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Abstract The derivation of multiplier-based optimality conditions for elliptic mathe-
matical programs with equilibrium constraints (MPEC) is essential for the characteri-
zation of solutions and development of numerical methods. Though much can be said
for broad classes of elliptic MPECs in both polyhedric and non-polyhedric settings,
the calculation becomes significantly more complicated when additional constraints
are imposed on the control. In this paper we develop three derivation methods for
constrained MPEC problems: via concepts from variational analysis, via penalization
of the control constraints, and via penalization of the lower-level problem with the
subsequent regularization of the resulting nonsmoothness. The developed methods
and obtained results are then compared and contrasted.
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1 Introduction

In a previous work [10], the first and third authors applied and further developed
certain techniques from convex and nonsmooth analysis to derive first-order optimal-
ity conditions for a class of bilevel optimization problems known as mathematical
programs with equilibrium constraints, or simply MPECs, in function spaces. Such
models are known to arise in many application areas such as mathematical elasticity,
finance, economics, etc. Nevertheless, the techniques were only applicable to a certain
class of MPECs in which the so-called upper-level variables or controls are not subject
to any constraints. In fact, the literature on the derivation of explicit (i.e., multiplier-
based) necessary optimality conditions for MPECs in function spaces with upper-level
constraints is rather scarce; though there are some results available in [9,16,17]. We
thus aim to present several techniques for the derivation of multiplier-based first-order
optimality conditions.

In the literature on optimization problems governed by partial differential equations,
regularization/penalization techniques employed for the derivation of necessary opti-
mality conditions are relatively widespread. Conversely, techniques from set-valued
and variational analysis provide powerful tools for the direct derivation of multiplier-
based optimality conditions. Currently it is unclear as to how these techniques compare
from both the analytical perspective, e.g., the selectivity of the derived conditions and
the generality of their applicability, as well as in terms of numerics, e.g., the develop-
ment of mesh-independent solvers.

In this paper we are mainly concerned with the following class of MPECs:

. 1 a
min J (u, y) := 3 |ly = yall 2, + S 11#l172 g, over (,y) € L2(R2) x Hy(£2)
(1

st. u € Uuq:={weL*()|a <w < b, almosteverywhere (a.c.)in 2},
Ay + Nu(y) > Bu+ f.

Here « > 0, 2 C R” with 1 < n < 3 is open and bounded, f € Lz(.Q), and
there exists B € Rsuchthat b —a > B > 0 a.e. 2, where a,b € L*°(£2). For
1 < p < o0, LP(£2) represents the standard Lebesgue space. Letting C(C)>O (£2) be the
space of all infinitely differentiable functions with compact support contained in £2
and C™(£2) the space of all m-times continuously differentiable functions, we define
the Sobolev spaces H(} (£2) and H™(£2), 1 <m < o0, as the completion of C§°(£2)
and C™(£2) under the norm || - ||gm defined by

1/2

lullgm = D IDullz] . ueH™(),

0<lyl=m
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Stationarity for elliptic MPECs 557

where y represents the standard multi-index, and D := D{"--- D;" with D' the
yith-weak (distributional) partial derivative with respect to the jth component. Due to
the Poincaré inequality, we can endow HO1 (£2) with the equivalent norm ||u|| 4 L) =
[IVullp2 (o), where Vu is the weak gradient of u. We use the symbol H™'(£2) to
represent the dual of HO1 (£2). See [1] for more on these and related spaces.

The bounded linear operator A € E(HO1 (£2), H1(£2)) is assumed to be coercive,
i.e., we assume that there exists a constant & > 0 such that

(Ay, V) -1,y Z €IVl forall y € Hy($2)

whereas, unless otherwise stated, B € L£(L%*(2), H1(£2)). Finally, we define the
closed and convex subset M C HO1 (£2) by

M= {yeHol(.Q)|yan.e..Q}. )

The operator Ny (y) for y € M signifies the classical normal cone of convex analysis
defined by

Nur() = {v* € H-H@) [, = ) yor gy <0, Wy € M.

Accordingly, we could rewrite the generalized equation in (1) as the variational
inequality

/ !/
(Ay —Bu— f,y _y)H—l’H(} >0, Vy eM.

In addition, we note that this variational inequality/lower-level problem is directly
related to the classical obstacle problem as can be found in [11, 18]. For example, if A is
a second-order differential operator and f = Ay withy € H>(2), ¥|32 < 0, where
Y represents the obstacle, then the variational inequality is the first-order necessary
and sufficient conditions for the obstacle problem:

1
min [E(Ay, Yyt — (Bu,y)p2 overy € HY(2):y >, a.e..Q]

The remaining notational assumptions are fairly standard, however, for complete-
ness we provide them here for quick reference. We use (-, -) x+, x torepresent the duality
pairing between a topological vector space X and its dual X* and (-, -) x for the inner

product on X when X is a Hilbert space. The arrows X and X are used to represent,
respectively, strong and weak convergence of sequences in X. All the subscripts are
omitted when it is clear in context. Furthermore, we recall that the contingent cone to
aclosed set C C X of a Banach space X at a point x € C is defined by

Te(x) := {heX‘EItk—>O+,Elhki(>h:x—i—tkhkeC, Vk}

@ Springer



558 M. Hintermiiller et al.

and that in the event C is convex and the space X is reflexive, the aforementioned
normal cone of convex analysis can be defined as the polar (negative dual) cone to
Tc(x),ie.,

Ne(x) :=[Te()]y = {x* € X*| (x*, h)x»x <0, Vh € Tc(x) }.

Throughout the paper we denote by S : H~!'(£2) — H, (£2) the mapping defined
by

S(w) := {yeH(}(.Q)|Ay+NM(y)9w+f}. 3)

S is referred to as the solution mapping associated with the variational inequal-
ity/generalized equation in our original MPEC (1). This mapping can be easily shown
to be single-valued and Lipschitz continuous by utilizing the coercivity of A and the
variational form of the generalized equation in (3); see, e.g., [11] or [4] as well as [10].
Moreover, it is well-known that S is in fact (Hadamard) directionally differentiable at
every w € H~'(£2), i.e., the limits

S'w:h) = lim S ) = S@w)
’ ’ t—0t t

et
[

exist forall h € H~1(£2).
By definition, if y = S(w), then there existsav € Ny (y) suchthatv = w4 f —Ay.
Then by defining the classical critical cone from optimization theory:

K(y,v) == Tu(y) N {v}*, )

where
= {v € B |(w.r) o1 gy =0},
we can directly characterize the graph of S
gph 8 (w; -) = {(h, d) € H™'(2) x HL(2) |Ad + Nic(y)(d) 3 h} (5)

This differentiability result is essentially due to Mignot [12], but it was rederived for
a broader class of problems in [10]. Furthermore, since the operator B is linear and
bounded from L2(£2) into H 1 (£2), we know that

d = (S o B) (u; h) = S'(Bu; Bh) <=5 Ad + Nx(y.)(d) > Bh.

The reader is referred to [5, Chapter 2.2] for more details on these concepts.
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Stationarity for elliptic MPECs 559

Given the properties of the solution mapping S to the variational inequality
described above, we can reformulate the MPEC (1) as the following nonsmooth opti-
mization problem:

: ._l _ 2 @ 2 2
min V(i) := 2||S(Bu) vallj2 + 2||u||L2 overu € L°(£2)
st u € Uy. (©)

Following, e.g. [13] or [4], it can be shown that (6) has a solution. Since S is merely
directionally differentiable, (6) cannot be directly analyzed and solved with the same
techniques used for the optimal control of partial differential equations (PDE). In
particular, the usual method of deriving optimality conditions for PDE-constrained
problems are not available (cf. [20] for some standard techniques).

