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Abstract The main goal of this article is to present several new results on the max-
imality of the composition and of the sum of maximal monotone operators in Banach
spaces under weak interiority conditions involving their domains. Direct applications
of our results to the structure of the range and domain of a maximal monotone oper-
ator are discussed. The last section of this note studies continuity properties of the
duality product between a Banach space X and its dual X* with respect to topologies
compatible with the natural duality (X x X*, X* x X).
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1 Introduction

A flourishing literature on the topic of calculus rules for maximal monotone opera-
tor has recently appeared, the trend being the use of convex analysis in the attempt
of solving the celebrated Rockafellar Conjecture on the sum of maximal monotone
operators under minimal constraints qualification conditions (see [1,2,16,18,21-25]).

The use of convex function representations of monotone operators, discovered by
Fitzpatrick [5] and rediscovered by Martinez-Legaz—Théra [9] and Burachik—Svaiter
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266 M. D.Voisei, C. Zilinescu

[3], first showed its usefulness in the context of reflexive Banach spaces. This approach
allowed that several results on maximal monotone operators be re-obtained such as
those referring to the characterization of maximality (see [19]), the maximality of
the sum of monotone operators or of the composition of a monotone operator with a
continuous linear operator (see [11,12,20,27]), and new results to be found such as
the result on the bounded Hausdorff convergence of the sum of maximal monotone
operators (see [13]).

It was hoped that the use of convex representations for monotone operators would
provide a solution of the Rockafellar Conjecture in the context of non-reflexive Banach
spaces. This direction has already been exploited leading to additional conditions under
which this conjecture holds (see [2,21-25]).

The objective of this note is to obtain general criteria for the maximality of the
composition and of the sum of maximal monotone operators in general Banach spaces
using a 1-dimensional subspace idea of Voisei (see [24, Theorem 5.9]) and based on
a construction used by Penot and Zilinescu [12] under the reflexivity assumption and
by Voisei and Zilinescu [25] under stronger representability conditions.

The plan of this paper is as follows. In Sect. 2, the main notions and results on maxi-
mal monotone operators and their convex representations in locally convex spaces are
presented. The framework of this section was motivated by the facts that several results
on monotone operators known in the context of Banach spaces hold in locally convex
spaces and that, generally, the natural duality (X x X*, X* x X) of a Banach space
X comes from a non-Banach space topology, namely, when X x X* is endowed with
the non-barreled weak x weak-star topology. Section 3 contains our calculus rules for
maximal monotone operators in the context of a Banach space under relative interiority
conditions together with a comparison of our results with several recently published
results on this topic. Section 4 deals with several equivalent conditions for the conti-
nuity of the coupling function of X x X™* with respect to topologies compatible to the
natural duality (X x X*, X* x X). For example the continuity of the coupling function
with respect to the Mackey topology for the natural duality is equivalent to the reflex-
ivity of X, while the continuity of the coupling function with respect to the product of
the strong and bounded weak-star topologies translates into X is finite dimensional.

2 Main notions

Throughout this section, if not otherwise explicitly mentioned, (X, ) is a separated
locally convex space, X * is its topological dual endowed with the weak-star topology
w™, and the topological dual of (X™*, w*) is identified with X. The weak topology w
on X is also considered. For x € X and x* € X™* we set (x, x™) := x*(x).

For a subset A of X we denote by int A, cl A (or cl; A when we wish to emphasize
on the topology 7), aff A and conv A the interior, the closure, the affine hull and the
convex hull of A, respectively; moreover core A (or A’) and ’ A are the algebraic inte-
rior and the relative algebraic interior (or intrinsic core) of A, while A := ! A if aff A
is closed and ‘A := @ otherwise; in particular, if core A #  then ‘A = core A.
IfA,B C Xweset A+ B :={a+b | ae A, b € B} with the convention
A+0:=0+A:=0.
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We consider the class A(X) of proper convex functions f : X — R := RU
{—o00, +00} and the class 17 (X) (or simply I"(X)) of those functions f € A(X)
which are t-lower semicontinuous (Isc for short). Recall that f is proper if dom f :=
{x € X | f(x) < oo} is nonempty and f does not take the value —oo.

To f : X — R we associate its convex hull conv f : X — R and its (z-)Isc convex
hull clconv f : X — R (cl; conv f when we wish to put emphasis on the topology
7) defined by

(conv f)(x) :=inf{r e R | (x,t) € conv(epi f)},
(clconv f)(x) :=inf{r € R | (x, 1) € clconv(epi f)},

where epi f 1= {(x,1) € X x R| f(x) < 1} is the epigraph of f.
The conjugate of f : X — R with respect to the dual system (X, X*) is given by

ffrX* >R, &%) =sup{(x,x*) — f(x) | x € X}. 1

The conjugate f* is a weakly-star (or w*—) Isc convex function. For the proper
function f : X — R we define the subdifferential of f at x by

Af () = {x" € X* | (&' —x,x") < f(x') = f(x) Vx' € X},

for x € dom f and df (x) := ¢ for x & dom f. Recall that Nc = 9ic is the normal
cone of C, where (¢ is the indicator function of C C X defined by t(c(x) := 0 for
x € Cand(c(x) :=o00forx € X\C.

When X* is endowed with the topology w* (or with any other locally convex topol-
ogy o such that (X*, 0)* = X), in other words, if we take conjugates for functions
defined in X* with respect to the dual system (X*, X), then f** = (f*)* = clconv f
whenever cl conv f (or equivalently f*) is proper.

