
Vol.:(0123456789)

Central European Journal of Operations Research (2024) 32:357–398
https://doi.org/10.1007/s10100-023-00886-w

1 3

Recycling of multi‑source waste in an aggregate circular 
economy

Raouf Boucekkine1 · Fouad El Ouardighi2  · Konstantin Kogan3

Accepted: 25 September 2023 / Published online: 12 October 2023 
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2023

Abstract
We investigate how the relationship between capital accumulation and pollution is 
affected by the source of pollution: production or consumption. We are interested 
in polluting waste that cannot be naturally absorbed, but for which recycling efforts 
aim to avoid massive pollution accumulation with harmful consequences in the long 
run. Based on both environmental and social welfare perspectives, we determine 
how the interaction between growth and polluting waste accumulation is affected by 
the source of pollution, i.e., either consumption or production, and by the fact that 
recycling may or may not act as an income generator, i.e., either capital-improving 
or capital-neutral recycling efforts. Several new results are extracted regarding opti-
mal recycling policy and the shape of the relationship between production and pol-
lution. Beside the latter concern, we show both analytically and numerically that the 
optimal control of waste through recycling allows to reaching larger (resp., lower) 
consumption and capital stock levels under consumption-based waste compared 
to production-based waste while the latter permits to reach lower stocks of waste 
through lower recycling efforts.
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1 Introduction

Because it is considered as a credible model of sustainable development, potentially 
enabling efficient production at minimal rates of use of resources and driving pol-
luting waste and emissions down, the circular economy is at the heart of numerous 
ongoing research projects in operation research and ecological economics. In the 
related operation research and management domain also referred to as closed-loop 
supply chain (see Battini et al. 2017, for an overview), the emphasis is the design 
of reverse logistics with the aim of capturing values of products consumed or used 
by businesses, with the ultimate goal to reduce the environmental damage. A more 
recent trend is the development of circular business models, and even circular busi-
ness model innovation, as recently highlighted in Geissdoerfer et  al. (2020). Last 
but not least, the range of applications of the circular economy or closed-loop sup-
ply chains is quite wide: it ranges from the agriculture (Barros et al. 2020) to the 
manufacturing (Acerbi and Taisch 2020) sectors through much smaller scale prob-
lems such like waste management case studies (Hrabec et al. 2020) or sustainable 
inventory models (see Suhandi and Chen 2023, in the case of the pharmaceutical 
industry).

Needless to say, a key tool in the circular economy is recycling. This work exam-
ines the role of recycling in a circular economy with multiple sources of waste. The 
multiplicity of waste sources complicates enormously the optimal design of the cor-
responding recycling strategy. Within the literature surveyed above, comparatively 
fewer papers deal with this issue. A few related applied papers incidentally address 
this issue (see for example, Nakamura 1999, in the ecological economics literature, 
and Sheu 2007, in operations research) but the theoretical literature is almost silent 
on it. Boucekkine and El Ouardighi (2016) did build up a circular economy macro-
model with two different sources of waste, consumption versus production, but they 
have not studied the distinct economic implications of each source of waste and the 
inherent policy implications. However, broadly speaking, polluting waste can ema-
nate either from a single source, for example, solely from manufacturing activities 
(e.g., mineral wastes such as cement or glass wastes) or consumption activities (e.g., 
cellulose acetate-based materials such as cigarette butts, soda cans or polythene), 
or from hybrid sources, i.e., both manufacturing and consumption activities. Plas-
tics are the best illustration of multisource waste. Incidentally, they have become 
indeed a global pollution issue since the formation of sprawling garbage patches in 
the Pacific (Eriksen et al. 2013) and Atlantic (Law et al. 2010) oceans. Most recent 
data show that a plastic smog estimated to be over 170 trillion plastic particles afloat 
in the world’s oceans (Eriksen et al. 2023).

The debate of the safest and most efficient treatment of the global issue posed 
by plastics waste is indeed vivid (see Verma et  al. 2016, for an early view of the 
options, including burning in open spaces or in incineration plants). Significant pro-
gress has been recently made in the design of pyrolysis systems based in bio-refin-
eries to convert waste such as plastic and biomass waste into energy. For instance, 
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from used tires, the patented recycling technology, Pyrum thermolysis,1 makes it 
possible to extract 50% oil, 38% coke and 12% gas, which can be used to ensure 
energy self-sufficiency. The potential market for the Pyrum technology is consider-
able since 17 million tons of used tires are generated each year worldwide. In addi-
tion to its environmental neutrality, this technology is highly profitable with a return 
on investment reaching 25%. Further income generation from recycling is key in our 
theory, as it will be clear below.

We are indeed particularly interested in polluting waste for which natural absorp-
tion takes an extremely long time, i.e., several centuries, (e.g., iron, aluminum, min-
eral residues) or that is non-biodegradable (e.g., plastic, computer hardware). In both 
cases, no natural abatement that prevents solid waste accumulation can be reasonably 
assumed. In this setup, recycling efforts are required to avoid massive accumulation 
with harmful long-term consequences. We therefore focus on the design of recycling 
efforts in our analysis of the optimal trade-off between economic performance and 
polluting waste. Depending on whether the polluting waste emanates from a stock of 
productive capital or from consumption flows, the long-term effects on the stocks of 
productive capital and polluting waste, and therefore their recycling policy implica-
tions, might differ significantly. In this paper, we investigate how the trade-off between 
capital growth and pollution accumulation is affected by the source of pollution—pro-
ductive capital or consumption—and identify which source of pollution should be mit-
igated first to enhance environmental, economic and welfare performances.

A second aspect is crucial in our theory: while recycling is not without cost and 
requires an effort (whatever the waste source) which should be accounted for in the 
social welfare arithmetics, it has potentially a double social benefit. One is obvious and 
works through the reduction of the stock of waste. The second is more hypothetic: recy-
cling may also generate income. In our paper, we distinguish between two cases: one 
where recycling efforts benefit capital accumulation, i.e., capital-improving recycling 
(CIR) efforts, and one where no additional revenue is drawn from recycling efforts, i.e., 
capital-neutral recycling (CNR) efforts. Capital-neutral recycling reflects a depreciation 
of the qualitative properties of recycled volume (e.g., Martin 1982), while CIR is an 
effective recycling process. An example of CIR can be found in the European plas-
tics industry, where 60 million tons of plastics diverted from landfills are equivalent to 
over 66 billion euros (Plastics Europe, 2015). More generally, CIR has received strong 
support in the literature (e.g., Doonan et al. 2005; Pati et al. 2006; Jacobs et al. 2010; 
Simpson 2012). Two comments are worth doing at this stage. Of course, net income 
from recycling may be optimized, several operations research papers are devoted to this 
question (see for example, Derigs and Friederichs 2009). In ecological economics, the 
distinction between the original consumption good and the recycled consumption good 
is precisely done to model the extra income (or welfare) arising from recycling (since 
the seminal work of Lusky 1976). Here we consider a reduced form specification and 
assume that the net income generated from recycling may or may not benefit to capital 
accumulation, the unique engine of production growth in our stylized circular economy 
model. Second, and related to the first point, we do not integrate the fact that recycling 

1 See https:// www. pyrum. net/ en/ about- us/ techn ology.

https://www.pyrum.net/en/about-us/technology
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may enlarge the set of consumption goods and the aggregate level of consumption. 
Again, this is due to our focus on the much less obvious recycling-capital accumulation 
mechanism and its long-term implications.

With all these elements accounted for, we will tackle three distinct sets of original 
questions:

• How do consumption and production-based polluting waste respectively affect 
the short and long-term performance of the economy as measured by consump-
tion, capital stock, recycling effort or the stock of waste? What is the role played 
by income generation through recycling in the latter outcomes?

• How do consumption and production-based polluting waste respectively affect 
the interaction between capital and polluting waste accumulation from both envi-
ronmental and social welfare perspectives?

• How do CIR efforts influence the interaction between capital and polluting waste 
accumulation from both environmental and social welfare perspectives?

Incidentally, we will be also able to explore a fourth question, touching to the 
debate on the so-called Environmental Kuznets Curve (EKC) literature, as we will 
be able to compute the optimal shapes of the relationship between pollution and 
income (or production) for a large variety of scenarios. The EKC conjectures that 
pollution is an inverse U-shaped function of economic development indicators such 
as income or capital stock: nations undergo a phase of expansion of both capital 
(or income) and pollution followed by decreasing pollution and further expansion 
of capital. Beyond a certain turning point, capital growth coincides with a cleaner 
environment (see for example, Stokey 1998). Both the theoretical (see for example, 
Boucekkine et  al. 2013) and the empirical literature (see de Bruyn and Opschoor 
1997, and Sengupta 1997) are inconclusive regarding the occurrence of the EKC. 
We will examine the original mechanisms of our recycling model, which includes 
multiple sources of pollution and income generation schemes, and their respective 
contributions to our understanding of the relationship between pollution and revenue 
throughout the development process. To our knowledge, the EKC literature has not 
yet explored the impact of recycling activities on the latter shapes.2

We will build on the circular economy aggregate model developed by Boucek-
kine and El Ouardighi (2016), and expand upon it to explore more deeply the four 
sets of problems described above. The current study differ from the former in sev-
eral respects. First of all, our model is fully linear-quadratic while in the 2016 paper 
the utility function is logarithmic in line with related growth theory papers (e.g., 
Stokey 1999). More importantly, and beside differences in few technical assump-
tions like the latter, which allow to push the theoretical analysis clearly further and 

2 Indeed, the EKC literature is huge (e.g., Boucekkine et  al. 2013), and there are thousands of cases 
studied with different ingredients (abatement, recycling, multisectoral economy, circular or not, etc.), 
which each features a different case for non-monotonicity with the corresponding underlying mecha-
nisms. In our paper, we use “EKC-like” for any capital-waste trajectory that is not monotonic. Of course, 
our model needs not have the same associated dynamics per variable that we find in the classical case, 
precisely because we rely on different variables and different income generation mechanisms.
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at a lower algebraic cost in the current paper, we keep the distinction between con-
sumption-based versus production-based waste and the simple reduced form speci-
fication of recycling net income generation. It is worth pointing out that Boucekkine 
and El Ouardighi’s paper is not at all concerned with the exploration of the distinc-
tive dynamical and long-term implications of consumption-based versus production-
based waste recycling, which are in contrast the focus of the current work. Indeed, 
they have only explored the local stability properties of the steady state equilibrium 
in the presence of both sources of waste.