We now define in what follows various stationarity concepts for MPECs in the
current context that are studied in the subsequent sections.

In contrast to the dual stationarity concepts, the following primal stationarity con-
dition is easily adapted to function spaces provided S is regular enough. Moreover, it
provides good candidates for locally optimal solutions, but, it is not always convertible
into a multiplier based system.

Definition 1 (B-stationarity) A feasible point u for the reduced MPEC (6) is referred
to as B- STATIONARY provided

V'(i; h) >0, Vh e Ty,, (i)

As we do not necessarily restrict ourselves to the more regular settings in which
S(Bu) € H>(£2) N H(} (£2), we cannot directly use the form of C- and S-stationarity
as defined in [8,9]. We will see in Sect. 4 that in such situations more information is
available and therefore, a more refined stationarity system.

Definition 2 (C- and S-stationarity) A point (i, y) € L?(£2) x Hj (£2) feasible to the
MPEC (1) is called a C- STATIONARY POINT of the MPEC if there exist multipliers
5el*(R),ve H'(R), p e Hi(2),and 7 € H~'(£) for which

0 = aii + B*p +3, (7
0=y—ys—A"p+r, (8)
0=Ay— Bi— f +1, ©)

where the multipliers satisfy the following conditions:

0<3, ae. Agt) 5=0, a.e. T@), 5=>0a.e. Ap(it), (10)
0><a O p-1 Vo € Hi (2): ¢ > 0 a.e. £, (11)
= (0, ) 1 (12)
0= (v, p)y- LHD (13)
0= (%5 1 pi- (14)
> (P g1,y (15)
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560 M. Hintermiiller et al.

Here, we use the notation
A@Y) ={x € 2| y(x) =0} and Z(y) := 2\ A())
to represent the active and inactive sets for the lower-level problem, respectively, and

Ag(@) == {x € 2u(x) =alx)},
Ap(t) :={x € 2 |u(x) =b(x)},
J (@) 1= 2\ (Aq () U Ap(ir))

for the lower active, upper active, and inactive sets for the control constraints, respec-
tively.
If in addition to the above conditions we have § € L2(£2) and

0<pae. B, (16)
0 < (7. @)yt py1s Vo € Hi(2):9 >0, ae.Band g =0, a.e. AG)\B, (17)

then (u, y) is said to be a S(TRONG)- STATIONARY POINT, where the notation
={x e A | v(x) =0},

is used to denote the so-called bi-active set.

We note that (17) could also be defined when v € H~!(£2). In this case, one has
0 < (7, ¢), Yo € Hy(2) : (B, 9) =0and ¢ > 0, ge. A(),

where “q.e.” stands for quasi-almost-everywhere, see e.g. [13].

The terms C-stationarity and S-stationarity are originally attributed to Scheel and
Scholtes [19], where the “C” reflects the fact that the notions from Clarke’s nonsmooth
calculus were used in the derivation process. In the sense that only the product of the
multipliers 7 and p has a sign, C-stationarity conditions are not KKT conditions in the
classical sense. In infinite dimensions, S-stationarity conditions were first derived for
the class of problems with U,; = L2(.Q) by [13]. Since then, no one has been able to
extend their results to the case when U, is a proper convex subset.

In a function space context, Outrata, JaruSek and Stara in [16] and [17] successfully
applied elements of the limiting variational calculus, see Sect. 3, to problems similar to
ours. Unfortunately, these results are only applicable in the case of control constraints
when £2 C R and the controls u belong to H —1(£2). These conditions are similar
to a finite-dimensional concept known as M-stationarity, where the “M” is used in
reference to the limiting variational calculus largely developed by the second author.

The rest of the paper is structured as follows. In Sect. 2 we derive primal first-
order optimality conditions similar to the B-stationarity conditions mentioned above.
In Sect. 3 we define certain notions from the limiting variational calculus and then
apply these concepts to our class of MPECs. We then verify the necessary qualification
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Stationarity for elliptic MPECs 561

conditions and derive new limiting stationarity conditions. Section 4 is devoted to a
hybrid derivation method utilizing the results from [10] for MPECs without upper-
level constraints by penalizing the control constraints with a smooth penalty function.
In Sect. 5 we recall a penalization-regularization method extended to elliptic MPECs
by the first author and I. Kopacka in [9] and establish its important consequences.

2 B-Stationarity

In this brief section, we establish B-stationarity for a locally optimal solution of the
MPEC (1). It can be observed from the proof that it is certainly possible to work with
more general objective functionals J than the tracking-type functional.

Theorem 1 (B-stationarity of an optimal solution) Let (i, y) be a locally optimal
solution to the original MPEC (1). Then the following optimality condition holds

(i, )2 + (G — ya. d) 2 > 0,¥(h, d) € [TUad(ﬁ) x H] (9)] N gph §'(Bii; B-).
(13)

Equivalently, if (i, y) is a locally optimal solution to the MPEC (1), then the origin
in L2(.Q) X HO1 (£2) is a solution to the following MPEC

min (i, h);2 + (5 — ya.d)2 over (h,d) € L*(2) x H}(£2) (19)
s.t. hely, ), Ad + N}C@j)(d) > Bh.
Proof Throughout the proof, we refer to the reduced MPEC (6), from which we
recall that the mapping V : L2(£2) — R is directionally differentiable and Lipschitz
continuous. Next we modify the nonsmooth problem (6) one step further to

min V() 4 Iy, (u) over u € L*(£2), (20)
where Iy, is the indicator function of U,4. Given an arbitrary locally optimal solution
u to problem (20), observe that the corresponding pair (i, y) is a locally optimal

solution to the original MPEC (1), and vice versa. Moreover, it can be argued (see e.g.
[3] Chapter 6.1.3) that the following condition must hold

. Va4 thy = V@) + Iy, (4 +th') — Iy, (1)
lim inf

t—07" t
h’—)Lzh

>0, Vhel*2). 21

Continuing, we first note thatif 7 € L*(2)buth ¢ Ty, (u), then there either exist
no sequences #; — 07 or hy — 2 h such that u + thy € Uyy. Thus, for such h
the limit inferior in (21) is equal to +o00. Suppose now that & € Ty, (). Then by
definition there exist sequences # — 07 and hy — ;2 h such that i + tyhy € Uygg.
For such sequences, the difference quotients in (21) reduce to
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562 M. Hintermiiller et al.

V(u+ tphy) — V()
17 ’

Then by using the directional differentiability and the fact that V is Lipschitz con-
tinuous (and therefore V'(it; -) as well), we further reduce the difference quotients
to

V@t ghi) = V@) V@) + 5V b +ol) = V) V(i he) + o(t)
b t 9

173 173 k

which implies in turn that
V'(a; h) >0, Vhe Ty, ().

The final step of the proof requires us to compute the derivative V' (iz, h). By definition,
we need to calculate the following limit:

 SIISBG -+ 1) — vall}a + §11a + kIl = HIIS(BE) — yal 2 — $11all}s

t—0t t

We observe first that

- 2 =112
21| + th]|2, — £1al12
t

_ ot 2
=a(u, h)p2+ jllhlle-

Similarly, we reduce the remaining terms (using the directional differentiability of .S)
to

51IS(Bit + th) — yall3, — 311S(Bit) — yall3,
t

= (S(Bu) — yq, S'(Bu; Bh) +

o(t)

t

o(t)

)2 +1||S'(Bii; Bh) + T||§2.

Then by adding the reduced terms and passing to the limit, we obtain the equality
1 P 2 a- 2 1 - 2 aq17112
lim FIIS(B +th)) — yall;, + 5llu +thll7, — 51S(Bit) — yall;, — 5lull;,

t—0F t

= a(it, h) 2 + (S(Bit) — ya, S'(Bit; Bh)) 2,

which completes the proof of the theorem via substitution. O
Theorem 1 shows that if # € U,y such that Ty, (u) = L2(£2), then S-stationarity

conditions can be rederived without major difficulties provided the operator B is
surjective or the identity on L2(£2).
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Stationarity for elliptic MPECs 563

By directly adapting the proof of [5, Lemma 6.34], we obtain the following descrip-
tion:

- h >0, ae.on A,(ir)

— 2 -_ ’ a

Ty (1) = [h € L) ’h <0, ae.on Ay(u) |~

Therefore, it can be argued that if the Lebesgue measure of the active set A, (i) UAp (i)
equals zero, then Ty, (1) = L?(£2). Thus, even though U,y has an empty interior in
L%(£2), there exist admissible points such that the tangent cone is equal to the entire
space.

Under a fairly restrictive assumption, it is easy to derive the following corollary
from Theorem 1, which yields a dual form of B-stationarity.

Corollary 1 (Dual form of B-stationarity) Let (i, y) be a locally optimal solution
to the MPEC (1), where u € U,yq such that S'(Bu; -) =: 2;(-) is a bounded linear
operator from L*(82) into HOl (£2). Then the following optimality condition holds

a(i, )2 + (B*E5(V — ya), h)2 = 0,Yh € Ty,, (@),
which in dual form is equivalent to the inclusion
0 € i+ B*2;(y — ya) + Nu,, ()
or equivalently the variational inequality
(it + B*E5(y — ya), u' — )2 >0, Vu' € Ugg.
In order to obtain workable KKT-type optimality conditions in the case where

S'(Bit; B-) is not a bounded linear operator, we would need to calculate the following
polar cone:

[(TUud(l/_t) X H(} (Q)) N gph S'(Bii; B~)]

L2xH}

Unfortunately, it appears to be a difficult, if not impossible, task. Thus the need for a
different set of more constructive tools for the derivation of dual conditions (in both
finite and infinite dimensions) is evident.

3 Dual optimality conditions via limiting variational calculus

We first recall several definitions and concepts from variational analysis and general-
ized differentiation. Our main source is the two-volume monograph [ 14, 15]. Through-
out the following section, unless otherwise noted, all spaces will be assumed to be
Hilbert spaces. Nevertheless, we stress that these objects along with the accompanying
results can be defined/proved in much more general settings.
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564 M. Hintermiiller et al.

Definition 3 (The Regular/Fréchet Normal Cone) Let C C X. Then the multifunction
(set-valued mapping) N¢ : X = X* defined by

(-X*a .X/ - -x)X

Ne(x) := §x* e X* lim sup -
[lx" — x|[x

, xeC, (22)

;X
X' Sx
x'eC

and ﬁc (x) := @ for x ¢ C is called the REGULAR/FRECHET NORMAL CONE to C.

Unfortunately, the convex cone Ne¢ does not admit a satisfactory calculus. This
restricts the scope of applications of (22), in particular, for deriving multiplier-based
optimality conditions. The situation changes significantly when we apply an appro-
priate limiting procedure to the mapping Ne(o).

Definition 4 (The Limiting/Mordukhovich Normal Cone) Let C C X. The multifunc-
tion N¢ : X =% X* defined by

*

Nc(x) = [x* e X* | dxg X x, 3x; X x*xf € Ne(x), Vk € N] (23)

is called the LIMITING/MORDUKHOVICH NORMAL CONE to C.

If the set C is convex, both cones (22) and (23) agree with the normal cone of
convex analysis, otherwise ﬁc (x) ; Nc(x) in general.

Next we define the notions of coderivatives for set-valued (in particular, single-
valued) mappings generated by the corresponding normal cones (22) and (23).

Definition 5 (Coderivatives) Let @ : X =2 Y be a set-valued mapping between
(paired) reflexive Banach spaces X and Y, and let (x,y) € gph®. The REGU-
LAR/FRECHET CODERIVATIVE of @ at (x, y) is the multifunction D*®(x, y: Y =
X* defined by

h* € D*®(x, y)(d*) < (h*, —d*) € Ngph o (x, ). (24)

The LIMITING/MORDUKHOVICH CODERIVATIVE D*® (x, y) of @ at (x, y) € gph @ is
similarly defined by

h* € D*®(x, y)(d*) < (h*, —d*) € Ngph o (x, ). 25)

We observe from (22) to (25) that the limiting coderivative (25) admits the following
representation, cf. [14, Corollary 2.36]:

h* € D*®(x, y)(d¥)

Y* X* ~
e Iy S x, Jy Sy, 3 dr Ik SRtk e DO (. v (dD).
(26)
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If in (26) we replace “d; x d*” by the condition “d} r d*”, then the cor-
responding construction D}, @ (x, y) is known as the mixed coderivative of & at
(x,y) € gph &.

If®: X — Y isstrictly differentiable at x, e.g. C! around this point, with derivative
@' (x), then all three coderivatives reduce to the adjoint derivative operator

D*®(x)(y*) = D*®(x)(y*) = D@ (x)(y") = {®'(0)*y*}, »y* e Y™,

where y = @ (x) is omitted due to single valuedness. In general these coderivative
mappings are positively homogeneous in y* with full calculi for D*® and D}, & and a
rather restrictive one for D*@. For mappings between infinite-dimensional spaces the
aforementioned calculus rules require appropriate ‘“normal compactness” conditions.
The weakest ones among such conditions are given in the next definition.

Definition 6 (Sequential normal compactness) Let @ : X = Y be a set-valued
mapping between (paired) spaces X and Y, and let (x,y) € gph®. We say that
@ : X == Y is SEQUENTIALLY NORMALLY COMPACT (SNC) at (x, y) € gph @ if
for any collection of sequences {x;} C X, {w} C Y, {x;} C X*, and {y[} C Y*
satisfying

X Y X* y* ) _
Xk > X, oy =y, xp—0, yi—0, with y{ € D*®(xx, yi)(x}),

Y*
it follows that ||x;||x+ — Oand ||y||y+ — 0.If the requirement that y;; — 0 above is
replaced by ||y; ||y« — 0, then @ is said to be PARTIALLY SEQUENTIALLY NORMALLY
COMPACT (PSNC) at (x, y).

Besides finite-dimensional settings, the SNC and PSNC properties automatically
hold when the involved mappings satisfy certain Lipschitz-like properties. Moreover,
they are preserved under various compositions, see [14].

Definition 7 (The Aubin property) Let @ : X =2 Y be a set-valued mapping between
(paired) spaces X and Y, and let (x, y) € gph @. We say that @ has the AUBIN PROP-
ERTY or is LIPSCHITZ- LIKE/PSEUDO- LIPSCHITZ at (x, y) if there are neighborhoods
U of x and V of y together with a constant L > 0 such that

ly = Y'lly < Lllx = xllx, Y(x, ), (&', y") € [U x V] N gph @. 27)

It immediately follows from (27) that for single-valued mappings @: X — Y, the
Aubin property reduces to the classical local Lipschitz continuity. Moreover, the
coderivative criterion from [14, Theorem 4.0] asserts that a closed-graph mapping
@ : X =2 Y has the Aubin property around (x, y) € gph @ if and only if it is PSNC
at this point and the injectivity condition “D}, & (x, y)(0) = {0}” holds.

