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Abstract
In proportional electoral systems, party vote counts must be converted to seat 
allocations within a parliament of fixed size. Divisor methods are the most common 
approach to this problem, but different divisor methods often give different seat 
allocations. To highlight these differences, the effects of various divisor methods on 
a party’s seat allocation are expressed as intervals of the party’s vote count within 
which the seat allocation is unchanged, assuming other parties’ votes are fixed. 
These bounds are applied to data from four recent European parliamentary elections, 
as well as one hypothetical dataset.

Keywords  Voting · Proportional representation · Allocation of seats · Divisor 
methods

1  Introduction

Proportional electoral systems are used in many countries to convert the party vote 
count in an election to an allocation of parliamentary seats. The problem is that 
the numbers of seats assigned to each party must be integers, which means that the 
proportion of seats allocated to a party is almost always different from the party’s 
proportion of the votes. The same problem arises in federations when numbers of 
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representatives of districts or states are apportioned according to their populations 
(Cortona et al. 1999; Still 1979).

Divisor methods are the most common approach to the allocation problem 
(Balinski and Young 2001; Carstairs 1980; Pukelsheim 2014; Mackie and Rose 
1982). But different divisor methods can give different seat allocations from the 
same vector of party vote counts, so the choice of divisor method may determine 
whether a particular coalition of parties forms a parliamentary majority (Marošević 
and Soldo 2018).

We use the following notation:

•	 n ≥ 2 - the total number of parties (or the total number of districts or member 
states in the country),

•	 I = {1, 2,… , n} - the set of parties (i.e., the set of districts or member states),
•	 S - the total number of seats in the parliament,
•	 v = (v1, v2,… , vn) - the vector of votes, where vk ∈ ℕ is the number of votes 

received by the party k (or the population of the district or the member state k), 

k ∈ I , and the total number of votes P =

n∑

k=1

vk,

•	 s = (s1, s2,… , sn) - the vector of seat allocation, where sk ≥ 0 is the number of 

seats assigned to the party k, and 
n∑

k=1

sk = S.

The divisor methods are based on the increasing sequence of their divisors (i.e., 
the functions d ∶ ℕ → [0,∞⟩ ): d(1) < d(2) < … < d(S) . For each party and each 
divisor, the following ratios are observed (provided that d(1) ≠ 0):

Then the S seats are assigned to the parties that have got the S largest such ratios. In 
the case of ties, additional rules for seat allocation must be defined.

The most popular divisor methods are listed in Table  1 (Cortona et  al. 1999; 
D’Hondt 1878; Hill 1911; Huntington 1921; Sainte-Laguë 1910).

vk

d(1)
>

vk

d(2)
> … >

vk

d(S)
, ∀k = 1,… , n.

Table 1   The divisor methods

Divisor method And its divisors

Belgian (BE) d(k) =
k+1

2
 (1, 1.5, 2, 2.5,…)

d’Hondt (DH) (i.e., Jefferson) d(k) = k (1, 2, 3,…)

Modified Sainte-Laguë (MS) d(1) = 1.4 , d(k) = 2k − 1, k ≥ 2 (1.4, 3,…)

Sainte-Laguë (SL) (i.e., Webster) d(k) = 2k − 1 (1, 3, 5,…)

Equal Proportions (EP) (i.e., Hill) d(k) =
√
k(k − 1) (0,

√
2 ≈ 1.41,…)

Harmonic Mean (HM) d(k) =
2k(k−1)

2k−1
 (0, 4

3
≈ 1.33, 2.4,…)

Danish (DA) d(k) = 3k − 2 (1, 4, 7,…)

Smallest Divisors (SD) (i.e., Adams) d(k) = k − 1 (0, 1, 2,…)
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Remark 1  The smallest divisors method (SD), the harmonic mean method (HM) and 
the equal proportions method (EP) all have d(1) = 0 . The interpretation of a method 
with first divisor 0 is that every party automatically receives one seat, and all ratios 
vk

d(1)
 are dropped from the calculation. The remaining S − n seats are allocated to the 

parties with the S − n largest ratios. Note that these methods cannot be applied 
unless the condition S ≥ n is satisfied.

Another group of proportional electoral methods are the quota methods. By these 
methods seats are allocated on the basis of the integer part ⌊qk⌋ of the given quota qk 
and after that, the remaining seats are allocated on the basis of the largest remainders 
rk ∈ [0, 1⟩ , where qk = ⌊qk⌋ + rk , k = 1,… , n . The most popular quota methods are 
defined by the following quotas: 

(a)	 the largest remainders method (LAR), by the natural quota qk =
vk

P
⋅ S,

(b)	 the Droop quota method (DRO), by the Droop quota 
vk

P
⋅ (S + 1),

(c)	 the Imperiali quota method (IMP), by the Imperiali quota 
vk

P
⋅ (S + 2).

With regard to the principle of ’fair distribution’ of seats, one can look at the prop‑
erties of underrepresentation and overrepresentation that a particular proportional 
method gives, and at the characterization of these properties by means of the Lorenz 
curve and the Gini index, which are considered in the field of welfare economics 
(Cortona et al. 1999).

One can also observe proportional methods as algorithms that give a solution to 
integer optimization problems of special objective functions that represent various 
measures of proportionality between the obtained votes and the assigned seats 
(Cortona et al. 1999).

In this paper, we consider the bounds of votes of divisor methods, i.e., we 
consider intervals of vote counts within which different divisor methods give 
identical seat allocations. The same question for quota methods as a class different 
from divisor methods is complex and not considered in this paper.

Table 2   Bounds of votes 
l
k
< v

k
< u

k
 for the divisor 

methods where I0 = �

The method of smallest divisors (SD)

max
�∈I⧵{k}

s
k
− 1

s�

v� < v
k
< min

�∈I⧵{k}

s
k

s� − 1
v�

 , k = 1,… , n

The method of harmonic mean (HM)

max
�∈I⧵{k}

s
k
(s

k
− 1)(2s� + 1)

(2s
k
− 1)(s� + 1)s�

v� < v
k
< min

�∈I⧵{k}

(s
k
+ 1)s

k
(2s� − 1)

(2s
k
+ 1)s�(s� − 1)

v�
 , 

k = 1,… , n

The method of equal proportions (EP)

max
�∈I⧵{k}

√
s
k
(s

k
− 1)

√
s�(s� + 1)

v� < v
k
< min

�∈I⧵{k}

√
s
k
(s

k
+ 1)

√
s�(s� − 1)

v� ,

 k = 1,… , n
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In Sect. 2, the conditions of specified seat allocation for different divisor methods 
are considered by means of the bounds of votes. In Sect. 3, a few cases of elections 
and examples are given that illustrate the bounds of votes of different divisor meth‑
ods. Finally, a few concluding remarks are made at the end of the paper.

2 � The bounds of votes of divisor methods

Given the input data on the obtained votes of parties (i.e., on the number of 
population of each member state), various proportional methods can allocate seats 
differently.

In this section, we look at the conditions under which a divisor method will 
give specified seat allocation by means of the bounds of votes, i.e., we consider 
the following question: Assume a vote count vector v = (v1, v2,… , vn) is given 
and the application of a divisor method based on d(1), d(2),… , d(S) results in the 
seat distribution s = (s1, s2,… , sn) . What are the maximum and minimum values 
of vk such that if vi does not change for all i ≠ k, then s (and, in particular, sk ) does 
not change after the same divisor method is applied?

The following theorem is the well-known min-max inequality, which describes 
the condition that a divisor method gives specified seat allocation (Balinski and 
Young 1975, 2001; Cortona et al. 1999).

Table 3   Bounds of votes 
l
k
< v

k
< u

k
 for the divisor 

methods in which d(1) ≠ 0

The Danish method (DA)
For any k ∈ I ⧵ I0,

For any k ∈ I0,
max

�∈I⧵{k}

3s
k
− 2

3s� + 1
v� < v

k
< min

�∈I⧵(I0∪{k})

3s
k
+ 1

3s� − 2
v� ,

v
k
< min

�∈I⧵I0

1

3s� − 2
v�

The method of Sainte-Laguë (SL)
For any k ∈ I ⧵ I0,

for any k ∈ I0,
max

�∈I⧵{k}

2s
k
− 1

2s� + 1
v� < v

k
< min

�∈I⧵(I0∪{k})

2s
k
+ 1

2s� − 1
v�

v
k
< min

�∈I⧵I0

1

2s� − 1
v� ,

The d’Hondt method (DH)
For any k ∈ I ⧵ I0,

For any k ∈ I0,
max

�∈I⧵{k}

s
k

s� + 1
v� < v

k
< min

�∈I⧵(I0∪{k})

s
k
+ 1

s�

v�

v
k
< min

�∈I⧵I0

1

s�

v�

The Belgian method (BE)
for any k ∈ I ⧵ I0,

For any k ∈ I0,
max

�∈I⧵{k}

s
k
+ 1

s� + 2
v� < v

k
< min

�∈I⧵(I0∪{k})

s
k
+ 2

s� + 1
v�

v
k
< min

�∈I⧵I0

2

s� + 1
v�
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Theorem 1  Let there be given the vector of obtained votes (v1, v2,… , vn) , the vec-
tor of seat allocation (s1, s2,… , sn) , where 

∑n

k=1
sk = S , and the M divisor method 

determined by its divisors d(m), m = 1,… , S.

Let us denote the set I0 = {j ∈ I ∶ sj = 0} . Then the M divisor method gives seat 
allocation (s1, s2,… , sn) if and only if

� □

The next proposition follows from Theorem  1. It gives the bounds of votes, 
i.e., the vote intervals, within which one can change the number of votes vk of the 
party k such that the M divisor method gives the same seat allocation (provided 
that the other votes vi , i ≠ k , are unchanged). Note that when vk changes, but not vi 
for i ≠ k , then the total number of votes in the election changes.

Proposition 1  Let there be given the vector of obtained votes (v1,… , vn) , the vector 
of seat allocation (s1,… , sn) , where 

∑n

k=1
sk = S , and the M divisor method deter-

mined by its divisors d(m), m = 1,… , S.

Let us denote the set I0 = {j ∈ I ∶ sj = 0} . Then the M divisor method gives seat 
allocation (s1,… , sn) if and only if

Proof  Proposition 1 has the same assumptions as Theorem 1. Inequality (1) holds if 
and only if the following inequalities hold:

It can be easily seen that inequalities (4) and (5) are equivalent to inequalities (2) 
and (3) provided that vk does not have to be compared with itself. 	�  ◻

Remark 2  If I0 = � , then expression (2) in Proposition 1 takes the form:

(1)min
k∈I⧵I0

vk

d(sk)
> max

�∈I

v�

d(s� + 1)
.

(2)max
�∈I⧵{k}

d(sk)

d(s� + 1)
v� < vk < min

�∈I⧵(I0∪{k})

d(sk + 1)

d(s�)
v� , ∀k ∈ I ⧵ I0,

(3)vk < min
�∈I⧵I0

d(1)

d(s�)
v� , ∀k ∈ I0.

(4)d(sk) ⋅max
𝓁∈I

v𝓁

d(s𝓁 + 1)
< vk, for any k ∈ I ⧵ I0,

(5)v𝓁 < d(s𝓁 + 1) ⋅ min
k∈I⧵I0

vk

d(sk)
, for any 𝓁 ∈ I.

(6)max
�∈I⧵{k}

d(sk)

d(s� + 1)
v� < vk < min

�∈I⧵{k}

d(sk + 1)

d(s�)
v� , ∀k ∈ I.
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From Proposition 1 we can determine the corresponding bounds of votes related 
to particular divisor methods.

The bounds of votes for those divisor methods where there holds I0 = � are listed 
in Table 2. (If d(1) = 0 , then I0 = � , i.e., then there holds sk ≥ 1 , ∀k = 1,… , n ). In 
these methods, the bounds of votes are obtained by putting the divisor formula of a 
particular divisor method in expression (6).

The bounds of votes for those divisor methods where there holds d(1) ≠ 0 
are listed in Table  3. In these methods, the bounds are obtained by putting the 
corresponding divisor formula for a particular divisor method in expressions (2) and 
(3).

Knowing the vote intervals within which different divisor methods give identical 
seat allocations could help in (the posteriori) analysis of elections, in future 
planning of an electoral strategy, when considering the properties of different 
divisor methods, and the like. For example, if an electoral system consists of several 
electoral districts, one can see in which districts some party would gain a seat if its 
vote count increased by a small percentage. So, the party could choose on which 
district it would focus its future election campaign more strongly, and vice versa.

Remark 3  Divisor methods can be compared according to the extent that they ‘favour 
large states’ (Balinski and Young 1975, 2001). In this approach, divisor method M”, 
with divisors dM′′ , favours large states relative to divisor method M’, with divisors 
dM′ , if the following inequalities hold:

Note that if dM� (1) = 0 , then one makes the convention that dM� (k)

0
= +∞ , 

∀k > 1 , where the ’plus infinity’ symbol +∞ is such that min{+∞, a} = a and 
max{+∞, a} = +∞ for every given real number a (Cortona et al. 1999).

For instance, with respect to the BE and SD methods, the following inequality 
holds:

(7)
dM�� (k)

dM�� (�)
<

dM� (k)

dM� (�)
, ∀k > � ≥ 1.

Table 4   Elections in Austria for the EuP in 2019: allocation of seats to 5 parties

Votes

v1 = 1, 305, 956 v2 = 903, 151 v3 = 650, 114 v4 = 532, 193 v5 = 319, 024

Divisor method Seats:s = (s1, s2, s3, s4, s5)

BE (8, 5, 3, 2, 1)
DH (7, 5, 3, 3, 1)
SL, MS (7, 4, 3, 3, 2)
SD, DA, HM, EP (6, 5, 3, 3, 2)
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So, compared to the SD method, the BE method tends to ’favour large states’. Note 
that inequality (7) does not hold for the DA and HM methods.

Divisor methods, ranging between the BE method and the SD method, are 
listed in Table  1 (Balinski and Young 1975, 2001; Marošević and Scitovski 
2007). They can be compared by the following lemma.

Lemma 1  If the BE method and the SD method give equal seat allocation 
s = (s1,… , sn) , then each divisor method listed in Table 1, i.e., the DH, MS, SL, EP, 
HM and DA methods, gives the equal seat allocation. � □

This lemma can also be proven by means of the bounds of votes for the 
corresponding divisor methods that are given in Tables  2 and   3. Lemma 1 is 
illustrated in Example 5.

3 � Examples

In order to empirically study and illustrate the bounds of votes of different divisor 
methods, we look at a few cases of elections and an example with hypothetical data.

Example 1  We use data related to elections for the European Parliament in Austria in 
2019, where n = 5 parties (or lists) passed the electoral threshold of 5% in the whole 
country as a single electoral unit (euparl 2021; wikiped 2021). The obtained votes 

dBE(k)

dBE(�)
<

dSD(k)

dSD(�)
, ∀k > � ≥ 1 .

Table 5   The lower bounds l
k
− v

k
 and upper bounds u

k
− v

k
 of votes for the corresponding divisor meth‑

ods (Austria, EuP, 2019)

Method v1 = 1, 305, 956  s1 = 6 v2 = 903, 151  s2 = 5 v3 = 650, 114  s3 = 3

⟨l1 − v1, u1 − v1⟩ ⟨l2 − v2, u2 − v2⟩ ⟨l3 − v3, u3 − v3⟩

EP ⟨−278036, 2835⟩ ⟨−1956, 286869⟩ ⟨−156510, 49464⟩
HM ⟨−271684, 7087⟩ ⟨−4875, 306379⟩ ⟨−165045, 46603⟩
DA ⟨−265774, 14034⟩ ⟨−9603, 313291⟩ ⟨−168973, 44618⟩
SD ⟨−222433, 48771⟩ ⟨−32514, 402805⟩ ⟨−214796, 27250⟩
 Method v4 = 532, 193  s4 = 3 v5 = 319, 024  s5 = 2

⟨l4 − v4, u4 − v4⟩ ⟨l5 − v5, u5 − v5⟩

EP ⟨−38589, 167385⟩ ⟨−34042, 175653⟩
HM ⟨−47124, 164524⟩ ⟨−49542, 168678⟩
DA ⟨−51052, 162539⟩ ⟨−44086, 167289⟩
SD ⟨−96875, 145171⟩ ⟨−101365, 132552⟩
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vk , k = 1,… , 5, are shown in descending order in Table 4. The allocation of seats 
S = 19 is done by the d’Hondt method: sDH = (7, 5, 3, 3, 1).

For the purpose of comparison and empirical research, we have applied other 
different divisor methods, and the corresponding seat allocations are shown in 
Table 4.

In this case, the SD, DA, HM and EP divisor methods give the same seat 
allocation s = (6, 5, 3, 3, 2) . According to expressions for these methods given in 
Tables 2 and 3, the corresponding lower bounds lk − vk and upper bounds uk − vk of 
votes are listed in Table 5.

Intervals ⟨lk − vk, 0⟩ and ⟨0, uk − vk⟩ , k = 1,… , 5 , green (the first bar) for the SD 
method and red (the second bar) for the EP method, are illustrated in Fig. 1. For the 
first party with the largest number of votes v1 = 1, 305, 956 , the SD method has got 
greater bounds than the EP method. A reverse relation holds for the fifth party with 
the smallest number of votes v5 = 319, 024 . For instance, it can be seen that if the 

Fig. 1   Intervals ⟨l
k
− v

k
, 0⟩ , ⟨0, u

k
− v

k
⟩ , green (the first bar) for the SD method and red (the second bar) 

for the EP method, from Table 5 (Austria, EuP, 2019) (colour figure online)

Table 6   The bounds of votes 
for the d’Hondt method 
( s

DH
= (13, 4, 2, 1, 1) ) (Hungary, 

EuP, 2019)

Votes ⟨l
k
, u

k
⟩ ⟨l

k
− v

k
, u

k
− v

k
⟩

v1 = 1, 824, 220 ⟨1492885, 1949784⟩ ⟨−331335, 125564⟩
v2 = 557, 081 ⟨521205, 701624⟩ ⟨−35876, 144543⟩
v3 = 344, 512 ⟨260602, 417811⟩ ⟨−83910, 73299⟩
v4 = 229, 551 ⟨130301, 278541⟩ ⟨−99250, 48990⟩
v5 = 220, 184 ⟨130301, 278541⟩ ⟨−89883, 58357⟩
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first party with the largest number of votes v1 = 1, 305, 956 had slightly larger num‑
ber of votes v�

1
= u1 = 1, 308, 791 , then the EP method would give one seat more to 

the first party (i.e., s�
1
= 7 ), while the SD method would give the unchanged number 

of seats s1 = 6 to the first party (provided that the other number of votes vi , i ≠ 1 , are 
unchanged). This is in accordance with the property that the EP method ’tends to 
favour large states’ over the SD method.

Example 2  We use data related to elections for the European Parliament in Hun‑
gary in 2019, where n = 5 parties (or lists) passed the electoral threshold of 5% in 
the whole country as a single electoral unit (euparl (2021); wikiped (2021)). The 
obtained votes vk , k = 1,… , 5, are shown in descending order in Table 6.