There are other stylized circular economy macro-models in the ecological econom-
ics literature, and our setting entails some essential departures with respect to this liter-
ature. We have already explained above the crucial difference with respect to the semi-
nal model of Lusky, the central role of capital accumulation in our model. We also 
depart from other multisectoral models in the literature (like those of Martin 1982, or 
Fodha and Magris 2015) in that we use a simple one sector-one good circular econ-
omy, rich enough to replicate the multiple trade-offs one can find in the latter more 
complex frames. However, what makes definitively the originality of our paper is that 
it is the first one that studies theoretically the distinctive implications of recycling in 
the short and long run depending on the source of the waste. We do that as explained 
above by considering different interaction channels between capital accumulation and 
recycling, in particular through contrasting the CIR vs the CNR configurations.

We show that under consumption-based waste the central planner reaches larger 
consumption and capital stock levels than under production-based waste. The main 
rationale behind this result is that when waste is generated through production, the 
negative environmental externality limits both capital accumulation and consump-
tion. This brake on capital accumulation is inactive under consumption-based waste.

The paper is structured as follows. Section  2 develops the central planner 
model where polluting waste is a by-product of either consumption or production. 
In Sect. 3, we derive the qualitative properties of the model under both consump-
tion and production-based waste. Section 4 compares and contrasts the results, and 
Sect. 5 concludes the paper.

2  Model

Following standard assumptions, we consider a society that continuously exploits 
productive capital, denoted by K(t) ≥ 0 , where t stands for time, to linearly generate 
a flow of revenue, aK(t) , where a > 0 is the constant marginal revenue generated by 
the productive capital stock. The revenue generated allows a certain consumption 
level, denoted by c(t) ≥ 0.

Polluting waste, denoted by w(t) ≥ 0 , is caused by either the production or the 
consumption process (Boucekkine and El Ouardighi 2016). In the case where pol-
luting waste emanates from the exploitation of productive capital (production-based 
waste), we assume that w(t) = �aK(t) ≥ 0 , where 𝜅 > 0 is the marginal wasting 
impact of production. In the case where polluting waste emanates from consumption 
(consumption-based waste), we assume that w(t) = �c(t) , where 𝛽 > 0 is the mar-
ginal wasting impact of consumption.
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To reduce the stock of polluting waste, denoted by W(t) ≥ 0 , the economy may, 
in all cases, invest in recycling efforts v(t) ≥ 0 over time. We assume that the waste-
generating processes and recycling operations are mutually independent so that 
the recycling efforts are non-proportional to the waste emissions. This assumption 
allows for unbounded recycling efforts, i.e., v(t)<

>
w(t) , to account for the possibility 

of reduction of past waste emissions. Due to the generally long time span of natural 
absorption of the waste, we assume that there is no natural abatement of pollution 
waste. In economic terms, this implies that the social planner cannot benefit from 
any natural amenities.

Finally, a fixed proportion of recycled waste is supposed to possibly gener-
ate additional revenues, �v(t) , and therefore to positively influence capital growth, 
� ≥ 0 being the marginal revenue from recycling. However, if � = 0 , recycling has 
a neutral impact on capital growth due to an ineffective recycling process. For sim-
plicity, we also assume zero capital depreciation. Indeed, as one can see just below, 
adding a nonzero depreciation of capital, � , will essentially lead to replace the pro-
ductivity parameter, a , by a − � in the law of capital accumulation just below. In 
realistic case, a ≫ 𝛿. So, this assumption is totally innocuous.

Based on the previous assumptions, the endogenous capital growth process is 
given as:

where a positive difference between the total revenues from capital and recycled 
waste, and current consumption results in investment in productive capital, while a 
negative difference leads to disinvestment. The initial capital endowment is K0 ≥ 0.

It is noteworthy that the modeling of income generation through recycling is exclu-
sively aimed to capture the link between recycling and capital growth. It turns out that 
the unique engine of growth in this model is capital accumulation because the produc-
tion function is linear in the capital stock. Whether recycling may be capital reducing 
is not an issue here for two reasons. First, as explained in the introduction, we are refer-
ring to primary recycling activities where part of the waste is channeled into a recycling 
sector. This sector may generate profits, notably through cost reduction (Doonan et al. 
2005; Pati et al. 2006; Jacobs et al. 2010; Simpson 2012); we assume that these profits 
go to investment in order to capture the link between revenue growth and recycling, and 
we model the size of this growth effect linearly through the term �v(t) , � measuring 
the marginal contribution, that is, the marginal effectiveness, of recycling on economic 
growth. It could be the case, of course, that part of the waste (in particular production 
waste) comes from capital goods in the workplace. For example, some of these goods 
may be scrapped for environmental reasons: typically, the oldest capital goods are the 
most polluting (see Boucekkine et al. 2014, for an explicit modeling of the latter envi-
ronmental nexus). In such a case, the loss in value due the scrapping has to be consid-
ered in addition to recycling profits in the law of motion of capital. We do assume here 
that the net effect is positive. Note that this is the most acceptable assumption as the 
scrapped goods are the oldest, the dirtiest and also the least productive goods. Last but 
not least, the model works even though we relax the positivity of parameter � , we only 
stick to the most acceptable case.

K̇ = aK(t) − c(t) + 𝜑v(t), K(0) = K0 ≥ 0
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The general law of motion of polluting waste is given by:

Notice that we do not introduce natural depreciation of waste: this is because, as out-
lined strongly in the introduction, we are particularly interested in the waste for which 
natural absorption takes an extremely long time, or that is non-biodegradable, implying 
a self-degradation rate close to zero. A similar assumption can be found in El Ouar-
dighi et al. (2016) and El Ouardighi et al. (2021), though over finite time horizon.

We now define the objective function. We assume that the social utility is the differ-
ence between the utility drawn from current consumption and the costs incurred from 
the waste stock and the recycling efforts, respectively. The instantaneous utility from 
current consumption is a linear quadratic function, that is, c(t)(� − c(t)∕2) , where 𝜃 > 0 
is the utility-maximizing consumption level. The justification of this choice, notably 
with respect to Boucekkine and El Ouardighi (2016), is detailed in the introduction.

Further, the waste stock entails negative externalities such as environmental destruc-
tion and biomass extinction (Barnes 2002), and related health consequences. These 
negative externalities are internalized by the central planner and valued as an increasing 
convex function of the waste stock, that is, eW(t)2∕2 , where e > 0 is a disutility coef-
ficient associated with the waste stock.

Lastly, regardless of whether they are related to consumption or production-based 
waste, recycling efforts generally involve separation and transformation efforts. The 
disutility engendered by these efforts is expressed as an increasing quadratic function 
denoted by fv(t)2∕2 , with f > 0 . In order to gain more insights and without loss of 
generality regarding the qualitative properties of the model, f  is normalized to 1 , so that 
e , the disutility coefficient of waste, could be interpreted relative to 1, as the disutility 
coefficient of recycling.

If r > 0 denotes the discounting rate, we assume that the social planner is suffi-
ciently patient that the net marginal revenue generated by the productive capital stock is 
strictly positive (i.e., a − r > 0 ) to allow sustained capital accumulation.

Assuming an infinite planning horizon, the social planner’s optimal control problem 
is:

subject to:

under the control constraints c(t) ≥ 0 and v(t) ≥ 0 , and the state constraints K(t) ≥ 0 
and W(t) ≥ 0.

Ẇ = 𝜅aK(t) + 𝛽c(t) − v(t), W(0) = W0 ≥ 0

(1)U =

∞

∫
0

e−rt
[
c(t)

(
� −

c(t)

2

)
−

eW(t)2

2
−

v(t)2

2

]
dt

(2)K̇ = aK(t) − c(t) + 𝜑v(t), K(0) = K0 ≥ 0

(3)Ẇ = 𝜅aK(t) + 𝛽c(t) − v(t), W(0) = W0 ≥ 0
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3  Analytical properties of the optimal paths

We successively determine the optimal consumption and recycling policies related 
to consumption and production-based waste generation, and characterize the nature 
of convergence to the steady state, if any. For each source of waste generation, we 
assess the long-run effects of recycling effort on capital growth. It might look odd 
that steady states could co-exist with an AK production function, which usually 
serves as the reduced form of endogenous (balanced) growth. Nonetheless, as dem-
onstrated already by Stokey (1998), the internalization of the pollution externality by 
the central planner eventually leads to not let capital grow indefinitely, thus choosing 
convergence to an optimal steady state despite the AK production technology. This 
is also true here (with recycling “replacing” abatement in the Stokey frame). Clearly, 
replacing the AK production function with a Cobb–Douglas one, beside complicat-
ing a lot the algebra, will not change the concept of admissible long-term equilibria 
as decreasing returns inherent in Cobb–Douglas production functions disable the 
emergence of balanced growth paths asymptotically.

3.1  Consumption‑based waste generation

In this case, we assume that � = 0 and 𝛽 > 0 in the law of motion of polluting waste 
(3). Skipping the time index for convenience, the current-value Hamiltonian is:

where � ≡ �(t) and � ≡ �(t) are costate variables, that, if the state constraints are not 
binding, evolve according to:

under the transversality conditions: lim
t→∞

e−rt�(t) = 0 and lim
t→∞

e−rt�(t) = 0.
Although (5) and (6) are given for an interior solution in terms of state varia-

bles, we will also discuss important cases where the states can become negative. In 
such cases, non-negativity will be imposed, K(t) ≥ 0 and W(t) ≥ 0 , and the costate 
equations may include jumps (when the constraints are binding), which we denote 
by d�(t) . Whenever jumps are possible in both states, �(t) will have subscript 1 to 
identify a jump due to K = 0 and subscript 2 due to W = 0 . Formally, the jumps 
are characterized by non-negativity d�1(t) ≥ 0 , d�2(t) ≥ 0 and complementary slack-
ness, ∫ ∞

0
Kd�

1
= 0 and ∫ ∞

0
Wd�

2
= 0.

Assuming interior solutions, necessary conditions for optimality are:

(4)H = c

(
� −

c

2

)
−

eW2

2
−

v2

2
+ �(aK − c + �v) + �(�c − v)

(5)�̇� = (r − a)𝜆

(6)�̇� = r𝜇 + eW

(7)Hc = � − c − � + �� = 0 ⇒ c = � − � + ��
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From (5), we get �(t) = Ge(r−a)t , where G is a constant of integration. Given 
that a − r > 0 , this solution satisfies the transversality condition regardless of 
whether G is different from zero or not. In all cases, � is zero at the steady state. 
This implies that, in the long run, the capital stock is disregarded and that the 
controls depend only on the implicit value of the waste stock.

Lemma 1 For � = 0 and > 0, the necessary conditions are sufficient for optimality.

Proof See “Appendix A1”.

The sufficient conditions used are true only for interior solutions (Seierstadt 
and Sydsaeter 1987, p. 187).

Lemma 2 Let the state constraint W(t) ≥ 0 be non-binding. Then, it always holds 
that 𝜇 < 0. Further, let the state constraint K(t) ≥ 0 be non-binding, then 𝜆 > 0 if 
𝜆(0) > 0 and 𝜆 < 0 when 𝜆(0) < 0 . In addition, we have: lim

t→+∞
� = 0.

Proof See “Appendix A2”.

Conversely, under binding state constraints (Hartl et al. 1995), both costates � 
and � can exhibit negative jumps which, in this case, are given by the differenti-
able function:

We summarize the possible binding cases as follows.

Lemma 3 If W(0) > 0 and K(0) > 0 , neither state constraint K ≥ 0 exclusively nor 
state constraint W ≥ 0 exclusively will become binding over the planning horizon. 
Further, K = 0 and W = 0 can never be maintained simultaneously over an interval 
of time with positive controls v > 0 and c > 0 . If W(0) = 0 and K(0) > 0, then it is 
optimal to maintain only this state at a zero level, W = 0 and Ẇ = 0, over a finite 
interval of time. Similarly, if W(0) > 0 and K(0) = 0 , then it is optimal to maintain 
only this state at a zero level, K = 0 and K̇ = 0, over a finite interval of time.

Proof See “Appendix A3”.

We now turn to the analysis of an interior solution. Plugging the value of c and 
v from (7) and (8) in (2) and (3) for interior solutions, respectively, the equations:

(8)Hv = −v + �� − � = 0 ⇒ v = �� − �

(9)�̇� = r − a +
(𝜑 + 𝛽)(r𝜇 + eW)(

1 + 𝜑2
)
𝜆

(10)K̇ = aK − (𝜃 − 𝜆 + 𝜇𝛽) + 𝜑(𝜆𝜑 − 𝜇)
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along with (5) and (6), form the canonical system in the state-costate space.

Proposition 1 Under consumption-based waste generation, if 𝛽𝜑 < 1, the steady 
state is unique, given by:

where the superscript ‘S’ stands for steady state.

Proof See “Appendix A4”.

The steady state in (12) exists in spite of the condition for sustained long-term 
growth a > r . This is due to two ingredients of the model. First, the central plan-
ner accounts for the existence of a negative environmental externality. This result 
was first identified by Stokey (1998). Second, preferences are linear-quadratic: even 
without the environmental externality, that is only keeping the consumption term in 
instantaneous utility, the economy would not grow indefinitely. The parametric con-
dition 𝛽𝜑 < 1 is worth commenting. Notice if this condition fails to hold, stationary 
capital becomes negative. This comes from the accumulation Eqs. (2) and (3) in the 
steady state which jointly imply:

It can be shown that if 𝛽𝜑 < 1 is violated, the unique equilibrium compatible 
with the non-negativity constraints is the trivial equilibrium where all variables are 
nil. As explained before, we disregard this type of equilibrium, which is an arte-
fact of the linear-quadratic preferences. Moreover the larger � or � , the lower the 
capital stock. This looks at first glance odd at least in what concerns the impact of 
parameter � . Indeed, if this parameter increases ceteris paribus, recycling gener-
ates income and both v and K should trivially go up in first reaction. However, as 
income and production are raised, consumption will also increase by a mere income 
effect, which tends to curb capital accumulation. The overall effect on capital either 
in the short or long run is therefore ambiguous. This ambiguity shows up clearly in 
the long run ( aKS = cS − �vS). In our analytical case, the overall effect is negative 
and capital goes down when � increases. The same kind of reasoning can be applied 
to interpret the impact of a rising � on stationary waste, recycling or consumption. 
Concerning the stock of waste, by its law of motion, a larger consumption would 
in principle, as above, increase the recycling effort, therefore driving it down. But 
again as above, the resulting second-round income effect would push consumption 
up, resulting in more waste. It appears that the two effects offset each other.

One can draw some more comparative statics from the expressions of the 
steady state variables’ values given here above. Interestingly enough, an increase 
in � unambiguously decreases long-term consumption but its effect on both 

(11)Ẇ = 𝛽(𝜃 − 𝜆 + 𝜇𝛽) − 𝜆𝜑 + 𝜇

(12)
(
KS WS cS vS

)T
=
[

�(1−��)

a(1+�2)
r��

e(1+�2)
�

1+�2
��

1+�2

]

aKS = cS − �vS = cS(1 − ��)
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recycling and total waste depends on the position of �with respect to 1 . In the 
normal case where 𝛽 < 1 (that is, one marginal unit of consumption generates 
less than one unit of waste), a further increase in � raises the long-term recycling 
effort but also the stock of waste. While stationary consumption decreases when � 
rises, the flow of waste �cS does increase in the long-run.

As to the parameters of the utility function, one notes that a greater consump-
tion utility coefficient ( � ) increases all the steady state values. This is due to 
the linear-quadratic specification of preferences. Qualitatively, an increase in � 
boosts the marginal utility of consumption, which increases the consumption and 
the stock of waste. This in turn stimulates recycling. The total impact on capital 
depends on income generation through recycling and consumption rise. In our 
case, it is positive. Finally, a greater waste disutility coefficient ( e ) lowers the 
steady-state waste stock and does not affect the steady state capital stock. Note 
that if the waste disutility coefficient is lower than the recycling disutility coef-
ficient, i.e., e < 1 , the steady-state waste stock increases. Regarding the discount-
ing rate ( r ), it has no influence on the steady-state capital stock but has a positive 
effect on the steady-state waste stock. This property is mainly due to the linear-
quadratic preferences: abstracting away from waste and recycling, the AK model 
with quadratic preferences will deliver long-term consumption and capital levels 
which only depend on productivity a and the bliss point � . Adding waste and recy-
cling does not modify this property. However, as the discounting rate increases, 
leading to a larger preference for the present, consumption will increase along the 
transition, inducing an increment in the stock of waste in the long-run.

We now investigate the structure of the associated stable manifolds.

Proposition 2 Under consumption-based waste generation, the steady state exhib-
its a local two-dimensional stable manifold. The convergence from a close neighbor-
hood to the steady state is monotonic.

Proof See “Appendix A5”.

Therefore, for a sufficiently patient social planner, a saddle-point exists. In 
addition, the control paths can be characterized as follows.

Lemma 4 Under consumption-based waste generation, an interior optimal solution 
satisfies the system:

Proof See “Appendix A6”.

(13)c̈ = rċ + a(r − a)Ge(r−a)t + 𝛽e(𝛽c − v)

(14)v̈ = rv̇ − a𝜑(r − a)Ge(r−a)t − e(𝛽c − v)
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This general case is solvable numerically. For � = 1 , we get:

whose constants of integration can be found explicitly. Letting 𝜑 < 1 , then for G > 0 
( G < 0 ), the sum c(t) + v(t) increases (decreases) monotonically and concavely (con-
vexly) to converge to � when t → ∞ . Furthermore, the closer � to one the smaller 
the change in c(t) + v(t) , i.e., the weaker the short turm effect of � on the evolution 
of c(t) + v(t) . Note, the difference c(t) − v(t) decreases to zero when t → ∞ and � 
has no effect on it at all.

Remark3 The system (10)-(11)-(5)-(6) has a two-dimensional stable manifold. Any 
combination on this manifold results in a path of state and costate variables which 
ends in the steady state for variables W , c or v . However, in this case K can poten-
tially grow indefinitely and asymptotically at rate a . As a result, a second type of 
paths, which may be optimal, can emerge. Along these paths, the system converges 
to an asymptotic balanced growth path (in the sense that all variables grow asymp-
totically at constant rates, equal to zero for variables c , v and W ). In our comparison 
of the consumption vs production-based waste generation cases, we shall disregard 
these alternative paths for a souple of reasons: economic irrelevance and mathemati-
cal non-robustness. Indeed, they are economically irrelevant because they lead to a 
major violation of Kaldor stylized facts: the ratio c∕Y = c∕aK tends to zero. Obvi-
ously, this property cannot arise generally in a model with CRRA preferences: for 
example, it cannot happen in the non-circular economy model à la Stokey (1998), 
already quoted above. The spurious nature of these alternative paths can be captured 
even more directly, without moving to CRRA preferences or any other fundamental 
adjustment: it’s enough to add a condition ensuring the Kaldor fact holds at large, 
for example by constraining the limit of  c∕Y  to be larger than or equal to given a 
strictly positive constant at large (which could be arbitrarily small).