For convenience, we restate the MPEC (1) in compact form:

1 2 o 2 2 1
mlnz”)’ - )’d||L2(_Q) + EH““LZ(Q) over (M’ )’) €L (Q) X H() (Q)
s.t. u €Uy, y= S(Bu). (28)
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566 M. Hintermiiller et al.

Our first result provides a necessary optimality condition for the MPEC (1) in terms
of the limiting coderivative of S and the convex normal cone to the control set Ug.

Proposition 1 (Limiting optimality conditions for the MPEC) Let (it, y) be a locally
optimal solution to the MPEC (1). Then we have

0 € wii + B*D*S(Bii, y)(5 — ya) + Nu,, (ii). 29)

Proof As argued in the introduction, S o B is Lipschitz continuous from L*(£2) —
Hg (£2). Thus, it follows from [14, Theorem 4.10] that

1. S o B is partially sequentially normally compact (PSNC) at (u, y),
2. Dj,(S o B)(u, y)(0) = {0}

Applying now the necessary optimality conditions for abstract MPECs established in
[15, Theorems 5.33 and 5.34] to (28), and taking into account that the cost functional
therein is smooth, we conclude that the PSNC and qualification assumptions required
by [15, Theorems 5.33 and 5.34] are satisfied. It follows that

0 € ait + D*(S o B)(@, 3)(§ — ya) + Nu,, (@)
Finally, it follows from the calculus result of [14, Corollary 3.16] that
D*(S o B)(it, y)(§ — ya) C B*D*S(Bit, y)(§ — ya),

and therefore, the asserted optimality condition (29) holds. O
Remark 1 (Regularity of the optimal control) We mention that if U,y = L?(£2), then
Ny,, (it) = {0}. Moreover, if B acts as the identity on L?(£2), then B*y* € H_ (£2)
for all y* € D*S(Bu, ¥)(y — y4). Thus it follows from Proposition 1 that the optimal
solution u enjoys an increased regularity in this case. Observe that the above arguments
can be easily extended to more general situations.

The remaining part of this section is dedicated to the explicit characterization of
the coderivative in the necessary optimality condition of Proposition 1. Developing
this derivation technique, we arrive at multiplier-based optimality conditions for the
original MPEC.

We start by first observing the following description of the coderivative in (29) in
light of (26):

—1 Hl
D*S(Bit, )(§ — ya) = [ﬁ* € Hy(£2) ‘ay;: L, Bii, 3y =3 3,
* H! - * HO] — s * N * *
g — Yy —ya,3p; — P pi € DTS yi) (), Yk ¢
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Stationarity for elliptic MPECs 567

By simply referring to the definition of the regular coderivative (24), we know that
the previous equation can be understood as

—1 Hl
D*S(Bii, y)(§ — ya) = [ﬁ* € Hy () ‘ay,z‘ T, B, Ay = 3,

-1 gl

H _ O _ e
g8 — Y —va.3Ipi — P* 1 (PF —a) € Ngphs (g, yi), Vk .

Using [14, Theorem 1.10], we approximate the limiting coderivative of S by replac-
ing ﬁgphs(y,’;, yix) with the larger polar contingent cone [Tgphs(y;: , )’k)]_. Note that
the contingent cone to the graph of S coincides with the graph of the so-called con-
tingent derivative of S; see [3]. In the current setting with S being single-valued,
Lipschitz continuous and Hadamard directionally differentiable, the contingent deriv-
ative coincides with the Hadamard directional derivative. It was shown in the proof of
[10, Theorem 4.6] that

(Pi-—ap) € [TepnsOF )|~ <= pf € KOy, vi). A*pf — qif € [KGi, vl ™,

where vi € Ny () such that vy = y; + f — Ayx, and where K(yx, vi) is the critical
cone (4). This leads to the following characterization of the coderivative.

Proposition 2 (A characterization via the critical cone) Let vy := y; + f — Ay €

Ny (Vr). Then elements of the limiting coderivative of the solution map (3) are
described by

p € D*S(Bit, y)(y — ya)
« HT Hy _ H™' Hy _
=3y — Bu, Iy —y, Igx — Yy —ya. Ipx — p:

Pk € K(yk, vi) and A* pr — g € [K(y, v~ .

Before establishing our next result, we point out a simple fact concerning the con-
vergence of normal cone mappings to closed convex sets. Suppose that X is a Banach

. X
space and C C X is a closed convex subset. Let x; € C be such that x; — x and

let zx € N¢(xi) be such that z; X z. Then by the definition of the normal cone we
have (zx, x’ — x¢) < 0 for all x’ € C. For an arbitrary element x" € C, it follows that
(zk, X — x) — (z,x’ — x) and thus z € N¢(x). We make use of this property in the
proof of the following proposition.

Proposition 3 (Limits of the polar critical cones) Let ry € [K(yx, vk)]~ with
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and vi € Ny (yr). Then one of the following alternatives holds

Fe Ny@y), (30)
Fe Ny —&b, >0, 31)
0= (F, 9) 1 py- (32)

Proof Given that the polar (negative dual) cone of an intersection of closed convex
sets C, D is equal to the closure of the sum [C]™ 4 [D]~, we have

[TM(yk) N {Uk}l]_ =cl {Ny(yr) + Rugl g1 =cl {Nyy () — Ryvgy-1 .

It follows then that for each k € N there exists a sequence rlk € Ny(yr) — Rywg

—1
such that rlk H—> ry as I — 4o00. Then for each k we can find an L; € N such that
llrf — rillg-1 < 1/2% forall I > Ly. Now let ¢ € H}(£2) with llglly = 1. From
the previous argument, we deduce the following:

k _ k = =
Z_k = |(rLk — Fk, (p)H*I,H(“ = |<rLk -r, 90)H—17H01 +(r —ry, (P)Hfl’H()l|-

-1
Passing to the limit as k — 400, it follows that 7y := rf N r. Consider now that
for all k, there exists wy € Ny (yx) and &¢ € Ry such that 7y = wy — &g vy.

If there exists a subsequence gy, such that g, = O for all sufficiently large /, then
7 € Ny (). Suppose instead that ;. > 0 for all k large enough and that &4 is bounded.
Without loss of generality, we can assume that ¢ — £ > 0. Otherwise we can take a
subsequence and obtain the same result. Then wy = 7 + & v is bounded in H~1(£2),

a reflexive Banach space. Hence, there exists a subsequence wy, and w € H “1(2)
H—l

such that wy, — w. It follows from wy, € Ny (y,) that w € Ny (y). Therefore,
reNy(y) —eév.

Finally, assume that ¢ is unbounded. Since M is a cone, (wy, yk)H*I,H(} = Oforall

wi € Ny (i), from which we can deduce that (7, yk)H_l’Hol = 0 for all k. Passing
to the limit yields: (r, 3_’)H*1,H01 = 0; as was to be shown. O

Remark 2 Note that in (30) and (31), (r, ﬁ)H,l,HOl = 0 also holds.

