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Abstract We deal with a schedule design problem for a heterogeneous fleet liner
shipping service under uncertainwaiting and handling times at ports. In a liner shipping
service, longer than expected waiting and handling times at a port may cause a delay
from scheduled departure time. We consider the problem to find the departure times at
ports and sailing times of ships between ports so that the total fuel burn is minimized
while targeted overall service level (a performancemeasure based onon-timedeparture
probabilities) is achieved. We consider two new aspects of the problem. The first one
is the heterogeneous fleet where each ship type may have different fuel efficiency,
i.e. a different fuel burn function. The second one is considering critical ports on the
route, i.e. considering the fact that on-time performance at some critical ports might be
more important for the shipping company. We propose a model which finds different
service levels for different ship type-port pairs by considering importance of ports
and fuel efficiencies of ships. We also give a new overall service level measure for
the entire route by combining service levels for different ship type-ports pairs. We
propose a chance constrained nonlinear mixed integer programming formulation for
the problem. Finally, we give computational results that show the effects of several
experimental factors on fuel consumption, speed and service level.
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1 Introduction

Shipping is the major international transportation mode and liner shipping service has
increased significantly during recent years (Yao et al. 2012). World Shipping Council
states that “there are almost 6000 ships, mostly container ships operating in liner
services and container ships come in a variety of sizes.” In the liner shipping service,
container ships operate on closed routes and follow a published schedule to transport
containers between origin and destination ports. In this paper, for a heterogeneous
fleet liner shipping service we propose a new approach to design a robust schedule
against unexpected delays at ports.

According to Ronen (2011), bunker fuel cost constitutes three quarters of the oper-
ating cost of a larger container ship when fuel price is around 500 USD per ton.
Therefore, shipping companies prefer slow steaming to reduce the fuel consumption
cost during the journey. Hence, speed decisions are critical for the cost performance
of a liner shipping service.

Liner shipping companies announce fixed schedules in advance and it is important
for these companies to provide a reliable schedule to its customers. In a recent study
based on interviews and surveys with practitioners, Yuen and Thai (2015) state that
time-related factors, such as on-time pick-up and delivery, has the greatest impact on
customer satisfaction. Therefore, punctual arrival and departure of container ships is
also of utmost importance to the liner shipping companies. In this paper, we define
a service level measure based on published departure times at ports and develop a
model that trades off fuel burn and on-time departure objectives. In particular, we
define service level at a given port for a certain ship type as the probability that the
ship will depart from the port on-time, i.e. at the fixed departure time preannounced
by the liner shipping company. Furthermore, we define overall service level for a liner
shipping service as the weighted sum of service levels for every port-ship type pair.

Many factors such as congestion, fluctuation of container handling times and
weather conditions affect actual arrival and departure times of ships. For absorb-
ing possible delays, shipping companies insert some buffer times in their schedules.
However, buffer times have to be allocated with care through the schedule. Therefore,
a careful schedule design with departure times at ports and speed levels between ports
is essential to allocate buffer times appropriately along the schedule.

Given published departure times of a ship at two successive ports in the schedule,
increased speed (decreased sailing time) between the two ports implies higher fuel burn
but longer buffer time between two departures. Longer buffer times help to tolerate
longer delays due to handling operations and waiting times at ports. In the expense
of fuel cost, the company can have a more robust schedule. The planner has to make
a trade-off between fuel burn cost and service level (on-time departure performance).
Since we consider a heterogeneous fleet with different ships having different fuel
efficiencies, the trade-off has to be made for each ship-port pair. In this paper, we
develop a liner ship scheduling model that makes departure time, speed and service
level decisions simultaneously.

We consider a single heterogeneous fleet deployed on a single closed-loop route.
The problem is to find a cyclic schedule, i.e. periodic departure times at each port
for the shipping service. We develop a model that finds departure times at ports,
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sailing speed on each leg for each ship type and service levels at the ports. We define
chance constraints for the probability of on-time departure at each port. Our model
determines service level (on-time departure probability) at each port and guarantees
that an overall service level is achieved. Since, it’s a heterogeneous fleet, each ship
can sail at a different speed on the same leg but has to follow the same departure times
at ports.

Different sources of uncertainties in liner shipping service have been considered in
the literature. In a recent study, Wang and Meng (2012b) deal with designing a robust
schedule for a homogeneous fleet liner ship service. They consider uncertainty in
waiting times of ships and handling times of cargoes in their study. They formulate the
problem as a mixed-integer nonlinear stochastic programming model. For solving the
model, they apply sample average approximation method and linearize the nonlinear
terms in the model.Differently, in this paper, we consider a heterogeneous fleet where
each ship type has different engine characteristics and hence a different fuel burn
function. We also propose a new service level measure for the entire schedule. We
define a service level for each port-ship type pair so that different ship types can have
different speeds on the same leg. We then combine all port-ship type pairs’ service
levels in a single single service level measure. In the overall service level measure,
each port has a weight to represent the different importance levels of ports for a liner
shipping company. This allows our model to find speed for each ship type on each leg
and service level for each port-ship type pair. We formulate the scheduling problem as
a chance constrained mixed integer program and reformulate chance constraints and
fuel burn functions via second order conic inequalities.

Christiansen and Fagerholt (2002) consider uncertainties in liner shipping oper-
ations and propose a method to find robust schedules. Assuming fixed speeds, they
first generate all feasible schedules and then evaluate the schedules using a penalty
cost term to find a robust schedule. Wang and Meng (2012a) consider uncertainty
of port time and sailing speed control in designing a schedule for a liner shipping
service. Their objective is to minimize the total expected fuel consumption and oper-
ating cost. They develop a mixed integer nonlinear convex stochastic problem and
approximate the objective function by applying piecewise linearization. Qi and Song
(2012) consider designing a schedule for a liner shipping service to minimize the total
fuel consumption under port time uncertainty. They consider stochastic port times and
delays in arrival times of ships and use a simulation based stochastic approximation
method to solve the problem. These studies consider homogeneous fleet on a single
route. However, in practice, different ship types can be employed on the same route,
which is the case studied here. As mentioned before, we propose a different service
level measure which takes into account the differences between ports and ships.