3.2  Production‑based waste generation

In this case, we assume that 𝜅 > 0 and � = 0 in the law of motion of polluting waste 
(3). Skipping the time index for convenience, the current-value Hamiltonian is:

where � ≡ �(t) and � ≡ �(t) are costate variables, that, if the state constraints are not 
binding, evolve according to:

c(t) =
1

2

�
� + C3e

1

2

�
r−

√
r2+4e

�
t
−

�
1 − � +

a(1 + �)(r − a)

a(r − a) + e

�
Ge(r−a)t

�

v(t) =
1

2

�
� − C3e

1

2

�
r−

√
r2+4e

�
t
−

�
1 − � −

a(1 + �)(r − a)

a(r − a) + e

�
Ge(r−a)t

�

(15)H = c

(
� −

c

2

)
−

eW2

2
−

v2

2
+ �(aK − c + �v) + �(�aK − v)

3 We warmly thank a Referee for raising this point.
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under the transversality conditions: lim
t→∞

e−rt�(t) = 0 and lim
t→∞

e−rt�(t) = 0.
Assuming interior solutions, necessary conditions for optimality are:

From (18), the greater the implicit price of the capital stock, the lower the con-
sumption rate. In (19), the greater the implicit price of the capital stock and the 
implicit cost of the waste stock, the greater the recycling effort. These results are 
intuitive.

Comparing necessary conditions (18)–(19) and (7)–(8) and their related costate 
equations, it is obvious that under consumption-based waste, the consumption is 
instantaneously diminished by the implicit cost of waste engendered by the marginal 
consumption-based waste, while under production-based waste, it is intertemporally 
diminished by the implicit cost of waste engendered by the marginal waste due to 
the marginal revenue of capital.

Lemma 5 The necessary conditions are sufficient for optimality.

Proof See “Appendix A7”.

Here also, the sufficient conditions used are true only for interior solutions.

Lemma 6 Let the state constraint W ≥ 0 be non-binding. Then, it always holds that 
𝜇 < 0.

Proof See “Appendix A8”.

Lemma 7 It is not optimal to have W = 0 and K = 0 along an interval of time.

Proof See “Appendix A9”.

The above lemma shows that, unlike with consumption-based waste generation, it 
is not optimal to maintain both states K and W at zero over any time interval.

Plugging the value of c and v from (18) and (19) in (2) and (3’), respectively, the 
equations:

(16)�̇� = (r − a)𝜆 − 𝜇𝜅a

(17)�̇� = r𝜇 + eW

(18)Hc = � − c − � = 0 ⇒ c = � − �

(19)Hv = −v + �� − � = 0 ⇒ v = �� − �

(20)K̇ = aK − (𝜃 − 𝜆) + 𝜑(𝜆𝜑 − 𝜇)

(21)Ẇ = 𝜅aK − 𝜆𝜑 + 𝜇
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along with (16) and (17), form the canonical system in the state-costate space.

Proposition 3 Under production-based waste generation, for r < a , the steady 
state is unique, given by:

Proof See “Appendix A10”.

As it transpires from the expressions of the steady state values given above, 
the model with capital-based or equivalently production-based waste involves 
more complex relationships because capital accumulation is not only the main 
engine of income in this economy, it is also the generator of waste, which cause 
the negative environmental externality and fosters recycling. Henceforth the cor-
responding comparative statics are more complicated. From (22), we observe 
that the marginal wasting coefficient of production ( � ) decreases as expected the 
long-run capital stock, waste stock and consumption flow. More interesting com-
parative statics are with respect to parameter, which are common to the consump-
tion-based waste and production-based waste models. Let us consider parameter 
� for example. Greater marginal revenue from recycling ( � ) increases the long-
run consumption, which in turn decreases the long-run capital stock. As a conse-
quence, the long-run waste stock and recycling effort are both reduced. When � 
goes up, consumption seems to play a long-term stabilizing role on the stock of 
waste. This is not the case in the model with consumption-based waste where the 
recycling effort, while increasing with � in the short-run, ends up independent of 
this parameter in the long- run.

The second common parameter example is the discounting rate ( r ): it has a nega-
tive impact on the long-run capital stock, consumption rate and recycling effort but 
a positive effect on the long-run waste stock. Recall that in the consumption-based 
waste case, it only affects (positively as in the current case) the stock of waste. In the 
model with production-based waste, the stationary capital ends up decreasing with 
the discount rate, as in the traditional Ramsey model.

We now move to the stability analysis and investigate the structure of the stable 
manifolds.

Proposition 4 Under production-based waste generation, the steady state exhibits 
a (local) two-dimensional stable manifold. The convergence to the steady state is 
either monotonic or oscillatory.

(22)

(
KSWScSvS

)T
=

[
�[(1 + ��)a − r]

a
{
(1 + ��)[(1 + ��)a − r] + �2a

}
r��(a − r)

e
{
(1 + ��)[(1 + ��)a − r] + �2a

}
�(1 + ��)[(1 + ��)a − r]

(1 + ��)[(1 + ��)a − r] + �2a

��[(1 + ��)a − r]

(1 + ��)[(1 + ��)a − r] + �2a

]
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Proof See “Appendix A11”.

We now highlight an interesting property of the optimal growth model with pro-
duction-based waste. We show hereafter that under certain conditions, it may give 
rise to an oscillatory convergence to the steady state, which is not granted in the 
case of consumption-based waste (Proposition 2). According to Proposition 4, con-
vergence to the saddle-point is either monotonic or oscillatory, depending on the 
magnitude of the wasting impact of the revenue-generation process and the marginal 
impact of the recycling effort on capital accumulation. Therefore, oscillating conver-
gence to the steady state can be caused either by highly wasteful production, which 
reflects the use of dirty technology (Stokey 1998), or by highly CIR, which mirrors 
the absence of any depreciation of scrap recovery (Martin 1982), that is, a highly 
effective recycling process.

3.3  A preliminary comparison result

In the next section, we shall go a step further and determine the main differences 
between consumption and production-based polluting waste, on the one hand, and 
CNR and CIR efforts, on the other hand, on capital growth and polluting waste 
accumulation in terms of both the steady state and the transient path, using both 
analytical and numerical results. Before, and based on our analytical results for con-
sumption and production-based polluting waste, we make an important comparison.

Lemma 8 For � = 0 and equal marginal wasting impact of production and con-
sumption, it holds that:

Proof See “Appendix A12”.

Therefore, for CNR efforts, i.e., � = 0 , and equivalent marginal wasting impact in 
the case of either consumption- or production-based waste, i.e., 𝜅 = 𝛽 > 0 for either 
� = 0 and 𝛽 > 0 or 𝜅 > 0 and � = 0 , the steady-state consumption level is greater if 
the polluting waste is a by-product of consumption rather than of production. 
Because cS|𝜅=0,𝛽>0 < 𝜃 and cS|𝜅>0,𝛽=0 < 𝜃 , the steady-state consumption is lower than 
the utility-maximizing consumption level under both production and consumption-
based waste. For similar conditions, it follows that the steady-state capital stock is 
greater under consumption-based waste than under production-based waste. The two 

(23)cS|𝜅=0,𝛽>0 > cS|𝜅>0,𝛽=0

(24)vS|𝜅=0,𝛽>0 > vS|𝜅>0,𝛽=0

(25)KS
|𝜅=0,𝛽>0 > KS

|𝜅>0,𝛽=0

(26)WS
|𝜅=0,𝛽>0 > WS

|𝜅>0,𝛽=0
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latter properties are important and thus deserve a careful interpretation. Why could 
it be that under consumption-based waste the central planner reaches larger con-
sumption and capital stock levels than under production-based waste? When only 
consumption generates waste, two effects are at work: on one hand, consumption is 
directly driven down (with respect to the case � = 0 ) as it decreases utility via waste; 
but on the other hand, a drop in consumption increases savings and capital accumu-
lation, which in turn pushes consumption up (income effect). When waste is gener-
ated through production, there is an explicit brake on capital accumulation induced 
by the environmental negative externality, which limits both capital accumulation 
and consumption. It turns out that this mechanism (brake on capital accumulation) is 
inactive under consumption-based waste. As a result, both the long-term consump-
tion and capital stock are higher in the latter case.

Note also that due to 𝛽
[
(a − r) + 𝜅2a

]
>
(
1 + 𝛽2

)
𝜅(a − r) when � = � , the 

steady-state values of the waste stock and the recycling efforts are lower under pro-
duction-based waste than under consumption-based waste. This comes as a natural 
consequence of the abovementioned properties for equal marginal waste generation 
coefficients ( � = � ): as both consumption and capital stock are lower under produc-
tion-based waste, the resulting stock of waste, and thus the optimal recycling effort 
(under � = 0 ), are lower.

It is impossible to come out with complete analytical comparison results for any 
� , � and � . However, numerical experiments are conducted hereafter to complement 
this analytical section.

4  Numerical analysis

We now get back to the main research questions stated in the introduction and 
answer them. We shall in particular investigate how consumption versus produc-
tion-based polluting waste affect the interaction between capital growth and waste 
accumulation (thus the emergence of an EKC path), and the role of the CIR versus 
the CNR assumption in the mechanisms involved. To this end, we use numerical 
experiments.