Remark 3 Tt follows from [5, Theorem 6.57], that if . € Ny;(y), then
(A, y>H71’H01 =0, and 0 > (A,go)H,],Hol, Yo € Hol(.Q) @ >0ae. 2, (33)

Thus, (32) is always implied by (30) and (31).

We are now ready to establish the main result of this section.
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Theorem 2 (Limiting stationarity conditions) Let (i, y) be a locally optimal solution
to MPEC (1). Then there exist p € Hy(2), 7 € H™'(2), v € H™'(2), and 5 €

L%(2) along with sequences {p;} C HO1 (2) and {ry} € H~Y(2) such that py Lm p

and ry Ll 7, for which it holds that
0=au+ B*p+3, 34)
0=y—ya—A"p+r, (35)
0=Ay—Bu— f+v, (36)
0<s, ae. Ay(t) §5=0, ae.JW@), 5>0a.e Ap(), (37
0> <57¢>H—1,H0', V(peHol(.Q):(pEOa.e..Q, (38)
0=,y g1 nl (39)
0= (3. )yt . (40)
0 > lim sup(r, pk)H—I’HOl. 41

k—o00

In addition, one of the following alternatives holds

(F W) g1 gy =0, and 0= (7 @) o1 1, Vo € HY(2) 192 0ae. 2, (42)
(r, _>H*1,H(} =0, and 7 € Ny(y) —¢ev, € >0, 43)
(F.9) g1,y = 0. (44)

Proof Equation (34) follows directly from Proposition 1, whereas Eq. (36) is due to
the feasibility of an optimal solution. Equations (37), (38) and (39) also follow from
the characterization of the normal cones Ny, (u) and Ny (y), cf. [5, Lemma 6.34,
Lemma 6.57]. According to Proposition 2, p is the weak limit in HO1 (£2) of some
sequence py with pg € K(yk, vr), whereas ry is given by

rii= A%pr — qr € [K(k, vl ™,

H—l
with g — y — y4. Whence, we have and (35). By definition of the critical cone,
-1
(Ve prd g1, Hl = 0 for all k. Hence, (40) holds, since vy LN v. Moreover, we have
by polarity (r¢, pk) H-1 H] < 0, from which (41) follows. The alternatives (42)—(44)

arise as a consequence of Proposition 3 in light of (33). O
Remark 4 (Discussions on the limiting stationarity conditions)

(i) The reader has most likely noted that we did not use the inclusion p; € Ty (yx)
in the proof of Theorem 2 to further characterize p. Using a diagonalization
argument, it can be shown that p is an element of the weak Painlevé—Kuratowski
outer limit of the sequence of sets {z, ! (M — yi)}, which amounts to the so-called
(weak) paratingent cone; see, e.g., [3].
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The paratingent cone is often too large to provide any meaningful local lin-
earization of the set M. For example, let M := [0, 1] C R. Here, Ty (0) = Ry,
which is locally a reasonable approximation of the set. Conversely, for a sequence
ex — 0T, Ty(er) = R for all k. Therefore, the paratingent cone at 0 becomes
the entire space. Due to such a property even for the simplest of convex sets in
finite dimensions, we do not attempt to characterize this cone in HO1 (£2) without
more knowledge of the involved structures.

(ii) Since the sequences py and ry in Theorem 2 need only converge weakly in
their respective spaces, nothing more can be said about the sign of the prod-
uct (r, p)y-1 g i The very existence of these sequences was provided by the
coderivative, so it appears that no extra information can be obtained. In the next
two sections we are not provided with the existence of these sequences, rather,
we must derive them. The advantage then becomes evident as we can show that

LZ
gk — ¥ — yq, not merely weakly in H~'(£2). However, there we must make

additional data assumptions, so that the technique used here remains more widely
applicable.

4 Stationarity conditions via penalization of the control constraints

We begin this section by simplifying the model class through the removal of the
constraint u > a a.e. §2. It should be clear that the same arguments remain valid so
that their application to bilateral control constraints can also be considered. Our new
model problem becomes

min 311y = yall7 g, + §llull72 g, over (u.y) € L3(R2) x Hy (),
sit. u<ba.e.S2, (45)
Ay + Ny (y) > Bu + f.

Thus from now on we denote by U,y the set
Upa = {u e LX) |u<b a.e..Q}.

Moreover, we assume further that the linear operator B is the identity on L?(£2) and
henceforth cease to explicitly use it in the results below. The results can be extended
for more general B, provided B is surjective. All the other data assumptions for (1)
remain the same, unless otherwise stated.

Continuing with the reduced model class (45), we now penalize the constraint on
u with an L?-penalty function derived from the Moreau—Yosida regularization of the
indicator function of U,,. By defining

J 1 2 o 2 4 2
V(l/l, }’) = §||y - }’d||L2(Q) + EHMHLZ(Q) + 5“(” _b)+||L2’
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this gives rise to the following class of MPECs:

min J,, (u, y) over (u, y) € L*(22) x HJ(£2),
s.t. y=Su) (46)

with y > 0, where (-)4 := max(0, -) pointwise almost everywhere.

First we justify the required well-posedness of the penalization procedure.

Proposition 4 (Well-posedness of the penalization) Let y,, — 00 as n — 00. Then
for each n € N the MPEC problem (46) with y := 1y, has an optimal solution
(ily,, ¥y,) := (iln, Yn). Moreover; if (ii, ) € L*(22) x Hy(R2) is optimal to (45), then
there exists a subsequence of { (i, yn)}, indexed still by n, such that (i, y,) — (i, y)
in the strong—strong topology on L*(£2) x H& (£2).

Proof The following arguments are standard, we present them merely for complete-
ness. Since the penalty functional ||(- — b)+||i2 . L2(£2) — R is weakly lower
semicontinuous and bounded from below, we can apply a classical argument (see,
e.g., [13]) to show that MPEC (46) has an optimal solution (it,,, yy,) := (i, y,,) for
each y, > 0. It follows from the definition that

1 o Y _
§||yn—yd||iz+5||un||iz+3"||(un—b>+||iz

1 o Y,
< Sy = yallze + Sl + @ = b)4l17,,
V(u,y) € L*(2) x Hy(£2) : Ay + Ny (y) > u + f.

Then letting (i, y) be a globally optimal solution to (45), we obtain the inequality

1 _ o Vo 1 _ o
SFn=yallga+ il 72+ 1 = D)+ 112 < S5 =yallpa+ S llal72, @47)

from which the following conclusions are deduced:
(i) {it,} is bounded in L2(£2);
(i) 5|l(En —b) 1|13, — Oasn — oo.
L2
Hence there exists a control u™* € Lz(.Q) and a subsequence {it,, } such that i,,, — u™.
Using the Lipschitz continuity of y = S(u) as a function of u from H —1(£2) into
HO1 (£2), we have for some fixed C > 0

Fn = ¥l < Cllitn, — u*[| -1,
0

where y,,,, y* are solutions to the variational inequality associated with i,,, u* €

L? (£2), respectively. Since L? (2) > H-HR)is compact, there exists a subsequence
1

_ - H7! - H .
{tt; } with iy, —> u*. Thus, y,, — y*. Furthermore, since
(Aynlk —lf_ln[k - f’ y/_,)_’n[k>H—l’H(} > 0, Vy/ S M,
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passing to the limit as k — oo yields