There is a comprehensive survey and taxonomy around speed models in maritime
in the study of Psaraftis andKontovas (2013). They have reviewed the related papers in
this area and classified them according to various criteria. There is usually a nonlinear
relation between speed and fuel consumption. Small changes in speedmay cause large
changes in fuel consumption rate. Fuel consumption of a ship depends on a number
of factors related to its size, speed, power plant and deadweight of a ship according
to European Commission European Commission (2000). Water depth and weather
condition also affect fuel consumption rate. According to fuel consumption data of
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ships, different fuel consumption functions with different coefficients are derived. We
summarize the functions that are used in themaritime literature in Appendix 1. Inmost
of the studies, fuel consumption is considered to be a function of speed only. However,
some articles have derived functions that are dependent on speed and displacement of
a ship. In general, power functions and exponential functions are used in the literature.
Most of the studies approximate fuel consumption per day as a cubic function of speed.
However, Psaraftis and Kontovas (2013) indicate that this approximation is good for
tankers and bulk carries, but it may not be good for container ships and for these ships,
exponent 4, 5 or even higher could be considered. In our problem, we use the fuel burn
function given by Yao et al. (2012).

1.1 Contribution of the study

This study contributes to the literature in different aspects. The first one is considering
the heterogeneous fleet case in robust scheduling of liner ship services. We show that
if fuel burn is minimized for the whole fleet, different ship types have different speeds
and different buffer times on the same leg. Our model schedules departure times,
speeds and buffer times for a heterogeneous fleet.

The second one is considering the fact that the ports are different in capacity,
demand, congestion, and many other factors. So, handling and waiting times might
also be different at the ports. Each port has a different importance and priority for a
liner shipping company. Therefore, company may prefer to provide different levels of
service at different ports. In this paper, we provide a model that can control service
levels at different ports.

The third new aspect of this study is proposing a new service level measure for the
liner shipping service schedule. We first define service level at a port as the probability
of on-time departure of a ship from that port. Furthermore, we define an overall service
level measure for the entire route. The overall service level measure represents the
priority choices of the company among ports.

The rest of the paper is organized as follows. In Sect. 2, we give a comprehensive
statement of the problem, assumptions and mathematical model. We then, reformulate
the model and give MISOCP representation of the model in Sect. 3. Finally, in Sect. 4,
we present computational results.

2 Problem definition

We consider a liner shipping service provided by a fleet of ships for a set of ports. Each
ship sails on the same fixed tour, visiting all the ports in the service and ending at the
starting port. Departure time at a port is the same for each period, i.e. if the period is
one week, a departure time at a port is a certain time of a certain day of the week and
it is fixed. We assume a weekly schedule as liner shipping companies mostly provide
weekly regular services. If the entire tour takes k weeks, then the service requires k
ships so that weekly service frequency can be provided to the ports. We assume that
a set of ports, a fixed tour with known duration (N weeks) and a fleet of N ships is
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Fig. 1 Illustration of the problem

given. As we assume a heterogeneous fleet, we assume that fuel burn functions, speed
limits are different and known for all ships.

Handling time refers to the time that is needed for loading and unloading cargoes at
a port. Waiting time for a ship is the duration that a ship has to wait after arriving at a
port but before loading-unloading operations begin. For the major ports, waiting time
might be higher due to higher congestion at those ports.We assume that handling times
may be different for different ship types due to ship size, but waiting time at a port is
the same for all ship types. We model the uncertainty in handling and waiting times
using probability distributions. Handling operations and waiting times are composed
of detailed processes. However, similar to studies in the literature, such as Bellsolà
et al. (2017), we assume that handling and waiting times at the ports of the sailing
route follow normal distribution. Nevertheless, our modeling approach can still be
used for any distribution for waiting and handling time given that the distribution has
a quantile function that can be evaluated at different probability levels.

In order to absorb unexpected delays, buffer time is inserted in a schedule. As an
example, in Fig. 1, there are three ports on a closed service route. Each ship visits
the first port after finishing the round-trip journey. The difference between departure
times at two sequential ports is given by the sum of the sailing time, buffer time and
the mean of handling and waiting times.

In this study, we measure service level of a ship-port pair as the probability of on-
time departure of a ship from a port. In other words, service level for a ship-port pair
is the probability that total waiting and handling time does not exceed mean waiting
and handling time plus the buffer time. A similar service level measure is defined
in a robust airline scheduling problem by Serasu Duran et al. (2015). In practice,
propagation of a delay can be avoided by speeding up the ship to catch up its original
schedule. The service level for a ship-port pair is determined by the amount of buffer
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time allocated to the leg that arrives at the port. We assume different service levels for
different ship types, because fuel efficiencies of ships may differ. Longer buffer times
can be inserted for the ships which are more fuel efficient. In this study, we define
an overall service level measure as a weighted combination of ship-port pair service
levels.

Mean and variance of handling and waiting times can be significantly different at
different ports. In addition, each port might have different degree of importance for
the liner shipping company. At major ports or the ports with higher demand, deviation
from published schedule may pose higher losses to the shipping company. To take into
account this fact, we assign a weight for each port in the problem. Since service levels
could be different for the port-ship type pairs, sailing times and buffer times could
also be different between ship types on the sailing legs. However, overall service level
of the service route should be satisfied and common departure time for the different
ship types should be determined at each port.

In this paper, the problem considered is to schedule a liner shipping service, i.e.
determining weekly departure times from ports so that the total fuel burn of fleet is
minimized while an overall service level is achieved. We next give the mathematical
model for the problem.