4.1  Numerical strategy and calibration

To compute the solution paths, we use a dynamic programming approach (see 
"Appendix A13"). The model is calibrated as depicted in Table 1 just below:

The values in Table  1 reflect a situation where the marginal revenue from the 
capital stock ( a = 0.1 ) is greater than the discounting rate ( r = 0.05 ). The range 
of values selected for � , � and � aims to contrast some important configurations, 

Table 1  Parameter values
r a � � � � e

0.05 0.1 (0,0.5,4) (0,0.5) (0, 0.1,10) 1 1
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that is, production-based versus consumption-based waste (i.e., � = 0.5 vs.� = 0.5 ), 
on the one hand, and CIR versus CNR efforts (i.e., � = 0.1 vs. � = 0 ) on the other 
hand. In addition, two special cases inducing oscillatory convergence to the steady 
state are considered, that is, highly wasteful production processes (i.e., � = 4 ) and 
highly CIR (i.e., � = 10 ). Finally, we assume equivalent parameter values for the 
disutility coefficient of waste and the disutility coefficient of recycling (i.e., e = 1 ) so 
that the tradeoff between waste and recycling does not stem from arbitrary decisions 
concerning parameter values. To assess the sensitivity of the solutions to the initial 
conditions, we assume in the cases with monotonic convergence two initial values 
for each state variable, that is, low and high (i.e., lower and higher than the steady-
state value), with K0 = (6, 10) and W0 = (0, 0.3).

The steady state values are reported in Table 2. All things being equal, the long-
run capital stock and consumption are greater under consumption-based than pro-
duction-based waste. Despite greater recycling efforts, the long-run waste is greater 
under consumption-based than production-based waste. On the other hand, the 
steady-state capital stock is greater under capital-neutral than CIR while the steady-
state waste stock is similar under consumption-based waste and greater under pro-
duction-based waste.

Claim 1 Although CIR limits capital growth more than CNR does, it promotes a 
slightly cleaner environment only under production-based waste (Table 2).

To unburden the presentation and ease the comparison between the different 
mechanisms involved, we shall study the induced optimal paths and welfare out-
comes first under consumption-based waste, then under production-based waste.

4.2  Optimal time paths and implied welfare under consumption‑based waste

4.2.1  Transient dynamics

Figure 1 illustrates the paths converging to the steady state from various initial con-
ditions under consumption-based waste for CIR (1.a) and CNR (1.b) efforts. The 

Table 2  State and control steady-state values under focal configurations

Consumption-based waste
� = 0,� = 0.5

Production-based waste
� = 0.5,� = 0

Production and consumption-
based waste
� = 0.5,� = 0.5

CIR ( � = 0.1) CNR ( � = 0) CIR ( � = 0.1) CNR ( � = 0) CIR ( � = 0.1) CNR ( � = 0)

KS 7.6 8 6.65 6.67 3.94 4

WS 0.02 0.02 0.015 0.017 0.019 0.02

cS 0.8 0.8 0.698 0.67 0.43 0.4

vS 0.4 0.4 0.332 0.33 0.41 0.4
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transient paths are drawn for initially low versus high capital and waste stocks, that 
is, 

(
K0,W0

)
= {(6, 0), (10, 0), (6, 0.3), (10, 0.3)}.

The optimal path is composed of two arcs corresponding to sequential sets of 
actions, that is:

• From both initially high (low) state values, the optimal policy consists in first 
decreasing (increasing) the waste stock rapidly and the capital stock slowly, and 
then decreasing (increasing) both the capital and waste stocks at a similar pace 
until the steady state is reached.

• From initially high (low) capital stock and high (low) waste stock, the optimal 
policy is first to decrease (increase) the waste stock rapidly and the capital stock 
slowly, and then to decrease (increase) the capital and waste stocks at a similar 
pace toward the steady state.

The second arc, which arises beyond the turning point and characterizes the long-
est portion of the planning horizon, depicts a mutual complementarity between the 
capital stock and the waste stock. That is, under consumption-based waste, capital 
and pollution most often either increase or decrease together. This result lets us iden-
tify initial conditions for which the first arc, located before the turning point, would 
exhibit (transient) mutual substitutability between the capital and waste stocks, i.e., 
an EKC-like arc.

We find that such initial conditions exist (Fig. 2): for both CIR and CNR, cap-
ital growth allows a cleaner environment from initially intermediate capital stock 
(i.e., near its steady-state value) and very large waste stock, e.g.,

(
K0,W0

)
= (8, 2) , 

but only for limited time interval. The substitutability arc between the two stocks 
is more marked for CIR than for CNR, as in the subsequent complementarity arc, 
which allows greater contraction of the capital stock but with much smaller decrease 
of the stock of waste.

Claim 2 An EKC-like arc exists for consumption-based waste, during which capi-
tal accumulation allows for a cleaner environment for both capital-improving and 
capital-neutral recycling, but with ephemeral and reversible capital growth (Fig. 2).

Fig. 1  Phase diagrams in the state space for consumption-based waste
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The optimal consumption and recycling effort policies’ time paths corresponding 
to the various paths in Fig. 1 are shown in Fig. 3. The patterns of optimal consump-
tion and recycling efforts obtained for the various initial conditions are summarized 
in Table 3. The initial recycling efforts are at their highest level for both initially 
high stocks of capital and waste, while consumption is clearly lower than for initially 
high capital stock and low waste stock. The reason is that more recycling and less 
consumption are initially needed to quickly reduce the initial waste stock. Note how-
ever that the initial capital stock has a stronger influence than the initial waste stock 
on both consumption level and recycling efforts.

An interesting feature nevertheless associated with a high initial waste stock is a 
non-monotonic behavior, i.e., undershooting of recycling efforts linked to initially 
low capital stock and overshooting of consumption due to initially high capital 
stock. This behavior is particularly marked in the case of initially low capital stock 
and high waste stock for which consumption and recycling efforts are first briefly 
mutual substitutes and then become mutual complements.

Fig. 2  EKC-like state path for consumption-based waste under CIR and CNR with logarithmic scale for 
waste stock

Fig. 3  Control paths for consumption-based waste under CIR and CNR (log. time scale)
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In the specific case of initially intermediate capital stock and very large waste 
stock, e.g., 

(
K0,W0

)
= (8, 2) , which allows for an EKC-like path, the optimal policy 

also exhibits overshooting, predominantly with substitutability between the control 
variables, i.e., consumption should be initially low and increasing while recycling 
efforts should be initially high and decreasing over time, as suggested in Fig.  4. 
Finally, in all cases, when recycling does not add to capital growth, consumption is 
lower than in the converse case, which thus makes recycling efforts less necessary.

4.2.2  Welfare implications

In Fig. 5, the welfare function is computed as a function of the length of the time 
horizon to emphasize the magnitude of its transient evolution. Due to the effect of 
discounting, the instantaneous welfare tends to zero as the length of the time horizon 
tends to infinity.

Apparently, lower initial waste stock results in higher welfare. Compared with 
CIR, CNR is welfare-improving in the case of higher initial capital stock because 
lower consumption under CNR than CIR entails less disutility from pollution waste 
and recycling efforts. In contrast, welfare is similar between CIR and CNR in the 
case of low initial capital stock due to the initially low and increasing consumption 
path induced.

Table 3  Optimal patterns of consumption and recycling efforts for consumption-based waste

Low initial capital stock High initial capital stock

Low initial waste stock Initially low, increasing consumption and 
recycling efforts

Initially high, decreasing 
consumption and initially 
intermediate, decreasing 
recycling efforts

High initial waste stock Initially low, increasing consumption and ini-
tially intermediate, decreasing then increas-
ing (undershooting) recycling efforts

Initially high, increasing then 
decreasing (overshooting) 
consumption and initially 
high, decreasing recycling 
efforts

Fig. 4  Control paths related to EKC-like path for consumption-based waste under CIR and CNR (log. 
time scale)
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Claim 3 Social welfare is greater with both poorer and cleaner rather than both 
wealthier and dirtier initial conditions (Fig. 5).

Welfare is also very similar between CIR and CNR for very high initial waste 
stock, as in the case of the EKC-like path for which consumption is also initially low 
and increasing (Fig. 6). In all cases, a greater initial waste stock is more harmful to 
the transient welfare.

4.3  Optimal time paths and implied welfare under production‑based waste

4.3.1  Transient dynamics

We now turn to the case of production-based waste. The phase-portrait diagrams 
in Fig. 7 show the paths converging to the steady state from for initially low versus 
large capital and waste stocks, that is, 

(
K0,W0

)
= {(6, 0), (10, 0), (6, 0.3), (10, 0.3)} 

for CIR and CNR (resp., 7.a and 7.b).
Apart from lower steady state values of the state variables and slightly weaker 

complementarity relationship between the two stocks, the patterns do not seem to 
differ much from those of consumption-based waste. However, for a high initial 

Fig. 5  Social welfare for consumption-based waste under CIR and CNR (log. time scale)

Fig. 6  Social welfare for EKC-like state path for consumption-based waste under CIR and CNR (log. 
time scale)
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capital endowment, the contraction of capital is clearly greater for consumption-
based waste than for production-based waste, with a similar steady state stock of 
waste.

Claim 4 Consumption-based waste is less capital-destructive than production-
based waste, notably under capital-neutral recycling (Figs. 1, 7).

However, the initial conditions under which mutual substitutability exists 
between the stocks of capital and waste, i.e., EKC-like path, are different 
from those related to consumption-based waste (Fig.  8). That is, a lower ini-
tial capital stock and larger waste stock than for consumption-based waste, i.e., (
K0,W0

)
= (7, 3) , are now required for capital growth to allow a transiently 

cleaner environment but over a smaller interval. However, the arc of substitut-
ability between the stocks of capital and waste does not exist for CNR even for 
much higher initial waste stock. Thus, complementarity always prevails under 

Fig. 7  Phase diagram in the state space for production-based waste

Fig. 8  EKC-like state path for production-based waste under CIR and CNR efforts for waste stock (log 
scale)
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production-based waste with CNR, which leads to less severe contraction of capi-
tal but also less effective depollution than under CIR.

Claim 5 An EKC-like arc exists for production-based waste, but over a smaller 
interval and under more restrictive conditions than for consumption-based waste, 
that is, lower initial wealth and larger waste stock and only for capital-improving 
recycling (Fig. 8).

The optimal consumption and recycling effort policies related to the different 
paths in Fig.  7 are shown in Fig.  9. Here again, higher consumption results from 
higher initial capital stock. Consumption is also positively affected by the initial 
waste stock, albeit to a lesser extent. This is in contrast with the consumption-based 
waste case because consumption here is a non-costly, welfare-improving mean to 
reduce the waste stock via a capital decrease. Another important difference from 
the case of consumption-based waste is that recycling is positively influenced by the 
waste stock. A third important difference from the case of consumption-based waste 
lies with the fact that while consumption is lower under CNR than CIR efforts, the 
recycling efforts are now very similar.

Claim 6 In contrast with the case of consumption-based waste, consumption is 
much greater under CIR than CNR for production-based waste (Fig. 9 vs Fig. 3).

In the specific case of the EKC-like state path, the optimal policy is character-
ized by complementarity between the control variables, i.e., both consumption and 
recycling efforts should be initially high and decreasing over time, as suggested in 
Fig. 10. When recycling is CN, consumption is significantly lower than in the con-
verse case, whereas the magnitude of recycling efforts remains unaffected.

Claim 7 The optimal policy related to an EKC-like path for production-based waste 
exhibits complementarity between the control variables rather than substitutability 
as observed for consumption-based waste (Fig. 10).

Fig. 9  Control paths for production-based waste under CIR and CNR efforts (log. time scale)
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4.3.2  Welfare implications

Figure  11 reports the social welfare associated with production-based waste, 
where higher welfare results from lower initial waste stock and to some extent 
from higher initial capital stock. Despite higher consumption, initial conditions 
with both higher capital and waste stocks lead to lower welfare due to greater 
disutility resulting from higher recycling efforts. Again, the differences in wel-
fare between lower and higher initial capital stock are more marked under CIR 
than CNR efforts, due to the greater reduction in consumption in the latter case 
between CIR and CNR for initially higher than lower capital stock. Finally, social 
welfare under CNR is similar to that under CIR from initially high capital but 
lower than that from initially low capital, mainly because slightly greater recy-
cling efforts under CNR than CIR entail smaller disutility.

Comparing Figs.  5 and 11, respectively, we observe that, for CIR, the wel-
fare is greater under production-based waste than under consumption-based waste 
from initially high capital stock and similar welfare of production-based waste 
and consumption-based waste from low capital stock. In contrast, for CNR, the 
welfare is still greater under production-based waste than under consumption-
based waste for initially high capital stock, but lower for initially low capital 
stock.

Fig. 10  Control paths related to EKC-like path for production-based waste under CIR and CNR (log. 
time scale)

Fig. 11  Social welfare for production-based waste under CIR and CNR (log. time scale)
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Claim 8 In the case of production-based waste, poorer but cleaner initial condi-
tions provide greater social welfare than wealthier but dirtier initial conditions 
(Fig. 11).

In the case of the EKC-like state path, the transient welfare is negative with quite 
low values (Fig. 12), due to the initially high disutility generated by both high waste 
stock and recycling efforts. Afterwards, welfare becomes positive with a slightly 
greater value under CIR than under CNR because of a greater consumption level.

Overall, production-based waste is more welfare-improving than consumption-
based waste if the initial capital endowment is high. The reason is that although 
consumption-based waste exhibits a higher long-run consumption level for a high 
initial capital endowment, it has lower consumption in the short run and tends to 
incur more disutility from polluting waste and recycling efforts than does produc-
tion-based waste over the whole time horizon. For a low initial capital endowment, 
production-based waste is still associated with greater transient consumption than 
consumption-based waste is, but the transient differences in terms of disutility from 
polluting waste and recycling efforts are now lower.

4.3.3  The case of oscillatory dynamics

We now study two special cases related to production-based waste, for which the 
convergence to the steady state is oscillatory, due either to the wasting impact of the 
revenue generation process or to the marginal impact of the recycling effort on capi-
tal growth (see Proposition 4).

We first consider the case of highly wasteful production ( � = 4 ). In this case, we 
observe that any path starting with capital stock greater than its steady-state value 
first undergoes a phase of contraction of capital along with expansion of the waste 
stock and then a phase of contraction of the two stocks (Fig. 13). Beyond the turn-
ing point, the capital decline results in a cleaner environment. Therefore, the dirtiest 
production technologies result in a total reversal of the EKC. Under an ineffective 

Fig. 12  EKC-like social welfare path for production-based waste under CIR and CNR (log. time scale)
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recycling process, i.e., CNR, the total reversal of the EKC is even more severe in 
terms of capital contraction.

Claim 9 Highly wasteful production is heavily capital-destructive (Fig. 13).

In the context of total reversal of the EKC, the optimal policy is also character-
ized by complementarity between the control variables (Fig.  14). When recycling 
does not add to capital, consumption is lower than in the converse case only if the 
initial stock of capital is sufficiently high. Under the latter condition, however, recy-
cling efforts are greater under CNR than in the converse case. The rationale behind 
this result is that consumption under CIR is a substitute for recycling to reduce 
waste.

In Fig. 15, a higher welfare results from lower initial capital stock and to a lesser 
extent from lower initial waste stock. Again, despite higher consumption, initial con-
ditions involving both higher stocks of capital and waste lead to lower welfare due 
to greater disutility resulting from higher recycling efforts. In contrast with the pre-
vious cases, welfare is now lower under CNR than under CIR. The reason is that 

Fig. 13  Phase diagram in the state space for highly wasteful production (
K
0
,W

0

)
= {(1, 0), (2, 0), (1, 0.2), (2, 0.2)}

Fig. 14  Control paths for highly wasteful production under CIR and CNR (log. time scale)
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recycling efforts result in smaller disutility under CIR due to greater consumption 
used to reduce waste.

Claim 10 For highly wasteful production, social welfare is greater from poorer 
rather than wealthier initial conditions (Fig. 15).

We finally analyze the case of highly CIR ( � = 10 ). Here, two main phases are 
observed, that is, a phase of contraction of capital along with expansion of the waste 
stock and then a phase of expansion of capital along with contraction of the waste 
stock (Fig. 16). Beyond the turning point, capital growth allows a cleaner environ-
ment. Therefore, a highly effective recycling process leads to a partial reversal of 
the EKC.

Fig. 15  Social welfare for highly wasteful production under CIR and CNR (log. time scale)

Fig. 16  Phase diagram in the state space for production-based waste under highly CIR (
K
0
,W

0

)
= {(0, 0.3), (3, 0), (3, 0.3)}
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Claim 11 Highly capital-improving recycling is partly capital destructive (Fig. 16).

In the case of partial reversal of the EKC, the optimal policy is also based 
on complementarity between the control variables (Fig.  17). Consumption and 
recycling are both positively affected by the initial capital stock and are affected 
to a lesser extent by the initial waste stock.

In Fig. 18, higher welfare is derived from lower initial capital stock and to a 
lesser extent from lower initial waste stock. The ranking in terms of decreasing 
welfare is consistent with that of consumption, which in turn is allowed by the 
highly effective recycling efforts.

Fig. 17  Control time paths for production-based waste under highly CIR (log. time scale)

Fig. 18  Social welfare for production-based waste under highly CIR (log. time scale)
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Claim 12 For highly effective production-based recycling, social welfare is greater 
with either both poorer and dirtier or both wealthier and cleaner initial conditions 
rather than both wealthier and dirtier initial conditions (Fig. 15).

5  Conclusion

This paper seeks to determine which source of polluting waste among the stock of 
productive capital and consumption flows is the most detrimental in terms of wel-
fare and environmental sustainability. We consider a capital accumulation model 
where either production or consumption is a source of polluting waste. Although 
the accumulation of the polluting waste cannot be naturally abated, it can be 
reduced by recycling efforts. To account for their effectiveness, recycling efforts 
may or may not benefit capital accumulation. The economic tradeoff, which 
involves instantaneous utility from consumption and instantaneous disutility due 
to polluting waste and recycling over infinite time horizon, allows us to identify 
the optimal recycling policy depending on the source of pollution and also to dis-
close the conditions of emergence of an Environmental Kuznets Curve path.

Our mathematical analysis shows that consumption and production as sources 
of polluting waste have quite different consequences on the interaction between 
capital and pollution accumulation. The main differences can be summarized as 
follows:

• Convergence from a close neighborhood to the unique interior, locally stable 
steady state is monotonic under consumption-based waste, but it can also be 
oscillatory under production-based waste due either to very dirty technology 
of production or to highly effective recycling.

• To compare the long-term consequences of the optimal control of consump-
tion versus production-based waste via recycling, we examine the implications 
of the benchmark case where one additional unit of consumption yields the 
same additional waste as a supplementary unit of production and recycling 
does not generate additional income. In this framework, larger consumption 
and capital stock stationary values are reached under consumption-based 
waste than under production-based waste. This is because in the latter there is 
an explicit brake on capital accumulation induced by the environmental neg-
ative externality, which limits both capital accumulation and therefore con-
sumption. Such a mechanism does not exist under consumption-based waste.

• In the same analytical set-up, it is shown that lower stocks of waste are 
obtained with lower recycling efforts in the production-based waste case.

From extensive numerical analysis, we also gained further important insights:

• The analytical results above are shown to be robust under a set of alternative 
parameterizations where the assumptions adopted in the benchmark case are 
successively dropped.
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• In countries with intermediate wealth and very large waste stock, an EKC-like 
arc exists under consumption-based waste, during which capital accumulation 
allows for a cleaner environment for both capital-improving and capital-neu-
tral recycling, but with ephemeral and reversible capital growth. In contrast, 
under production-based waste, a lower initial wealth and larger waste stock 
than for consumption-based waste are required for an EKC-like arc to arise, 
but this happens only for capital-improving recycling and over a smaller inter-
val.

• Under production-based waste involving very dirty technology, a total reversal of 
the EKC-like arc is observed. Under capital-neutral recycling, the reversal of the 
EKC is even more severe in terms of capital contraction. Finally, under produc-
tion-based waste with highly capital-improving recycling, a partial reversal of the 
EKC-like arc is obtained.

While most economic studies disregard the consequences of the differences 
between two pollution sources, namely production and consumption, on social wel-
fare and environmental sustainability, our study suggests that, all things being equal, 
wealthy countries should focus on minimizing the wasteful impact of consumption 
rather than production because it is less capital-destructive, especially in the case 
of ineffective recycling. In contrast, national regulations should focus on minimiz-
ing the wasteful impact of production in the case of ineffective recycling in poor 
countries.

Our results can be further generalized by extending the model to the case of two 
non-cooperative countries with different levels of effectiveness of their recycling 
process. An important issue related to this context is how the countries’ non-cooper-
ative strategies affect both welfare and environmental sustainability.

Appendix

A1

The Legendre-Clebsch condition of joint concavity of the Hamiltonian with respect 

to the control variables is satisfied, because the Hessian 
[
Hcc Hcv

Hvc Hvv

]
=

[
−1 0

0 −1

]
 is 

negative definite. This guarantees a maximum of the Hamiltonian. Plugging the 
expressions of c and v respectively from (7) and (8) in (4) gives the maximized 
Hamiltonian:

from which the Hessian 
[
HKK HKW

HWK HWW

]
=

[
0 0

0 −e

]
 is negative semi-definite. This 

ensures that the necessary conditions are sufficient for optimality and thus the exist-
ence of a globally optimal solution.   □

H0 =
(� − � + ��)2

2
+

(�� − �)2

2
+ �aK −

eW2

2
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A2

The proof is by contradiction. Assume a time point t  such that the costate � ≥ 0 
and the transversality condition holds. Then, Eq. (6) implies that � can grow only 
at a rate greater than r . Therefore, the transversality condition will never be met. 
Such a point cannot exist, i.e., 𝜇 < 0 . The result for � is derived in a similar way. 
Because we assume that r < a , starting from any �(0) , � always tends to zero.   □

A3

Differentiating (9), we find that d�c − dv = 0 if:

and, with respect to W = 0 , we have:

Since r < a , �̇� ≥ 0 when � ≥ 0 and � ≥ 0 , which with respect to (9) requires:

which holds only for positive � . Such a solution is clearly feasible, if c > 0 and v > 0 
and implies � remains positive and tends to zero while � grows over time and satis-
fies the transversality condition by a growing negative jump. Next, we verify when 
the controls are feasible by substituting � with respect to (9). Specifically, c ≥ 0 if:

or if:

and v = �� − � = �� −
(�+�)�−��

1+�2
=

�(1+�2)�−(�+�)�+��
1+�2

 , that is:

Let �
(
1 + �2

)
− (� + �) ≤ 0 , then (A3.4) always holds and (A3.4) along with 

(A3.2) results in:

Since r < a , � always decreases to zero and the left-hand side will not hold, 
i.e., 𝛽c − v > 0 . Therefore, W  increases. Letting 1 + 𝛽2 − 𝛽 − 𝜑 > 0 , then if 

−d�(� + �) + d�
(
1 + �2

)
= −(r − a)�(� + �)dt + (r�dt + eWdt − d�)

(
1 + �2

)
= 0

(A3.1)�̇� = r𝜇 −
(𝛽 + 𝜑)(r − a)𝜆

1 + 𝛽2

(A3.2)
��

� + �
≤ �

c = � − � + �� = � − � +
�[(� + �)� − ��]

1 + �2
= �

(
1 −

�2

1 + �2

)
+

(
� + �

1 + �2
− 1

)
� ≥ 0

(A3.3)
(
1 + �2 − � − �

)
� ≤ 0

(A3.4)
[
�
(
1 + �2

)
− (� + �)

]
� ≥ −��

(A3.5)
��

� + �
≤ � ≤ ��

� + � − �
(
1 + �2

)
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�
(
1 + �2

)
− (� + �) ≤ 0 still holds, we get the same result, W  increases. If 

𝜑
(
1 + 𝛽2

)
− (𝛽 + 𝜑) > 0 , then (A3.4) holds. Consequently, (A3.3) along with 

(A3.2) results in:

Again, W will eventually increase. Thus, W = 0 can occur only during a finite 
interval. Finally, while W = 0 , K may decrease to zero if 𝜑 <

1

𝛽
.

Regarding the fact that K(0) = 0 can be maintained when W(0) > 0 only over a 
finite time interval, this requires a jump as given by (9). The jump is due to requiring 
K̇ = 0 , that is:

which, when differentiating to ensure dc − d�v = 0 , results in:

Finally, to have K = 0 and W = 0 concurrently along with v > 0 and c > 0 over an 
interval of time, we need K̇ = 0 and Ẇ = 0 , i.e., � = 1∕� . Assuming that � ≠ 1∕� , 
this would apparently not be possible. Let 𝛽𝜑 > 1 . If both W = 0 and K = 0 at a 
point in time, then from that point on, the nil solution, i.e., no recycling and no con-
sumption, is optimal over the entire time horizon. Note that K̇ = aK − c + 𝜑v < 0 
and Ẇ = 𝛽c − v < 0 , if 𝛽c < v <

c−aK

𝜑
 . This implies that if K is small and 𝛽 < 1 , 

then it is possible that Ẇ < 0 and K̇ < 0 occurs starting from some point in time so 
that both K and W will become equal to zero. Note that, in practice, this solution 
corresponds to a negative capital state.   □

A4

Equating the RHS of (9)-(10)-(5)-(6) to 0 and solving by identification and substitu-
tion, we get �S = 0 and �S = −

��

1+�2
 and KS and WS as given in (11). Plugging these 

expressions in (7) and (8), respectively, and simplifying yields cS and vS in (11). 
From (11), it can be shown that the limiting transversality conditions are satisfied for 
the saddle-paths because:

This ensures the uniqueness of the globally optimal solution.   □

(A3.6)
��

� + �
≤ � ≤ �

1 + �2 − � − �

(A3.7)
�v − c = −(� − � + ��) + �(�� − �) = −� +

(
1 + �2

)
� − (� + �)� = 0

(A3.8)
d�

(
1 + �2

)
− d�(� + �) = (rdt − adt − d�)�

(
1 + �2

)
+ (r� + eW)(� + �)dt = 0

lim
t→∞

e−rt�(t)K(t) = 0

lim
t→∞

e−rt�(t)W(t) = lim
t→∞

−r�2�2e−rt

e
(
1 + �2

)2 = 0
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A5

To analyze the stability of the canonical system (10)-(11)-(5)-(6), we write the 
Jacobian:

Given that � and � are evaluated at their steady state value, we compute the 
determinant:

which has a positive value for r < a . Using Dockner’s formula (Dockner 1985), we 
determine the sum of the principal minors of J of order 2 minus the squared dis-
counting rate, that is:

The necessary and sufficient conditions that ensure that two eigenvalues have 
negative real parts and two have positive real parts, which corresponds to the case 
of a two-dimensional stable manifold, are |J| > 0 and Ψ < 0 . The sign of Ψ is nega-
tive whenever r < a , which implies that a two-dimensional stable manifold (saddle-
point) exists in the case of a sufficiently patient social planner. To determine whether 
the optimal path is monotonic or oscillatory, we compute the expression (Dockner 
1985):

A positive (negative) sign of Ω indicates that convergence to the saddle-point is 
monotonic (spiraling) near the steady state. Because Ω > 0 , the convergence to the 
saddle-point is monotonic near the steady state.   □

A6

Differentiating (7) with respect to time, we get:

which, when differentiating again, leads to:

Substituting �(r� + eW) from (A6.1) and Ẇ from the state Eq. (3), we have:

J =

⎡
⎢⎢⎢⎣

a 0 1 + �2 −� − �

0 0 −� − � 1 + �2

0 0 r − a 0

0 e 0 r

⎤
⎥⎥⎥⎦

|J| = ae(a − r)
(
1 + �2

)

Ψ = −a(a − r) − e
(
1 + �2

)

Ω = Ψ2 − 4|J| = [
a(a − r) − e

(
1 + �2

)]2

(A6.1)ċ = −�̇� + 𝛽�̇� = −(r − a)𝜆 + 𝛽(r𝜇 + eW)

(A6.2)c̈ = −(r − a)2𝜆 + 𝛽
[
r(r𝜇 + eW) + eẆ

]
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Similarly, from (8), we obtain:

which, differentiated again, gives:

Thus, accounting for �(t) = Ge(r−a)t , we get (13)–(14). The transient path converg-
ing to a steady state can then be found with the boundary conditions:

A7

The Legendre–Clebsch condition of concavity of the Hamiltonian with respect to the 

control variables is satisfied, as 
[
Hcc Hcv

Hvc Hvv

]
=

[
−1 0

0 −1

]
 is negative definite. This guar-

antees a maximum of the Hamiltonian. Plugging the respective expressions of c and v 
in (4) gives the maximized Hamiltonian:

from which the Hessian matrix: 
[
HKK HKW

HWK HWW

]
=

[
0 0

0 −e

]
 is negative semi-definite. 