(Ay* —u* = [,y =y g1y 20, VY €M,
and thus y* = S(u*). It is easy to check that (u*, y*) is in fact a feasible point of the
original MPEC (45). Indeed, since the functional F (-) := ||(~—b)+||i2 (L2(2) > R

is weakly lower semicontinuous, it follows that
0= lim F(iy, ) =liminf F(i,, ) > F(u") = ||(u* —b) %, =0,
k—o00 k k—o00 k L
and hence, u™ < b a.e. 2. Taking now the limit inferior in (47) ensures that (u*, y*) =

(u, y).
Finally, it follows from (47) that

(115, = all2> = 115 = vall22)-

QRI|m—

— 2 -2
i, 1122 — Il <

. - H' _ T .
Using then y, , —> yandthe weak lower-semicontinuity of the L?-norm yields

_ 2 _ 12 S e 2 12
0=||M||Lz—||u||Lz<11m£fllunlklle—||ulle

k—
< timinf ~ (115, — yallZs — 115 — yull) =0
T koo o i L L
as well as

1
- — _2 - 2 . 2
tim sup 1, 122 — 112113 < tim sup ~ (115, — val 3 — 115 — yall22) = 0.
k—o00 k—oo @

_ L2 _ . . .
Thus Upy — U and ||”"Ik [lz2 — |lul|z2. Since L?(£2) is a Hilbert space, the latter
T
implies iy, — u. O

By applying the same arguments as in the proof of Proposition 1, we check that
any locally optimal solution (i, y) to (46) satisfies the necessary optimality condition

0 € VyJy (i, y) + B*D*S(i1, y) (VyJ, (@, y)) . (48)
Since B = B*is the identity on L2(£2) and p € D*S(it, y) (VyJ, (i, y)) is an element
of HO1 (£2), we can argue that V, J,, (4, y) € HO1 (£2). This leads us to the following
proposition.

Proposition 5 (Increased regularity at a solution) If (ity,, y,) is a locally optimal
solution of (46), then

aity + y(ity —b)y € Hy(£2).
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Proof Since V, J,, (y,, y,,) = aity,+ y (), —b) 4, theresult follows from the argument
directly preceeding the statement of this proposition. O

Based on the results in [10], we now derive primal and dual optimality conditions
for MPEC:s of type (46).

Theorem 3 (S-stationarity for penalized MPECs) Let (i, y,) be a local optimal
solution to MPEC (46). Then we have

(aity + y(ity —b)1, h)2 + (Jy — ya, d)2 = 0,¥(h, d) € gph §'(ity, -). (49)

Moreover, there exist p, € H(} (£2), ry € H~Y($2), and vy, € H~Y(82) such that

0 = aity + y (i, — b+ + py, (50)
0=73, —ya— A*py + 7y, (51)
0=Ay, —ii, — f +, (52)

with the primal-dual triple (p, , 1, vy) satisfying the inclusions

Py €KGy. 0y), 7y €[KGy, )] . Uy € NuGy). (53)
Proof As the penalty functional is Fréchet differentiable from L?(£2) into R for each
y > 0, the primal optimality condition (49) can be derived by using the same argument
that was applied in order to prove Theorem 1.
By the data assumptions, h € L%(£2). Therefore, we can rewrite (49) as

(auy +y iy —b)y, W2+ (yy — ya,d)2 >0, V(h,d) € gph S/(ﬁy, -

Using the characterization (5) of gph S’ (i1, -) and the result from Proposition 5, we
may write

(auy +y(uy —b)y, Ad + w)yol,Hfl
+ Oy =va,d) g1y 20, V(d, w) € gph N, i)

This is equivalent to defining p, € H(} (£2) such that
(—A*Py + By = Yar ) 1 gy + By ) g 1 = 0, V(d, w) € gph Nks, 5,)-
where

0=au, +y@, —b)y + py.

Then since [gph Ni(5,.5,)1” = [K(Jy. 3,)]” x K(3, 0) in the H™(£2) x Hj (£2)-
topology (see, e.g., the proof of Theorem 4.6 in [10]), we obtain the relation

0=y, —ya—A%p, +17y
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where
Py € K(3y.0y) and 7y € [K(Fy, )] -

From which we obtain the assertion; (52) follows from feasibility. O

Given the well-known characterizations of the cones involved in the dual condi-
tions of Theorem 3, see e.g. Lemmas 6.57 and Section 6.4.4 in [5], one can derive
S-stationarity conditions as in [13] for the penalized MPEC (46). This result is not sur-
prising, as the results in [10] provide S-stationarity conditions for much more general
settings than considered here, provided the objective functional is Fréchet differen-
tiable and there are no upper-level constraints. We have nevertheless decided to provide
the derivation above in order to partially demonstrate the technique.

Next, we derive some auxiliary results needed for the main result of this section.
Recall the following two notions of variational convergence:

Definition 8 (Mosco epi-convergence and graph convergence) Forn > 1, let ¢, ¢ :
X — R be proper convex lower semicontinuous functions and X a reflexive Banach
space. One says that ¢, EPI- CONVERGES IN THE SENSE OF MOSCO to ¢, denoted

M—
by ¢, " ¢, provided the following two conditions hold for all x € X:

X

1. Vx, = x, ¢(x) < liminf,_ o ¢, (x,),

2. 3x, > x such that ¢ (x) = limsup,_, _ ¢ (xn).

Forn > 1,let A, and A be maximal monotone operators from X into X *. The sequence

A, is said to GRAPH CONVERGE to A, denoted by A, S A, if the following property
holds:

For every (x, y) € gph A, there exists a sequence (x,, y,) € gph A, such that

Xn E> x and y, i y.

We refer the reader to the monograph by Attouch [2] for more on these and related
topics. After defining graph convergence, Attouch points out in Proposition 3.59 in

[2] that for a sequence of maximal monotone operators A, E) A, the following holds:

*

X
For every sequence (x,, y,) € gph A, such that x, §> xand y, — vy, (x,y) €
gph A (and vice versa, by exchanging strong and weak).

This result shows that the convergence properties of sequences of normal cone map-
pings to convex sets discussed in Sect. 3 extends to the much broader class of maximal
monotone operators. We now apply these notions and results on variational conver-
gence to our problem.

Lemma 1 (Moreau—Yosida approximations of unilateral pointwise constraints) Let
Yn — 00, and let b € L%(82). Define the Moreau-Yosida regularization F, :
L%(22) — R by

Falwy = 2l = b4 1132, Yu € L2(@2).
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M-—epi
Then F, —=2> | Uqa» Where 1y, stands for the indicator function of the set Uqq given
by

Upa = {u c LX) u<b a.e.Q}.

Proof We begin by assuming that u ¢ U,g. For any u,, — u in L>(£2), we can use
the weak lower semicontinuity of ||(- — b)+||i2 in order to deduce the existence of
some ¢ > (0 such that

liminf [|(uy — b)4 17, > & > 0.
n—00

It follows that lim inf,_, o F;,(u,) = +o00o. Conversely, suppose that u € U4, then
since the trivial sequence u, = u converges weakly to u in L?(£2), we have found
a sequence such that lim inf,_, o F;(#,,) = 0. Therefore, it holds for all u € LZ(Q)
that

2

L
Yu, = u, Iy,,(u) <liminf F, (u,).
n—oo

The remaining argument requires us to demonstrate the existence of a strongly
convergent sequence such that the limit superior condition in Definition 8 holds for
all u € L%(£2). Of course, if u ¢ Uga, then Iy, (u) = +oo. Thus for any sequence
u,, strongly converging to u in L?(£2), it follows that

+o00 = Iy, (u) > limsup F, (u,).
n—oo

Finally, ifu € U,q4, then by taking the trivial sequence u,, = u, we see that F, (u,) =0
for all n. Hence,

0 = Iy, (u) = lim sup Fy ().

n—o00

as was to be shown. O
We now combine Lemma 1 with [2, Theorem 3.66] to obtain:

Proposition 6 (Convergence of approximations) Let y, — 00, b € L*(R2), and

Up i u. If w, ii w for wy, := Y, (uy — b)y, then we have w € Ny, (u).