2.1 Mathematical model for the problem

We start with the notation used in our model: Sets :
R : set of ship types; r ∈ R represents a ship type
Γ : set of port-of-calls; i ∈ Γ represents a port number
L : set of possible values for delay probabilities; l ∈ L represents a delay probability

Indices and parameters :
I : number of port-of-calls on the route
N : number of ships deployed
nr : number of deployed ships of type r on the route
vrmin : minimum speed for a ship of type r (in knots)
vrmax : maximum speed for a ship of type r (in knots)
li j : ocean distance (nautical miles) between port i and port j
w̃i : random variable for waiting time at port i with mean μw

i and std. dev. σw
i

h̃ri : random variable for handling time for ship type r at port i with mean μh
ir

and std. dev. σ hr
i

p f uel :the bunker price (USD/ton)
Wi : weight of the i th port-of-call
αlr
i : probability level l for a ship of type r to have a delay at the i th port-of-call

1 − β : overall service level

Decision variables :
di =published departure time at port i ∀i ∈ Γ

sri j =sailing time of a ship of type r between port i and port j ∀i, j ∈ Γ

ylri =
{
1 if service level (1−αlr

i ) is selected for a ship of type r at the i th port-of-call
0 otherwise
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2.2 Service level

In this study, we measure the overall service level of a liner shipping service schedule
by the weighted sum of port service levels for all ship types. Overall service level can
be expressed as

(1 − β) =
∑
i∈I

∑
r∈R

Wi
nr
N

(1 − Ar
i )

Wi gives the relative importance of port i and it is determined by the decisionmaker.
In our model,Wi ≥ 0 for all i and

∑
i∈I Wi = 1, soWi is a normalized value between

zero and one. nr
N is the ratio of the number of type r ships in the fleet to the fleet size.

We include nr/N as a multiplier in the overall service measure so that it is weighted
in accordance with the fleet mix. (1− Ar

i ) is the service level at port i for ship type r ,
which is equal to the probability that a type r ship departs from port i on scheduled
departure time. Since

∑
i∈I Wi = 1 and

∑
r∈R

nr
N = 1, (1−β) is always between zero

and one. (1 − β) can be interpreted as a weighted probability of having no delayed
departures. For each port-ship type pair (i, r), (1 − Ar

i ) is the probability of on-time
departure and Wi

nr
N is the corresponding weight. (1 − β) is the weighted sum of all

on-time probabilities. In the next section, we present a mathematical formulation in
which the overall service level is formulated as a constraint.

2.3 Mathematical formulation

Next, we give the mathematical formulation for the problem. In our formulation port
i is the i th port of call in the route.

min
∑
i∈Γ

∑
r∈R

f ri,i+1(s
r
i,i+1) li,i+1 p f uel nr (1)

s.t. Pr
(
di+1 ≤ di + sri,i+1 + w̃i+1 + h̃ri+1

)
≤

∑
l∈L

αlr
i+1y

lr
i+1 ∀i ∈ Γ , ∀r ∈ R (2)

li,i+1/v
r
max ≤ sri,i+1 ≤ li,i+1/v

r
min ∀i ∈ Γ , ∀r ∈ R (3)

dI+1 − d1 = 168
∑
r∈R

nr (4)

∑
i∈Γ

∑
l∈L

∑
r∈R

Wi (nr/N ) αlr
i ylri ≤ β (5)

∑
l∈L

ylri = 1 ∀i ∈ Γ , ∀r ∈ R (6)

d1 = 0 (7)

sri,i+1 ≥ 0, di ≥ 0 , ylri ∈ {0, 1} ∀i ∈ Γ , ∀r ∈ R (8)
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In the objective function, f ri,i+1

(
sri,i+1

)
is the fuel burn rate(tons/mile) of a ship

of type r on leg (i, i + 1). The objective function gives the total fuel cost of all ships
in the fleet for all legs on the route. We use a cubic fuel burn function which will be
discussed in Sect. 3.

Constraint (2) ensures that probability of delay at port (i + 1) for a ship of type r
is less than or equal to the selected probability level

(
αlr
i+1

)
. This probability can be

controlled by the amount of buffer time between ports i and i+1. As discussed before,
buffer time is determined by the departure times at port i and i +1 and the sailing time
from port i to port i + 1. The selected αlr

i+1 on the right hand side of constraint (2) is
the probability of delayed departure for ship type r from port i + 1.

Constraint (3) guarantees that the chosen sailing times on legs are within the bounds
determined by the speed upper and lower bounds of ships. A speed upper bound
exists for each ship. Similarly, a speed lower bound may exist due to some technical
disadvantages of slow steaming.

Constraint (4) ensures that the schedule is able to satisfy the weekly frequency. Port
with index (I + 1) refers the port 1 after finishing a round-trip journey. For a ship,
the difference between two successive departures from the same port must be equal
to one week (168 hours).

Constraint (5) is necessary for satisfying the overall service level required for the
route. This constraint ensures that the weighted sum of allowable delayed departure
probabilities chosen for ship-port pairs is less than or equal to β, which is the overall
service level target set by the schedule planner.

Constraint (6) guarantees that exactly one service level is selected for each port-ship
type pair and constraint (7) assumes that departure time from port 1 is zero.

2.4 Chance constraints

The given model consists of chance constraints (2). Next, assuming that handling
and waiting times follow normal distributions we transform chance constraints into
linear constraints. We define a set for delay probability values which includes discrete
points. The decision variable ylri is a binary variable that is equal to one if service level
(1 − αlr

i ) is selected for a ship of type r at the port i . Constraint (2) can be written as
follows:

di + sri,i+1 +
∑
l∈L

φ−1
(
1 − αlr

i+1

)
ylri+1

√
σw
i+1

2 + σ hr
i+1

2

+ μw
i+1 + μhr

i+1 ≤ di+1,∀i ∈ Γ,∀r ∈ R (9)

where φ−1 is the quantile function for the normal distribution that represents waiting
and handling time.

In this formulation, we assume that handling and waiting times follow normal
distributions. However, for any probability distribution for port times (waiting plus
handling time) chance constraint (2) can be approximated as a linear inequality if it
has a quantile function which can be evaluated at (1 − αlr

i ) values.
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The model given above does not take into account the situations where an excessive
delay at one port causes delays in the subsequent ports on the route. In our model, we
distribute total tour time among the legs by considering port time distributions at ports
and fuel efficiencies of ships. In practice if a ship experiences a departure delay at a
port, then the container ship captain can speed up the ship to catch the scheduled arrival
time to the next port. Alternatively, the ship can arrive late to the next port, consuming
the buffer time designated for that port. This would mean an increased probability of
departure delay. Delays at ports and propagation effects can be considered as a future
research.

Next, we give the SOCP representation of the model.

3 SOCP representation of the model

In SOCP, a linear function is minimized over the intersection of an affine set and the
product of second-order cones ( Aharon and Arkadi 2013 and Alizadeh and Goldfarb
2003). The fuel consumption function that we use in our study is given by Yao et al.
(2012). The function is defined to give fuel burn per day for given speed level.

f (vri j ) = prv
r
i j
3 + qr

Fuel consumption in tons per nautical mile could be represented as

f
(
vri j

)
= pr

24
vri j

2 + qr
24vri j

Since li j = vri j s
r
i j , fuel consumption as a function of sailing time can be reformulated

as

f
(
sri j

)
= pr l2i j

24

1

sri j
2 + qr

24li j
sri j

After applying these changes, the objective function of the model becomes

min
∑
i∈Γ

∑
r∈R

(
pr li,i+1

3 1

sri j
2 + qr s

r
i,i+1

)
p f uelnr (10)

For reformulating the objective function we first replace the term 1
sri j

2 with auxiliary

variable tri,i+1 ≥ 0.

min
∑
i∈Γ

∑
r∈R

(
pr

(
li,i+1

)3
tri,i+1 + qr s

r
i,i+1

)
p f uelnr (11)

and add the following constraint set to the model (dropped i, i + 1 and r indices for
simplicity)
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1

s2
≤ t (12)

Constraint (12) can be represented using SOCP inequalities, so first we have to trans-
form this constraint as hyperbolic constraints. By defining a new variable τ , Inequality
(12) can be equivalently written as

τ 2 ≤ t (13)

1 ≤ sτ (14)

Inequalities (13) and (14) are hyperbolic inequalities and can be represented via SOCP
inequalities below: ∥∥∥∥ 2τ

t − 1

∥∥∥∥ ≤ t + 1 (15)
∥∥∥∥ 2
s − τ

∥∥∥∥ ≤ s + τ (16)

After adding constraints (15) and (16), the model will be reformulated as follows

min
∑
i∈Γ

∑
r∈R

(
pr li,i+1

3tri,i+1 + qr s
r
i,i+1

)
p f uelnr

s.t. 4τ ri,i+1
2 + ωr

i,i+1
2 ≤ ρr

i,i+1
2 ∀i ∈ Γ,∀r ∈ R (17)

4 + ηri,i+1
2 ≤ νri,i+1

2 ∀i ∈ Γ,∀r ∈ R (18)

tri,i+1 − 1 = ωr
i,i+1 ∀i ∈ Γ,∀r ∈ R (19)

tri,i+1 + 1 = ρr
i,i+1 ∀i ∈ Γ,∀r ∈ R (20)

sri,i+1 − τ ri,i+1 = ηri,i+1 ∀i ∈ Γ,∀r ∈ R (21)

sri,i+1 + τ ri,i+1 = νri,i+1 ∀i ∈ Γ,∀r ∈ R (22)

ρr
i,i+1, ν

r
i,i+1 ≥ 0, ωr

i,i+1, η
r
i,i+1free ∀i ∈ Γ,∀r ∈ R

and constraints(3) − (8), (9) − (8), (9) (23)

Du et al. (2011) proposes using SOCP representations of fuel burn functions in a berth
allocation problem. They provide SOCP representation of power functions in the form
of f (s) = cs(a/b)−1 where s is the sailing time, c is a positive constant and a, b are
integers such that a ≥ 2b so that the function is convex.

Exponential fuel burn functions are also used in the literature. As shown by
Nemirovski (2000), exponential function could be approximated as following:

For every p ≥ 1,

exp(x) = lim
r→∞

(
1 + x

2r
+ 1

2

( x

2r

)2 + ... + 1

p!
( x

2r

)p
)2r

(24)

We can simplify expression (24) as

exp(x) = lim
r→∞

(
1 + c1x + c2x

2 + ... + cpx
p
)2r

(25)
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Table 1 Service routes

Parameter Value

Route AE Number of port-of-calls 10

Service frequency Weekly

Number of deployed ships 4 Type A and 4 Type B

AEX Number of port-of-calls 15

Service frequency Weekly

Number of deployed ships 5 Type A and 4 Type B

APX Number of port-of-calls 24

Service frequency Weekly

Number of deployed ships 6 Type A and 6 Type B

It is observed from expression (25) that all the terms are in the form of power
function. So each term could be represented as a SOCP in a way that we explained
before. Therefore, exponential functions could also be represented as SOCP by using
this approximation. In the next section, we present the results of computational exper-
iments.

4 Numerical results

In this section, we present computational results on proposed model. In our experi-
ments we use three service routes: Europe East Asia trade (AE) route (Notteboom and
Vernimmen 2008), Asia Europe Express (AEX) route (Yao et al. 2012) and Atlantic
PacificExpress (APX) route (Yao et al. 2012). Table 1 gives number of ports, frequency
andfleet composition for these service routes. Fleet compositions are determined based
on preliminary run results.

We consider two types of ships: Type A and Type B. We give the speed ranges
and fuel consumption functions in Table 2. As mentioned before, fuel consumption
function that we consider in our study is in the form f (vri j ) = pr (vri j )

3 + qr and
calculates fuel burn in tons per day. Corresponding fuel burn function of sailing time

and tons per nautical mile is f (sri j ) = pr ·l2i j
24 sri j

−2 + qr
24·li j s

r
i j . We take the values of the

coefficients pr and qr for different container ships from Yao et al. (2012). They are
given in Table 2. We express speeds (v) in knots (nautical miles/hour) and give speed
limits for each ship type in Table 2. Optimal speed for a Type A ship is 14.8 knots,
while optimal speed for a Type B ship is 16.06 knots. Obviously, both consumption
functions are convex. A Type B ship can sail faster, but when speed is higher than 18.0
knots, it is more expensive to speed up a Type B ship than a Type A ship.

While defining the proposed service measure for a liner ship service, we use a
weight value for each port. Different factors could be considered by the scheduler in
defining the weights for the ports. Those factors may differ from company to company.
In our experiments, we assign proxy weights according to traffic data of the ports. We
use numbers of arrivals and the expected arrivals of ships at the ports at a specific time
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Table 2 Properties of the
container ships

Ship type Speed range (knots) Bunker consumption model
(tons per mile)

A [13.5,21] 0.000188v2 + 1.22
v

B [15,24] 0.000281v2 + 2.33
v

Table 3 Experimental factors Parameter Level

L H

1 − β 0.8 0.9

μ (in hour) ∼ U (13, 17) U (18, 21)

σ (in hour) ∼ U (3.9, 5.1) U (5.2, 6.6)

interval according to data provided on www.marinetraffic.com. In order to findWi for
port i on a service route, we divide sum of arrivals and expected arrivals of ships to
port i to the total number of arrivals and expected arrivals to all ports on the route. We
give the weights of ports and sailing distances between the ports in Appendix 2.