The allocation of seats S = 21 is done by the d’Hondt method: sDH = (13, 4, 2, 1, 1) . 
According to expressions in Table  3 for the d’Hondt method, the correspond‑
ing lower bounds lk and upper bounds uk of votes are shown in Table  6. Further‑
more, the corresponding intervals ⟨lk − vk, uk − vk⟩ are also shown in Table 6. For 
instance, one can see that if the second party obtains v2 − l2 = 35, 876 votes less 

Table 7   Elections in Hungary for the EuP in 2019:allocation of seats to 5 parties

 Votes

v1 = 1, 824, 220 v2 = 557, 081 v3 = 344, 512 v4 = 229, 551 v5 = 220, 184

Divisor method Seats: (s1, s2, s3, s4, s5)

BE (15, 3, 2, 1, 0)
DH (13, 4, 2, 1, 1)
SL, EP (12, 4, 2, 2, 1)
SD, HM, DA (11, 4, 2, 2, 2)

Fig. 2   Intervals ⟨l
k
− v

k
, 0⟩ , ⟨0, u

k
− v

k
⟩ , green (the first bar) for the SD method and yellow (the second 

bar) for the DA method (Hungary, EuP, 2019) (colour figure online)
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than v2 = 557, 081 votes, then the second party will get one seat less (provided that 
the other votes vi , i ≠ 2 , are unchanged). Note that the second party has the smallest 
lower bound ( v2 − l2 = 35, 876 ). So, the party which is most sensitive to the lower‑
ing of its vote count is the second party, in this case for the d’Hondt method.

We have applied other different divisor methods, and the corresponding seat 
allocations are shown in Table 7.

In this case, the SD, HM and DA divisor methods give the same seat alloca‑
tion s = (11, 4, 2, 2, 2) . Intervals ⟨lk − vk, 0⟩ and ⟨0, uk − vk⟩ , k = 1,… , 5 , green (the 
first bar) for the SD method and yellow (the second bar) for the DA method, are 
illustrated in Fig.  2. One can see that for the first party with the largest num‑
ber of votes v1 = 1, 824, 220 , the SD method has got greater bounds than the DA 
method. A reverse relation holds for the fifth party with the smallest number of 

Table 8   Elections in Croatia for the EuP in 2019: allocation of seats to 6 parties

Votes

v1 = 244, 076 , v2 = 200, 976 , v3 = 91, 546 , v4 = 84, 765 , v5 = 60, 847 , v6 = 55, 806

Divisor method s = (s1, s2, s3, s4, s5, s6)

BE (6, 4, 1, 1, 0, 0)
DH (4, 4, 1, 1, 1, 1)
SL, MS, EP, HM, DA (4, 3, 2, 1, 1, 1)
SD (3, 3, 2, 2, 1, 1)

Table 9   The lower and upper bounds of votes for the corresponding divisor methods (Croatia, EuP, 
2019)

Method v1 = 244, 076 , s1 = 4 v2 = 200, 976 , s2 = 3 v3 = 91, 546 , s3 = 2

⟨l1 − v1, u1 − v1⟩ ⟨l2 − v2, u2 − v2⟩ ⟨l3 − v3, u3 − v3⟩

SL ⟨−43100, 30562⟩ ⟨−59701, 12632⟩ ⟨−5414, 82794⟩
EP ⟨−36446, 45418⟩ ⟨−54159, 23265⟩ ⟨−6781, 81042⟩
HM ⟨−26109, 61078⟩ ⟨−48399, 34428⟩ ⟨−6781, 79308⟩
DA ⟨−32164, 53449⟩ ⟨−52638, 27889⟩ ⟨−6781, 79308⟩
 Method v4 = 84, 765 , s4 = 1 v5 = 60, 847 , s5 = 1 v6 = 55, 806 , s6 = 1

⟨l4 − v4, u4 − v4⟩ ⟨l5 − v5, u5 − v5⟩ ⟨l6 − v6, u6 − v6⟩

SL ⟨−56055, 6781⟩ ⟨−32137, 30699⟩ ⟨−27096, 35740⟩
EP ⟨−84765, 6781⟩ ⟨−60847, 30699⟩ ⟨−55806, 35740⟩
HM ⟨−84765, 6781⟩ ⟨−60847, 30699⟩ ⟨−55806, 35740⟩
DA ⟨−64668, 6781⟩ ⟨−39656, 30699⟩ ⟨−34615, 35740⟩
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votes v5 = 220, 184 . This is in accordance with the property that the DA method 
tends to favour large states over the SD method.

Example 3  We use data related to elections for the European Parliament in Croatia in 
2019, where n = 6 parties (or lists) passed the electoral threshold of 5% in the whole 
country as a single electoral unit (euparl 2021; wikiped 2021). The obtained votes 
vk , k = 1,… , 6, are shown in descending order in Table 8. The allocation of seats 
S = 12 is done by the d’Hondt method: sDH = (4, 4, 1, 1, 1, 1).