Proof The aforementioned theorem by Attouch states that the Mosco epi-convergence
for a sequence of proper, convex, and lower semicontinuous functions is equivalent to
the graph convergence of their subdifferentials (plus a normalizing condition). Using
F,, and F from Lemma 1, we see that

0F,(uy,) = yu(uy, —b)y and 0F(u) =dly,, = Ny,,(u), ue L2(.Q).

Then by [2, Proposition 3.59] (see above), the assertion holds. O
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We are now ready to derive the main result of this section.

Theorem 4 (Improved limiting stationarity conditions for the constrained MPEC)
Let y, — oo, and let (i1, ) € L*(£2) x H& (82) be an optimal solution to (45). Then
there exist sequences

H] H™!

_ 12 _  _ Hf _ _ _
Up —> U, Yo —> Y, Dn— D, In—T, (54)

where (iin, yp) € L*(£2) x H(} (82) solves the penalized MPEC (46) for each n € N,
with y = yy, and, given v, = i, + f — Ay, € Ny (),

(s Yn» Uns PnrTn) € L2(£2) x Hy (2) x H7'(2) x H}(2) x HT'(2)

satisfies the strong stationarity system (50)—(53). Moreover, there exist v € H™'(£2)

(34)—(44) with (41) replaced by
0 Z <fﬂ ﬁ)H*l,H(;‘

Proof According to Proposition 4, there exists a sequence of optimal solutions (i, yy)
of (46) with y := y, such that along a subsequence, indexed still by n, i, and y,
converge as in (54) to a solution (i, y) of (45). Since each pair is an optimal solution,
we have from Theorem 3 the existence of (p,, 7, U,) such that the conditions (50)—
(53) hold for each tuple (i, Y, U, Pns Fn)-

Using now the properties of p,, and 7, we have from (51), after multiplying with
Pn, the following equation

<A*ﬁnv ﬁn)HfI,HOl = On — Yd> Pn) 2 + (In, Ian)Hfl,H(y

Using the coercivity of A and the fact that (7, ps) ;-1 H] < 0, we know there exists
a ¢ > 0 such that

Ellﬁnlli,ol < On = Ya> Pr)r2 = |1¥n = yall21Pall 2

Then by dividing through by ||p,|[;2> and using the fact that HO1 (2) — L2(2) is
continuous, we derive the existence of some « > 0 such that

1Pallg = &1y = yallp2-

It follows that {p,} is bounded in HO1 (82). Therefore, there exists p € H(} (£2) and a
1

H,
subsequence {py, } such that p,, =2 p. Moreover, we can use this sequence along with
(51) to conclude the existence of a sequence {ry, } in H —1(£2) which converges weakly
in H~1(£2) to some 7 € H~1(£2). Thus, the sequences (il , Yn;> Un;» Pny» T'ny) Satisty
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the same requirements as those arising from the definition of the limiting coderivative
in Proposition 2.
Next, since for all n;

_Ial’ll - O”Zn[ = Vn (ﬁnl - b)+’
H) 2

where p,, =2 p, therefore strongly in L>(£2), and Up, LN i, we can apply Proposition
6 in order to deduce the limiting condition

0 € p + aii + Ny, (i1).

used to prove Theorem 2.
Finally, since (7, ﬁn>H_]’H01 <Oforalln > 1, with 7, := A*p, + yq — ¥n, We
obtain

0> (A*];n + Yd = Yns ﬁn)Hfl’H(} = (A*Ian, ﬁn)Hfl,HO' + (Yd — Yn> Pn) 2
> linrgig(l)f(A*lan’ 13'1>H*1,H0' + (Ya — Yn> Pn) 2

= (A*ﬁs ﬁ)H—lyH(} + a =y, P2 = {r, 13>H—1,H01'
This completes the proof. O

In the context of Sect. 3, the previous inequality can also be written:
0> (A" pp — qn, ﬁn)Hfl,H& = (A" Pu, ﬁn)Hfl,HOl — (qn> Ian)Hfl,HOL

However, §, € H~'(£2) and only converges weakly in H~'(£2) to j — y4. Hence,
a similar argument is not possible. Weak convergence in L2(£2) of g, can only be
obtained in Sect. 3, by definition of D*S, if we assume that S : HY(2) > L2(2),
i.e. by enlarging the range space. How exactly this affects the results on the directional
differentiability and polarization of the contingent cone Tgph 5, which are essential for
the characterization of D*S, remains an open question.

5 Stationarity conditions for constrained MPECs
via regularization-penalization techniques

In this section we explore yet another approximation approach to study the class of our
constrained elliptic MPECs. Such a penalization-approximation technique has been
recently applied to MPECs by Hintermiiller and Kopacka in [9] although it has been
widely employed before in various frameworks of single-level optimal control and
related problems governed by partial differential equations; see, e.g., the books by
Barbu [4, Chapter 3.2] and Mordukhovich [15, Chapter 7.4] with the bibliographies
therein. Note also that the concept of penalizing the nonsmoothness/multivaluedness
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via a sequence of parameter-dependent differentiable functions goes back to earlier
developments presented in [11] and [7]. Our notation and terminology are based on
[9].

For simplicity we consider in this section the class of MPECs (45) described at
the beginning of Sect. 5 with imposing two additional assumptions. First, we assume
that A is the second-order differential operator associated with the bilinear form a :
HJ(2) x H}(£2) — R defined by

a(v,w) = Z /a,, 881) 8w Z/b —wdx

i,j=1g

+/cvwdx, Y, w € Hy(£2), (55)
2

where b;,c € L*(£2), a;; € co1 (£2), ie., Lipschitz continuous on the closure of
2, ¢ >0, and a(-, -) is both bounded and coercive. Second, we assume that either £2
is a convex polyhedron or 352 is a C!-!-boundary. This implies that every solution y
of the variational 1nequa11ty is an element of H 2(.Q) N H (£2).

Suppose now that & H (2) > H Y 2) is L1psch1tz continuous and monotone
with the condition ker(;r) = M. Then the variational inequality can be approximated
by a semi-linear second-order partial differential equation written here in the form

1
a(y. @)+ gm0 @)y = Q)12+ (0l Vo € Hy (L),

where B~! > 0 is a penalty parameter. The assumptions imposed on the penalty
operator 7 ensure that the above partial differential equation (PDE) has a unique
solution yg(u). Moreover, it can be shown that yg(u) — y(u) in H& (2)as g — 0T,
where y(u) solves the original variational inequality; see e.g., [7,9]. Note that in [9]
the mapping = was defined by using the maximum operator

w(v) := —max(0, —v), Vv e HOI(.Q).

Since the pointwise maximum max (0, -) is nondifferentiable, certain regularized (i.e.,
smoothed) operators dependent on some parameter ¢ > 0 were considered in [9].
These smoothed operators, which we denote now by max, (0, -), act almost identically
to the max (0, -) operators with the only difference that the “kink™ at zero is smoothed
out on a neighborhood depending on ¢. One such example is given explicitly by

& .
r——if r>e,
2

maxe(0,r) =177 € (0,¢)
2e ’
0 if r<0.
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Under relatively weak assumptions it is shown in [9, Theorem 2.3] that solutions yg
to the regularized penalized problems

1
Ayg — Bmaxg(o, —yg) =ug + f,

withug, u € L?(£2) and ug — uin H~1(£2), converge strongly in H(; (2)asp — 0T
to the solution y(u) of the original variational inequality. By using the penalized
regularized variational inequality, i.e., the semi-linear partial differential equation, we
define the following smoothed penalized problem that approximates MPEC (45) under
consideration:

1 o
min {1y = al 72y + 5 |lull72(g) Over (u, y) € L2($2) x Hy (€2)
sit. a<u<ba.e.S2,

Ay — %maxg(o, —y)=u+ f. (56)

Since (56) is no longer an MPEC, more classical methods for the derivation of opti-
mality conditions can be applied. The process is roughly as follows: the regularization
of the non-smoothness can be used to show that the solution mapping S of the PDE
is Fréchet differentiable for each ¢ > 0. After rewriting the problem in terms of the
control u, one can then characterize the solutions via a variational inequality, which
after introducing the proper slack variables, leads to the following result.

Theorem 5 (Necessary optimality conditions for the penalized regularized problems)
LetB,e > 0and (y,u) € H(} (2) x L*(2) be an optimal solution to (56). Then there
exists an adjoint state p € HO1 ($2) such that

1
y+A*p+ EmaX;(O, —Y)P = Ya. (57)
1
Ay — EmaXS(O, —-y)=u-+f, (58)
ueUig, (u—p,v—u);2 >0, Yv € Uyg. 59)

By defining sequences of stationary points, rather than local or global minimizers
in the primal variables, satisfying (57)—(59) along a sequence of positive numbers
B — 0T and a bounded sequence {¢(8)} with £(8) //ﬂ — 0as B — 07T, itis shown
in [9, Theorem 3.4] that there exists a sextuple

xL?(2) x H}(2) x H7'(2) x L*(22)
and a subsequence of the stationary points, which we again denote by 8, such that

L2 . a1 H!
ug —> U, yg—y, Emaxg(ﬂ)(o, —yg) — ¥
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and

Hy _ 1, H
pg— P Emaxs(ﬁ)(O, —yp)pg — T,

(7)—(10) hold and in place of (12)—(15) one has

0>17, ae. A®D), (60)
0=0, a.e.Z(y), (61)
0=p, ae. AG)N{x € 2|v(x) >0}, (62)
0>, )yt (©3)

and for every ¢ > 0 there exists a subset E; C Z(y) with meas(Z(y)\E¢) < € such
that

0= (7 @)1 i Y9 € Hy(2) 19 =0, 2\E..

Such a point (i, y) is said to be £-almost-C-stationary and was introduced in [8]
and [9]. This concept is unique to function space settings and at the moment only
available for MPECs in this more regular setting. Nevertheless, it is strictly stronger
than the limiting stationarity conditions of Sects. 3 and 4 if one were to apply the
techniques used there on this class of MPECs. However, if 7 in Theorem 4 happens to
enjoy a pointwise interpretation, e.g. when p € H 22)N H& (£2), then the £-almost-
C-stationarity conditions would be strictly weaker than those given by the limiting
stationarity conditions.

In addition, the multiplier 7 can be shown to be in (L°°(£2))*, which is more
regular in the sense that each 7 is then a finitely additive, finite signed-measure, see
e.g., [6, Theorem IV.8.16]. For simplicity we confine ourselves to the case when the
coefficient functions b; in the bilinear form (55) equal to zero.

Proposition 7 (Increased regularity of the multiplier 7) The limiting multiplier 7 in
Theorem 5 is an element of H™'(£2) N (L>(£2))*.

Proof We apply a technique similar to that which was used to prove [4, Theorem 3.3].

We begin by letting sign(-) represent the pointwise sign function and suppose that o (-)
is a monotonic C!-smoothing of sign(-), which has the property

o(x) <0, ifx <0, 60(0)=0, o(x) >0, ifx > 0.

For an arbitrarily fixed number 8 > 0, multiply equation (57) above by o (pg) and
obtain the equality

i} 1
(A*pp. o (Pp)) 1 gy + (Emax;(m(O, —YB) P a(pﬁ)) = (va = yp. 0 (pp)) 2-
L
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To see that the first term of the latter equation is always nonnegative, we refer back to
the definition of the bilinear form a(-, -) in (55). This gives

(A" P00 g g = [ 0 o) DtV ppldx + [ eppotpprax. (64
Q ij Q

The assumptions imposed above ensure that cpgo(pg) > 0 almost everywhere on
£2. Furthermore, observe that the first term on the right-hand side of equation (64) is
positive since the derivative of ¢ is either zero or positive and since the operator A
is coercive. It follows from the convergence results of Theorem 5 that there exists a
constant ¥ > 0 such that

1
0< (Emaxg(,g)(O, —yp)pg, cr(p,s))L2 < (ya —yg.0(pp)) ;2 < k.,

Given the positivity of the integrand %max;( ) (0, —yg)ppo (pg), it follows that

1
/IBmax;(,g)(O, —yp)ppo (pp)ldx <k, VB =>0.
2

Then by letting 0 — sign(-), we can argue that /lgmax’s(ﬂ)(o, —yp) pp is bounded in
L'(£2). In which case, we deduce the existence of a subsequence, still denoted by S,
and an element r* € (L°°(£2))*, such that %max’g(ﬂ)(o, —YB)PB X in (L®(£2))*.
It follows that r* = 7 € (L°°(£2))*. O

6 Conclusions and comparisons

In terms of the usefulness of the results for the development of numerical methods, the
penalization/regularization technique has the clear advantage. Indeed, in this setting
the practitioner is required to solve a sequence of KKT systems arising from smooth
non-linear programs (NLPs). Moreover, the limit of subsequences of solutions to the
NLPs is guaranteed under weak assumptions to satisfy a type of stationarity conditions
weaker than C-stationarity, yet stronger than so-called weak stationarity [19].

The development of a numerical method from the derivation technique described
in Sect. 4 is somewhat more difficult. In contrast to the previously discussed method,
in which one speaks of the convergence of stationary points, this method requires
knowledge of optimal solutions for each of the penalized MPECs. However, provided
with this information, one is guaranteed that each member of the sequence is strongly
stationary and that the limit of subsequences of these solutions will satisfy the limiting
stationarity system. The development of numerical methods realizing strong stationary
points is one possible future direction.

Finally, though they provide us with a significant amount of insight in terms of
the limits of solutions satisfying strong stationarity conditions, the limiting calculus
appears to impose certain restrictions on the ability to construct numerical methods

@ Springer



582 M. Hintermiiller et al.

in function spaces. This relates mainly to the fact that the existence of the sequences
in Proposition 2 is guaranteed by the definition of the limiting coderivative while the
sequences in Theorem 4, along with their characteristics, had to be derived. Moreover,
the relationship in (38) is clearly difficult to handle. If such a method were available,
then the minimal requirements placed on the operator B would allow the practitioner
to consider examples in which the control perturbation of the variational inequality is
not distributed on the entire domain §2. Nevertheless, the technique used in Proposition
1 required very little in terms of structure of the control. In this sense, the limiting
calculus has an analytical advantage.
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