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Abstract. It is well known that a vector is in a second order cone if and only if its “arrow” matrix is positive
semidefinite. But much less well-known is about the relation between a second order cone program (SOCP)
and its corresponding semidefinite program (SDP). The correspondence between the dual problem of SOCP
and SDP is quite direct and the correspondence between the primal problems is much more complicated.
Given a SDP primal optimal solution which is not necessarily “arrow-shaped”, we can construct a SOCP
primal optimal solution. The mapping from the primal optimal solution of SDP to the primal optimal solution
of SOCP can be shown to be unique. Conversely, given a SOCP primal optimal solution, we can construct a
SDP primal optimal solution which is not an “arrow” matrix. Indeed, in general no primal optimal solutions
of the SOCP-related SDP can be an “arrow” matrix.

1. Introduction

In the literature, [1, 4, 5, 7, 8]!, when one refers to second order cone program (SOCP)
as a special case of semidefinite program (SDP), one always use equivalence (1) below,
which states that a vector is in a second order cone if and only if its “arrow” matrix is
positive semidefinite. This can directly be applied on the dual problem of SOCP to obtain
the dual problem of the corresponding SDP, as will be shown below. The relationship
between the two dual problems is clear. However, when we consider the primal SOCP
and try to relate it to its corresponding primal SDP, the situation is not as simple. In fact,
we will show later that in general, no “arrow” matrix can be an optimal solution to the
primal SDP.
Consider the primal second order cone problem (P) given as follows:

min PIRREY
(P)  subjectto Y !, Aixi=b
Xl <(xi)o i=1,...,n

Here x; = ((x;)o, X! )T € ®kitland A; € > kit
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We can treat the second order cone program as a special case of semidefinite program
using the following equivalence:

_ X0 x!
Xl < (x)0 <= Arw(x):=("_ =0 (D
X xol
where A > 0 means that A is symmetric, positive semidefinite.
In order to write a SOCP as a SDP, it is more convenient to look at the dual problem

(D) of (P),

max b7y
(D)  subjectto ATy +si=cii=1,...,n
Isill < (si)o i=1,...,n

T
where y € W™ and 5; = ((51)0,5, )T € Rkl Now let AT = (‘} ) where a; € R

l
and A; € Rk >™ . By writing A; as @}, ..., a") € " g as (al, ..., a7 e f"
and using equivalence (1), we can easily obtain (D’), the dual SDP problem,

max b’y
(D) subjectto Y7 yjArw((a) @l )T) + S = Arw(c) i=1,... .n
S; >0 i=1,...,n

This is precisely the dual of the primal SDP (P’) given below:

min Y7, Arw(c;) o X;
(P')  subjectto Y_I_, Arw((a] Ell./T)T) eX;=bjj=1,....m
X; >0 i=1,...,n

Here X; € R&iTDx&i+D and symmetric.

Note that we have obtained (D), starting from (D), by merely using equivalence
(1). One can see that there is a natural correspondence between the feasible sets of (D)
and (D), and the objective functions of both problems are exactly identical. Hence, it
is clear that given an optimal solution (sf, ... , s;, y*) for (D), one can easily obtain an
optimal solution (S7, ..., S¥, y*) for (D’) and vice versa, because of equivalence (1).

Does the relation x < Arw(x), given by relation (1), also build the equivalence
between (P) and (P’)? The answer is “no”. One can easily verify that x and X = Arw(x)

may not simultaneously satisfy both constraints aiT x =b; and Arw(a;) ¢ X = b;.

2. Equivalence between (P) and (P’)

Having observed the above, we may ask, given an optimal solution (x{, ... , x;;) of (P),
what is an optimal solution for (P")? Also, given an optimal solution (X§, ..., X}) of
(P’), which is not necessarily of “arrow-shaped”, what is an optimal solution of (P)?
In this section, we will answer these questions.

Wlog, we consider (P) and (P’) for n = 1; our results are easily extended to n > 2.
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We denote by SK+1 the space of all symmetric (k + 1) x (k + 1) matrices, Si“ =
{X e K1 X = 0}, and C*! = {x = (xo, x1)T € R+ x| < x0).

In order to build the equivalence between (P) and (P’), we should find a correspon-
dence between x and X such that aiTx = b; <= Arw(a;) ® X = b; for any pair of
corresponding constraints in (P) and (P’) respectively. Thus the following lemma is
crucial:

Lemma 1. X = (X;))o<i<k0<j<k € St and x = (xo, ..., x)T € RE+L,

Arwu)e X =u'x holds for all u € DI )
if and only if

k
ini=xo and 2Xi0=x;, i=1,... .,k )
i=0

The above lemma leads to the following two maps.

Definition 1. Define a point-to-set map M which maps a point x = (xg, X1, .. ., x)f e
C**1 10 a subset of SF+!

X,'():%xi,iZI,...,k},

and a map M’ : S — RFU by M/(X) = (X5_o Xiis 2X10,..., 2Xk0)T for

Theorem 1. (a) For every x € CK*1 there exists an X € M(x) which is positive
semidefinite. Indeed, 0 € M(0), and for x # 0

%9 %)_CT v k+1
M(x) = - — eMx)nNnsS, ™, 3
(x) %)_C xo;/!xul‘i‘xgr (x)N Sy 3)
where 6 = xo+ ||X || ++/(x0 + [|£])? — 4]|X||2. Moreover, x € intC¥t! = M(x) €

: k+1
intSy .
(b) Forany X € S, M'(X) € C**+1. Moreover;, X € intSK™ = M/(X) € intC*+1.
(c) Letx #0.Thenx € 3C**! i.e., xo = ||X|, if and only if]\;I(x) DST'I is a singleton
1-T
X0 EX
o)

X 2x0

B[—

whose unique element is (

STE

Proof. (a) Forany0 # x € C*¥*! anelement X in M(x)N Si“ must satisfy condition
(2) as well as positive semidefiniteness, thus it must have the form

Xoo %)_CT
(17 @
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(b)

()

satisfying
—T
> — Tr(B) + Xopo = xo. 5
Z X r(B) 00 = X0 &)
A simple form of matrix B that satisfy the first condition in (5) is B = I + gzo.
With this B, the second condition in (5) becomes k8 + K!Z + Xopo = x0. A neces-

sary condition for the last equation to have real solution Xq is 8 < )“)_T”x_” Choose
B = XOE—IEXH One can easily verify that Xo9 = %9 (6 is given in the theorem)
satisfies the equation. Moreover, if x € intCk*!, 8 > 0 and # > 0 implies that
M(x) € intS%H!.

To show that indeed given X € Sf'l, M (X) e C k+1 " we need only show that
(ko Xin)? = 435 X2 Assume Xo > 0. Denote ¥ = 2(X1o, ... , Xz0)" .

Now X (in the form of (4)) is positive semidefinite implies that the submatrix B — ﬁ;
is also positive semidefinite. Hence the trace of the submatrix
—T k -2
XX lIx|l
t B——:EX-~——>0. 6
r( 4X0()) - i 4Xoo (6)

This implies that 3"5_; X% < Xoo Y.+_; X;i. Using the basic result, ab < (a +
b)?/4, we show that 4 ZLI Xi20 < (Zfzo Xii)%, hence M'(X) € C**!. By chang-
ing inequalities to strict inequalities, this argument can be used to show that X €
it = M'(X) € intChH1.

“=" Suppose 0 # x € dC*t!. Let X be any element in M (x) N S_]f_‘H. Similar to
the proof of (b), we have inequality (6). Because Zf:o Xii = xo and xo = ||x||, (6)
is equivalent to

—T 2
Xoo — 2
B ~ (Xoo —x0/2) >0
4X oo Xoo

. . . =T . .
This only holds if X¢9 = x¢/2. Thus, the trace of the submatrix B — 4%00 is zero. This
implies that the submatrix itself is zero since the submatrix is positive semidefinite.

xx! . %XO %iT

Therefore, B = 55— and Xoo = xo/2. This shows that X = | 5 _" 37 |-
00 E)C

“&” Follows from the definition of M (x) and x¢ > 0. O

Now, the equivalence between (P) and (P’) follows immediately from the above

theorem, noticing that Condition (%) also implies that the objective values for (P) and
(P') are equal.

Corollary 1. Given the data set (A, c, b) of a SOCP from which we obtained (P) and
(P)). (P) and (P’) are equivalent in the sense that the point-to-set map M has the
property that any element of M (x*) N Sff“l is an optimal solution of (P') if x* is an
optimal solution of (P) and the map M’ is such that M'(X*) is an optimal solution of
(P) whenever X* is an optimal solution of (P').
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We state below some properties of the maps M and M.

(i) M(x) = (M")~"({x}) for every x € C**1, i

(i) M(x) N M) =@ forx #x' € CH |, connt M(x) N SEF! = s+
(iii) M’ is the unique map such that X € Sf’l and M’(X) satisfy Condition ().

Our final remark is that most instances of primal SDP (P’) have no “arrow-shaped” opti-
mal solution because for most instances, all its optimal solutions are on the boundary
of the cone. In this case, we must have that, by Theorem 1(c), every nonzero primal

xx (f*)T

. . 0 L.
optimal solution is of the form % o+ @9 |, for some x* € dCk*1 which is not

xr

0
arrow-shaped. An example of when the above occurs is if the strong duality holds for
the SDP pair (P’) — (D’) and there exists a (dual) optimal solution (§*, y*) such that
S*#£0.
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