For the purpose of comparison, we have applied other different divisor methods, 
and the corresponding seat allocations are shown in Table 8.

In this case, the SL, MS, EP, HM and DA divisor methods give the same seat 
allocation s = (4, 3, 2, 1, 1, 1) . According to expressions for these methods given in 

Fig. 3   Intervals ⟨l
k
− v

k
, 0⟩ , ⟨0, u

k
− v

k
⟩ , yellow (the first bar) for the DA method and orange (the second 

bar) for the SL method, from Table 9 (Croatia, EuP, 2019) (colour figure online)

Table 10   Elections in Spain for the EuP in 2019: allocation of seats to 8 parties

Divisor method s = (s1, s2, s3, s4, s5, s6, s7, s8)

BE (23, 13, 8, 6, 3, 3, 2, 1)
DH (21, 13, 8, 6, 4, 3, 3, 1)
SL, MS, EP (20, 13, 8, 6, 4, 3, 3, 2)
SD, HM, DA (20, 12, 8, 6, 4, 4, 3, 2)
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Tables 2 and 3, the corresponding lower bounds lk − vk and upper bounds uk − vk of 
votes are listed in Table 9.

Intervals ⟨lk − vk, 0⟩ and ⟨0, uk − vk⟩ , k = 1,… , 5 , yellow (the first bar) for the DA 
method and orange (the second bar) for the SL method are illustrated in Fig. 3. Let 
us note that for the first party with the largest number of votes v1 = 244, 076 , the DA 
method has got greater bounds than the SL method. A reverse relation holds for the 
sixth party with the smallest number of votes v6 = 55, 806 . This is in accordance 
with the property that the SL method ’tends to favour large states’ over the DA 
method.

Note that the fourth party has the smallest upper bound ( u4 − l4 = 6, 781 ), in this 
case. So, the party which is most sensitive to the increment of its vote count is the 
fourth party (i.e., the fourth party would gain a seat if its vote count increased by the 
smallest amount, provided that the other votes vi , i ≠ 4 , are unchanged).

Example 4  We use data related to elections for the European Parliament in Spain in 
2019, that have got no electoral threshold. The allocation of seats S = 59 was done 
by the d’Hondt method: sDH = (21, 13, 8, 6, 4, 3, 3, 1) (euparl 2021; wikiped 2021). 
Therefore, we take into account n = 8 parties (or lists) that have got at least one seat.

For the purpose of comparison, we have also applied other different divisor 
methods, and the corresponding seat allocations are shown in Table 10.

In this case, the SL and EP divisor methods give the same seat allocation 
s = (20, 13, 8, 6, 4, 3, 3, 2) . According to expressions for these methods given in 
Tables 2 and 3, the corresponding lower bounds lk − vk and upper bounds uk − vk 
of votes are listed in Table 11.

Intervals ⟨lk − vk, 0⟩ and ⟨0, uk − vk⟩ , k = 1,… , 8 , red (the first bar) for the EP 
method and orange (the second bar) for the SL method are illustrated in Fig. 4. Let 
us note that for the first party with the largest number of votes v1 = 7, 369, 789 , 
the EP method has got greater bounds than the SL method. A reverse relation 
holds for the eighth party with the smallest number of votes v8 = 633, 090 . This is 
in accordance with the property that the SL method ’tends to favour large states’ 
over the EP method.

Looking only at the EP method in this case, one can see that the second party 
has the smallest lower bound ( v2 − l2 = 4, 554 ). So, the party which is most sen‑
sitive to the lowering of its vote count is the second party (i.e., the second party 
would lose a seat if its vote count decreased by the smallest amount).

Example 5  We use data from Marošević et al. (2013), where n = 5 hypothetical elec‑
toral units in Croatia are suggested on the basis of cluster analysis. The correspond‑
ing populations vk , k = 1,… , 5 of these 5 hypothetical electoral units are given in 
descending order in Table  12. (The Croatian Parliament has a total of 151 seats: 
S = 140 seats for 10 actual electoral units, 8 seats for national minorities and 3 seats 
for Croatian citizens living abroad.) In order to apportion S = 140 seats to the 5 
hypothetical electoral units proportionally, based on their populations, we applied 
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different divisor methods. In this case, the condition of Lemma 1 is satisfied. There‑
fore, the BE and SD methods give equal seat allocation s = (35, 29, 27, 26, 23) , and 
all other mentioned divisor methods give the same seat apportionment. According to 
expressions in Tables 2 and 3, the corresponding lower and upper bounds of popula‑
tions are also shown in Table 12.