This ensures that the necessary conditions are also sufficient for optimality.   □

A8

The proof is identical to that for Lemma 2.   □

A9

Let W = 0 and K = 0 , v = 0 and c = 0 due to �� − � ≤ 0 and c = � − � ≤ 0 , that is:

Then, both 𝜆 > 0 and 𝜇 > 0 to meet (A9.1) and if:

c̈ = rċ + a(r − a)𝜆 + 𝛽e(𝛽c − v)

v̇ = 𝜑(r − a)𝜆 − (r𝜇 + eW)

v̈ = 𝜑(r − a)2𝜆 −
[
r(r𝜇 + eW) + eẆ

]
= 𝜑(r − a)2𝜆 + [r𝜑(r − a)𝜆 − e(𝛽c − v)]

v̇(0) = 𝜑(r − a)G − (r𝜇(0) + eW(0)), ċ = −(r − a)G + 𝛽(r𝜇(0) + eW(0)),

c̈(0) = rċ(0) + a(r − a)G + 𝛽e(𝛽c(0) − v(0)), c(0) = 𝜃 − G + 𝛽𝜇(0),

v̈(0) = rv̇(0) − a𝜑(r − a)G − e(𝛽c(0) − v(0)), v(0) = 𝜑G − 𝜇(0),

c̈ = −(r − a)2𝜆(0) + 𝛽
[
r(r𝜇(0) + eW(0)) + eẆ(0)

]
, Ẇ(0) = 𝛽c(0) − v(0),

v̈(0) = 𝜑(r − a)2𝜆(0) −
[
r(r𝜇(0) + eW(0)) + eẆ(0)

]
. ◻

H0 =
(� − �)2

2
+

(�� − �)2

2
+ (� + ��)aK −

eW2

2

(A9.1)� ≤ � ≤ �∕�
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then (A9.1) can be feasible. Accordingly, to maintain W = 0 and K = 0 , we need to 
keep v = 0 and c = 0 which, with respect to (18) and (19), leads to:

dc = −d� = −(r − a)�dt + ��adt + d�1 ≤ 0

Solving this system of inequalities we find:

where (r − a)𝜆 − 𝜇𝜅a −
r𝜇−�̇�2

𝜑
< 0 due to (A9.4). Thus, �̇�1 ≥ 0 and 0 ≤ �̇�2 ≤ r𝜇 hold. 

Further, from (6) we observe that, starting from a positive value, the growth of � can 
be fully offset by the maximal jump �̇�2 = r𝜇 , so that, �̇� = r𝜇 − r𝜇 = 0 which ensures 
the transversality condition. Further, although according to (A9.3) the optimality 
conditions can be met with a zero jump, �̇�1 = 0 , � always decreases. Starting from a 
positive � that satisfies (A9.3), although � is constant, �̇� = 0 , (satisfying (A9.2)), we 
observe that decreasing � will inevitably violate (A9.1). However, for an optimal 
solution to be feasible in terms of the state constraints, we need the capital to grow 
by reducing consumption, which is already zero. However, an increase in recycling 
will immediately lead to a negative waste. Thus, there is no feasible solution to com-
plete the paths.   □

A10

Equating the RHS of (20)-(21)-(16)-(17) to 0 and solving by identification and 
substitution, we get:

along with KS and WS as given in (11). Note that r < a implies that r < (1 + 𝜅a)a , 
which ensures a feasible steady state. Plugging the expressions in (18) and (19), 
respectively, and simplifying, yields cS and vS in (22). From (22), the limiting trans-
versality conditions are satisfied for the saddle-paths because:

(A9.2)𝜇∕𝜑 > 𝜃

dv = �d� − d� = �
[
(r − a)�dt − ��adt − d�1

]
−
(
r�dt − d�2

) ≤ 0

(A9.3)(r − a)𝜆 − 𝜇𝜅a −
r𝜇 − �̇�2

𝜑
≤ �̇�1

(A9.4)0 ≤ �̇�2 ≤ r𝜇

�S =
�2�a

(1 + ��)[(1 + ��)a − r] + �2a

�S = −
��(a − r)

(1 + ��)[(1 + ��)a − r] + �2a
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This ensures the uniqueness of the globally optimal solution.   □

A11

The Jacobian matrix of the canonical system (21)-(22)-(16)-(17) is:

Given that � and � are evaluated at their steady state value, we compute the 
determinant:

which is positive for r < a , and the sum of the principal minors of J of order 2 minus 
the squared discounting rate:

which is negative. Both signs imply that a two-dimensional stable manifold (sad-
dle-point) exists. To check whether the optimal path is monotonic or cyclical, we 
compute:

Because the sign of Ω is ambiguous, a limit value analysis highlights the role of 
a , e , � , and � in the sign of Ω for a given r < a (see Table 4). The results suggest that 
Ω can be either positive or negative depending on the parameters value. For any 
given a and e , convergence is monotonic near the steady state. However, lim

𝜅→0+
Ω > 0 

lim
t→∞

e−rt�(t)K(t) = lim
t→∞

�2�2a[(1 + ��)a − r]e−rt

a
{
(1 + ��)[(1 + ��)a − r] + �2a

}2
= 0

lim
t→∞

e−rt�(t)W(t) = lim
t→∞

−r�2�2(a − r)2e−rt

e
{
(1 + ��)[(1 + ��)a − r] + �2a

}2
= 0

J =

⎡
⎢⎢⎢⎣

a 0 1 + �2 −�

�a 0 −� 1

0 0 r − a −�a

0 e 0 r

⎤⎥⎥⎥⎦

|J| = ae
{
(1 + ��)[(1 + ��)a − r] + �2a

}

Ψ = −a(a − r) − e

Ω = [a(a − r) + e]2 − 4ae
{
(1 + ��)[(1 + ��)a − r] + �2a

}

Table 4  Limit value analysis
lim
a→0+

Ω = e2 lim
a→∞

Ω = ∞

lim
e→0+

Ω = a2(a − r)2 lim
e→∞

Ω = ∞

lim
�→0+

Ω = a2
[
(a − r)2 − 2e

(
1 + 2�2

)]
+ e(2ra + e) lim

�→∞
Ω = −∞

lim
�→0+

Ω =
[
a(a − r)2 − e

]2 lim
�→∞

Ω = −∞
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and lim
�→∞

Ω = −∞ , as well as 𝜕Ω∕𝜕𝛼 < 0 , which implies that there is a threshold 
�̃� > 0 such that for any 𝜅 > �̃� ( 𝜅 < �̃� ), we have Ω < 0 ( Ω > 0).

A similar result is obtained for � , i.e., for a high value of �̃� > 0 such that for 
any 𝜑 > �̃� , we get Ω < 0 .   □

A12

Comparing cS|�=0 from (12) and cS|�=0 from (22), for � = 0 and 𝜅 = 𝛽 > 0 , 
𝜅2a > 𝛽2(a − r) , proves (22)–(26).   □

A13

To compute the numerical solution of the consumption and production-based 
waste generation optimal control problems, we solve the related Hamilton–Jac-
obi–Bellman (HJB) equations, that is:

for consumption-based waste generation, and:

for production-based waste generation, where Vi(K,W) , i = 1, 2 , are the value func-
tions respectively associated with the consumption and production-based waste gen-
eration optimal control problems. Assuming interior solutions, the necessary condi-
tions are:

for consumption-based waste generation, and:

for production-based waste generation. Using the necessary conditions, respectively, 
we get:

for consumption-based waste generation, and:
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for production-based waste generation. For the value functions, we consider the fol-
lowing conjectures:

for consumption-based waste generation, where �1,… ,�6 are real parameters, and:

for production-based waste generation, where �1,… , �6 are real parameters.
Depending on whether the waste generation results from consumption or pro-

duction, one solves a system of 6 algebraic equations in 6 unknowns in each case, 
that is:
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for production-based waste generation. In general, each system of algebraic equa-
tions above may admit zero, one or more solutions. An admissible solution for each 
system, if any, should satisfy the global asymptotic stability criterion. The necessary 
conditions for consumption-based waste generation rewrite:

and the necessary conditions related to production-based waste generation 
become:

Plugging the optimal expressions into the corresponding system of state equa-
tions, we get:

for consumption-based waste generation, and:

for production-based waste generation. Imposing a steady state for each state equa-
tions system yields:
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Ẇ = −𝜑𝜉2 + 𝜉3 +
(
𝜅a − 2𝜑𝜉4 + 𝜉6

)
K +

(
2𝜉5 − 𝜑𝜉6

)
W

KS =
�
[
2
(
2�2 + �� + 1

)
�5 −

(
��2 + 2� + �

)
�6

]
− (1 − ��)2

(
2�2�5 − �3�6

)

(1 − ��)2
(
4�4�5 − �2

6

)
+ a

[
2
(
1 + �2

)
�5 − (� + �)�6

]

WS =
a
[
�� + (� + �)�2

]
− a

(
1 + �2

)
�
3
+ �

[
2
(
��2 + 2� + �

)
�
4
−
(
2�2 + �� + 1

)
�
6

]
+ (1 − ��)2

(
�
2
�
6
− 2�

3
�
4

)

(1 − ��)2
(
4�

4
�
5
− �2

6

)
+ a

[
2
(
1 + �2

)
�
5
− (� + �)�6

]



396 R. Boucekkine et al.

1 3

for consumption-based waste generation, and:

for production-based waste generation. Clearly, the positivity of the steady-state 
values should hold. Also, the steady-state solution given for each system of state 
equations, if any, should be globally asymptotically stable. The Jacobian matrix for 
consumption-based waste generation is:

whose trace and determinant are respectively:

On the other hand, the Jacobian matrix for production-based waste generation is:

whose trace and determinant are respectively:

Based on the global asymptotic stability conditions, that is, TrJi < 0 and ||Ji|| > 0 , 
i = 1, 2 , the solution of �1,… ,�6 for consumption-based waste generation, and 
�1,… , �6 for production-based waste generation can be selected.
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