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Abstract. We introduce a general adaptive line search framework for solving fixed point and variational
inequality problems. Our goals are to develop iterative schemes that (i) compute solutions when the under-
lying map satisfies properties weaker than contractiveness, for example, weaker forms of nonexpansiveness,
(ii) are more efficient than the classical methods even when the underlying map is contractive, and (iii) unify
and extend several convergence results from the fixed point and variational inequality literatures. To achieve
these goals, we introduce and study joint compatibility conditions imposed upon the underlying map and the
iterative step sizes at each iteration and consider line searches that optimize certain potential functions. As a
special case, we introduce a modified steepest descent method for solving systems of equations that does not
require a previous condition from the literature (the square of the Jacobian matrix is positive definite). Since
the line searches we propose might be difficult to perform exactly, we also consider inexact line searches.

Key words. Fixed point problems — Variational inequalities — Averaging schemes — Nonexpansive maps —
Strongly-f-monotone maps

1. Introduction

Fixed point and variational inequality problems define two closely related and broad clas-

ses of problems that arise in the context of optimization as well as in fields as diverse as

economics, game theory, transportation science, and regional science. Their widespread

applicability motivates the need to develop and study efficient solution algorithms.
The variational inequality problem that we consider

VI(f,K): Find x* € K CR": f(x*)'(x —x*) >0, Vx € K (1)

is defined over a closed, convex (constraint) set K in R". In this formulation, f : K C
R™ — R" is a given function. The literature for solving variational inequalities is vast.
Review papers by Harker and Pang [25], Pang [43] and Florian and Hearn [19], and books
by Harker [24], Nagurney [39] and more recently by Facchinei and Pang [18] summa-
rize and categorize many algorithms for the problem as well as the application of these
methods to special settings such as the traffic equilibrium problem. Often algorithms for
solving variational inequalities establish an algorithmic map 7 : K € R" — K and a
fixed point problem,

FP(T,K): Find x* € K C R" satisfying T (x*) = x*, 2)

T.L. Magnanti: School of Engineering and Sloan School of Management MIT, Cambridge, MA 02139
G. Perakis: Sloan School of Management and Operations Research Center, MIT, Cambridge, MA 02139

Preparation of this paper was supported, in part, from the National Science Foundation NSF Grant 9634736-
DML, as well as the Singapore-MIT Alliance



436 T.L. Magnanti, G. Perakis

whose solution solves the original problem. Examples of algorithmic maps include a
projection operator T = Prg (I — pf) for some positive constant p or, more gener-
ally, amap 7 (x) determined by solving a simpler variational inequality or minimization
subproblem (see, for example, [11] and [42]). Moreover, often algorithms for solving
variational inequality problems in various applied settings are related to the solution of
fixed point problems (see, for example, [10], [24], [39]).

A standard method for solving fixed point problems for contractive maps T is to apply
function iteration, x;4+1 = T (xx). The classical Banach fixed point theorem shows that
for contractive maps this method converges from any starting point to the unique fixed
point of 7. When the map is not contractive (e.g, is nonexpansive), function iteration
need not converge and, indeed, the map T need not have a fixed point (or it might have
several). For example, when T (v, z) = b(z, —Yy), for some constant b, then the sequence
that function iteration induces (i) does not converge to the solution x* = Q when b = 1,
but rather induces a 90° degree rotation about this point, and (ii) when b > 1, moves away
from the solution. Is there a way to remedy this cycling and nonconvergent behavior?

In the case of cycling behavior, researchers (see [1], [8], [12], [27], [35], [36], [40],
[44]) have established convergence of recursive averaging (line search) schemes of the

type
Xiep1 = X + ai (T (x) — x) = (I — agp)xi + ar T (xg),

assuming that0 < ax < 1and Z,fil ar(1—ay) = +o0o. We will refer to this sequence of
step sizes as a Dunn sequence. Equivalently, this condition states that ) - ; min(ag, 1 —
ay) = 00, implying that the iterates lie far “enough” from the previous iterates as well
as from the image of the previous iterates under the fixed point mapping. For variational
inequality problems, averaging schemes of this type give rise to convergent algorithms
using algorithmic maps T that are nonexpansive rather than contractive (see Magnanti
and Perakis [35]).

Even though recursive averaging methods converge to a solution whenever the under-
lying fixed point map is nonexpansive, they might converge very slowly. In fact, when
the underlying map 7 is a contraction, recursive averaging might converge more slowly
than the classical function iteration.

Motivated by these observations, in this paper we introduce and study a recursive
line search framework for solving fixed point and variational inequality problems. Our
goals are to (i) design methods permitting a larger range of step sizes and/or better rates
of convergence than prior methods (for example, function iteration even when applied
to contractive maps), (ii) impose assumptions on the map 7' that are weaker than con-
tractiveness, (iii) understand the role of nonexpansiveness, and (iv) unify and extend
several convergence results from the fixed point and variational inequality literature.

To achieve these goals, we:

1. Introduce, in Section 2, a general adaptive line search framework that relies on step
sizes that are “compatible” with a given problem map 7. The convergence results
from this section highlight, and quantify, tradeoffs inherent in imposing properties
(e,g., contractiveness assumptions) on the underlying fixed point map and restrictions
on the iterative step sizes. The convergence results include as special cases, classical
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function iteration for contractive maps and various averaging methods (Dunn’s aver-
aging results ([12], [35])) for nonexpansive maps.

2. Introduce and study, in Section 3, several line search procedures that dynamically
optimize potential functions and, in doing so, “intelligently” choose step sizes. These
methods are special, implementable, cases of the general framework developed in
Section 2. For example, to determine step sizes for nonexpansive maps, we general-
ize the condition mentioned previously for ensuring convergence of certain (Dunn)
averaging methods: unless the current iterate lies close to a fixed point solution, the
next iterate should not lie close to either the current iterate or its image under the
fixed point map 7.

As a side benefit of our analysis, we are able to show that a modification of the
classical steepest descent method for solving fixed point problems (or, equivalently,
unconstrained asymmetric variational inequality problems) does not require the square
of the Jacobian matrix to be positive definite as does the classical steepest descent
method, but rather that the Jacobian matrix be positive semidefinite. The method is
globally convergent even in the general nonlinear case.

In Section 4, we show that under appropriate conditions, the general framework
and the potential methods we examine have better rates of convergence than function
iteration and yield a “close to optimal” rate of convergence. In Section 5, as an aid to
implementation, we consider inexact line searches. Finally, in Section 6, we state some
open questions.

1.1. Preliminaries

We will impose several conditions on the underlying fixed point map 7. In the state-
ment of these conditions and elsewhere in this paper, G or G denotes a positive definite
matrices.

Definition 1. Amap T : K — K is Lipschitz continuous relative to the ||.||g norm on
the set K if for some Lipschitz constant A > 0,

IT() = TDIE < Allx —ylg ¥x,y € K. 3)

If x* is a fixed point solution, then the map T is Lipschitz continuous (contractive or
nonexpansive respectively) around the solution x* if

IT(x) = TxHIE < Alx —x*|% Vx € K.

Special cases

When 0 < A < 1, the map T is a contraction on K relative to the ||.||g norm, and
when A = 1, the map T is nonexpansive on K, relative to the ||.||g norm.

When a map T is a contraction, we will sometimes refer to the constant A as the
contraction constant.

The map T (y, z) = b(z, —y) that we introduced previously is nonexpansive when
b = 1 and contractive when 0 < b < 1.
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The following bounds will be useful at later points of the paper.

Proposition 1. If T is a Lipschitz continuous relative to the ||.|g norm with a Lipschitz
constant A > 0, x* is a fixed point of T, and x # x*, then the following inequalities are
valid:

1+ VA)x —x*llg = Ix = T®llg = (1 — VA)Ix — x*||g- 4)
Proof. Lipschitz continuity implies that
llx — x*||% + llx = TOIE —2(x — T(x))' G(x — x*) = [|T(x) — x*||%
= |IT(x) — TG
< Allx — x*[1%.

From this expression, the inequality |(x — T (x))'G(x —x*)| < |x =T ) |lgllx —x*|lc
implies that

lx =TWlgllx —x*ll¢ =

1
w—xWé+§w—Tumé

If x = x*, then the inequalities (4) are trivially valid. Otherwise, dividing both sides

of the previous inequality by [|x — x*||2G and setting w = %, we obtain the

valid inequality %wz —w+ % < 0. This inequality holds only for values of w lying
between the two roots w; = 1 + VA and wy=1-— /A of the binomial, which implies
the inequality (4). O

As a final preliminary, we introduce a definition and a simple proposition that relate
limit points of a sequence to fixed point solutions.

Definition 2. The sequence {xy} is asymptotically regular (with respect to the map T)
iflimg_ oo llxk — T (x)llg = O, for some positive definite matrix G.

Proposition 2. (i) If T is a continuous map and the sequence {x;} converges to some
fixed point x*, then the sequence {x} is asymptotically regular.

(ii) If T is a continuous map and the sequence {xy} is asymptotically regular, then every
limit point, if any, of this sequence is also a fixed point solution.

Proof. Property (i) is a direct consequence of continuity since if the sequence converges
to some fixed point x*, then the continuity of 7 implies that limy_, 4 oo || xx—T (xk) ||2G =0.
Property (ii) follows from the observation that if the sequence {x;} has a limit point,
then asymptotic regularity implies that it is also a fixed point solution. O

Lemma 1. If the sequence {x;} has a limit point, all of its limit points are fixed points,
and the sequence {||xy — x*||g} is convergent for every fixed point solution x*, then the
sequence {xi} converges to a fixed point solution.

Proof. Let x be any limit point of the subsequence of x; (and so a fixed point of the
map T'). By hypothesis, the sequence ||x; — x*||g converges to zero, and so the entire
sequence {xj} converges to the fixed point solution x. O

We will use this simple result, together with Property (ii) of Proposition 2, to establish
the main convergence result of Section 2.
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2. Compatible maps and step sizes: A general case
An adaptive line search framework

One of the main goals of this paper is to determine “good” step sizes ai, possibly nega-
tive, for the general iterative scheme

X1 = xg(ag) = xp + ap (T (x) — xi).

We will achieve this objective by choosing step sizes that are “compatible” with the
underlying map 7. That is, we will achieve convergence by imposing conditions jointly
on the underlying map T and the step sizes ay.
Motivation:

We will draw our motivation from two results.

1. When the fixed point map 7 is contractive and the step size ay = 1 at each iter-
ation k, the line search framework coincides with the classical function iteration
xr+1 = T (x¢) and, as a result, the sequence induced converges to the fixed point
solution at rate A. This case imposes a strong condition on the underlying map 7.

2. When the fixed point map 7 is nonexpansive and the step sizes satisfy the condi-
tions of Dunn’s theorem, namely, 0 < a; < 1 and Z,fil ap(l — ay) = +00, then
the general line search framework converges (see [12]). This case imposes a strong
condition on the step sizes (which slows convergence).

Our analysis will strive to generalize these results by considering the following quantity
that simultaneously considers the nature of the underlying fixed point map and the step

sizes. 5 5
_ * _ _ *
e — 213 = IT @) — T @)1

2
e — T 1%

In the expression G is a positive definite matrix. Notice that when the map 7' is non-
expansive with Lipschitz constant 0 < A < 1, the numerator of the first term in the
definition of A} is at least (1 — A)[lx; — x* |2 and so the first term is nonnegative and
therefore for Examples 1 and 2, the quantity Az (x*) > 0. To permit tradeoffs between
the nature of the underlying map and the step sizes, we will impose two assumptions:

Ar(x™ =

+ (1 —ap). ®)

Definition 3. A map T and step sizes ay are AI1-A2 compatible if they satisfy the follow-
ing two conditions.

Al. For any fixed point x* of the map T, at each iteration k, ar Ay (x*) is nonnegative.
A2. For any fixed point x* of the map T, if ay Ax (x*) converges to zero, then every limit
point of the sequence {xy} is a fixed point solution.

We wish to show that if the map T and the step sizes a; satisfy Assumptions Al and
A2, then the line search scheme xy1 = x; + ax (T (xx) — xi) converges to a fixed point
solution.

Let us first restate the definition of Ax(x*) in a different, but equivalent, form. Note
that since x* = T (x*), by adding and subtracting x; from the first term and expanding,
we obtain

I Gea) = T )G = ok —x* 1 + v — T ) 15 — 200 — T () G (xx —x*) - (6)
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which when substituted into the definition of Ag(x™*), gives
* 12 #1112
e = x* 112 = 17 (o) = T
2
e — Tl
200 — T () G(xx — x¥)
i — T (o112

Ar(x™) =

+ (1 —ax)

— ay. )

Theorem 1. Assume that the map T has a fixed point solution x*. If the map T and step
sizes ay are AI-A2 compatible, then the sequence of iterates {xi} converges to a fixed
point solution.

Proof. Consider any fixed point x* of the map 7. Since xx1 = xr + ar (T (xg) — x¢),
i1 = x* 1% = llxe — 213 — 2a (e — T o)) G ok — x*) +af ok = T @) lIG- (®)

Expression (8) implies that

|12

Ixern — x 1% = llx — x*II%
—ai [l = x* 1% = 1T ) = TN + I = T 3]
+aillx — T )l

Therefore,

*2 k2 _ 2
st — 251 = e — 2513 — axllo — Tl

. [m — XM = 1T ) — T - ak)}

_ 2
e — T lI%

Equation (7) implies that
Ixern = x*I% = I — x*1% — ax Ax ) llxk — T (e 15 ©)

Relation (9) and assumption A1 imply that the sequence |lx; — x* ||é is nonincreasing

and, therefore, is convergent. This result implies that either (a) ||x; — T (xg) ”26 converges
to zero, or (b) ag Ay (x*) converges to zero. Therefore either Proposition 2 (for case (a))
or assumption A2 (for case (b)) implies that every limit point of the sequence of iterates
{xr} is also a fixed point solution. Relation (9) implies that ||x; — x* ”26 is convergent
for every fixed point x*, and Lemma 1 then implies that the entire sequence of iterates
{xx} converges to a fixed point solution. O

This theorem extends Banach’s fixed point theorem since, when T is a contraction,
a choice of gy = 1 for all k satisfies assumptions A1 and A2 (since from Proposition 1,
Ar(x®) > (1 - A/ + «/Z)z > 0). As we next show, this theorem also includes as
special case Dunn’s averaging results (see [12], [35]).

Theorem 2. Suppose that T is a nonexpansive map, the step sizes ay constitute a Dunn
sequence (that is, Y, ax(1 — ax) = 400), and the map T has a fixed point solution x*.
Then the map T and the step sizes ay satisfy assumptions Al and A2.
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Proof. Assume as in Dunn’s Theorem that T is a nonexpansive map and that a; € [0, 1]
satisfies the condition Zk ar(1 — ax) = +oo. Since T is a nonexpansive map and
ax € [0, 1], Ag(x™) > 0 (that is, assumption Al applies).

To establish the validity of assumption A2, we suppose that it does not hold. That is,
ax A (x*) converges to zero and some limit point of the sequence {x} is not a solution.
In the proof of Theorem 1, we showed that

okt — x*1% — e — 2% = —ar A (™) e — T ) 112, (10)

which implies (since ax Ag (x*) > 0) that the sequence {||x; — x*||*} converges to some
constant g for every fixed point solution x*. Adding and subtracting T (x;) implies that

k1 = T e DI = Tk + ax(T (xx) — x) — T (X0
= 11 —a) (xx = T (x) + (T (i) — T (1)) -

Applying the triangle inequality together with the fact that 7' is a nonexpansive map
implies (since xxy1 — xx = a(Tx(xg) — xi)) that

X1 = T O DIl = (A = a)llxx = T )l + lIxeer — xell = llxe = TGl (1)

Therefore, the sequence {||xx — T (xx)||} converges. Since we assumed that some limit
point of the sequence {x;} will not be a solution, Proposition 2 implies that ||x; —
T (xx)|| = B > 0 for all k > ko, for a sufficiently large constant ky. Then by adding the
telescoping equations (10) for all k > ko implies that

. 2 2
fim flxiegr — 212 =l — 2" < = 3 @ Ae () B,
k>ko

But since T is nonexpansive, » , axAx(x*) > Y, ax(1 — ax) = +oo. Therefore,
Zk arAr(x™) = +o0.
This result is a contradiction since it implies that

2 . 2 2
g = llxky = 22 = lim |y = 2517 gy —x*1% < = ) akAr@™) B = —o0.
k>ko

Therefore, if ayAx(x*) converges to zero, then every limit point of the sequence
{xz} is a fixed point solution (that is, assumption A2 is valid). We conclude that the
assumptions of Dunn’s theorem imply assumptions Al and A2 and, therefore, Dunn’s
theorem is a special case of Theorem 1. O

The next example shows that Theorem 1 is a more general result.

Example 1. The map T (x) = x+/1 — ||x|| has a unique fixed point x* = 0 over the set
{x : |lx|]| < 1} and is nonexpansive around solution x* (see Definition 1) since

I7Co) = TGO = lxllv1 = llxll < [Ix]l = llx — x*|.

If we choose step sizes ay = 1 for all k£, then Dunn’s averaging result does not apply since
> rak(l —ag) = 0 < +o00. Banach’s fixed point theorem also does not apply since 7,
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although nonexpansive, is not a contractive map. Nevertheless, Theorem 1 ensures con-
; _ : *Y [l

vergence since a.k = 1 for all k is bounded away from zero and Ay (.x )= A=

and so, assumptions A1 and A2 apply. Therefore, Theorem 1 applies for this choice of

the map T and step sizes.

Remark. Observe that the steps sizes for the iterates satisfying assumptions A1 and A2
of Theorem 1 need not necessarily lie between zero and one and that the map 7 need
not be nonexpansive. To achieve the joint conditions of assumptions A1 and A2 imposed
upon the maps T and step sizes, we might (i) restrict the line searches to a subset of
[0, 1) or (—1, 0] permitting maps that satisfy a condition weaker than nonexpansive-
ness, or (ii) extend the line searches, but as a result, impose stronger assumptions on the
map T.

3. Potential optimizing methods

Theorem 1 shows that if we impose joint conditions on the underlying map 7 and step
sizes ay, the general line search scheme

X1 = X (ar) = x; + ar (T (xg) — xi)

converges. This result provides little guidance, however, concerning the choice of the
step sizes. In this section, to develop more operational versions of the general frame-
work, we will choose the step sizes by solving, at each iteration, from a given point xj
of the previous iteration, a one dimensional optimization problem:

ay = argmin g** (a), (12)
ae§

for some step size choice set S and potential function g** : R — R.

We consider several choices for the potential function and examine the convergence
behavior for the sequence each generates. We also consider specializations when the
map T is affine, allowing us to find closed form solutions for the step sizes ay.

Instead of solving a sequence of optimization problems, we might try to solve a
single problem since for any positive definite and symmetric matrix G, the fixed point
problem F P (T, K) is equivalent to the minimization problem

min [lx — 7 (0)|I5- (13)
xekK

As is well known (see for example [26]), the difficulty in using this equivalent opti-
mization formulation is that even when T is a contractive map relative to the ||.||g norm,
the potential function ||x — T (x) ||2G need not be convex. The following example illus-
trates this behavior.

Example 2. Let T(x) = x'/? and K = [1/2, 1]. Then the fixed point problem becomes

Find x* €[1/2,1]: (%2 =x*.
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x* = 1. The mapping T is contractive on K since

_ 2y eyl V2
ITG) =T =62 = 312 = = < Sl =l

forall x, y > 1/2. The potential g(x) = (x — T(x))? = (x —x"%)2 is not convex for all
3 L

x € [1/2,9/16). In fact, since g"(x) = 2‘/; < Ofor all x < 9/16, g(x) is concave
in the interval [1/2, 9/16).

The one-dimensional version of problem (13) (that is, along a line segment) will, in
general also be nonconvex, though we can solve it approximately via any one-dimen-
sional search technique.

To implement the framework of Section 2, we will, in general, restrict the choice of
potentials.

3.1. Convergence results

Definition 4. A potential g is A1-A2 compatible (with respect to the step size search
sets) if the step sizes it generates, together with the map T, satisfies conditions Al and
A2,

From Theorem 1, we immediately have the following result.

Theorem 3. Assume that the fixed point map T has a fixed point solution x*. If the
potential g is AI-A2 compatible, then the sequence of iterates {x;} generated by the
one-dimensional optimization problem (12) converges to a fixed point solution.

Specializations:
We next consider several specific potential functions. They all are variations of the
following two potential functions (with x(a) = x + a(T (x) — x) for a given point x).

1. G*(a) = ||Ix(a) — T (x(@)||%.
2. H(a) = [(x(a) — T(x(a)))'G(x — T (x))]>.

The second potential is motivated by the steepest descent method (see Hammond
and Magnanti [23]) for solving the unconstrained variational inequality problem,

find x € R" satisfying f(x) =0, VI(f, R").

Given a point xg, the steepest descent method sets x;4+1 = xx — ax f (xx), choosing the
step size ay by solving the following one-dimensional optimization problem

ngnmxk(a))’Gf(xk))z,

with xi(a) = xx + a(—f(xx)). This problem computes the next iterate along the half
line originated at iterate x in the direction of — f (xx) so that the vector f (xi(a)) is per-
pendicular to vector f (x;) with respect to the matrix G. In the fixed point formulation,
we set f(x) =x — T(x).
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We consider the following variations of the potentials G* and H*:

Scheme Potential

I g (@) = G*(a) + Bllx(@) — x|} = G*(a) + a*Bllx — T()|%

I g (a) = G*(a)

111 g3(@) = G*(a) — Bllx(@) — x(0)[I%

v gi(a) = G*(a) — Bllx(a) — x(O)llgllx(a) —x(Dllc

v g (a) = H (a)

VI ge(a) = H"(a) — Bl(x(a) = x(0))'G(x — T(x)][(x(a) = x(1))'G(x — T (x))]

In all these schemes, B is a positive constant. We choose the step size a within a
search set S € R7 that is either the entire half line R or is a subset of [0, 1]. For ease
of notation, in the follows discussion we will let G* (a) = G*(a), H*(a) = H*(a)
and g'*(a) = gk(@),i =1, ..., 6.

By introducing terms of the form —f||x(a) — x(0)| 2., several of these schemes (111,
IV and VI) force the iterates x;+1 = xx(ax) away from the starting point x; = x(0),
thus assuring sufficient movement from this point. Two of the schemes (IV and VI) repel
the iterate x4 away from the image T (xx) = xx(1) of the starting point under map 7.
Doing so can ensure convergence for situations when function iteration might cycle.

An additional motivation for introducing Scheme VI comes from trying to remedy a
cycling behavior that can occur in Scheme V. The next example illustrates this behavior.

Example 3. When K = R" and T (x) = [x2, —x1], then x* = (0, 0) is the solution
of the fixed point problem FP(T, R"). Starting from the point x = (1, 1), Scheme V
(which coincides with the steepest descent algorithm for solving systems of equations)
generates the iterates x! = (1, —1), x> = (—1,-1), x> = (=1, ), x* =x" = (1, 1)
and, therefore, cycles.

In this example, matrix M = [ — T = |:} _11i| is positive definite, but M 2 =

0-21. . e . . o
|:2 0 j| is positive semidefinite. This example violates known convergence conditions

(see Hammond and Magnanti [23]), namely that the matrices M and M? are posi-
tive definite. Scheme VI remedies this cycling without requiring that M? be positive
definite.

The following result summarizes convergence properties for these six schemes.

Theorem 4. The iterates generated by the special cases of the general averaging frame-
work (Schemes I-VI) converge to a fixed point solution under the following conditions:

Scheme Convergence conditions Step size set S

1 T contractive, A:0 < <1—A S=RT

I T contractive (or affine, nonexpansive) S=Rt(orSC(,1)

111 T nonexpansive S=[0,c1]C[0,1),0<c <1
A T nonexpansive S=R"

v T affine, M, M? positive definite matrices S=R"

VI T nonexpansive, B > 4 (or affine, B > 1) S=RT

To prove this theorem, we show that for each scheme, the corresponding potential is
Al1-A2 compatible so that Theorem 1 applies. We establish these results in Appendix A.
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3.2. Convergence rates

Theorem 4 shows that the six special cases of the general averaging framework satisfy
assumptions A7-A2. The next theorem establishes rates of convergence for five of these
schemes.

Theorem 5. Schemes I-V have the following rates of convergence:

Scheme Convergence rate
I Ikt = T s DG < [A + B —ap)]llee — T ol
1 Ikt = T s DIIG < Allve = T i)l
m kst — T Qa5 < (A= Bl —a)lxk = TGONE, 0 <ax <cp < L.
v lxks1 — T Ce) % < [1 — Blax - %)zr]tllxk - Txol%.
v ket — 213 = [1 = 2O gz
Proof.
Scheme I:

First, as we illustrated in Theorem 4, the sequence of iterates {x;} that Scheme I induces
converges to the fixed point solution. The iteration of Scheme I implies the inequality

k1 — T DIE + Baglxe — T lls < 1T () — T2oll% + Bllxk — T xo)ll%.
Since the map T is a contraction,
Ikt — T DS < (A + B —aP)llxe — T x5,

implying the result. with contractive constant0 < A 4+ 8 < 1.

Scheme II:
For nonlinear, contractive mappings T,

Ixe+1 — T D5 < T () — T(T )% < AT (o) — x5

Scheme I1I:
The iteration of Scheme III imply that

Ik 1—T G D |5 —Bat lxk—T i)l < lxx(c) =T G ()15 —Betlxe—T (x)l|%.

Therefore, ||lxi+1 — T (s D% < (A — B(c? — aP )l — T3
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Scheme I'V:
The iteration of Scheme IV implies that

Ixet1 — T a5 — Bar(1 — a) e — T (x5
< |lxx(a@®) — T (@M% — Ba*(1 — a®)|lxx — T (x)lI%,

with a* = 1/2. The nonexpansiveness of map 7" implies that ||xx(a*) — T (xx(a™)) ||%; <
[|xx — T()ck)||2G and, therefore, setting h(a) = a(l — a),

Ixet1 — TG DIE — Bar(l — a)lxk — T (x) |15
< llxx — TG — Bh@)llxe — T (x)lI%-

After reordering the terms, we obtain the desired result.
Scheme V:
The proof of this result can be found in [23]. a

3.3. Relationship to variational inequalities

We have considered several special cases of the general line search (averaging) frame-
work. The general framework also includes several other well-known schemes in the
literature. As noted in the introduction, in several instances, a variational inequality prob-
lem VI(f, K) is equivalent to a fixed point problem F P(T, K) (see for example [11],
[20], [42], [53]) and so we can apply our prior results.

1. For the variational inequality problem VI (f, K), Fukushima [20] considered the
projection operator 7 (x) = Prg (x —pG7 1 fx) = argminyeg [ f(x) (y — x) +
%H y—Xx ||2G]. The fixed point solutions corresponding to this map T are the solutions
of variational inequality V I (f, K). Using the potential

1
g% @) = —f(x (@) (T (x(a)) — x(a)) — S IT (x(@)) = x(@)I, (14)

Fukushima showed that when f is strongly monotone, the scheme x;+1 = xi(ax) =
xr + ax (T (xx) — xx), with ax arg min,¢[o,1] gk(a) computes a variational inequality
solution. This scheme and the accompanying convergence result is a special case
of our general framework for the choice of potential g given by expression (14).
Observe that when f(x) = G(x — T (x)), the potential the Fukushima potential
becomes g*(a) = || T (x(a)) — x(@)||I% — 31T (x(a)) — x(a)||% and so is equivalent
to optimizing the potential we considered in Scheme II.

2. Wu, Florian and Marcotte [53] have generalized Fukushima’s scheme. They con-
sidered an operator T that maps a point x onto the unique solution of the problem
minyek [f(x)’(y —x)+ /l)qb(x, y)], for a function ¢ : K x K — R satisfying the
following properties:

(a) ¢ is continuously differentiable,
(b) ¢ is nonnegative,
(c) ¢ is uniformly strongly convex with respect to y,
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(d) ¢(x,y) =0isequivalentto x =y,
(e) Vi (x, ) is uniformly Lipschitz continuous on K with respect to x.

Observe that when ¢ (x, y) = |[x — y ||ZG, then T (x) becomes the projection operator
as in Fukushima [20]. The fixed point solutions corresponding to this map T are
solutions of the variational inequality problem VI (f, K) (see [53] for more details).
Wau, Florian and Marcotte [53] considered the potential

1
g% (@) = —f(x(@)(T(x(a)) — x(a)) — ;¢(T(X(a)), x(a)). 5)

Notice as in the previous case, this scheme becomes a special case of our general
framework for the choice of potential g* given in (15).

The convergence of these schemes follows from Theorem 1. Observe that when f
is strongly monotone (which the developers of these schemes impose), assumptions A1l
and A2 hold. These assumptions are valid because (i) the quantity Ay (x*) is bounded
away from zero, and (ii) when f(x) = x — T (x) and function f is strongly mono-
tone then, for the function ¢ as defined above (and for the particular Fukushima case,
d(x,y)=|x—y ||%;), it is possible to show that the potentials (14) and (15) “repel” step
sizes aj from zero unless the current iterate is a solution.

3.4. Lessons

The analysis of these schemes leads to the following conclusions:

1. When the fixed point map T is affine, except for Scheme V, the schemes converge
for nonexpansive maps.

2. When the fixed point map T is affine, we need not impose any restrictions on the
step sizes for Schemes I, II and V (provided that map T satisfies some additional
properties).

3. If the scheme repels the iterates from both boundaries x; and 7 (xx) (as in Schemes
IV and VI), then we need not impose restrictions on the step size search set S, but
rather we can allow it to be the entire half line R™.

4. If the scheme does not repel the iterates from both boundaries, then we either need
to impose stronger conditions on the fixed point map T (such as contractiveness) or
restrict the step size search set S within a subset of (0, 1).

4. Optimal rates of convergence

In this section, we examine the following question: when is the rate of convergence for
the general adaptive line search framework and its special cases better than that of
function iteration?

For contractive maps, the function iteration estimate ||x;4; — x* ||2G = || T(xx) —
T(x*) ||%; < Allxx — x*||%, provides a guaranteed convergence rate of A. We will show
that if the step sizes generated by the line search procedure in the general adaptive frame-
work lie within a certain range, then the adaptive line search procedure yields a better
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guaranteed rate of convergence. We also show that the six schemes we have introduced
give rise to such step sizes.

As an example, from the starting point of x; = (0, 1) forthemap T (y, z) = b(z, —y),
then xx4+1 = xx + ax (T (xx) — xx) = (axb, 1 — ay) and

k1 — ¥ = 1 — O = I(axb, 1 — ap)|> = alb* + a2 + 1 — 2ay.

Therefore, the step size ay = 1+17 minimizes ||Xg+1 — 0||% and the norm minimizing

step size ranges from a; = % when b = 1 to ay = 1 as b approaches 0. The analysis to
follow will generalize this observation.

Theorem 6. For contractive maps with constant A, if the quantities (ax — 1) (A (x*)—1),
for all k, are nonnegative then the adaptive line search framework has at least as good
a rate of convergence as function iteration. If the quantities (a — 1)(Ax(x™) — 1) are
bounded away from zero (that is, for all k, (ax — 1)(Ax(x*) — 1) > g2, for some con-
stant q > 0), then the adaptive line search framework has a better guaranteed rate of
convergence than function iteration.

Proof. The definition xi+1 = xix + ax (T (xx) — xi), the expansion
e =15 = e —x* 15 +ag b — T ) |G —2ax (i — T () G (i —x*), (16)
and a substitution for ||xg4; — x* ”26 from (6) implies that
et = x I = 1T Ga) = TOHIZ + (af — Dllxe = T l%
—2(ax — 1)k — T (x0))' G (x — x™). 17
Substituting for Ag (x*) from expression (7) gives

et — 212 = 1T C) — TGO + 1@ — 1) — (a — DA™ +ap)]

Il = Tl

Y12 * (18)
= T (x) = TN = lax = D(Ak*) = D]
*lxe = T ) 1%
Using the fact that T is contractive, we obtain
Ixern = x* 1% = Al — x*I% — (@ — DA = Dl = TeolIE. (19)

Consequently, if (ax — 1)(Ag(x*) — 1) > 0 then Proposition 1 implies that
bren = x*I% < [A = (@ — DA (x®) = DA = VA)lx —x*I%. (20)

As a result, whenever when (ax — 1)(Ag(x*) — 1) > 0, the guaranteed rate of con-
vergence for adaptive line search is at least as good a that for function iteration, and
when (ax — 1)(Ax(x*) — 1) > ¢? for some constant ¢ > 0, then adaptive line search
has a better rate of convergence than function iteration. O



Solving variational inequality 449

The similarity between the term (ar — 1)(Ax(x*) — 1) that arises in this result and
the term ay Ax(x*) that plays such a central role in analyzing the general adaptive line
search framework is striking.

We obtain the best possible improvement with the largest possible value of the quan-
tity (ax — 1)(Ax(x*) — 1). We will refer to any step size giving this maximum value as
an “optimal” step size.

The previous theorem shows that for certain types of maps and for a certain range of
step sizes, the adaptive line search framework provides a better rate of convergence than
the classical function iteration x;41 = T (xx). The next result provides several examples.

Proposition 3. For suitable choice of step sizes ay, the condition (ay — 1) (A (x™)—1) >
g* > 0 is valid in any of the following circumstances.

1. The map T contractive, but with a contraction constant close to 1, that is, for some
constants A € (0, 1)] and A € (0, 1),

Allx = x*IZ = 1T () = TGHNE = llx —x*|% — Allx = T)|%
2. The map T is a tightly nonexpansive map, that is, ||T (x) — T(x*)||zé ~|x—x
3. The map T is firmly contractive, that is, | T (x) — T(x*)l% < A|x - x*||%—; —|lx =
T(x)—x*+ T(x*)||26,f0r some constant A € (0, 1).

I3

Proof. 1. Using expression (6) to eliminate the first two terms from the inequality
17 ) = TG = ok — x* 1% — Al — Tl
gives
o — Tl — 200 — T Gl — T(w) = —Allx = T3

Consequently, expression (7) implies that Ag (x*) +ax < 1 — A, from which we con-
clude that (ax — 1)(Ax (x*) — 1) > (ax — 1)(—ax — A), whenever a; < 1. The choice
ap = % maximizes the righthand side of the last inequality and so is an optimal
step size. For this choice of step size, (ax — 1)(Ax(x*) — 1) > %(A + (A +2).

2. If the map T is tightly nonexpansive, then A in case 1. is approximately 0. Similarly

to case 1., the optimal step size is approximately % andso (ay — D (Ar(x™)—1) > zlt'
3. For the firmly contractive map 7', expression (6) implies that

* 1\ * 1-A %12 2
(x = T(x) = x* + TG Gl —x%) = —~flx — 23 + |l — T3

and Proposition 1 implies that

(@ =T0) =x* + T G —x") = Sl =T OIE +llx =TIl

1—A
2(1 + VA) @
*
But then from expression (7), Ag(x*) 4+ ar > (1+f)2 + 2 and so, if a > 1,
then (ax — D(Ax(x*) — 1) > (@ — 1) ((1+f>2

1+ (2(1+ f)2> maximizes the righthand side of the previous inequality, specifying

+1-— ) The step size ay =

an optimal step size greater than 1.
|
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Suppose the underlying fixed point map is affine, that is, x — 7' (x) = Mx for some
matrix M. Then the step sizes in the six schemes we introduced in the previous section
always satisfy the condition of Theorem 6. As a result, these schemes (I-V) have better
rates of convergence than the classical function iteration. In particular, this condition
holds in the following situations.

e The map T is firmly contractive and 8 < (1 — A)/2 for Scheme I.

o The map T is contractive, and the matrix M’ M — M or the matrix M — M" M is strongly
positive definite (i.e., for some C > 0, forall x € R", x'(M'M — M)x > Cx'x or
x'(M — M'M)x > Cx'x) for Scheme II.

e The map T is contractive for Scheme III.

e The map T is firmly contractive and 8 < 1 — A for Scheme IV.

e The map T is contractive and M is a symmetric matrix, and the matrix M — I or the
matrix I — M is strongly positive definite for Scheme V.

We establish these results in Appendix B. We also show that the guaranteed rates of
convergence for Schemes Il and V are always at least as good as function iteration even
without the additional conditions imposed upon the matrix M.

This discussion shows that for certain fixed point maps 7, the six schemes exhibit
better rates of convergence than the classical function iteration.

5. Inexact line searches

One issue arises naturally when attempting to implement any of the methods exam-
ined in Section 3: suppose we perform line searches inexactly (especially in the general
nonlinear case), will the various schemes still converge?

We can determine step sizes at each step by applying an Armijo-type rule of the fol-
lowing form. Let g; denotes the potential function we have used previously for scheme
i and dy denote T (x;) — xi. For positive constants D > 0 and 0 < b < 1, we wish to
find the smallest nonnegative integer [ so that a step length a; = b'* in the appropriate
line search set S that satisfies the condition

M) — gK0) < —Db* | di 1% 1)

This condition aims to ensure that the potential function decreases by a sufficient amount
at each iteration. We next establish convergence of the Armijo-type inexact line searches
(21) for the potentials of Schemes II and I'V that we considered in Section 3 if we impose
appropriate conditions on the fixed point map 7. We first consider Scheme II.

Theorem 7. Suppose that in a fixed point problem FP(T, K), T is a contractive map
relative to the ||.||g norm with a Lipschitz constant A € (0, 1). Then with a choice of
D < 1 — /A in an Armijo-type search (21), the potential minimization scheme with a
potential g’z‘(a) = ||xx(a) — T(xk(a))l% and step sizes in the set S = [0, 1] generates
a sequence that converges to a fixed point solution.

Proof. We first show that the Armijo-type line search (21) has a solution. Adding and
subtracting T (x) implies that

llxx(a) = T (xx(@)llc = llxx +a(T (xx) — xx) = T (xx(@)llc
= |0 —a)(xx — T (xx)) + (T (xx) — T (e (@)l G-
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Applying the triangle inequality together with the fact that T is a contractive map with
constant A, further implies that

Ixe(@) — TG(@Dlle < (1 —a)llxx — Tolle + VAllx(@) — xellg
= (1 —a(l = VA)|x — Tl

Consequently, forall0 <a <1,

lxk (@) — Tax(@Nl% < 11 —a( — VAP |lxe — Tl
<[l —a(l =VA)llxx — Txol%.

Therefore, g’zc(a) — g’z‘(O) <—-(1-= «/Z)a||dk||2G and so if we choose D < 1 — /A and
a = b with [; = 1, then the constants D, and [; satisfy the Armijo-type rule (21) for
any choice of 0 < b < 1.

Consequently,

lxk = Tl = ki — T DI = b0 = VA I — T 1%, (22)

and so
Ikt — T O )I1E < (1= b(1 = VAD | — T |14

and, as a result, the sequence ||x; — T(xk)||2G converges to zero. Proposition 1 implies
that the entire sequence {x} converges to a fixed point solution. O

Theorem 8. Consider the fixed point problem F P(T, K) with nonexpansive maps T
relative to the ||.||¢ norm. Suppose the fixed point problem has a solution. If we apply
an Armijo-type (21) line search to the potential function g{j in Scheme IV, with step sizes
a € § = [0, 1], then the sequence of iterates xy that this line search generates converges
to a fixed point solution.

Proof. We will first show that the Armijo-type (21) line search havs a solution and then
that when the step sizes satisfy the Armijo inequality, the iterates converge to a fixed
point solution.

For Scheme IV, we can rewrite the potential g{j (a) as

gi(@) = llxi(a) — T (@G — Bha(@llxk — T ()l
with h4(a) = a(l — a). As shown in expression (11), for nonexpansive maps 7,
Ixi(@) — T @G — e — T () llg <0,
forall 0 < a <1, implying that
gh(a) — g5(0) < —Bha(@)llxk — T(xO)lIg (23)

forall0 <a < 1.

Therefore, the step sizes a; will satisfy the Armijo-type line search condition (21)
whenever Sha(ay) > Dag.

For the potential gi‘ (a), the condition Bh4(ax) > Day becomes Bay(ar — 1) > Day
and so ay < 1 — D/B. The step size ay = bl satisfies this condition whenever Iy >
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% = ¢q. Any value of [; satisfying this inequality satisfies the Armijo step size

condition and so the smallest value of /; satisfying Armijo-type inequality (21) is no
more than [¢7], the integer round up of q.

We have shown that for potential gi‘ (a), the Armijo-type inequality (21) has a solu-
tion. To establish convergence, we will use Theorem 1. Since the map T is nonexpansive,
Ar(x*) > (1 — ag) > 0 and so by Theorem 1, ag Ax(x*) > ax(1 — ay). For any b < 1
and Iy < [q], b’ < ax = b < b and so ax(1 —ax) = b'41(1 — b) > 0. Therefore,
arAg(x*) is bounded away from zero and so by Theorem 1, the iterates converge to a
fixed point solution. O

6. Conclusions-open questions

We have introduced and studied adaptive line search methods for solving fixed point and
variational inequality problems. Motivated by a desire to integrate, in a single result,
the convergence behavior of classical Banach functional iteration and several averaging
methods, we first established a convergence framework that imposes conditions jointly
on the underlying fixed point (or variational inequality) map and the iterative step sizes.
Adaptive line search methods that satisfy the joint condition are able to compute fixed
points when the underlying maps satisfy properties weaker than contractiveness. As a
specific instantiation of the general framework, we considered a general scheme for
determining step sizes dynamically by optimizing potential functions. We considered
several choices of potential functions that optimize, in some sense, the distance between
the current iterate and the image of the fixed point mapping of the current iterate. We
established convergence and convergence rates for these choices of potential functions.
We also showed that under appropriate conditions the general methods we have consid-
ered have a better rate of convergence than function iteration. Since the line searches we
proposed might be hard to perform exactly, we also considered inexact line searches.
The results in this paper apply to more general potentials of the type

g"(@) = P(xx(@), T (x(a))) — Bh(a) P(xx. T (xp)).
In this more general setting, the function 4 : R — R™ might be, for example, i (a) = a>
or h(a) = a(l —a) while function P : R" x R" — R™ generalizes the notion of a norm.
Examples of P include P(x, y) = ||lx — y||26 and P(x,y) = (f(x) — f)'(x — y).
Several open questions arise naturally from our analysis:

e How does the behavior of the schemes we introduced compare for various choices of

potentials in practice?

a'xy +a2T(x1)+--~+akT(xk,1)

) al4-+ak ’
and optimize potentials involving all a*’s, instead of using xy (a) = xx+ax (T (xx)—xx)

o [tmight be preferable to consider averages of the type xy =

and optimize potentials involving only ay = m
o Would these results still be valid if we impose conditions that are weaker than nonex-
pansiveness?

e Can we establish rates of convergence for other choices of potentials?
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In closing, we note that some computational experience reported by Bottom [3] and
Bottom et al. [4], though hardly conclusive, provides limited evidence concerning the
potential computational benefits of the schemes we have introduced. These researchers
have used the adaptive line search framework introduced in this paper to solve an antic-
ipatory route guidance problem in the area of Intelligent Transportation Systems, using
the Boston Central Artery network during the morning traffic period as a test exam-
ple. Their empirical results showed that the adaptive averaging framework outperforms
averaging with a step size ax = 1/k at each iteration. Scheme IV proved to be slightly
more effective than using line searches with constant step sizes. Functional iteration did
not converge for these test problems. More extensive computational testing would be
required to properly access the efficiency of the methods we have examined and might
even suggest useful enhancements of these methods.

Acknowledgements. We are grateful to the associate editor and the referees for their insightful comments and
suggestions that have helped us improve both the exposition and the content of this paper.
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Appendix A - Convergence of the six schemes

To establish the convergence of the averaging framework for each of the Schemes [-VI,
we will show that the potential function for each case is A1-A2 compatible and, therefore,
Theorem 3 applies.

Scheme I:

We first establish the following lemma.

Lemma 1. Suppose T is a contractive map relative to the |.|g normand f < 1 — A.
Then if limy_, 1 o ax = 0, the sequence {xy} converges to the unique solution (that is,
assumption A2 is valid).

Proof. Suppose ||x; — T(xk)||2G > 0. If limg— 400 ax = 0, then

lim -T 2 < lim ||T(xx) — T2 2 lim -T 2 <
Jim = T@olg < lim 17000 = T2@ollg + 8 Jim e = TG <

(since 8 <1—A)
A+ p) lim e = TEolG < lim e = T @0l

This contradiction implies that limg_, o ||xx — T(xk)||26 = 0, and then Proposition 2
implies that the sequence {x;} converges to the unique fixed point solution. O

If we restrict the line searches so that a; € [0, 1], assumption Al follows from the
contractive property of the map 7 so Lemma 1 implies that for any choice 8 < 1 — A,
the step sizes aj satisfy assumptions Al and A2.

To develop an alternative proof of convergence for Scheme I, we could perform
unrestricted line searches, choosing step sizes ax € R*. Then the general iteration of
Scheme I implies that

Ixkr1 — T Cag)IE + Badlxe — T % < llxe — T ol
and so
Ixer1 — Tar D% = e — T lE < —Badlx — T(xw)l|% < 0.

Consequently, limg— 400 a,%||xk - T(Xk)||2G =0.
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This resultimplies that (i) either limg—, oo ax =0, or (ii) limg— 4 o0 || X—T (xk) ||%; =0.
In the former case, Lemma 1 implies that for any choice 8 < 1 — A, the sequence {x;}
converges to a solution. In case (ii), Proposition 2 and the fact that map T is contractive
imply that the sequence {x;} converges to the solution.
Scheme II:
To establish assumptions A/-A2, we establish the following lemma, demonstrating the
validity of assumption A2.

Lemma 2. If T is a contraction with contraction constant A, then limy_ ar = 0
implies that the sequence of iterates {xy} converges to the unique fixed point solution.

Proof. If limy_, o0 ax = 0, but limy_, o0 ||xx — T(xx)|lG # O, then
lxx — TllE < 1T (o) — T(T ) 1%

Since 7 is a contraction, || T (xx) — T(T(x) |15 < Allxx — T (x)[|% and, therefore,
limg 00 ||Xk — T()ck)||2G < Alimg_, o ||Xk — T(xk)||2G, which is a contradiction. Con-
sequently, limy— o [|xx — T (xx)||¢ = 0 and so Proposition 2 together with the contrac-
tiveness of map 7 (implying uniqueness of solution for the fixed point problem) implies
the conclusion. O

Lemma 2 showed that the step sizes ay satisfy assumption A2. Moreover,

1. If T is a contractive map relative to the |.||g norm and we restrict the line search to
[0, 1], then assumptions Al and A2 follow from Theorem (3).
2. In the affine, nonexpansive case when I — T = M for some matrix M, we do not

need to restrict the line search. In fact, since ||T(d)||%; = | - M)d||ZG < ||d||%;
t -
is equivalent to d' Md > %||Md||2G, ay = % > % a choice of G = M'GM

implies, using strong-f-monotonicity, that Ax(x*) = ar > % That is, assumptions
Al and A2 are valid.

Alternatively, for nonlinear, contractive mappings, the convergence of the iterates of
Scheme II follows from the observation that

Ixe+1 — T Car DG < 1T k) — T(Txi)ll% < Allxe — T () 1%

This result implies that the sequence {||xx — T (xi) ||ZG} converges to zero. Proposition 2
and the contractiveness of map 7 then imply convergence to a fixed point solution. O
Scheme I1I:

Lemma 3. If T is a nonexpansive map relative to the |.|g norm, then assumptions
Al-A2 are valid.

Proof. Observe thatin Scheme L, g4 (ax) = G*(ax)— B llxk (ax) —xx (0) |, ax € [0, c1].
In addition, if ¢; < 1, then the facts that ax < ¢; < 1 and T is a nonexpansive map
imply that Az (x*) > 1 — ¢; > 0 and, as a result, assumptions A1 and A2 are valid.

On the other hand, if ¢; = 1, then we need to assume that T is a contractive
map, that is, 0 < A < 1. Assumptions Al and A2 are valid because Ay(x*) >
(1— Ay m=rie o 0

2
lx—T (x)ll
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Scheme I'V:

The next lemma shows that assumptions A/-A2 are valid.

Lemma 4. Consider a nonexpansive map T vrelative to the |.|g norm. If
limg_, 400 ar = 1, then every limit point of the sequence of iterates {xi} is a fixed

point solution. Then assumptions Al and A2 are valid.

Proof. 1If we choose step sizes ar € [0, 1], then assumption A1 is valid. Moreover, since
2 1 L2 1, 2
xk+1 — T (e D Ml < ||xk(§) - T(xk(z))”(; — Blax — E) lxx — T (x)llG

_ Lo 2
= [l - Blax 2) Hlxk =T )l »

(we establish this result as part of Theorem 4), if a limit point of {x;} is not a solution,
then a; converges to % This result combined with the nonexpansiveness of the map 7,
implies that for kg large enough, for all k > ko, Ax(x*) > 1 —a; > 0, thatis, assumption
A2 applies. O

Scheme V:
To prove assumptions A/-A2, we first establish the following lemma.

Lemma 5. If T is a contraction map, then limg_, 4 ay = 0 implies that the sequence
of iterates {xi} converges to the fixed point solution.

Proof. Assume T is a contraction with contractive constant A € (0, 1) and so the
fixed point problem has a unique solution. If limg_ 400 ax = 0, then limy_, o[ (xx —
T () (x — T@)? < limgos poo[ (T (i) — T?(x)) (xx — T (xx))]%. This result
implies that limy_, 4 o0 [|xx — T (xp)[|* < limg— 400 A%|lxx — T (xz)||*, but since A < 1,

this conclusion is a contradiction unless limg_—, 4 |[[xx — T (xx)|lg = 0. |
. d}{dk . . . 2 .. ..
Since a; = T hd > Assumption Al is valid when M~ and M are positive definite
k
. . . = 1
matrices. In particular, if we select G = M ZM , then Ay (x*) becomes

(k= XY M2 (g — x*) + (xx — X' M'M (x — x*)

Ap(x®) =
. (o — ) M T b (1 — )

—ay =

. . d,{,dk
(replacing a; = T, ),

(X — x*) M?(x — x*) + didi (xk — x*) M? (x — x*)
—ar = .

i Md; ¢ dfMdj

Therefore, whenever M2 is a positive definite matrix,

2 25\t
(Xk _x*)tMZ(xk _ X*) - )\‘mm(W)

Ar(x™) = T31d > 3 -
k k Amax(M'GM)

c >0,

(for x # x*). This relation implies assumptions A7-A2. O
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Scheme VI:
To establish assumptions A7-A2, we first establish the following lemma.

Lemma 6. Let T be a nonexpansive map relative to the G norm and suppose B > 4 in
the general nonlinear case (or B > 1 in the affine case). If either ay converges to zero
or to one, then every limit point of the sequence {x} is a fixed point solution.

Proof. If aj converges to zero, then

li koy= 1 di||: < i <[l —Ba(l — li di||%. (24
Jim gg0) = lim il = lim gs(@) < [1 = pa(l —a)] Tim dellg. (24)

If limg— 400 dx # 0, then for all a € (0, 1), limg_, 4 gé(O) > [1— Ba(l — ) lldell%,
contradicting (24). We conclude that limy_, 4 o dx = 0 and, therefore, every limit point
of xj is a fixed point solution. Moreover, if a; converges to one, then

(i) If T is an affine map and if we choose 8 > 1, then every limit point of the sequence
{xx} is a fixed point solution.

0< lim (diM'Gdy)*+(B — 1) lim |dil|§+ lim (|ldil|% — diM'Gdy)* = 0.
k—+o00 k—+o00 k——+o00

This result implies that ||d||g converges to zero. Therefore, Proposition 2 implies
that every limit point of the sequence {x;} is a fixed point solution.

(i) If T is a nonlinear, nonexpansive map, and 8 > 4, then every limit point of the
sequence {xi} is a fixed point solution.

Suppose that a; converges to one, 8 > 4, and no limit point of the sequence {x } is a fixed
point solution. For ease of notation, let P* (a) = [(xx(a) — T (xx(a)))' G (xx — T (xx))],
with x(a) = xx + a(T (xx) — xx). If no limit point of the sequence x; is a fixed point
solution, then limg_, oo P**(0) = limy_, 40 ||xx — T()ck)||2G # 0. Notice that

lim gi(ax) = lim P*(q)* = lim P%(0)* > 0.
— 400 k— 400 k—+00

For g > 4,Wecanch00seanésothat%— %—% <a < %—I—,/%—%. which
implies that 1 — Ba(1 — a) < 0. Furthermore, since T is a nonexpansive map, Cauchy’s
inequality implies that,

P (a)? = [(xx(@) — T (xx (@) G (xx — T (x))]?
< %@ — Tk @) 15 Ixk — TG < llxe — TG = P™*(0)2
Notice that
lim gk@ = lim P%@)?* - Ba(l —a) lim P*(0)>
——+00 k—+00 k——+o00
< lim P*(0)?— lim P*(0)>=0.
k— 400 k— 400

Therefore, 0 < limg_, 4o glg (ax) < limg— 400 glg (a) < 0, which is a contradiction. This
result implies that limg_, 4 oo P (0) = ||xx — T(xk))||é = 0 and, therefore, that every
limit point of the sequence {xx} is a fixed point solution. O

Finally, Lemma 6 together with the nonexpansiveness of 7 imply assumptions Al
and A2.
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Appendix B - Optimal convergence rates for affine problems

Using Theorem 6, we will show that under appropriate conditions, when applied to
affine maps, the six potential optimization schemes have a better rate of convergence
than function iteration. In this discussion, we let ak and AJ (x*)with j = 1, ..., V denote
the step size and the quantity Ay (x*) for Scheme j at the kth iteration.

Throughout this discussion, we assume I — T = M for some matrix M and let
T (xx) —xx = dy = —Mxy sothat xg(a) — T (xx(a) = Mxy(a) = Mxx +aM (T (xi) —
Xi) = —di +aMdy.

Notice that since I — T = M, the fixed points of the map 7 are any solution to the
homogeneous linear system Mx = 0. In particular, x* = 0 is a fixed point, which we
will use in some of our bounds (e.g., the use of Proposition 1). It is easy to extend this
analysis when x — T'(x) = Mx — ¢ for some given vector ¢ so that fixed points are
solutions to the linear system Mx = c.

e T is firmly contractive and 8 < =5= A for Scheme I. Let G = M'M + BI in

the definition of Ax(x*) and let G = I in the potential function. Then gl k@) =

k(@) =T (@) > +a?Bllxe =T () I? = llde—aMdy||*+a*B | d|1?, which upon
dkMdk

expanding and setting the derivative with respect a to zero gives, a ,{ = MBI

If T is a firmly contractive map, that is,
ITx) =TI < Allx — 1> = llx = Tx) —y + T,

then the fact that x — T'(x) = Mx implies, by expanding || 7 (x) — T (y) ||2, that

1—A
(x—y)Mx—y) > lx — ylI> + [|Mx — My]|>.

Since Proposition 1 implies that || Md| < (1 + \/Z)||dk||, then if 8 < %,

1—-A-2 di | 1—A-2
o1 Bl B oo
2 IMd|* + Blldell> — 2(8 + (1 + VA)?)
. diG(x*—xp) _ diMdi+B(x—x*) M(xg—x*) . . .
In this case, s EALEIEAR .Since T is firmly contractive, the
[N
second term in the numerator is nonnegative and so W > a,{ and, therefore,
g

relation (7) implies that
(@l — DAL = 1) > (@ — D@ — 1) = ¢*

Therefore, the condition of Theorem 6 holds and so optimizing the potential g7 (a)
has a better rate of convergence than function iteration. B
o T is contractive for Scheme II. Observe that a choice of G = M'M and G = I

. 1 . . . —2dM' M (x;—x*
in gg‘ (a) implies from relation (7) that Ag(x*) = %") - a,ﬁl =
A
G
—2d' M' M (xj—x*) d'M'd dM'M (x*—xy)
k 11 11 k k k k * 11
— k- — g/'. But since a," = = , Ar(x™) = a
| Mdy|? k k | Mdy|? | Mdy|? k(X7) k

and so (a/' — 1)(Al (x*) — 1) = (a}! — 1)® > 0. Therefore, Scheme II always has a
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guaranteed rate of convergence at least a good as function iteration. Furthermore, if the
matrix M’ M — M is strongly positive definite (i.e. forall x, x (M' M —M)x > C| x|,
for some C > 0) then since Ki|x ||é < |Ix|I? < Ksllx ”26 for some positive con-

— 2
stants Ki and K, and G = M'M, 1 — )ﬁ;% > C\ll‘;l‘llz > K|C = q. Therefore,
G G

11 11 _ diM'dy

rem 6. In this case, a,{l = A,ﬁl(x*) < 1 — K C are bounded away from 1 from below.
If M — MM is strongly positive definite (i.e. for all x, x'(M — M'M)x > C|x|?,
for some C > 0), we obtain a similar result with a,{l = A,{I(x*) >1+KC >0
bounded away from 1 from above and so (algl - 1)(A,i’(x*) — 1) > g% > 0 with
q = K,C.

Note that for our example T(y, z) = b(z, y), when b < 1, the matrix M'M — M =

—1)? > g2 > 0, satisfying the condition of Theo-

b |:]; _b] :| is strongly positive definite (with C = b?) and so the result we have just

established applies. In a simple single dimensional case, when T (x) = %x, the matrix
M'M—-M = —}‘ is strongly negative definite. In this instance M = %, the optimal
step size is 2, and the potential optimization procedure finds a fixed point in one step.

e T is contractive for Scheme III. The argument is very similar to that for Scheme I.

_ : nr _ i Mdy . 2 2
For (,; = I, as in Scheme I, a;'" = AL if |Mdl|© > Blldill- and
dl Md, . 111
m <C]. Otherwise a =C1.
- d'G(x*—
Observe that 1 —a,{” >1—c1=qg>0.1fG=M"M— BI then % =
kg

dEMdy—B (g —x*) M(xp—x*) . . . .
£ k” A,,ﬂt(i:ﬁzj /3)” & ”(;k ) Since T is firmly contractive, the second term in the numer-
I

ator is nonnegative and so relation (7) implies that A/’ (x*) < a!'! and therefore
(1 —al'hy(1 — Al (x*)) > ¢?, satisfying the condition of Theorem 6.

2 t
e T is firmly contractive for Scheme IV. If G = I, then a,{v — Pldell +2d, M

= 2B\ P F2Mdi |F =
Blidk|I>+2d; Mdy
2[[Mdg| 2

. Arguing as in the analysis of Scheme I shows that

lldi 11

V_1>01-A- 1-A
G b= A=AD g + ia® ¢

—B

|
)2(/3 Fa+vay

Therefore, a choice of § < 1 — A guarantees that a,ﬁv —1>g=0-A-p8)

.
2(B+(1+vA)2) > 0.

. = d G (x*—x;) d! Mdy
For a choice of G = M'M, £ = —& )
i, IMdy |

relation (7), as in the discussion for Scheme I, implies that

If T is firmly contractive, then

2d[Mdk — ||Mdk||2
1V k 1V
A (xH) -1 = M| 4

- d,t(Mdk—i- -4 2‘l||a'/<||2 v o (1 ) ﬁ)”dk”z

= a = T 7 A Z Q5
| Mdy |2 k | Mdy |2
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for all 8 < 1 — A. Therefore, a choice of 8 < 1 — A guarantees that (a,{ v_ 1)
(AlY (x*) — 1) > g2, satisfying the condition of Theorem 6.

e T is contractive and M is symmetric for Scheme V (that is, for the steepest
descent method) Since M = M, choices of G = M and G = I imply that alz/ =
GMET—xi) il _

AR
gence as function iteration since (a,:/ — 1)(A,¥ x*H-1) = (a,y —1)2 > 0. If the matrix
M —1I is strongly positive definite (i.e. forall x, x' (M —I)x > C| x|/, forsome C > 0)
then for an appropriate constant K1, as in the analysis of Scheme II with G = M,

@/ —1)(A) (x")—1) = (”ﬁ’; 1) > (K,C)? > 0.1f I — M is strongly positive def-
M

inite, then we obtain a similar result and bound (a,ﬁl— 1)(A,£1(x*)—1) > (K,0)% > 0.

A,Y (x*). This scheme always at least as good a rate of conver-




