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Abstract Two-stage data envelopment analysis (TsDEA) models evaluate the perfor-
mance of a set of production systems in which each system includes two operational
stages. Taking into account the internal structures is commonly found in many sit-
uations such as seller-buyer supply chain, health care provision and environmental
management. Contrary to conventional DEAmodels as a black-box structure, TsDEA
provides further insight into sources of inefficiencies and a more informative basis for
performance evaluation. In addition, ignoring the qualitative and imprecise data leads
to distorted evaluations, both for the subunits and the system efficiency. We present
the fuzzy input and output-oriented TsDEA models to calculate the global and pure
technical efficiencies of a system and sub-processes when some data are fuzzy. To this
end, we propose a possibilistic programming problem and then convert it into a deter-
ministic interval programming problem using the α-level based method. The proposed
method preserves the link between two stages in the sense that the total efficiency of the
system is equal to the product of the efficiencies derived from two stages. In addition
to the study of technical efficiency, this research includes two further contributions
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to the ancillary literature; firstly, we minutely discuss the efficiency decompositions
to indicate the sources of inefficiency and secondly, we present a method for ranking
the efficient units in a fuzzy environment. An empirical illustration is also utilised to
show the applicability of the proposed technique.

Keywords Data envelopment analysis · Efficiency · Two-level systems · Fuzzy data ·
Ranking

Mathematics Subject Classification 90C05 · 94D05 · 90C70 · 90C90

1 Introduction

What it is extremely vital for organisations in today’s competitive market is to be
fully aware how efficiently and effectively they are operating compared to rivals. For
instance, a particular research and development (R&D) centre may desire to com-
pare its performance with the similar R&D centres. In the ancillary literature, two
major approaches are developed formeasuring efficiency, namely, parametric and non-
parametric frontier approaches. Contrary to the parametric techniques, non-parametric
techniques do not require a priori assumptions for making up the production func-
tion. Data envelopment analysis (DEA) is a powerful and easy-to-use non-parametric
technique to measure the relative efficiency of a set of decision-making units (DMUs)
where each DMU consumes multiple inputs to produce multiple outputs. The original
DEA under the constant returns to scale (CRS) was developed in Charnes et al. (1978)
by the use of linear programming (LP) with respect to production economics concepts.

The emphasis of conventionalDEAmodels is on a black-box function in a sense that
internal or linking activities are neglected in these models. However, each DMU is in
practice may be composed of a series of sequential activities (sub-DMUs) occurring
in various sectors such as hospitals, universities, R&D and etc. One of the long-
standing challenge in DEA is whether a “black box” treatment of efficient production
behaviour without considering the internal structure is acceptable. Färe and Primont
(1984)’s study is the startingpoint in theDEAliterature for breakingdown theunknown
structure of electricity generation plants into several sub-processes. However, Färe and
Grosskopf (2000)’s study received a great deal of attention of researchers such as Yu
and Chen (2011) and Amirteimoori (2013) dealing with network DEA models.

A two-stage structure, namely two-stage data envelopment analysis (TsDEA), is one
of the simplest and best-known techniqueswithin networkDEA inwhich the first stage
uses inputs to produce outputs that then become the inputs to the second stage (Agrell
and Hatami-Marbini 2013). The second stage thus consume these first stage outputs to
produce its own outputs. One refers to the first stage outputs as intermediate measures.
Agrell and Hatami-Marbini (2013) provided an overview of TsDEA models that are
categorised into three groups; (1) two-stage process DEA models, (2) game theory
DEAmodels, and (3) bi-level programming. The two-stagemodels are the special case
of multi-stage framework where each DMU is composed of two divisions. The game
theory DEA models exploit the concept of non-cooperative and cooperative games
in game theory to treat the network structure of operations. The final group includes
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those methods which have been developed based on bi-level programming aiming to
evaluate the performance of a two-stage process in decentralised organisations.

Setting aside the black-box and networkDEAmodels, the negligence of uncertainty
inmeasuring and collecting the data might have adverse effect on the results. There are
fourmain approaches in the relevant literature to deal with uncertainty inDEAmodels.
First, interval DEA initiated by Cooper et al. (1999) aims to evaluate the relative
efficiency of units in the situations where the values of factors lie within the bounded
interval. Second, chance constrained DEA originally proposed by Land et al. (1993)
makes use of chance constrained programming to develop efficient frontiers where
the outputs are often assumed to be stochastic by a joint distribution and the inputs
are deterministic. Third, stochastic frontier analysis originated by Aigner et al. (1977)
and Meeusen and van den Broeck (1977), puts forward the existence of technical
inefficiencies of production of DMUs for producing a particular output, which can
be carried out for cross-sectional and panel data. Lately, Olesen and Petersen (2016)
reviewed stochasticDEA in three directions; deviations from the deterministic frontier,
random noise, and the stochastic frontier based on the production possibility set (PPS).
The last uncertainty approach in DEA is known as fuzzy DEA introduced by Sengupta
(1992), which is of interest to us in this study.

Hatami-Marbini et al. (2011) and Emrouznejad et al. (2014) classified the fuzzy
DEA models into six groups: the tolerance approach, the α-level based approach, the
fuzzy ranking approach, the possibility and credibility approach, the fuzzy arithmetic,
and the fuzzy random/type-2 fuzzy sets (see e.g., Saati et al. 2002; Lertworasirikul
et al. 2003; Wen et al. 2011; Ruiz and Sirvent 2017).

Although the neglect of the internal linking activities can be observed in the above
fuzzy DEA models, there are only few studies addressed the network DEA problems
with fuzzy data. Kao and Liu (2011) and Liu (2014a, b) developed the fuzzy version of
the relational two-stage model of Kao and Hwang (2008) to yield the fuzzy efficiency
by making use of a pair of two-level mathematical programs introduced by Kao and
Liu (2000). On the basis of the parallel production systems argued in Kao (2009,
2012), Kao and Lin (2012) utilised the idea of Kao and Liu (2000) to compute the
fuzzy system and process efficiencies for parallel systems when some input and output
data are characterised by fuzzy numbers. Taking into account Kao and Liu (2011,
2012), Lozano (2014a, b) proposed the alternative methods for computing the fuzzy
efficiencies of the distinctive stages. The difficulty has been observed in all the above-
mentioned fuzzy network DEA studies due to the nonlinear programming models.

In this paper, in line with the literature we put emphasis on the relational two-stage
model of Kao and Hwang (2008) to develop several new fuzzy TsDEA models using
the α-level based approach. Referring to Hatami-Marbini et al. (2011), the α-level
based approach is known as the most prevalent fuzzy DEA approaches in terms of
the number of existing studies. In addition, the α-level based approach takes various
values of α into account to keep track of the efficiency change when the possibility
level α varies. Importantly, the decisionmaker would benefit from the efficiency scores
with different α values to comprehend the sensitivity of the results to small variations.
Beyond technical efficiencies, we present the efficiency decompositions to determine
the sources of inefficiency in the fuzzy environment as well as presenting a method
for ranking the efficient DMUs.
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The structure of the paper is organised as follows: In Sect. 2, we briefly review the
two-stage DEA models and show how to compute the technical and scale efficiencies
with precise data. In Sect. 3, we generalise the two-stage models to deal with the
fuzzy inputs and/or outputs. In addition to global and pure technical efficiencies, we
introduce the efficiency decomposition in a fuzzy environment. The case study of 24
non-life insurance companies in Taiwan is presented to explain the efficacy of the
proposed method in Sect. 4. Finally, in Sect. 5, some conclusions are drawn.

2 Two-stage DEA model

Consider a set of n DMUs (j=1,…, n) consisting of two stages where the first stage
utilises m inputs x j � (x1 j , . . . , xmj ) ∈ R

m
+ to produce q intermediate measures z j �

(z1 j , . . . , zq j ) ∈ R
q
+, and the second stage generates s outputs y j � (y1 j , . . . , ys j ) ∈

R
s
+ using the intermediate measures. The structure is depicted in Fig. 1.
According to the CCR model, the efficiency of the whole process and the two

distinct stages for a specific DMUo under the constant returns to scale (CRS) can be
computed as (Agrell and Hatami-Marbini 2013):

Eo � max

⎧
⎨

⎩
uT yo
vT xo

∣
∣
∣
∣
∣
∣

uT y j
vT x j

≤ 1,∀ j,

u ≥ 0, v ≥ 0,

⎫
⎬

⎭

Stage (1) E1
o � max

⎧
⎨

⎩
wT zo
vT xo

∣
∣
∣
∣
∣
∣

wT z j
vT x j

≤ 1,∀ j,

w ≥ 0, v ≥ 0,

⎫
⎬

⎭

Stage (2) E2
o � max

⎧
⎨

⎩
uT yo
w̄T zo

∣
∣
∣
∣
∣
∣

uT y j
w̄T z j

≤ 1,∀ j,

u ≥ 0, w̄ ≥ 0,

⎫
⎬

⎭

(1)

where v and w are the weight vectors associated to the input and output (intermediate
measure) for Stage 1, respectively, and w̄ and u are the weight vectors associated to
the input (intermediate measure) and output for Stage 2, respectively. Besides, the
superscript T in the above models represents the transpose operator.

Kao and Hwang (2008) modified the conventional DEA model to define the link
between the two stageswithin thewhole production systemby setting w̄T � wT which
has not taken into account in the approach of Seiford and Zhu (1999). To make the
two-stage model relational, Kao and Hwang (2008) proposed the overall efficiency of
the system as the product of the efficiencies of the two stages with the identical weights

Fig. 1 A two-stage structure

Stage 1 Stage 2 
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for intermediate measures (i.e., Eo � E1
o × E2

o ). As a consequence, the input-oriented
model for measuring the overall efficiency of DMUo is expressed as follows:

Eo � max

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

uT yo
vT xo

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

uT y j
vT x j

≤ 1, ∀ j,
wT z j
vT x j

≤ 1, ∀ j,
uT y j
wT z j

≤ 1, ∀ j,

u ≥ 0, v ≥ 0, w ≥ 0,

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

. (2)

The constraint uT y j
/

vT x j ≤ 1 is redundant by the virtue of wT z j/vT x j ≤ 1 and
uT y j/wT z j ