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Abstract We establish necessary and sufficient conditions for a stable Farkas’
lemma. We then derive necessary and sufficient conditions for a stable duality of a
cone-convex optimization problem, where strong duality holds for each linear pertur-
bation of a given convex objective function. As an application, we obtain stable duality
results for convex semi-definite programs and convex second-order cone programs.
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1 Introduction

When it comes to the elegant and powerful duality theory in optimization, Farkas’
lemma is the key. This Lemma states that given any vectors ay, az,...,a, in R", the lin-

ear inequality Ix = 01is aconsequence of the linear system al.T x=0,i=1,2,....,m
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if and only if ¢ = >/ | A;a;, for some multipliers A; = 0. Farkas’ lemma underpins
the linear programming duality and has also played a central role in the development
of optimization theory (see e.g. [7,11,18,20]). Applications by way of extensions of
the celebrated Farkas lemma range from classical nonlinear programming to modern
areas of optimization such as nonsmooth optimization and semidefinite programming.
For a recent look at its extensions and applications see [4,9,16].

The generalized Farkas lemma for a given cone-convex system —g(x) € S and
a given real-valued convex function f states that f(x) = 0 is a consequence of the
system —g(x) € S if and only if there exists A € ST such that, for each x € R”,
f(x) 4+ (Ao g)(x) = 0. Symbolically,

[~g(x) €S = f(x) 20l & @Fr e SHVx € RN (1) + (hog)(x) 20, (1)

where the set S C R™ is a closed convex cone with the dual cone S* and g :
R" — R™ is a continuous convex function with respect to S. This equivalence in (1)
holds under a regularity condition, sometimes called “closed cone condition” (see e.g.
[5,8,11,14,16,19]). Motivated by the concept of a stable minimax theorem where the
minimax equality holds for each linear perturbation of the function involved [12,13],
we refer the generalized Farkas lemma as the Stable Farkas Lemma whenever, for
each choice of linear functional x* on R” and each choice of scalar o € R,

[—g(x) €S = f(x) =x" () +al & @re SHVx e R") f(x) + (Ao g)(x)
> x*(x) +o.

The purpose of this paper is to establish complete characterizations of the stable
Farkas lemma and to obtain stable strong duality characterizations for classes of con-
vex optimization problems, including cone programming problems [1,2,21], which
have received a great deal of attention in recent years. We show that a simple closure
condition is necessary and sufficient for the stable Farkas lemma. We also derive nec-
essary and sufficient conditions for stable “min—-max” duality for convex optimization
problems. For sufficient conditions for stable minimax theorems see [13].

The outline of the paper is as follows. Section 2 provides background material on
convex analysis that will be used later in the paper. Section 3 presents characteriza-
tions of the stable Farkas lemma. Section 4 gives stable strong duality results for cone-
convex programs. As an application, Sect. 5 establishes complete characterizations of
the stable duality for cone programming problems, including semi-definite programs
and second-order cone programs.

2 Preliminaries

We recall in this section some notations and basic results which will be used in this
paper. Let X be a normed space with X* its dual endowed with weak*-topology. For
a subset D C X*, the w*-closure of D will be denoted by clD and the convex cone
generated by D by coconeD.
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Leth : X - RU {—o00, 400} be a convex function. The conjugate function of #,
h* : X* — R U {+00}, is defined by

h*(v) := sup{v(x) — h(x) | x € dom h},

where dom /& := {x € X | h(x) < +00} is the effective domain of 4. The function &
is said to be proper if & does not take on the value —oo and dom 4 # #. The epigraph
of h is defined by

epih:={(x,r) e X xR |x edomh, h(x) <r}.
The set (possibly empty)
h(a) :={v e X" | h(x) — h(a) = v(x — a), Vx € dom h}

is the subdifferential of the convex function # at @ € dom h. For a closed convex
subset D of X, the indicator function §p is defined as dp(x) = 0 if x € D and
8p(x) = +o0if x ¢ D. The support function 87, is defined by &7, () = sup, ¢ p u(x).
Then d6p(x) = Np(x), which is known as the normal cone of D of x. If & is
proper lower semicontinuous and sublinear (i.e., convex and positively homogeneous
of degree one), then epi A* = 9h(0) x R,.

For proper lower semicontinuous convex functions g, 2 : X — R U {400}, the
infimal convolution of g with /&, denoted g[lh, is defined by

(g0 (x) = inf {g(x1) +h(x2)}.
X1+xX2=x

The lower semicontinuous envelope and lower semicontinuous convex hull of a func-
tion g : X - R U {—o00, +0o0} are denoted respectively by clg and clcog. That is,
epi(clg) = cl(epi g) and epi(cl cog) = cl co(epi g). For details, see [23].

Let g, hand g;, i € I (where [ is an arbitrary index set) be proper lower semi-
continuous convex functions. It is well known from the dual operation (see [23]) that
if dom g Ndom & # @, then

(g0n)* =g* +h*, (g +h)* =cl(g"0Th™)
and if sup; ., g; is proper, then
(sup;c;8)* =clco (inf,-elg;") .

Thus we can check that

epi(g + h)* = cl(epig” + epih™) and epi(sup;c;g:)* =cl CO(U epig;“).
iel
The closure in the first equation is superfluous if one of g and % is continuous at some

xo € dom g Ndom £ (see [6,23] for details).
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Let Y be another normed linear space with topological dual Y* and let S be a closed
convex cone in Y. Denote by S™ the dual cone of S, defined as

St ={y*eY*|y*(y) = Oforany y € S}.

We say that the map g : X — Y is S-convex if for any x;, xo € X and any
A €10, 1],

gOxr + (1 =M)x2) € Ag(x1) + (1 —=A)glxz) = S

and that g is S-sublinear if g is S-convex and positively homogeneous of degree 1.
Note that g~ (=S) := {x € X| — g(x) € S).

We also need the following lemma, which is well-known, see for instance [3,22]. Let
U, V be two topological spaces andlet ® : U x V — RU{—o00, +0o0}. Then the mar-
ginal functionz : V. — RU{—00, 400} is defined by 2 (v) := inf,cy P (u, v) and the
projection operator, Pry g : UXV xR — VxR,isgivenby Pry g (u, v,r) = (v, r).

Lemma 2.1 (Lemma?2.3 [3]and Theorem 2.1 [22])Let® : U xV — RU{—o00, +00}
be a proper function. Then, Pry g (epi @) is closed if and only if the marginal function
h:V — RU{—00, +00}, defined by h(v) = inf,cy ®(u, v) is lower semicontinuous
and inf,cy ®(u, v) is attained whenever h(v) > —oo, forv € V.

3 Characterizations of stable Farkas lemma

In this section we present characterizations of stable Farkas lemma for cone-convex
systems. Our approach makes use of the powerful convex conjugate analysis. Let
f + X — R U {+o00} be a proper lower semicontinuous convex function and let
g : X — Y be a continuous S-convex function with dom f N g~ 1(—=S) # ¢.

Define a function ® : X x ¥ — R U {400} by

S&x) if y—gx)es
+00  otherwise

D(x,y) = I
and a function n : X* — R U {—o00, 400} by
n(x*) ;= inf ®*(x*, y*).
y*er*
Then, for each (x*, y*) € X* x Y*,

sup {x*(x) — f(x) = (¥ 0 Q)(0)} if y* e ST
D" (x*, y*) = { xex
400 otherwise
and n*(x) := (®*)*(x, 0) = ®(x,0), Vx € X and, for each x* € X*,

NO) 2 ) = sup (") — b, 0} = inf {f(x) = 2" (0} > —oc.
xeX xegT(=S)

@ Springer



Complete characterizations of stable Farkas’ lemma and cone-convex programming duality 339

Theorem 3.1 (Stable Farkas Lemma) Let f : X — R U {400} be a proper lower
semicontinuous convex function, and let g : X — Y be a continuous and S-convex
function with dom f N g~'(—S8) # 0. Then the following statements are equivalent:

(i) Foreach x* € X* and each o € R,
[—g()eS= f(X)zx*(x) +ale (Fr e STH(Vx € X) f(x)+ (R 0 g)(x) =x™*(x) +a.
() epi f*+ U epi (y*og)*is w*-closed.
y*ES+

Proof [(i1)) = (i)] Suppose that (ii) holds. Let x* € X*™ and @ € R. Assume that
f(x) = x*(x) + «, for each x € g~1(—S5). Define

_ ) f) if y—gx) €S
Px,y) = [ 400  otherwise.
Then one can check that Pry«,g(epi®*) = epif* + Uy*eﬁ epi (y* o g)*. By (i),
Pry« g (epi®*) is closed, and hence from Lemma 2.1,  1s lower semicontinuous and
all values n(x™) are attained. So,

n**(x*)
— inf {f@) -2 ).

xeg1(=8)

n(x*)

and hence there exists A € ST such that ini{—x*(x) + fx)+ Ao gx)} =
xe
ir}f {f(x) —x*(x)}. By assumption, infco-1_g{f (X)) — x*(x)} = a, and so,
xX€LTH(=S)
inf{{—x*(x) 4+ f(x) + (Ao g)(x)} = « and hence (i) holds.
xe

[(i) = (ii)] Suppose that (i) holds. Let (u, r) € cl [epif* + |J epi (y* o g)*].
y*ES+
Then there exist nets {Ay} C ST, {(Va, pe)} C epi f* and {(wy, go)} C epi(iy 0 g)*
such that

(Vo + Wa, po + qa) — (u, ).

Now, wy (x) < gq, foreach x € g7 (=S) and vy (x) — f(x) < pqg, foreach x € X
and so, we have

(Vg + W) (X) — f(X) < pa +qa, Vx € g7 (=9).

Letting o« — oo, u(x) — f(x) < r,foreach x € g_l(—S). Thus it follows from (i)
that there exists A € ST such that

X))+ Rrog)(x) =ulx)—r, VxelX.

This gives us that (f + A o g)*(u) < r and then (u,r) € epi (f + 1o g)* =
epi f* + epi (A o g)*. Hence, (ii) holds. O
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Example 3.1 Let f(x) = §(—c0,01(x), g(x) = [max{0, x}]2 and S = R,.Then fisa
proper lower semicontinuous convex function, g is a continuous convex function and
dom f N g_l(—S) = (—o00, 0]. Moreover, epi f* = [0, c0) x R4 and

U epi(y*og)*:({O}XR+)U{(x,r)eR2|x>0, r>0}

y* eSSt

andepi f*+(J ¢+ epi (y*0g)* isclosed. Infact, epi f*+J«c g+ epi (¥ 0g)* = RZ.
For each x* € Rand each o € R,

[—g(x)eS = f(x)gx*x—i—a]
=x*€[0,00) and a <0
= forany A € ST andany x € R, f(x)+ Ag(x) = x*x +a.

So, Theorem 3.1 holds as the converse implication always holds. O

In the case where f = 0, Theorem 3.1 yields a characterization of a closed cone
condition in terms of a version of the stable Farkas lemma.

Corollary 3.1 Let ¢ : X — Y be a continuous and S-convex function with
g Y(—=S) # 0. Then the following statements are equivalent:

(1) Foreach x* € X* and each a € R,
[—gx)eS = x* ) za]l & A e ST(Vx € X)x*(x) + (Lo gx) =a.

(ii) U epi (y*og)*is w*-closed.
y*ES+

Proof The conclusion follows from Theorem 3.1 by taking f = 0 and replacing x*
by —x* as epif* = {0} x R and

epi f*+ [ J epi(y*og)* = |J epi(3*og)".

y*eSt y*eSt
O

A characterization of condition (ii) of Corollary 3.1 in terms of strong duality can
be found in [4].

The generalized Farkas lemma for cone-sublinear systems has been well known
under the closed cone condition that | J, c¢+ (A o £)(0) is w*-closed whenever the
function f is continuous and sublinear. For details, see [10,16] and other references
therein. We now show that a special case of our closure condition completely charac-
terizes the stable Farkas lemma for the cone-sublinear systems.

Corollary 3.2 Suppose that f : X — R U {400} is a proper lower semicontinuous
sublinear function and that g : X — Y is a continuous S-sublinear function with
domf N g~V (=S) # @. Then the following statements are equivalent:
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Complete characterizations of stable Farkas’ lemma and cone-convex programming duality 341

(i) Foreach x* € X*,
[—gx) e S = f)=x* ()] & @reSHx* €df(0)+3(hog)0).

() afO0)+ U 9(*og)(0)is w*-closed.

y*est

Proof The conclusion follows if we show that the statements (i) and (ii) are equivalent
to the statements (i) and (ii) of Theorem 3.1 Indeed, (ii) is equivalent to the condition
that epi f* + Uy*es+ epi(y* o g)* is w*-closed because

epif*+ (J epiv o  =[0f )+ (J 90" 0201 x Ry.

y* eSS+ y* eSS+

On the other hand, (i) of Theorem 3.1 clearly implies (i). To show (i) implies (i) of
Theorem 3.1, let x* € X*ando e R. If —g(x) € S = f(x) = x*(x) + «, then by
sublinearity of the functions, we see that

—g(x)efS = f(x)=>x*(x) and «a <0O.

So, by (i), x* € 3f(0) + d(x o g)(0), for some A € ST. Thus, for each x € X,
f(x)+ (Log)(x) > x*(x). Hence, foreach x € X, f(x) + (Ao g)(x) > x*(x) +«.
O

Corollary 3.3 Let A : X — Y be continuous and linear. Then the following state-
ments are equivalent:

(i) VeeX* [-AxeS =c(x)=0]& @reSHc+ATL = 0.

() AT(S) is w*-closed.

Proof Let g(x) = Ax. Then J, ¢+ (%0 g)(0) = AT (§1). Then, the conclusion
follows from Corollary 3.1. O

Remark 3.1 If Y = R™ and S is a polyhedral convex cone in Y, then AT (S7) is
a finitely generated cone and hence A7 (S7) is closed. So, from Corollary 3.3, the
original Farkas lemma follows (see [7]).

4 Stable Lagrangian duality

Using stable Farkas lemma, we derive necessary and sufficient conditions for a stable
duality result for a cone convex optimization problem which holds for each linear
perturbation of the given convex objective function.

Theorem 4.1 (Stable Duality) Let f : X — R U {400} be a proper lower semicon-
tinuous convex function, and let g : X — Y be a continuous and S-convex function
with dom f N g~ (=S) # @. Then the following statements are equivalent:

(i) inf  {f(x)—x*(x)} = max inf {f(x)+(y*og)(x)—x*(x)}, Vx* e X*
xeg~1(=S) y*eSt xeX
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(i) epif*+ U epi(y™og)*is w*-closed.
y* eSSt
Proof We only need to show that (i) is equivalent to (i) of Theorem 3.1. Suppose that
(i) holds. Letx* € X*and € R, and assume that f(x) = x*(x)4a, Vx € g~1(=5).

Then inlf {f(x) —x*(x)} = a. From (i), there exists A € ST such that
xeg—(=9)

inf {£(0) + (o)) —¥"(0)} 2 0,

and so, (i) of Theorem 3.1 holds.
Conversely, assume that (i) of Theorem 3.1 holds. To show (i), let x* € X*. If
inf  {f(x) — x*(x)} = —o0, then (i) trivially holds as

xeg7l(=9)

inf {[fO+Aog) —x* 0} = inf {f&)+ Rhog)x) —x*(x)}

eg1(=9)
= inf {f(x)—x"0)}=-00
xeg~1(=9)
So, we may assume that r := inlf {f(x) — x™(x)} is finite because dom f N
xeg™(=S)

g (—=S8) # ¥. Then, f(x) —x*(x) = r,foreach x € g~!(—S). Now, it follows from
(i) of Theorem 3.1 that there exists A € ST such that for each x € X, f(x) + (A o
2)(x) = x*(x) + r. Thus we have,

inf {/(0)+ (o)) —x"(0} = inf {f(x) —x* (0}
X xeg~

Since f(x) = f(x) + (Lo g)(x), foreach x € g‘l(—S),

inf {f) —x"(} 2 inf {f(0)+ (o)) —x" ()}

xeg~1(=9)

Thus (i) holds. O

We now present a new necessary and sufficient condition for the stable min—max
duality of a given convex optimization problem. It states that

min {f(x)—x (x)} = max 1nf {f(x)+(y og)(x) —x* (x)} vV x* e X*.
xeg=l(=$) yrestx

To derive such a condition, define, for each x € X,

Ng(x)o = {ue X*| w,ux) e (J epi v*og)*}.

y*ES+
It is easy to verify that, for each x € g_l (—S), Ng(x)g is a convex cone in X* and

Ng(x)o={u e X*|y* €57, uecd(y”og)x), (y*og)x)=0}.

@ Springer



Complete characterizations of stable Farkas’ lemma and cone-convex programming duality 343

Note that, for each x € g_1 (—=S8), Ng(xg) C Ng—l(_s) (x) and

Ng1_s) (@) = Ju e X* | uu@x)) ecl| | J epi 0*og)*}] f -

y* eSSt

where Ng_1(7s) (x) is the normal cone to g_l (—S) at x.

Theorem 4.2 Let f : X — R U {400} be a proper lower semicontinuous convex
function and let g : X — Y be a continuous S-convex function. Suppose that f is
continuous at a point in dom f N g~V (=S) and that, for each x* € X*, f(.) —x*())
attains its minimizer over g~ (—S). Then the following statements are equivalent.

@) min  {f(x)—x*(x)} = max inf {f(x)+(y*og)(x)—x*(x)}, Vx* € X*.
xeg~1(=S) y*est xeX

(i) f () + N1 (_g) @) = 3f (x) + Ng(x)o, Vx €dom f N g~ (~5).

Proof [(i1)) = (i)] Suppose that (ii) holds. Let x* € X*. Assume that x € dom f N
g '(=S)and f(x)—x*(x) = mlin {f(y)—x*(y)}. Then, by optimality condition
)

yegT (=
(see Theorem 4.1 [6]), we have

.x* € 8f(x) + Ng—l(_S)(.x).
Using (ii), we have,

x* € df(x) + Ng(x)o
=0f()+{ueX |y €S, ued(y*og)x), (y*og)x)=0}.

Thus, there exists & € ST such that
x*edf(x)+0d(hog)(x) and (rog)(x)=0.
This gives us that

{f M+ Gog)(y) —x* M} = fx) — x* ().

inf
yeX
On the other hand, for each y* € ST,

inf {f()+ G o) —x* M= inf  {f(y»)—x"M}
veX yeg~l(=9)

Hence (i) holds.
[()) = (ii)] Suppose that (i) holds. Since, for each x € g~'(=S), Ng(x)y C
Ng—l(_s)(x), af (x) + Ng(x)o C af (x) + Ng—l(_s)(x), Vx € dom f N g_l(—S).
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Let x € dom fﬂg‘l(—S) andu € af(x)—i—Ngfl(_S)(x).Then there exist v € af (x)
and w € Ng—l(is)(.x) such that u = v + w, and hence for each y € g_l(—S),

F)—@+w(y) =z f(x) — v+ w)(x).
Now, it follows from (i) that there exists A € ST such that
fx) —ulx) = ;Iellj( {FO) +Gog)y) —um}.
So, we have,
(Aog)(x) =0 and u € df(x)+d(hog)(x).
This means that
u e df(x)+ Ng(x)o.

Hence (ii) holds. m]

The link between the condition that characterizes the stable duality (Theorem 4.1)
and the condition that characterizes the stable min—max duality (Theorem 4.2) is illus-
trated by the following Proposition for which a direct proof is given.

Proposition 4.1 Let f : X — R U {+00} be a proper lower semicontinuous convex

function and let g : X — Y be a continuous S-convex function. Assume that f is

continuous at a point indom fNg='(—=S). Ifepi f*+ | epi (y*og)*is w*-closed,
y*eS+

then the equality

0f (¥) + N1 (_5)(x) = 8f (x) + Ng(x)o, Vx € dom fNg~'(=S)
holds.

Proof Clearly, 0f (x) + Ng(x)o C 9f (x) + Ng—l(_s)(x), Vx € dom f N g_l(—S).
To establish the converse inclusion, let x € dom f N g~ '(—S) and u € af (x) +
Ng—l(_s) (x). Then, there exist v € df (x) and w € Ng—l(_S) (x) suchthatu = v+ w,
and hence we have

fHW) + f(x) = v(x)
and there exist nets {A,} C ST, {we} C X* and {r,} C R such that (wy,7y) €

epi(rg0g)* and (wa, re) = (w, w(x)). Thus (v, v(x) — f(x)) + (Wa, ra) € epif*+
Uyxes+epi(y* o g)*. Now, by the closedness assumption, there exists 1 € § * such that

(v, v(x) = f(0) + (w, wx)) € epif™ +epi(rog)”
=epi(f +ro0g)".
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So, foreach y € X,

uy) = (f+r0g)(y) =ulx) — f(x).

Inparticular, by taking y = x, we get —(Log)(x) < 0.As (Aog)(x) < 0,(hog)(x) =0
Thus, foreach y € X,

(f+2ro)(y) = (f+A0g)x) +uly —x).

This gives us that u € df(x) + (X o g)(x) and (A o g)(x) = 0, and hence u €
af (x) + Ng(x)o. O

Remark 4.1 (1) In general, (i) in Theorem 4.2 does not imply that Ng_|(7 ) x) =
Ng(x)o Vx € dom fNg~!'(—S).Indeed, let f, g and S be as in Example 3.1. Then (i)
in Theorem 4.2 holds. But even though 0 € dom fng=l(=s), Ny-1_5)(0) = [0, 00)
and Ng(0)g = {0}.

(2) In general, Bf(xo)—i—Ng_l(,S) (x0) = df (x0)+ Ng(xp)o for some xg € dom N
g_l(—S) does not imply that (i) in Theorem 4.2 holds. Indeed, let f(x) = —x, g(x) =
[max{0, x}]? and S = R,.Letxg = —1. Then xg € dom f N g~ (=9),

9f (x0) + Ng-1(_g)(x0) = 9f (x0) + Ng(xo)o = {—1}.

Even though min f(x) = 0, max inf { f (x) + Ag(x)} can not be attained, and
xeg~1(=5) A=0 xeR
hence (i) in Theorem 4.2 does not hold.

Theorem 4.3 Let g : X — Y be a continuous S-convex function with g~ (—S) # 0.
Suppose that, for each x* € X*, x*(.) attains its minimizer over g~'(—S). Then the
following statements are equivalent:

(i) min  x*(x) = max ing{x*(x) 4+ (y*og)(x)}, Vx* e X*

xeg~1(=9) y*eSt xe

(i) Ng-1(_5(x) = Ng(x)o, Va € g™ (=5).

Proof The conclusion follows from Theorem 4.2 by taking f = 0. O

5 Stable duality in cone programming
In this section, we apply the results of the previous sections to derive stable duality
results for convex semi-definite programs and convex second-order cone programs.

Consider now the following convex semi-definite program.

(CSP) Minimize  f(x)
subjectto  Fo + X | x; F; = 0,

where f : X — R U {+o00} is a convex function.
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Let S, be a vector space of n x n symmetric matrices with the trace inner prod-
uct (M, N) := Tr[M N] which is partially ordered by Lowner partial order > of S,;
that is, for M, N € S,, M > N if and only if (M — N) is positive semidefinite.
Let K = {M € S, | M > 0}. Then K is self-dual, that is, K™ = K. Let F(x) =
Fo+ S x;F;, where F; € S, i =0, 1,...,mand F(x) = £ x; F;. Clearly, F

is a continuous linear operator from R™ to S,. The adjoint operator F*: S, —> R"is
given as (F*(2)); = Tr[ZF;],i = 1, ..., m. We denote the feasible set of (CSP) by
F~U(K).

Theorem 5.1 Letr f : R — R U {400} be a proper lower semicontinuous convex
function. Suppose that dom f N F~Y(K) # §. Then the following statements are
equivalent:

(i) Foreacha € R™ and each @ € R

[F(x) eK= fx)zalx —i—oe] e 3Z € K)(¥x € R™) f(x) —

Tr[ZF(x)] = a’x + «.
.. . T _ . N T m
(i) er'lI’lf(K) {f(x) a x} = anea[)(( xlelﬁgfm {f(x) Tr(ZF(x))—a x}, Ya € R™.

i) epi f*+ U {(—F*(2), Te(ZFo) + 1)} is closed.
ZeK,r=0

Proof Letg : R™ — S, be defined by g(x) = — F(x)and S = K. Then we have,
U eri0* o) = | {—F*@).T(ZFo) +n}.
y*est ZekK, r=0
Then, the conclusions follow from Theorems 3.1 and 4.1. O

Consider the following convex second-order cone program:

(SOCP) Minimize f(x)
subject tox € M := {x € R" | [(h1(x), ..., hu—1 G| < ki (x) },

where f : R" — RU{+o00}is aconvex function, #; : R* — R,i =1, ..., m are con-
vex functions and ||z|| = Vz7z, z e R" V. Let C = {(y,1) e R" ' xR | ||y| <1},
that is, C is a second-order cone in R”. Then C is self-dual, that is, C = CT.

Theorem 5.2 Let f : R" — R U {+00} be a proper lower semicontinuous convex
functionand h; : R" — R, i =1, ..., m, be convex functions with dom f "M # (.
Then the following statements are equivalent:

(i) Foreacha € R" and each @ € R
xeM] = [f()za'x+a] & @rel) (Vx eR") f(x)

m
— Z)»,-hi(x) > alx +a.

i=1
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(i) xigl {fr)—a’x}= max 161’1]1£ {f) = >0 Ahi(x) —a’x}, VaeR"
X
(i) epi f*+ U D1t epi (Aihi)* is closed.
reC

Proof Let g(x) = —(h1(x)), ..., hp (x)T and S = C. Then the conclusions follow
from Theorems 3.1 and 4.1. O
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