For f,g : E — Rweset[f < g]:={x € E|f(x) < g(x)}; the sets [f = g],
[f < g],and [f > g] are defined similarly.

Let Z := X x X*. Consider the coupling function

c:Z—>R, c(z):={x,x* forz:=(x,x")eZ.

It is known that the topological dual of (Z, t x w*) can be (and will be) identified
with Z by the coupling
/

z-2 = (2, 2) == (0, x™) + (¢ x*) forz=(x,x), =" x")eZ

With respect to the natural dual system (Z, Z) induced by the previous coupling,
the conjugate of f : Z — R is denoted by

Pz R, P =suwplz-2 - F&) |7 €z},

and f 00— cly xyw+ conv f whenever f o (or cly x = conv f) is proper.
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268 M. D.Voisei, C. Zilinescu

Whenever X is a normed vector space, besides X* we consider the bi-dual X**.
We identify X with the linear subspace J(X) of X**, where J : X — X** is the
canonical injection: (x*, Jx) := (x, x*) for x € X and x* € X*, and we denote Jx
by X or simply by x. In this case Z = X x X* is seen as a normed vector space with

172
the norm ||z := (||x||2 + ||x*||2) for z := (x, x*) € Z. Its topological dual Z* is
identified with X* x X** by the coupling

(G, x™), 5, y™)) = (e, y) 5 y™), () eX x XF, (v, y™) e XTx X

In this context, for f : Z — R, the conjugate f* : Z* — R is given by (1) while for
fD : Z — R one has

O, x*) = %, Tx) = A, x) Yix,x") e Z. )

Note that (fO)*x*, x) = fEH(x, x*) = f(x,x*) when f : X x X* —> Risa
proper convex T x w*-—Isc function.
We consider the following classes of functions:

F=FZ)={(feAZ)| f=c},
R :=R(Z) :=Txuw(Z)NF(Z),
D:=D(Z):={f eRZ)| fZ>c).

If no confusion can occur, the multifunction (or operator) 7 : X = X* will be
identified with its graph

gph T :={(x,x") e X x X" | x* e Tx)} C Z;
as usual, the domain and the image of T are the sets

domT7 :={xe X |Tkx)#0}=Prx(T), ImT := U T(x) = Pryx=(T),

xeX

where Pry and Pry= are the projections of Z onto X and X*, respectively. When
S : X = X*, the multifunction (S + 7) : X = X™* is defined by (S + T)(x) :=
Sx) + T (x).

The multifunction 7 : X = X* is said to be monotone if c¢(z — z') > 0 for all
z, 7' € T and maximal monotone if T is monotone and maximal in the sense of inclu-
sion. In other terms, 7" is maximal monotone if 7' is monotone and any element z € Z
which is monotonically related to (m.r.t. for short) T, that is, c(z — z’) > 0 for every
7/ € T, belongs to T. The classes of monotone and maximal monotone operators
T : X = X* are denoted by M (X) and M (X), respectively. It is well known that

Myp:=[f=cl={zeZ]| flz)=c@@} e M(X) VfeF
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(see e.g. [11]). It was practically proved by Fitzpatrick [5, Theorem 2.4] that

feF=lf=cclif=c, 3)
from which, it follows that
— =7

[f =cl=[f"=c] VfeD. “)
We say that T is representable if T = My for some f € R;in this case f is called
a representative of T. We denote by Rr the class of representatives of 7. We say
that T is dual-representable if T = My for some f € D; in this case f is called a

d-representative of T. We denote by D7 the class of d-representatives of T'.
Whenever T : X = X™* is representable, T (x) is w*-closed and convex and

T (x*) is T-closed and convex for all x € X and x* € X*. Indeed, if T = M for
some f € R then

Tx)={x"eX"| f(x,x") <clx,x")} =[f(x,) —clx,-) 0],
is w*-closed and convex because f(x, -) —c(x, -) is convex and w*~Isc. The assertion

about 7! (x*) follows similarly. _
We associate to T : X = X* the functions c¢7, ¥7, o7 : Z — R defined by

cr:=c+ iy, Y71 =clixyprconver, @r:= c? = wTD.
The 7 x w*~Isc functions ¢ and yr7 were first introduced in [5] and [21], respectively;
o7 is called the Fitzpatrick function of 7" and we call Y7 the Penot function of T'.

Notice that, as observed in [24, Remark 3.6], if f € Dr, that is, T is dual-
representable with f a d-representative of 7', then

or < f<v¥r, or < fO<yr. )
In fact,
[feR, AClf=cll= ga < f. f < ¥

in particular,

fER=¢f=c1 = f. f H< Vi f=cl- (6)

Indeed, take f € Rand A C [f = c]. Hence f < c4,and so f < 14; it follows that
fD > wAD = @4. Taking (3) into account we have A C [fD = c], whence fD <ca,
fP<vaand f = 5> > gy

From the definition of ¢7 one has (as observed in [23, Proposition 2])

T CldomT x X*JU[X xIm T] C [eor > c]. @)
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Moreover, as observed in several places (see e.g. [11,23]), for T C X x X* we have

TeMX)<conver >c<=T Clor=cl<=T Clor <cl, (8)
TeMX)=TCcClyr=clCler =cl, ©
T representable = 7 monotone, (10)

and

TeMX)<=T=|pr <cl<=lpr e Rand T = [¢r =c]] & ¢r € R7.
(an

Moreover,

T e M(X) < conver > c <= Yy =clxy*xconver > c < ¥r > ¢r.
(12)

Indeed, for T = @ one has Yy = convcy = 00, ¢ = —o0, and so (12) holds. Let
T be nonempty. Assume that 7' is monotone, i.e., forevery z,7 € T, c(z — 7') > 0,
or equivalently ¢(z) > z - z/ — ¢(z’). Taking the supremum with respectto 7’ € T we
get c(z) > ¢r(z) for every z € T, thatis ¢y > @7 on Z. Since ¢r is T x w*-Isc
convex this implies 7 = clyxy* conver > @r on Z. From the Fenchel inequality
we have that V7 (z) +¢7(2) > z-z = 2¢(z) for z € Z. Hence Y7 > ¢ on Z whenever
Y1 > @r on Z. Since Yr < convcr, this yields conver > con Z if yr > c. If
conver > ¢, by (8), one gets T € M(X).

From (11) and (12) we obtain that each maximal monotone operator 7' : X == X*
is dual-representable, a d-representative being ¢r (or ¥7). Indeed, if T € M (X) we
have Y7 = ¢ > ¢ (by (12)) and g7 = ¥} > ¢ (by (11)), and s0 g7, Y7 € Dr.

An operator T C Z is called of negative infimum type on Z (NI for short) if o7 > ¢
on Z. Let us note that this notion is different from the original definition given by S.
Simons (see [16, Definiton 25.5] or [18, Definition 36.2]) in the sense that the original
NI definition translates in our context as 7T is of NI type in Z*.

The following result was established by Voisei [21, Theorems 2.2, 2.3] when X is
a Banach space, but the same proof works for X a separated locally convex space. We
give a proof for completeness.

Theorem 1 Let T C X x X*. Then

(1) T is representable if and only if T € M(X) and T = [¥r = c], that is,

Vr € Rr;
() T € M(X) ifand only if T is representable and T is of negative infimum type.

Proof (i) The implication “<=" is obvious from (12). Assume that f € R is a
representative of 7. Then T = [f = c¢] € M(X) and ¢ < f < ¢7. From (9)
wegetT C[Yyr=clC[f=c]l=T,andsoT = [yr = c].

(i) The implication “=" follows from (11). Assume that T is representable and
NI Then ¢ > cand T = [¢7 = c]. By (10), (12) and (4) we have that
T = [¢r = c] and the conclusion follows from (11). O
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Maximal monotonicity criteria for the composition 271

The simplest examples of NI operators are those with full domain or range. Indeed,
ifdomT = X or Im T = X* then by (7) we get o7 > c on Z.

A commonly used method (which was first used in [21]) to prove that an operator 7
is of NI type is to show that whenever (x, x*) ism.r.t. T thenx € dom 7 orx* € Im T
or, in other words, Prx[¢pr < c] C dom T or Prx«[¢pr < c] C Im T imply that T is
NI. Here we use a similar argument for Theorem 4 below.

Theorem 2 Let T C X X X*. Then T € IM(X) if and only if every representative of
T is a d-representative of T.

Proof If T is maximal monotone and f € R with [f = ¢] = T, from (6), (11) and
(12) we have that f € Dr. Conversely, because, by Theorem 1(i), Y is a represen-
tative of T, it becomes a d-representative of 7 which means that o7 > ¢, thatis, T is
NI. The conclusion follows from Theorem 1(ii). O

It has been observed above that every maximal monotone operator is dual-
representable with d-representatives ¢ or ¥r. Also, it has been noted in several
places that, in the context of reflexive spaces, the notions of maximal monotonic-
ity and dual-representability coincide (see for instance [11], [12, Proposition 2.3]).
It remains an open problem whether every dual-representable operator is maximal
monotone in the non-reflexive Banach space settings.

3 Maximality criteria for the composition and the sum

First we recall the general construction used in [20,25]. For X, Y locally convex spaces
and F C X x Y x X* x Y* we define

G=GF) ={(x,x)eXxX*|Iy* e¥V*: (x,0,x*, y* € F}.
The following lemma will be needed in the sequel; it was stated in [25, Lemma 13]
and extends slightly [20, Lemma 5.3 (b)].

Lemma 1 Let X, Y be locally convex spaces.

(1) IfF e M(X xY)andYy CY is a closed linear subspace such that
F(x,y) = F(x,y) +{0} x ¥§" V(x,y) € X x Y, (13)
then Pry (dom ¢f) C y + Yy for every y € Pry (F).

(i) IfF € M(X x Y), then Pry(dom ¢F) C aff (Pry (F)).

We used the notation A+ := {x* € X* | (x,x*) = 0Vx € A} (for A C X).
Also, we use the notation ri A for the topological interior of A with respect to aff A :=
cl(aff A); thusri A is empty if aff A is not closed and one always hasri A C ‘“A. In the
sequel, we use the facts that for C convex with  C nonempty, we have aff C = aff (C)
and,

CC ACC = [aff C = aff A and “C =“A]. (14)
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The next result corresponds to Lemmas 3.2, 3.3 and Proposition 3.4 in [12]; its
proof follows the line of the proofs of the mentioned results.

Theorem 3 Let X, Y be Banach spaces and F € M(X x Y).

(i) Iff € Rp, 0€i“Pry(dom fI)) and g: X x X* — R is given by
g(x, x*) == inf{ fF(x, 0, x* y*) | y* € Y*}, (x,x*) € X x X*, (15)
then
gD(u, u*) =min{f @, 0, u™, v*) | v* € Y*} V(u,u*) € X x X*, (16)

and gD is a representative of G(F).

(ii) If F is dual-representable and f € Dr is such that 0 € “(Pry(dom f)) and
0 € i“(Pry(dom fD)), then G (F) is dual-representable and g defined by (15) is
a d-representative of G(F).

(iii) If F € MM(X x Y) is such that 0 € (conv(Pry(F))) and f € Rp, then G(F)
is dual-representable and g defined by (15) is a d-representative of G (F).

@iv) If X is reflexive, F € (X x Y) and f € RF then

“(Pry (dom f)) =" (Pry (dom ¢)) = "“(conv(Pry (F)))
= "“(Pry (F)) = ri(Pry (F). (17)

Furthermore, if 0 € °(Pry (F)), or equivalently 0 € * (Pry (dom f)), then G(F) €
M(X).

Proof (i) The proof is the same as that of [12, Lemma 3.2]; just observe that this
time the graph of C : X x X* = X x ¥ x X* x X™* given by

Clx,x™) :i={x} x {0} x {x*} xY*, (x,x%) e X x X",
is a closed linear subspace and C*(x*, y*, x™*, y**) = {(x*, x™)} if y** = 0,
C*(x*, y*, x**, y**) = ¢ otherwise.

Notice that g(x, x*) = inf{fD(u, v, u*, v*) | (u,v,u*,v*) € C(x,x™)} for
(x,x*) e X x X* and

dome—ImC =X x Pry(dome) x X* x Y¥,

from which 0 € “(dom f U_Im C); by the fundamental duality formula (see e.g.
[26, Theorem 2.8.6(v)]) we get

¥, ™) = min{(F)* w*, v*, u**,0) | v* € YH)) Y@k, ) € X* x X
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Maximal monotonicity criteria for the composition 273

For u™ =u € X and u™ € X* we get (see (2))

g ™) = ¢*w*, w) = min{ ()@, v, u, 0) | v* € Y7
— min{ f79u, 0, u*, v*) | v* € Y*} = min{f (u, 0, u*, v*) | v* € Y*},
which makes gD a representative of G since f is a representative of F.

(i1) The conclusion follows from (i) applied to f =
(iii) Because f € RF, by Theorem 2 we obtain that f is a d-representative of F,

and so, by (5), we have that o < f < Y. It follows that
F Cconv F C domyr C dom f C dom ¢F,
whence

Pry(F) C Pry(conv F) = conv(Pry (F))
C Pry(dom ¢r) C Pry(dom f) C Pry(dom ¢F). (18)

This yields

aff (Pry (F)) = aff (Pry(conv F)) C aff (Pry (dom r))
C aff (Pry (dom f)) C aff (Pry (dom ¢F)) C aff (Pry(F)), (19)

the last inclusion being obtained using Lemma 1(ii).
Because 0 € ‘“(Pry(conv F)), aff (Pry (conv F)) = aff (Pry(F)) is closed, and so
all inclusions in (19) become equalities. Hence

i(Pry (F)) C “(Pry(conv F)) C “(Pry(dom /f))
C “(Pry(dom f)) C ““(Pry(dom gF)). (20)
Because f = is also a representative of F, (20) also holds for f replaced by
fD. Hence 0 € '“(Pry(dom f)) and 0 € *“(Pry(dom fD)). The conclusion follows
using (ii).

(iv) Asin (iii), (18) and (19) hold. Let us prove that

““(Pry (dom ¢)) C Pry (F). 2y

Observe first that if 0 € “(Pry (dom ©F)), then from (i) applied for f = ¥ we obtain
that G (F) is dual-representable in the reflexive space X, with a d-representative given
by

¢, u*) = min{vr @, 0, u*, v*) | v € Y*),  (u,u*) € X x X*,
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since g > ¢ and gDD = g > c. Therefore, by [12, Proposition 2.3], G(F) is max-
imal monotone. Hence G (F) is non-empty, and so 0 € Pry(F). Similarly, if y €
i¢(Pry (dom ¢)) then 0 € (Pry(dom ¢p)), where F’ := F — (0, y, 0, 0) is maxi-
mal monotone. By the previous case it follows that 0 € Pry (F’), thatis, y € Pry (F).
Hence (21) holds.

Assume now that ‘¢ (Pry (dom ¢F)) # . Then, by (21),

aff (Pry (dom ¢r)) = aff(iC(Pry(dom ¢r))) C aff(Pry(F)).

Since aff (Pry (dom ¢f)) is closed, we obtain again that all inclusions in (19) are in fact
equalities. Taking into account (18) and (21) we obtain that the first three equalities in
(17) hold; the last one follows from the fact that ri(Pry (dom ¢r)) = “(Pry (dom ¢F))
(see [26, Proposition 2.7.2]).

To complete the proof it is sufficient to observe that when (Pry(F)), or
i¢(Pry (conv F)), or ¥ (Pry (dom f)) is nonempty then ¢ (Pry (dom ¢ )) is nonempty.

In the first two cases we obtain that aff(Pry(F)) is closed, and so, as seen
above, (20) holds; hence “(Pry(dom ¢)) is nonempty. Assume now that the set
i¢(Pry (dom f)) is nonempty. Then aff (Pry (dom f)) is closed. From (19) we obtain
that aff (Pry(dom f)) = aff(Pry(dom¢p)) is closed, and so, from (18), we get
i¢(Pry (dom ¢r)) # . As seen above “(Pry(dom ¢r)) # @ implies that G(F) is
maximal monotone. O

For F: X xY =% X*xY*and A : X — Y a continuous linear operator, we
consider Fy : X X Y = X* x Y* defined by

gph Fa = {(x, y, x*, y)eX X ¥ x X* x Y* | (x* — ATy* y) e F(x, Ax + y)},

where AT : Y* — X*istheadjointof A,or Fs(x, y) = B' FB(x, y) with B(x, y) :=
(x,y+ Ax) for (x,y) e X x Y.