In our mathematical model we choose service levels at ports from a discrete set
(L) of values. We use the set of delay probabilities L = {0, 005, 0.01, 0.02, 0.03, . . . ,
0.39, 0.40} in all runs.

We choose three experimental factors to explore. The first one is the overall service
level (1−β) imposed to themodel. If the service level is increased themodel will insert
more idle time, i.e. increase speeds of ships and change the schedule. The second one is
the waiting and handling times at the ports. As mentioned before, uncertainties that we
consider in this study are due to fluctuations of handling and waiting times.We assume
that these random parameters follow normal distribution. For simplicity, we combined
handling and waiting time random variables into a single random variable. We give
the experimental factors and levels of each factor in Table 3. For each parameter, we
define two levels. We also assume the fuel price of $550 per ton in all the experiments.
μ and σ variables are uniformly generated over given intervals in Table 3.

Weperformed all experiments on a 64-bitWindows 10 computerwith 8GBmemory
and Intel Core i7-3770 3.40 GHz CPU using IBM ILOG CPLEX 12.5. The average
CPU time required to solve instances of AE route was 0.054 CPU seconds. For AEX
and APX routes the average CPU times required were 0.078 and 0.79 CPU seconds,
respectively. The CPU times were small as the number of ships and the number of
ports were limited, which is also the case in practice.

We first study effects of these factors on fuel cost, sailing times, departure times,
service levels and buffer times. We analyze effects of time windows on optimal solu-
tions. Furthermore, we study the relation between weights of the port-of-calls and
service levels. Finally, we do comparisons between fuel consumption costs of our
model and other feasible methods.

123

www.marinetraffic.com


A heterogeneous fleet liner ship scheduling problem with. . . 1165

Table 4 Effects of experimental
factors on fuel consumption cost

Parameter Level Fuel consumption cost
($ 106)

% Change

1 − β 0.9 18.92 −0.87

0.8 18.75

μ L 18.62 2.33

H 19.05

σ L 18.79 0.43

H 18.87

4.1 Effects on fuel cost

We first consider the effect of experimental factors on fuel consumption. We did the
experiments for route AE and took ten replications for each setting. We give average
total fuel cost for each setting in Table 4. We see that when the overall service level
decreases, fuel consumption decreases since ships can sail at lower speeds. However,
as overall service level decreases, reliability of a schedules decreases. Also, we observe
that decreasing mean waiting and handling time (μ) leads to significant saving in fuel
cost while the same service level could be achieved at lower sailing speeds. As the
variability of handling and waiting times (σ ) increases, we observe that fuel consump-
tion increases. Since round-trip journey time is fixed, as σ is increased, more buffer
time must be inserted in the schedule, so the ships are forced to sail at higher speeds.
For the case with zero variability, total fuel consumption cost will be 18.56 ($106).
Even though the changes in service level caused around one percent change in fuel
consumption cost in our results, as three quarters of operating cost of a ship may come
from fuel costs (Ronen 2011), a careful service level decision can produce significant
gains for a liner shipping company.

In addition, in order to see effects of overall service level on fuel consumption
cost more clearly, we plotted the fuel costs for the different values of overall service
level in Fig. 2. From the figure it is obvious that as the overall service level of the
route increases, total fuel consumption also increases. Moreover, as the service level
increases, it becomes more expensive to improve it further.

4.2 Effects of experimental factors on schedules

We next explore how the experimental factors affect service levels, buffer times and
speed levels for different ship types. For each ship type, Table 5 gives average speed,
average buffer time per leg and weighted average service level at ports. The results are
given for route AE, for ten replications. In all cases, we observe that average speed
for ship type A is slightly higher than average speed for ship type B. This is due to the
fact that ship type A is more fuel efficient than B, which can be observed in Fig. 3.
Since, it is cheaper to speed up ship type A, we also observe that in all cases ship type
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Fig. 2 Effect of overall service level on total fuel consumption cost

Table 5 Effects on schedule (route AE)

Average speed (knots) Average buffer (day) Weighted Avg. service level

A B A B A B

1 − β L 20.24 20.19 0.095 0.086 0.809 0.793

H 20.59 20.48 0.166 0.156 0.905 0.896

μ L 20.04 19.90 0.132 0.120 0.857 0.842

H 20.80 20.76 0.129 0.123 0.853 0.845

σ L 20.35 20.23 0.115 0.103 0.858 0.842

H 20.48 20.44 0.146 0.140 0.855 0.845

A has longer average buffer time on the legs. As a result, service level provided by
ship type A is higher than the service level provided by ship type B.

As the overall service level (1−β) required by the decisionmaker increases, average
speeds increase so that we create more buffer time on the legs and achieve higher
service levels for both ship types. If mean waiting and handling time (μ) increases,
we speed up ships to absorb increased port times due to uncertainty. We observe that
average buffer time slightly decreases for ship type A and slightly increases for ship
type B. Weighted average service levels change accordingly. When the variability in
waiting and handling time (σ ) increases, we again observe a speed increase for both
ship types. This creates additional buffer times on legs so that the required service
level is achieved. Weighted average service levels change slightly.
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Fig. 3 Fuel consumption
functions (F1)

4.3 Fixed versus variable service levels on a route

In this section, we focus on the benefits of having variable service levels for different
ship-port pairs compared to having equal service level at all ports. In the literature, it is
assumed that all ships provide the same service level at all ports. Ourmodel determines
optimal speed values and service levels that minimize total fuel consumption while
ensuring an overall service level. We carry out a numerical study to see how our model
(variable service level approach) performs compared to fixed service level approach.
Fixed service level approach can be easily implemented in our model by fixing all
service levels at all ports to 1 − β.

