;_,, y,_,}

3: Set py <

from storage, else £ <— £ + 1; Compute matrices Py ,, and Qy ,, by updating Pi_1 ,, and Q_1
if available;
: else
8 Set Yky1 < Yk Pryim < Pems Qktim < Qkm and
{51511)1 ’ yl(cli)l}’ R {Sl(ck—)eﬂ’ ylili)eﬂ} < {Slili)e’ y,fkjl}_
9: end if

10: if p; > c then

~

k k
(s, )

k k k k k k
11 xpp1 < Ry (s@;Transports,EjHl,s,ﬁjlurz, .. .,s,i ) and y]((le, ylgjl+2, ceey y,i ) from Ty, M

to Ty | M by Tg;
12: else
130 Xpg1 < Xk
14: end if
15: if p > 3 then
16: if [l = 0.8A then
17: Aj41 < 1Ak

18: else
19: Ak41 < Ak
20: end if

21: else if p; < 0.1 then

220 Apgg < 114k

23: else

24: Apqq < Ags

25: end if

26: k < k + 1, goto 2 until convergence.

For the Rayleigh quotient problem, the manifold M is the sphere
S"l=(xeR": xTx=1)
and the objective function f is defined by
fx) =x" Ax, (47)
where A is a given n-by-n symmetric matrix. Minimizing the Rayleigh quo-

tient of A is equivalent to computing its leftmost eigenvector (see, e.g.,
[2, §2.1.1]). The Rayleigh quotient problem provides convenient benchmarking exper-
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iments since, except for pathological cases, there is essentially one local mini-
mizer (specifically, there is one pair of antipodal local minimizers), which can be
readily computed by standard eigenvalue software for verification. Moreover, the
Hessian of f is readily available, and this allows for a comparison with RTR-
Newton [2, Ch. 7], which corresponds to Algorithm 1 with the exception that By
is replaced by the Hessian of f at x; (and thus the vector transport is no longer
needed).

In the JD problem considered, the manifold M is the (compact) Stiefel manifold,

St(p,n) ={X e R™*P : XX = I},

and the objective function f is defined by

N
fX) == Il diag(X"C; X)|1%, (48)
i=1

where C1, ..., Cy are given symmetric matrices, diag(M) denotes the vector formed
by the diagonal entries of M, and || diag(M) |% thus denotes the sum of the squared
diagonal elements of M. This problem has applications in independent component
analysis for blind source separation [36].

The comparisons are performed in Matlab 7.0.0 on a 32 bit Windows platform with
2.4 GHz CPU (T8300).

The chosen Riemannian metric g on S”~! is obtained by making S"~! a Riemannian
submanifold of the Euclidean space R". The gradient and the Hessian of f (47) with
respect to the metric are given in [2, §6.4]. The chosen Riemannian metric g on
St(p, n) is the one obtained by viewing St(p, n) as a Riemannian submanifold of
the Euclidean space R"*?, as in [17, §2.2]. With respect to this Riemannian metric,
the gradient of the objective function (48), required in the three methods, is given
in [36, §2.3]. The Riemannian Hessian of (48), required for RTR-Newton, is also
given therein.

The initial Hessian approximation By is set to the identity in RTR-SR1. The 0, «
parameters in the inner iteration stopping criterion [2, (7.10)] of the truncated CG
inner iteration [2, §7.3.2] are set to 0.1, 0.9 for RTR-SR1 and LRTR-SR1 and to 1,
0.1 for RTR-Newton. The initial radius A is set to 1, v is the square root of machine
epsilon, ¢ is set to 0.1, 71 to 0.25, and 13 to 2.

For the retraction R on S"~!, following [2, Example 4.1.1], we choose R (n) =
(x + n)/llx + n|l2. For the retraction R on St(p, n), following [2, (4.8)], we choose
Rx(n) = qf (X + n) where gf denotes the Q factor of the QR decomposition with
nonnegative elements on the diagonal of R.

The chosen isometric vector transport 7 on S"~! is the vector transport by rig-
ging (7), which is (locally) uniquely defined in case of submanifolds of co-dimension
1. In the case of S"~!, it turns out to be equivalent to the parallel translation
along the shortest geodesic that joins the origin point x and the target point y,
ie.,
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Table 1 Rayleigh quotient experiments