Table 11   The lower and upper bounds of votes for the corresponding divisor methods (Spain, EuP, 2019)

Method v1 = 7, 369, 789

s1 = 20

v2 = 4, 519, 205 s2 = 13 v3 = 2, 731, 825 s3 = 8

⟨l1 − v1, u1 − v1⟩ ⟨l2 − v2, u2 − v2⟩ ⟨l3 − v3, u3 − v3⟩

SL ⟨−393586, 41708⟩ ⟨−25432, 398080⟩ ⟨−35561, 341235⟩
EP ⟨−323610, 45437⟩ ⟨−4554, 405663⟩ ⟨−26896, 338371⟩
 Method v4 = 2, 258, 857 s4 = 6 v5 = 1, 393, 684 s5 = 4 v6 = 1, 252, 139 s6 = 3

⟨l4 − v4, u4 − v4⟩ ⟨l5 − v5, u5 − v5⟩ ⟨l6 − v6, u6 − v6⟩

SL ⟨−281597, 91130⟩ ⟨−135428, 233230⟩ ⟨−353385, 13239⟩
EP ⟨−279052, 86044⟩ ⟨−141545, 224451⟩ ⟨−371281, 1263⟩
 Method v7 = 1, 018, 435 s7 = 3 v8 = 633, 090 s8 = 2

⟨l7 − v7, u7 − v7⟩ ⟨l8 − v8, u8 − v8⟩

SL ⟨−119681, 246943⟩ ⟨−93838, 270751⟩
EP ⟨−133040, 234967⟩ ⟨−121907, 253200⟩

Fig. 4   Intervals ⟨l
k
− v

k
, 0⟩ , ⟨0, u

k
− v

k
⟩ , red (the first bar) for the EP method and orange (the second bar) 

for the SL method, from Table 11 (Spain, EuP, 2019)
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In Table  12, one can see that intervals of populations by particular divisor 
methods are in accordance with the property of ’favouring large states’. For 
instance, for the first electoral unit with the largest population v1 = 1, 013, 125 , 
the BE method (that has the tendency of ’favouring large states’ over other divisor 

Table 12   The lower l
k
 and upper bounds u

k
 of populations for divisor methods

Method v1 = 1, 013, 125 s1 = 35 v2 = 851, 876 s2 = 29 v3 = 788, 584 s3 = 27

⟨l1, u1⟩ ⟨l2, u2⟩ ⟨l3, u3⟩

BE ⟨989275, 1042058⟩ ⟨821452, 872414⟩ ⟨769436, 816129⟩
DH ⟨993855, 1051446⟩ ⟨818419, 868393⟩ ⟨766688, 810500⟩
SL ⟨996261, 1056405⟩ ⟨821422, 866296⟩ ⟨765244, 807564⟩
EP ⟨996300, 1056489⟩ ⟨821481, 866262⟩ ⟨765218, 807515⟩
HM ⟨996338, 1056572⟩ ⟨821541, 866229⟩ ⟨765191, 807467⟩
DA ⟨997082, 1058101⟩ ⟨822451, 865583⟩ ⟨764752, 806566⟩
SD ⟨1001245, 1061556⟩ ⟨824554, 864137⟩ ⟨765658, 804541⟩
 Method v4 = 761, 239 s4 = 26 v5 = 677, 313 s5 = 23

⟨l4, u4⟩ ⟨l5, u5⟩

BE ⟨741956, 787987⟩ ⟨659516, 703560⟩
DH ⟨738292, 781554⟩ ⟨653104, 694715⟩
SL ⟨736367, 778198⟩ ⟨649735, 690100⟩
EP ⟨736331, 778141⟩ ⟨649668, 690016⟩
HM ⟨736295, 778084⟩ ⟨649601, 689933⟩
DA ⟨735711, 777058⟩ ⟨648587, 688532⟩
SD ⟨736209, 774743⟩ ⟨646250, 685350⟩

Fig. 5   Intervals ⟨l
k
− v

k
, 0⟩ , ⟨0, u

k
− v

k
⟩ , green (the first bar) for the SD method and brown (the second 

bar) for the BE method, from Table 12
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methods) gets smaller bounds of population, while the SD method gets slightly 
greater bounds of population. On the other hand, a reverse relation holds for the 
fifth electoral district with the smallest population v5 = 677, 313.

Intervals ⟨lk − vk, 0⟩ and ⟨0, uk − vk⟩ , k = 1,… , 5 , green (the first bar) for the SD 
method and brown (the second bar) for the BE method are illustrated in Fig. 5. 
For instance, it can be seen that if the first electoral unit with the largest popula‑
tion v1 = 1, 013, 125 had slightly smaller population v�

1
= 1, 001, 245 , then the SD 

method would give one seat less to the first electoral unit, while the BE method 
would give the unchanged number of seats s1 = 35 to the first unit (provided that 
the other populations vi , i ≠ 1 , are unchanged). This is in accordance with the 
property that the BE method ’tends to favour large states’ over the SD method.

Looking only at the SD method and five hypothetical electoral units in this 
case, one can see that the most sensitive upper bound of the population is in the 
fifth electoral unit (i.e., the smallest upper bound is u5 − v5 = 8, 037 ). So, the fifth 
electoral unit would gain a seat if its population increased by a small percentage, 
provided that the other populations vi , i ≠ 5 , are unchanged. Note that the least 
sensitive upper bound of the population is in the first electoral unit (i.e., the 
largest upper bound is u1 − v1 = 48, 431).