Also, we want to observe the benefits of variable service level approach in two
different cases. In each case we consider different fuel cost function pairs for two
ship types. In the first case, we use Type A, Type B ships described in Table 2. The
fuel consumption functions are shown in Fig. 3. In the second case, we change the
coefficients of our fuel consumption functions so that Ship Type A has smaller fuel
cost and is cheaper to speed up compared to the first case. In the second case, fuel
consumption for Ship Type B is higher and it is more expensive to speed up compared
to the first case. For ship type A fuel consumption function is 0.000158v2 + 0.875/v
and for ship type B it is 0.000354v2 +2.33/v. The altered fuel consumption functions
are shown in Fig. 4.We refer to the case in Fig. 3 as “F1” and the case in Fig. 4 as “F2”.

We solve problem for route AEX. We generate eight settings and took ten repli-
cations for F1 and F2 scenarios. We give the results in Table 6. The table shows fuel
consumption costs for variable and fixed service level approaches for different experi-
mental settings and the cost improvement achieved by variable service level approach
over the fixed service level approach.

From Table 6, we can observe that controlling service level at each port for each
ship type provides savings on fuel cost while the same overall service level target is
obtained. We also observe that as μ and σ values increase, the variable service level
approach achieves higher cost improvement over the fixed service level approach.
This is due to the fact that when μ and σ values increase, ships have to sail at higher
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Fig. 4 Fuel consumption
functions (F2)

Table 6 Effect of Variable Service Level (Route AEX)

Setting Variable service level Fixed service levels % Improvement
1 − β, μ, σ Fuel cost ($106) Fuel cost ($106)

F1 0.9, L, L 20.14 20.30 0.79

0.9, L, H 20.23 20.45 1.12

0.9, H, L 20.69 20.92 1.08

0.9, H, H 20.82 21.13 1.51

0.8, L, L 20.04 20.15 0.53

0.8, L, H 20.09 20.24 0.73

0.8, H, L 20.55 20.70 0.73

0.8, H, H 20.62 20.83 1.00

F2 0.9, L, L 19.64 19.85 1.08

0.9, L, H 19.75 20.05 1.50

0.9, H, L 20.34 20.62 1.39

0.9, H, H 20.48 20.88 1.92

0.8, L, L 19.51 19.66 0.74

0.8, L, H 19.57 19.77 1.00

0.8, H, L 20.16 20.36 0.96

0.8, H, H 20.25 20.51 1.30

speeds. When ships sail at higher speeds, variable service level approach can achieve
a better trade-off between service levels and fuel consumption, usually by operating
fuel efficient ships at higher speeds with higher service levels. Also, cost improvement
achieved when (1 − β) = 0.9 is higher than the improvement when (1 − β) = 0.8.
This indicates that when service level is higher, our approach performs better.

When we compare fuel cost improvements for F1 and F2 scenarios, we see that
fuel cost improvement achieved by proposed model is higher for F2. This shows
that when the difference between the fuel efficiencies of ships is higher, our approach
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Table 7 Effects of weights on
service levels

Port-of-call Call-number Service level Weight

Type A Type B

Rotterdam 14 0.98 0.98 0.1388

Hong Kong 2 0.98 0.98 0.1364

Busan 4 0.98 0.97 0.1240

Chiwan 1 0.96 0.95 0.0738

Balboa 7 0.95 0.94 0.0693

Kaohsiung 3 0.95 0.94 0.0626

New York 13 0.93 0.91 0.0493

New York 17 0.93 0.91 0.0493

Kobe 5 0.89 0.87 0.0366

Kobe 24 0.89 0.87 0.0366

Tokyo 6 0.86 0.84 0.0312

Tokyo 23 0.87 0.83 0.0312

Norfolk 18 0.81 0.79 0.0260

Bremerhaven 15 0.74 0.71 0.0218

Oakland 22 0.71 0.66 0.0206

Miami 9 0.60 0.60 0.0151

Felixstowe 16 0.60 0.60 0.0142

Jacksonvilla 10 0.60 0.60 0.0109

Savannah 11 0.60 0.60 0.0109

Manzanillo 8 0.60 0.60 0.0106

Manzanillo 20 0.60 0.60 0.0106

Charleston 12 0.60 0.60 0.0100

Charleston 19 0.60 0.60 0.0100

San Pedro 21 0.60 0.60 0.0003

achieves higher savings in fuel compared to fixed service level approach. In conclusion,
while having flexibility to provide different service levels at different ports, our model
achieves a better cost performance than the fixed service level approach.

4.4 Effects of weights on service levels

In this section,we demonstrate the service levels achieved by ourmodel.We performed
experiments on a single instance for APX route. We set β = 0.9, μi (in days) = 0.61
and σi (in days) = 0.19 for all i . Table 7 shows the service levels at all ports. The first
column shows the name of the port-of-call. Second column refers to the order of the
port-of-call in the route. Third and fourth columns refer to the service levels of ship
types A and B. The last column shows the weight (wi ) of each port. All columns are
sorted from largest to smallest according to the importance weights of the ports. It is
observed from Table 7 that as the weight of a port decreases, the model assigns lower
service levels to that port.
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Table 8 Effect of time winodws on fuel consumption cost

Fuel consumption cost ( $ 106) Change (%)

Without time winodws With time windows

20.66 20.75 0.42

4.5 Effects of time windows

In this section, we consider time window restrictions on departure times so that the the
departure time at a port must be chosen from a given time interval. For including time
windows in the problem, the Constraint (26) is added to the model. In this constraint,
dil and diu are lower and upper bounds of time windows, respectively.

dil ≤ di ≤ diu i = 1, 2, . . . , I (26)

For studying effects of time windows, we considered route AEX. We generated
time windows by considering the order of calls at ports. We did the experiment for the
setting (β: 0.9,μ level:H,σ level: L). Effect of timewindows on total fuel consumption
cost is seen in Table 8. From the table, we see that including time time windows,
fuel consumption cost increases by 0.42%. By including time window restrictions in
scheduling decisions, ships have to depart from the ports at specific time intervals and
this forces ships to sail at different speeds than the speeds in the case without time
windows.

As can be seen in Table 9, including time windows in the model has changed the
service levels of ship types at some ports. This happens since time window restrictions
limit the amount of buffer time on some legs while allowingmore buffer time in others.
Hence, both the speed and service level decisions are affected and led to a solution
with higher fuel consumption. In the next section, we give concluding remarks.