n RTR-Newton RTR-SR1 LRTR-SR1
m=0 m=2 m=4
le—3/le—6 le—3/le—6 le—3/1e—6 le—3/le—6 le—3/le—6
20 iter 3/6 415 4/50 4/18 413
ng  3/6 415 4/50 4/18 413
nH 4/13 6/34 0/0 0/0 0/0
gfr 1.48_4/926_9 1.47_4/3.58_g 1.47_4/1.18_¢ 1.47_4/7.65_7 1.47_4/3.49_3
% 7.42_5/4.66_9 71.38_5/1.80_g 7.38_5/5.94_7 7.38_5/3.85_7 7.38_5/1.76_g
t 1.25_3/3.12_3  3.42_3/1.39_, 2.85_3/4.69_, 3.27_3/2.63_5 4.55_3/2.40_,
28 iter 319 4/13 4/43 4/13 4/15
ng 309 4/13 4/43 4/13 4/15
nH 4720 6/29 0/0 0/0 0/0
gfr 1.80_3/9.13_jp 1.81_3/2.28_7 181_3/1.57_¢ 1.81_3/7.57_g 1.81_3/1.08_9
% 9.09_4/4.60_15 9.14_4/1.15_7 9.14_4/7.90_7 9.14_4/3.82_g 9.14_4/5.45_1¢
t 2.81_3/1.58_5 2.11_,/6.80_p 3.61_3/524_5 6.93_3/2.77_2 8.39_3/3.64_5
210 jrer 319 4/14 4/53 4/13 4/12
ng 319 4/14 4/53 4/13 4/12
nH 419 6/30 0/0 0/0 0/0
ofr 1.68_3/528_1p 1.68_3/1.78_3 1.68_3/8.26_g 1.68_3/3.32_g 1.68_3/3.90_g
% 8.47_4/2.65_10 8.47_4/893_9 8.47_4/4.15_3 8.47_4/1.67_3 8.47_4/1.96_g
t 5.50_9/2.43_; 2.00_1/9.96_1 2.94_,/4.07_; 3.01_5/1.06_; 3.09_5/1.05_;
2yT
Tk =6 — ———= (K +y) (49)
NxSx x s
! lx + yl?

where y = R, (n,). This operation is well defined whenever x and y are not antipo-
dal points. On St(p, n), since we will conduct experiments on problems of small
dimension, we find it preferable to select a vector transport by parallelization (6),
which amounts to selecting a smooth field of tangent bases B on St(p, n). To this
end, we note that Ty St(p,n) = (X2 + X, K : 2T = —2, K € R#=Pxpy,
where the columns of X | € R "~P) form an orthonormal basis of the orthogo-
nal complement of the column space of X (see, e.g., [2, Example 3.5.2]). Hence, an
orthonormal basis of Ty St(p, n) is given by {\/in(eiejT —ejeiT) i=1,...,p,j=
i+1,..., plU{Xi&el,i=1,....,n—p,j=1,...,p},where (e, ..., ep)isthe
canonical basis of R” and (e, ..., é,—p) is the canonical basis of R"™”. To ensure
that the obtained field of tangent bases is smooth, we need to choose X | as a smooth
function of X. This can be done locally by extracting the n — p last columns of the
Gram-Schmidt orthonormalization of [ X C] where C is a given n x (n — p) matrix. In
practice, we have observed that Matlab’snu11 function applied to X works adequately
to produce an X | .
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comparison of algorithms, n:1024

10 . . . . . .
O RTR-Newton
X RTR-SR1
+ LRTR-SR1(m:4)
10° ©® 1
S X X X
X
X x X
= X %
T 10°t o 1
kS
+ X
107} n X |
O
10_15 L L L L L L
0 0.2 0.4 0.6 0.8 1 1.2 1.4

time(second)

Fig. 1 Comparison of RTR-Newton and the new methods RTR-SR1 and LRTR-SR1 for the Rayleigh
quotient problem (47) with n = 1024

The experiments on the Rayleigh quotient (47) are reported in Table 1 and
Fig. 1. Since the Hessian is readily available, RTR-Newton is the a priori method of
choice over the proposed RTR-SR1 and LRTR-SR1 methods. Nevertheless, Table 1
illustrates that it is possible to exhibit a matrix A for which LRTR-SR1 is faster
than RTR-Newton. Specifically, matrix A in the Rayleigh quotient (47) is set to
UDUT, where U is an orthonormal matrix obtained by orthonormalizing a ran-
dom matrix whose elements are drawn from the standard normal distribution and
D = diag(0,0.01,...,0.01,2,...,2) with 0.01 and 2 occurring n/2 — 1 and n/2
times, respectively. The initial iterate is generated randomly. The number of func-
tion evaluations is equal to the number of iterations (iter). ng denotes the number
of gradient evaluations. The differences between iter and ng that may be observed
in RTR-Newton are due to occasional rejections of the candidate new iterate as pre-
scribed in the trust-region framework [2, §7.2]; for RTR-SR1 and LRTR-SR1, iter
and ng are identical because one evaluation of the gradient is required at each iterate
to update By or store y even if the candidate is rejected. n H denotes the number
of operations of the form Hess f(x)n or Bn. t denotes the run time (seconds). To
obtain sufficiently stable timing values, an average is taken over several identical runs
for a total run time of at least one minute. gfy and gf; denote the initial and final
norm of the gradient. Two stopping criteria are tested: gfr/gfo <le-3 and gfr/gfo
< le-6.