4 � Concluding remarks

Seat allocation is based on votes obtained by parties (i.e., seat apportionment is 
based on populations of electoral units). Various proportional methods can give 
different seat allocations. We consider the following proportional divisor electoral 
methods: the method of smallest divisors (SD), the Danish method (DA), the 
method of harmonic mean (HM), the method of equal proportions (EP), the Sainte-
Laguë method (SL), the modified Sainte-Laguë method (MS), the d’Hondt method 
(DH), and the Belgian method (BE).

We look at divisor methods on the basis of reframing the well-known theorem 
on the min-max inequality. By using bounds of votes, we give conditions under 
which different divisor methods give specified seat allocation. These conditions 
are expressed by means of the lower and upper bounds of votes, i.e., by means of 
the intervals of vote counts, within which one can change the number of votes vk 
of the party k such that the specified divisor method gives the same seat allocation 
(provided that the other votes vi , i ≠ k , are unchanged). Knowing these intervals of 
vote counts could help in the analysis of elections, planning of an electoral strategy 
and understanding of different divisor methods.

For the purpose of empirical research and illustration, we consider the bounds of 
votes of a specified seat assignment for divisor methods in a few cases of elections 
(in Austria, Hungary, Croatia and Spain). Comparing the cases when particular 
divisor methods give equal seat allocation, we can conclude that the bounds of votes 
for these divisor methods are in line with their tendency of ’favouring large states’.
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By connecting the obtained proposition and assertions, one can analogously state 
similar assertions about bounds of votes for specified seat allocation of the divisor 
methods that would be taken into account. The related problem for quota methods 
may be an area for future research.

Acknowledgements  The authors would like to thank anonymous reviewers and journal editors for their 
careful reading of the paper and insightful comments that helped us improve the paper.

Declarations 

Conflict of interest  The authors have no affiliation with any organization with a direct or indirect financial 
interest in the subject matter discussed in the manuscript.

References

Balinski ML, Young HP (2001) Fair representation, 2nd edn. Brookings Institution Press, Washington
Balinski ML, Young HP (1975) The quota method of apportionment. Amer Math Monthly 82:701–729
Carstairs AM (1980) A short history of electoral systems in Western Europe. Allen and Unwin, London
Cortona PG, Manzi C, Pennisi A, Ricca F, Simeone B (1999) Evaluation and optimization of electoral 

systems. SIAM, Philadelphia
D’Hondt V (1878) Question électorale. La représentation proportionnelle des partis. Bruylant-Chris‑

tophe, Bruxelles
Hill JA (1911) Method of apportioning representatives. Sixty-Second Congress. First session. House 

Reports. Volume 1. Report 12:43-108
https://​www.​europ​arl.​europa.​eu/​elect​ion-​resul​ts-​2019/​en. Accessed August 2021
https://​en.​wikip​edia.​org/​wiki/​2019-​Europ​ean-​Parli​ament-​elect​ion. Accessed August 2021
Huntington EV (1921) A new method of apportionment of representatives. Quart Pub Am Stat Assoc 

17:859–870
Mackie TT, Rose R (1982) The international almanac of electoral history. Macmillan Reference Book, 

New York
Marošević T, Sabo K, Taler P (2013) A mathematical model for uniform distribution of voters per con‑

stituencies. Cro Oper Res Rev 4:53–64
Marošević T, Scitovski R (2007) An application of a few inequalities among sequences in electoral sys‑

tems. Appl Math Comp 194:480–485. https://​doi.​org/​10.​1016/j.​amc.​2007.​04.​050
Marošević T, Soldo I (2018) Modified indices of political power: a case study of a few parliaments. Cent 

Eur J Oper Res 194:645–657. https://​doi.​org/​10.​1007/​s10100-​017-​0487-6
Pukelsheim F (2014) Proportional representation - apportionment methods and their applications. 

Springer, Berlin
Sainte-Laguë A (1910) La représentation proportionnelle et les mathématiques. Revue générale des Sci‑

ences pures et appliquées 21:846–852
Still J (1979) A class of new methods for Congressional apportionment. SIAM J Appl Math 37:401–418

Publisher’s Note  Springer Nature remains neutral with regard to jurisdictional claims in published maps 
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under 
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted 
manuscript version of this article is solely governed by the terms of such publishing agreement and 
applicable law.

https://www.europarl.europa.eu/election-results-2019/en
https://en.wikipedia.org/wiki/2019-European-Parliament-election
https://doi.org/10.1016/j.amc.2007.04.050
https://doi.org/10.1007/s10100-017-0487-6

	The bounds of votes of divisor electoral methods
	Abstract
	1 Introduction
	2 The bounds of votes of divisor methods
	3 Examples
	4 Concluding remarks
	Acknowledgements 
	References