5 Conclusion

In this paper, we studied a heterogeneous fleet liner ship scheduling problem. We
focused on handling and waiting time uncertainties in a schedule and proposed a new
service level measure which considers different ship types and takes into account the
fact that some ports may be more critical for the service. We considered a heteroge-
neous fleet of container ships on a single route. The objective was minimizing total
fuel consumption cost of fleet during the round-trip journey time. We developed a
mixed integer nonlinear model which minimizes total fuel cost while ensuring that
a certain overall service level is achieved. Different than the studies in the literature
our model assigns service levels to the ship type - port pairs. We reformulated the
proposed model as a MISOCP problem.
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Table 9 Effect of time windows on service levels

Port With time windows Without time windows
Service level Service level

Type A Type B Type A Type B

Kwangyang 0.60 0.60 0.60 0.60

Pusan 0.91 0.91 0.86 0.85

Shanghai 0.96 0.95 0.96 0.96

Kaohsiung 0.60 0.60 0.60 0.60

Hong Kong 0.91 0.90 0.91 0.90

Yantian 0.60 0.60 0.60 0.60

Singapore 0.96 0.87 0.98 0.97

Rotterdam 0.88 0.83 0.89 0.85

Hamburg 0.60 0.60 0.60 0.60

Thamesport 0.60 0.60 0.60 0.60

Colombo 0.60 0.60 0.60 0.60

Singapore 0.98 0.98 0.97 0.97

Hong Kong 0.95 0.94 0.91 0.89

Kaohsiung 0.82 0.80 0.60 0.60

Hakata 0.60 0.60 0.60 0.60

Our numerical experiments have demonstrated that assigning different service lev-
els for port-ship type pairs might be more beneficial to the shipping company than
assigning equal service levels to all pairs. We observed that, in terms of fuel consump-
tion, proposed model performs better when required service level ((1 − β) is higher,
when waiting and handling times (μ) are longer and when variability of waiting and
handling time (σ ) is higher. Furthermore, we showed that if the fleet is more diverse
in terms of fuel efficiency, then proposed model performs better.

This research can be extended by considering time dependent waiting and handling
times, i.e. at different times of the day different waiting and handling time levels are
experienced at the ports. Thiswould require determining arrival times at ports carefully
so that, if possible, a ship arrives at a port at the times when the port is not so busy.
Also, the study can be extended to more realistic distributions of waiting and handling
time.
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Appendix 1: Bunker consumption functions

Table 10 Bunker consumption functions used in maritime literature

Barrass (2004)

∗F (v) = W2/3v3

Fc

• F (v) : fuel consumption per day

•W : displacement of a ship in tones

• Fc : fuel coefficient that is dependent on the installed machinery in the ship

• Fc ≈ 110000 for Steam Turbine machinery

Fc ≈ 120000 for Diesel machinery installation

•Displacement is lightweight (lwt) plus deadweight (dwt).

The lightweight is the weight of the ship itself, when it is completely empty.

The deadweight is the weight that a ship carries
.

Psaraftis and Kontovas (2013) and Kontovas (2014)

∗F (v) = A + Bvni j

∗F (v) ∝ (Wi j + L)2/3

∗F (v) = (A + Bvni j )(Wi j + L)2/3

• F (v) : fuel consumption per day

• L : weight of the ship when it is empty plus consumables and fuel

•Wi j : payload from i to j

• A ≥ 0, B > 0 and n ≥ 3

•These papers mention that n=3 is a good approximation for tankers and bulk carriers,

But it may not be a good approximation for some ship types.

For container ships exponent can be 4, 5 or even higher.

Schrady et al. (1996)

∗F (v) = c0 + c1v + c2v
2 + c3v

3

∗F (v) = p0 + p1e
p2v

3

• F (v) : fuel use in gallons per hour
Kowalski (2013) and Wang and Meng (2012c)

∗F (v) = avb + ε

• F (v) : daily fuel consumption of the main engine

• ε : the error term of power regression function

• b : a parameter in the range [3,4].

Mulder et al. (2013) and Yang et al. (2013)

∗F (v) = Fd ×
(

v

vd

)3
• F (v) : actual fuel consumption rate at metrics tons per hour

• Fd : designed fuel consumption
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Table 10 continued

• vd : designed speed

Wang and Meng (2012b)

∗F (v) = av2

• F (v) : fuel consumption per nautical mile

• They randomly generated coefficient a in the range [0.02/24, 0.03/24] .

Fagerholt et al. (2010) and Norstad et al. (2011)

∗F (v) = 0.0036v2 − 0.1015v + 0.8848

• F (v) : fuel consumption per nautical mile

• It is valid for the speed range [14, 20] .

Yao et al. (2012)

∗F (v) = k1v
3 + k2

• F (v) : fuel consumption rate per day

• This article has obtained different values for the coefficients k1 and k2

According to different sizes of container ships.

Karlsson and Eriksson (2012)

∗F (v) = ae(bv
2+cv)

∗F (v) = ae(bv
3+cv2+dv) + E

∗F (v) = ae(bv
3+cv2+dv) + kv + m

• F (v) : fuel consumption per day

• It has been studied on reefer vessels.

Du et al. (2011)

∗F (v) = c0 + c1.v
μ

• F (v) : fuel consumption per unit time

•μ = 3.5 (for feeder container ships)

μ = 4 (for medium-sized container ships)

μ = 4.5 (for jumbo container ships)

Note: In all the functions, v is the speed of a ship that is measured in knots (nautical miles/hour)
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Appendix 2: Distances between ports

Table 11 Distances and weights for the service routes AE, AEX and APX

APX Route AEX Route AE Route

Port Dist (nm) Weight Port Dist (nm) Weight Port Dist (nm) Weight

Chiwan 102 0.07381 Hakata 152 0.00636 Shanghai 576 0.17096

Hong Kong 375 0.13642 Kwangyang 72 0.00404 Dalian 280 0.04537

Kaohsiung 935 0.06261 Pusan 445 0.06093 Qingdao 512 0.05158

Busan 372 0.12402 Shanghai 554 0.15698 Ningbo 2143 0.04234

Kobe 362 0.03660 Kaohsiung 343 0.03183 Singapore 8353 0.22843

Tokyo 7745 0.03116 Hong kong 34 0.08000 Rotterdam 318 0.07259

Balboa 42 0.06927 Yantian 1444 0.01379 Hamburg 401 0.02260

Manzanillo 1245 0.01059 Singapore 8670 0.21547 Antwerp 8343 0.05428

Miami 342 0.01512 Rotterdam 267 0.06996 Singapore 1435 0.22843

Jacksonvilla 160 0.01089 Hamburg 383 0.02179 Hong Kong 875 0.08341

Savannah 117 0.01089 Thamesport 7051 0.00127

Charleston 632 0.00998 Colombo 1552 0.01029

New York 3308 0.04930 Singapore 1420 0.21547

Rotterdam 252 0.13884 Hong Kong 343 0.08000

Bremerhaven 314 0.02178 Kaohsiung 878 0.03183

Felixstowe 3243 0.01422

New York 286 0.04930

Norfolk 461 0.02601

Charleston 1579 0.00998

Manzanillo 2984 0.01059

San Pedro 409 0.00030

Oakland 4567 0.02057

Tokyo 362 0.03116

Kobe 1494 0.03660

Note: Dist (nm), means the distance to the next port-of-call that is expressed in nautical miles

References

Alizadeh F, Goldfarb D (2003) Second-order cone programming. Math Program 95(1):3–51
Barrass CB (2004) Ship design and performance for masters and mates. Butterworth-Heinemann, Oxford
Bellsolà OX, DaamenW, Vellinga T, Hoogendoorn SP (2017) Network capacity estimation of vessel traffic:

an approach for port planning. J Waterw Port Coast Ocean Eng 143(5):04017019
Ben-Tal A, Nemirovski A (2013) Lectures on modern convex optimization. Siam, Philadelphia
Christiansen M, Fagerholt K (2002) Robust ship scheduling with multiple time windows. Nav Res Logist

(NRL) 49(6):611–625
Du Y, Chen Q, Quan X, Long L, Fung RYK (2011) Berth allocation considering fuel consumption and

vessel emissions. Transp Res Part E Logist Transp Rev 47(6):1021–1037

123



A heterogeneous fleet liner ship scheduling problem with. . . 1175

EuropeanCommission.Marine Fuels&ShipEmissionControls. Appendix 5. EuropeanCommission (2000)
Fagerholt K, Laporte G, Norstad I (2010) Reducing fuel emissions by optimizing speed on shipping routes.

J Oper Res Soc 61:523–529
Fai YK, Van TV (2015) Service quality and customer satisfaction in liner shipping. Int J Qual Serv Sci

7(2/3):170–183
Karlsson J, Eriksson BM (2012) Performance modelling; bunker consumption as function of vessel speed.

Technical report, NYKCool
Kontovas CA (2014) The green ship routing and scheduling problem (GSRSP): a conceptual approach.

Transp Res Part D Transp Environ 31:61–69
Kowalski A (2013) Cost optimization ofmarine fuels consumption as important factor of control ships sulfur

and nitrogen oxides emissions. Zeszyty Naukowe / Akademia Morska w Szczecinie 108(36):94–99
Mulder J, Dekker R, Sharifyazdi M (2012) Designing robust liner shipping schedules: Optimizing recovery

actions and buffer times. Report / Econometric Institute, Erasmus University Rotterdam. Erasmus
School of Economics, pp 1–24. Retrieved from http://hdl.handle.net/1765/38636

Nemirovski A (2000) What can be expressed via conic quadratic and semidefinite programming?. Faculty
of Industrial Engineering and Management, Technion- Israel Institute of Technology

Norstad I, Fagerholt K, Laporte G (2011) Tramp ship routing and scheduling with speed optimization.
Transpo Res Part C Emerg Technol 19(5):853–865

Notteboom T, Vernimmen B (2008) The impact of fuel costs on liner service design in container shipping.
In: Proceedings of the IAME 2008 conference

Psaraftis HN, Kontovas CA (2013) Speed models for energy-efficient maritime transportation: a taxonomy
and survey. Transp Res Part C Emerg Technol 26:331–351

Qi X, Song D-P (2012) Minimizing fuel emissions by optimizing vessel schedules in liner shipping with
uncertain port times. Transp Res Part E Logist Transp Rev 48(4):863–880

Ronen D (2011) The effect of oil price on containership speed and fleet size. J Oper Res Soc 62:211–216
Schrady DA, Smyth GK, Vassian RB (1996) Predicting ship fuel consumption: Update. Technical report,

Naval Postgraduate School
Serasu Duran A, Gürel S, Selim Aktürk M (2015) Robust airline scheduling with controllable cruise times

and chance constraints. IIE Trans 47(1):64–83
Wang S, Meng Q (2012a) Liner ship route schedule design with sea contingency time and port time

uncertainty. Transp Res Part B Methodol 46(5):615–633
Wang S, Meng Q (2012b) Robust schedule design for liner shipping services. Transp Res Part E Logist

Transp Rev 48(6):1093–1106
Wang S, Meng Q (2012c) Sailing speed optimization for container ships in a liner shipping network. Transp

Res Part E Logist Transp Rev 48(3):701–714
World Shipping Council. http://www.worldshipping.org/about-the-industry/liner-ships, (visited: 2017-09-

14)
Yang D, Zhang A, Jasmine SLL (2013) Impacts of Port Productivity and Service Level on Liner Shipping

Operating Cost and Schedule Reliability. In: Proceedings of the International Forum on Shipping,
Ports and Airports (IFSPA). International Centre for Maritime Studies, The Hong Kong Polytechnic
University

Yao Z, Ng SH, Lee LH (2012) A study on bunker fuel management for the shipping liner services. Comput
Oper Res 39(5):1160–1172

123

http://hdl.handle.net/1765/38636
http://www.worldshipping.org/about-the-industry/liner-ships

	A heterogeneous fleet liner ship scheduling problem with port time uncertainty
	Abstract
	1 Introduction
	1.1 Contribution of the study

	2 Problem definition
	2.1 Mathematical model for the problem
	2.2 Service level
	2.3 Mathematical formulation
	2.4 Chance constraints

	3 SOCP representation of the model
	4 Numerical results
	4.1 Effects on fuel cost
	4.2 Effects of experimental factors on schedules
	4.3 Fixed versus variable service levels on a route
	4.4 Effects of weights on service levels 
	4.5 Effects of time windows

	5 Conclusion
	Appendix 1: Bunker consumption functions
	Appendix 2: Distances between ports
	References