Unsurprisingly, Table 1 shows that RTR-Newton, which exploits the Hessian of f,
requires fewer iterations than the SR1 methods, which does not use this information.
However, when n gets large, the time per iteration in LRTR-SR1—with moderate
memory size m—gets sufficiently smaller for the method to become faster than RTR-
Newton.
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Table 2 Joint diagonalization (JD) experiments: n = 12, p =4, ec = le — 1
n RTR-Newton RTR-SR1 LRTR-SR1
m=0 m=2 m=4
le—3/1e—6 le—3/1e—6 le—3/1e—6 le—3/1e—6 le—3/1e—6
24 iter  10/12 58/81 80/328 61/150 57/131
ng 10/12 58/81 80/328 61/150 57/131
nH  63/96 1607253 0/0 0/0 0/0
gff 3.03.1/599_4 1.93/2.26_3 2.37/2.23_3 2.37/2.21_3 2.14/1.96_3
% 1.21_4/2.40_7 7.74_4/9.07_7 9.48_4/891_7 9.48_,/8.85_7 8.55_4/7.83_7
t 4.62_5/592_o 548 _,/7.78_» 1.00_1/3.78_1 8.75_5/2.13_; 1.01_1/2.41_;
20 iter 14/16 64/88 163/402 83/176 109/199
ng 14/16 64/88 163/402 83/176 109/199
nH  93/120 186/288 0/0 0/0 0/0
gff 1.89/2.58_3 5.54/5.48_3 8.63/8.57_3 8.79/7.39_3 7.82/7.28_3
% 2.13_4/2.90_7 6.24_4/6.18_7 9.72_4/9.66_7 9.91_4/8.33_7 8.82_4/8.20_7
t 1.73_1/2.19_1 1.01_y/1.43_y 3.24_y/7.34_y 1.74_1/3.65_1 2.73_1/5.01_
28 iter 10/13 54/82 122/372 100/168 81/165
ng 10/13 54/82 122/372 100/168 81/165
nH  64/109 148/240 0/0 0/0 0/0
gff 3.491/8.08_3 3.051/3.95_, 3.991/2.85_; 3.831/2.77_, 2.771/4.01_
% 8.65_4/2.00_7 7.56_4/9.79_7 9.89_4/7.07—7 9.51_4/6.88_7 6.87_4/9.94_7
t 4.14_1/6.78_1 2.31_1/3.57_1 6.83_1/1.70 4.77_1/8.06_1 4.20_1/8.71_

Table 2 and Fig. 2 present the experimental results obtained for the JD problem (48).
The C; matrices are selected as C; = diag(n,n — 1,...,1) 4+ ec(R; + RiT), where
the elements of R; € R™*" are independently drawn from the standard normal dis-
tribution. Table 2 and Fig. 2 correspond to ec = 0.1, but we have observed sim-
ilar results for a wide range of values of ec. Table 2 indicates that RTR-Newton
requires fewer iterations than RTR-SR1, which requires fewer iterations than LRTR-
SR1. This was expected since RTR-Newton uses the Hessian of f while RTR-SR1
uses an inexact Hessian and LRTR-SR1 is further constrained by the limited memory.
However, the iterations of RTR-Newton tend to be more time-consuming that those
of the SR1 methods, all the more so if N gets large since the number of terms in
the Hessian of f is linear in N. The experiments reported in Table 2 show that the
trade-off between the number of iterations and the time per iteration is in favor of
RTR-SR1 for N sufficiently large. Note also that, even though it is slower than the
two other methods in the experiments presented in Table 2, LRTR-SR1 may be the
method of choice in certain circumstances as it does not require the Hessian of f
(unlike RTR-Newton) and it has a reduced memory usage in comparison with RTR-
SRI.
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comparison of algorithms, n:12, p:4, N:256
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Fig. 2 Comparison of RTR-Newton and the new methods RTR-SR1 and LRTR-SR1 for the joint diago-

nalization problem (48) withn = 12, p =4, N = 1024

6 Conclusion

We have introduced a Riemannian SR1 trust-region method, where the second-order
term of the model is generated using a Riemannian generalization of the classical SR1
update. Global convergence to stationary points and d+ 1-step superlinear convergence
are guaranteed, and the experiments reported here show promise. A limited-memory
version of the algorithm has also been presented. The new algorithms will be made

available in the Manopt toolbox [9].
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