Since B : X x Y — X x Y is an isomorphism of normed vector spaces (with
BT (x*, y*) = (x* + ATy*, y"), if F is dual-representable, (maximal) monotone
then F4 is dual-representable, (maximal) monotone. Moreover, if f is a (d-) represen-
tative of F then f4 := f o L is a (d-) representative of F4, where L := B x (B—HT.
Using the previous result for F4 we get the next two consequences; note that we need
the reflexivity of X in order to apply Theorem 3(iv).

Corollary 1 Assume that X, Y are Banach spaces with X reflexive, F € (X x Y),
AeL(X,Y)and f € Rp. Then

i“(y — Ax | (x,y) € dom F} = ““{y — Ax | (x, y) € conv(dom F)}
=“{y — Ax | (x.y) € Pry,y(dom f)}
=ri({y — Ax | (x, y) € dom F}).

Assume that 0 € "“{y — Ax | (x, y) € Prxxy(dom f)} (or equivalently 0 € *“{y —
Ax | (x,y) € dom F}). Then the multifunction G(F4) whose graph is {(x, x*) €
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X x X* | Iy* e Y*: (x*— éTy*, y*) € F(x, Ax)} is maximal monotone with a
representative g : X x X* — R given by

g(x, x*) = min{f (x, Ax, x* — ATy* y*) | y* € Y*}, (x, x*) € X x X*.

Corollary 2 Assume that X, Y are Banach spaces with X reflexive, M € 91(X) with
representative f, N € 9(Y) with representative g, and A € L(X,Y). Then

i“(dom N — A(dom M)) = “(conv(dom N — A(dom M)))
= "“(Pry(dom g) — A(Pry(dom f)))
=ri(dom N — A(dom M)).

If. in addition, 0 € '*(dom N — A(dom M)) then M+ AT N A is maximal monotone
with a representative given by

hiX x X* >R, h(x, x*):=inf{ £ (x,x* — ATy*) + g(Ax, y*) | y* € Y*}, (22)

and the infimum in the expression of h is attained.

The maximal monotonicity of AT N A when X, Y are Banach spaces with X reflex-
ive and O € core (Im A + conv(dom N)) is obtained in [1, Theorem 5.5] (see also [11,
Theorem 14] and [27, Theorem 7]).

Taking X an arbitrary reflexive space, gph M = {0} x X* and A = 0 in Corollary 2
we get the next result that covers [17, Theorem 2.2] which states that int(dom N) =
int (Pry (dom ¢y )) and [14, Theorem 1] which states that cl(dom N) is convex when
the interior of conv(dom N) is nonempty. It is known that for an operator which is
maximal monotone locally the closure of its domain is convex (see [ 16, Theorem 26.3]
or [18, Theorem 44.2]); in fact we shall prove in Corollary 5 below that N € I (Y) is
maximal monotone locally whenever “(dom N) # ¢.

Corollary 3 Let Y be a Banach space and N € IN(Y). If g is a representative of N
then

ti (dom N) = ““(dom N) = ‘“(conv(dom N)) = ‘“(Pry (dom g)). (23)

In particular '“(dom N) is convex; moreover, if '“(dom N) is nonempty then
cl(dom N) is convex, too.

Proof As mentioned above, (23) follows from Corollary 2 taking gph M = {0} x X *
and A = 0. From (23) itis clear that'“(dom N) is convex. Assume that'“(dom N) # @.
Using again (23) we get

) # “(Pry(dom g)) C dom N C Pry(dom g).

Hence cl(dom N) = cl (Pry(dom g)), and so cl(dom N) is convex. O
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Remark 1 When X, Y are Banach spaces, A : X — Y is a continuous linear opera-
tor, and f, g are representatives for the operators M € 9)(X) and N € (Y) with
0 € i“(conv(dom N — A(dom M))), applying Theorem 3(iii) for F4 we obtain that /
defined by (22) has

A, x)=minf O, = ATy 45 ) [y e V)L Vi xt) e X x X

and M + AT NA admits hYasa d-representative, in particular, M + ATNA is dual-
representable and has w*-closed values.

When applied for the sum, that is, X = Y and A = Idy, Corollary 2 reduces to a
known criterion for the maximality of the sum in reflexive spaces. However, using an
idea of Voisei [24], we can obtain criteria for the maximality of the composition and
sum in general Banach spaces.

Theorem 4 Let X, Y be Banach spaces, let A : X — Y be a continuous linear opera-
torand N € M(Y). Assume that 0 € (Im A —conv(dom N)) and * (conv(dom N)) #
@ (or, equivalently, 0 € “(Im A — Pry(dom @y)) and “(Pry(dom @y)) # ¥). Then
ATNA € M(X). In particular the conclusion holds if Im A N core(conv(dom N)) #
@.

Proof First let us recall that for convex subsets C, D of a real linear space we have
that

iC#£09, ' D£P=(C-D)="C-'D

(for a complete proof see [28, Lemma 2(iii)]).

Without loss of generality we assume that 0 € ¢(dom N) = “(Pry (dom ©N)) (see
Corollary 3 for the last equality). Otherwise, since i¢(conv(dom N)) = i“(dom N) =
i(dom N) # ¥, (Im A) = Im A and

0 € “(Im A — conv(dom N)) = {(Im A — conv(dom N))
=ImA —"(domN) =Im A — “(dom N),

wecantakeX € X suchthat AX € (dom N) = “(conv(dom N)); then, for gph N’ :=
gph N — (A%, 0), we have 0 € ““(dom N’) and gph(A T N’A) = gph(ATNA) — (X, 0).

By Remark 1 we have that § := AT N A is representable. By Theorem 1(ii) (or [21,
Theorem 2.3]), it is sufficient to show that S is NI, thatis, ps > c. Let zg := (xo, x(’)‘) €
X x X* be such that ¢5(z0) < c(z0). If yo := Axg = 0, then xo € dom S, and so
vs(z0) > c(zo) by (7) (or [23, Proposition 2]). Let yo # O and take 7 : R — Y,
T(t) := tyo fort € R. Then T (y*) = (yo, y*), for every y* € Y*. As noticed
above, {(ImT — conv(dom N)) = Im 7 — i(conv(dom N)). Since Im T is finite-
dimensional and aff (conv(dom N)) (= aff(dom N)) is a closed linear subspace of Y,
it follows that aff Im 7" — conv(dom N)) (= Im T — aff(dom N)) is closed, and so
0 € “(conv(dom N) —Im T). By Corollary 2 with M = 0 we obtain that TTNT is
maximal monotone.
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Consider y; € Y* such that ¢} := (xo, x5) = (yo, ;). Let (t,1*) € TTNT, that
is t* = (yg, y*) for some y* € N(tyg) = N(A(txp)). Because zg is monotonically
related to S, AT y* € S(txp), and (xo, AT y§ — x) = 0, we have

(1 —0)(t5 — 1%) = (yo — ty0, y§ — ¥*) = (x0 — txo, AT y§ — AT y*)
= (xo0 — tx0, Xy — ATy*y > 0.

Hence (1, #;) is monotonically related to TTNT, and so (1,15) T T NT. Therefore,

1 € dom(T T NT), thatis, yo € dom N, or, equivalently, xo € dom S. Again, by (7) (or
[23, Proposition 2]), ¢s(z0) > c(zo). Hence ¢s > ¢, and so S is maximal monotone.
O

Corollary 4 Let X be a Banach space and M, N € I(X). If ¢ (dom M), i“(dom N)
are nonempty and

0 € ““(dom M — dom N), (24)

then M + N is maximal monotone. In particular, if core(dom M) Ncore(dom N) # @
then M + N is maximal monotone.

Proof Apply the preceding theorem for A replaced by the linear operator X > x —
(x,x) € X x X and for N replacedby X x X 3 (x,x") = M(x) x N(x') C X* x X*.
O

By Corollary 3 condition core(dom M) N core(dom N) # @ is equivalent to each
one of the following: core(conv(dom M)) N core(conv(dom N)) # @, int(dom M) N
int(dom N) # @, core(Pry (dom ¢ys)) N core(Pry (dom ¢y)) # @.

The most general results for the maximality of M + N when M, N € 9(X) with
X areflexive Banach space states that the interiority condition (24) implies the maxi-
mality of M + N. Apparently, this condition is not sufficient when X is non-reflexive,
leading to additional conditions to be considered.

Assume that M, N € MM(X) and X is a Banach space. We list the main additional
conditions in the literature under which the Rockafellar Conjecture holds in connection
and in comparison to our interiority conditions.

In [23, Theorem 2] one has: if (24) is verified and dom M, dom N are closed and
convex then M + N € 9M(X). This results extends [21, Theorem 1.1] in which con-
dition (24) is replaced by 0 € core(dom M — dom N). In [24, Theorem 5.13(8)] one
has: if (24) is verified and gph M, gph N are convex then M + N € 9U(X). This
result extends [22, Theorem 1] in which the condition gph M, gph N are convex is
replaced by gph M, gph N are linear spaces; of course, in this case (24) is equivalent
to dom M — dom N is closed.

In [2, Theorem 10] one has int(dom M) N int(dom N) # ¢ while in [24, Theo-
rem 5.13(y)] one has core(dom M) N core(dom N) # (. These are clearly particular
cases of Corollary 4.

Therefore our additional interiority conditions improve upon all known interiority
conditions needed for the chain and the sum rule for maximal monotone operators to
hold.
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Recall that an operator M : X == X™* is called maximal monotone locally (or of
type (FPV)) if for every open convex set U C X with U Ndom M # ¢ and every
(x,x*) € (U x X*)\ gph M there exists (u,u*) € gph M N (U x X*) =: gph My
such that (x — u, x* — u™) < 0, or equivalently

[omy <clNU x X*) C M. (25)

The convexity of cly(Im M) for M € M(X) is not necessarily fulfilled even under
strong additional conditions (such as coercivity, full-space domain, etc.; see e.g. [7]).
However, the additional interiority condition ‘(conv(dom M)) # ¢, guarantees the
convexity of cl,«(Im M) as we shall see in our next result. The following corol-
lary improves upon the result [6, Proposition 1.4] which was stated for operators
M € M(X) withdom M = X.

Corollary 5 Let X be a Banach space and M € I(X) with ' (conv(dom M)) # §.
Then M is maximal monotone locally and cl«(Im M) is convex.

Proof The condition ic(conv(dom M)) = () allows the use of Corollary 4 for M and
N¢ with C C X aclosed convex set such that M Nint C # @ to get that M + Nc is
maximal monotone; then from [16, Theorem 26.1] or [18, Theorem 44.1] we find that
M is maximal monotone locally.

We give an alternative proof for getting M maximal monotone locally. Let U C X
be an open convex set such that U Ndom M # (. Then for K C U a nonempty closed
convex set we have

OM+Ng (%, X)) < @pry (0, X)) V(x,x¥) € K x X*. (26)
Indeed, since for x, u € K and v* € Nk (u) we have (x — u, v*) < 0, we get

OMng (x, x*) = sup{(x, u® + v*) + (u, x*) — (u, u* +v*) |u € K Ndom M,
u* e M(u), v* € Ng(u)}
= sup{{(x, u™) + (u, x*) — (u, u™) + (x —u,v*) |u € KNdomM,
u* € M(u), v* € Ng(u)}
sup{(x, u™) + (u, x*) — (u,u*) |u € KNdom M, u* € M(u)}
sup{(x, u™) + (u, x*) — (u, u™) |u € U Ndom M, u* € M(u)}

= oMy (x, x™).

=
=

Let (x,X") € [pm, < clN (U x X*). Take a closed convex K C U whose interior
contains X and intersects dom M. We know from Corollary 4 that M 4 N is maximal
monotone and from (26) we find

(%,%7) € [pmy = cIN(K x X*) C lpm4ng < cl=M + Ng.

Since Nk (x) = {0} this yields (x, x*) € M. Therefore (25) holds and M is maximal
monotone locally.
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To prove that cly«(Im M) is convex it suffices to show that conv(Im M) C
cly«(Im M). To this end we adapt the proof in [6, Proposition 1.4]. Assume, by con-
tradiction, that conv(Im M)\ cl,,«(Im M) # (. Without loss of generality (doing a
translation if necessary), we may assume that 0 € conv(Im M)\ cl,+(Im M), that is,

n n
0= tuf, uf €M), t; >0for1 <i<n > t;=1, 27)
i=1 i=1
and there is ¢ > 0 and x1, x3, ..., X, € X such that the weak * neighborhood of zero
Vo= Vidgeae =X € X5 | [(xj, x") <eVj, 1 < j<m}C X"

does not intersect Im M. Without any loss of generality we assume that x; €
ic(dom M).

Let F = span{uy, us, ..., uy, x1,Xx2, ..., xmyand A : F — X defined by A(x) :=
x forx € F.

Because FNi¢(dom M) # ¥ and F = Im A is finite dimensional, as in the proof of
Theorem 4, we obtain that 0 € € (Im A —dom M). Therefore, by the same Theorem 4,
Mp = ATMA : F = F* is maximal monotone; recall that F* = {x*|p | x* € X*}.
Since (Mr)~! is maximal monotone and F* is finite dimensional (hence reflexive),
by the first part we have that clp«(Im Mp) = clp+(dom(M 7)) is convex. (Here
cl g+ stands for the closure of subsets in F'*.)

Using (27) we get 0 e conv(Im Mg) Cclp«(Im Mp). Setting Vg :={x*|f | x*€V},
we have that V is aneighborhood of 0 in F*, and so Vy NIm M ¢ # ), or equivalently
V N M(F) # (. This yields the contradiction V N Im M # (. Hence conv(Im M) C
cly+(Im M) and consequently cly,« (Im M) is convex. O

As seen in the proof of Theorem 4 the condition ‘¢ (dom N) # #, or more precisely
0 € i“(dom N) was essentially used to show that S := AT N A is maximal monotone
in the very particular case X = R. One can ask if only the condition 0 € dom N or
0 € ' (dom N) is sufficient for the same conclusion under the assumption that X = R.

The condition O € dom N is sufficient for dim Y = 1 but not sufficient fordim Y >
2. Indeed, if dim Y = 1 then A is either O or an isomorphism. In the second case it is
clear that S € 9(X), while in the first case gph S = R x {0}.

Take Y = R%2and N = df, where f(y1, y2) 1= max{l—.,/y1, |y2 — 1l} for (y1, y2)
€ [0, co[ x Rand f(y1, y2) := oo otherwise ( f coincides, up to a translation, with the
function given in [15, p. 218]). We have that dom N = ([0, oo[ x R)\ ({0} x ]0, 2[).
Hence (0, 0) € dom N. For A : R — R? defined by At := (0, 2¢) foreach t € R, we
have that dom § = R\]0, 1[. Hence S is not maximal monotone because the interior
of its domain is not convex.

Of course the conditions 0 € (dom N) and 0 € ‘“(dom N) are equivalent if dim
Y < oo.Ifdim Y = oo the condition 0 €  (dom N) is not sufficient to get S € M (R).
For this take 7' : £, — £, defined by T ((xp)n=1) := ((n~'x)p=1).Itis clear that T is
a positive self-adjoint and one-to-one continuous linear operator; hence 7' is maximal
monotone. Take N = T~L, that is, gph N = {(x,Tx) | x € £r}; hence N € M ({2).
Of course, dom N = Im T is a dense linear subspace of ¢, and so 0 € i(dom N).
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Take X € £\ dom N and A : R — ¢ with Ar := tx for ¢t € R. Since tx € dom N iff
t =0, we find gph S = {(0, 0)}, thus § is not maximal monotone.

4 Appendix

Several results concerning monotone operators and their representative functions
would have simpler proofs if the coupling function ¢ were continuous with respect
to s x 7, where t is a locally convex topology on X* such that (X*, t)* = X and s
denotes the strong topology on X. Notice that Penot [10, Proposition 6] proved that
X is finite dimensional if ¢ is s x w* continuous.

For a Banach space X, a natural question is whether there is a topology T on X*
with (X*, 7)* = X, such that c¢ is continuous on X x X* endowed with the s x t
topology.

If such a topology exists then c is also continuous with respect to s x tj,, where
7y, is the Mackey topology on X* with respect to the duality (X*, X). Recall that the
Mackey topology on X* has for a base of neighborhoods of 0 the family

{CO | C € Ky} with Ky :={C C X | C w-compact, convex, and balanced},

where C? := {x* € X* | (x,x*) < 1Vx e C}. Another attractive topology on X*,
compatible with the duality (X*, X), is the bounded weak-star topology bw* which
has for a base of neighborhoods of 0 the family

(€' Cceky) with Ky:={CcX|C s-compact, convex, and balanced}

(see [4,8]). Our goal in the following results is to characterize the Banach spaces for
which ¢ is s x 7}, or s x bw* continuous.

Proposition 1 Let X be a Banach space.

(i) There exists a norm-bounded ty;-neighborhood of 0 in X* iff X is reflexive.
(ii) There exists a norm-bounded bw*-neighborhood of 0 in X* iff X is finite-
dimensional.

Proof When X is reflexive the Mackey topology tj; coincides with the strong
topology, therefore the converse implication in (i) is clear. Similarly if X is
finite-dimensional the converse in (ii) is straightforward.

For the directimplication in (i), assume that there exists anorm-bounded t ;(,1 —neigh-
borhood of 0 in X*. Then Ux+ := {x* € X* | |x*|| < 1} is a t;;-neighborhood of
0, and so there exists C € K, such that C° ¢ Ux+. Hence Uy C C% = C, where
Uy :={x € X | |x|| < 1}. Because Uy is weakly closed, it follows that Uy is weakly
compact, and so X is reflexive.

A similar argument works for the direct implication in (ii) with C replaced
by K € K,; then Ux C K, and so Uy is strongly compact, making X finite-
dimensional. O
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Theorem 5 Let X be a Banach space.

(i) The following statements are equivalent: (a) X is reflexive, (b) ¢ is s x T} con-
tinuous, (c) c is bounded above on a nonempty s x ty;-open set, (d) ¢ is bounded
below on a nonempty s x tj;-open set.

(i) The following statements are equivalent: (a) X is finite dimensional, (b) c is
s x bw™* continuous, (c) c is bounded above on a nonempty s x bw*-open set,
(d) c is bounded below on a nonempty s X bw*-open set.

Proof In both assertions (i), (ii) the implications (a) = (b) = (c) < (d) are obvious.

(1) (c) = (a) Assume that (c) is verified. Then there existx € X,x* € X*, p,m > 0,
and C € KCy, such that

c(x +x,x"+x*) <m,
for all x € pUy and x* € CY. It follows that
X, X+ x") + @3 +x*) <m, VxepUy, Vx* € C?,
so after passing to supremum for x € pUx we get

pla*] = o [T + @ 2" — |EF)] < p |7+ ¥ + @ %) + FF) <m,
Pl <m+p 7] + |x. x| = m

for all x* € CU. Therefore, C° is a norm-bounded ty;-neighborhood of 0 in X*.
According to Proposition 1 X is reflexive.
The implication (c) = (a) in (ii) follows a similar argument. O

Corollary 6 Let X be a Banach space. Then X is reflexive if one of the following
conditions holds:

(i) there exists h : X x X* — R such that h > ¢ and h is s x Ty -continuous at
some (x,x*) € domh,
(ii) there exists a convex function h : X x X* — Rwithh > ¢ and (X, x*) € dom h
with h(X, -) T},-continuous at X* and h(-, xX*) s-continuous at X,
(iii) there exists a locally convex barreled topology tg on X x X* such that (X X
X* p)* = X* x X.

Proof 1f (i) holds then from & > ¢ and & is s x 7;,-continuous at (X, X*) we obtain
that ¢ is bounded above on an s x 7;;-open neighborhood of (x, x*). The conclusion
follows immediately from Theorem 5(i).

Assume that (ii) holds. If we replace 1 by g(x, x*) = h(x +x, x* +x*) — (X, x*) —
(x,x*) — (&, x*) for (x,x*) € X x X*, we may assume without loss of generality
that (x, x™) = (0, 0). Therefore, there exist M,r > 0and V a t;{jl-neighborhood of 0
in X* such that

h(x,00 <M, h(0,x*) <M VxerUyx, Vx* € V.

@ Springer



282 M. D.Voisei, C. Zilinescu

We have
(¢, x*) < h(x,x*) < 1h(@2x,0) + $1(0,2x) < M, Vx € 5Ux, Vx* € 1V,

that is, ¢ is bounded above in an 5 x rj’j[-neighborhood of 0in X x X*; hence X is
reflexive by Theorem 5(i).
Suppose (iii) holds. Then

TB < TM < SXxX*,

where Tp¢ = s x 1, denotes the Mackey topology on X x X* relative to the natural
duality and sy x x* stands for the strong topology on X x X*. The identity mapping
I (X x X* sxxx*) — (X x X* 1p) is continuous and surjective. Using [26,
Theorem 1.3.7] we obtain that / is an open mapping and SO Tp = TAoq = SxxXx*,
whence 75, =s. O
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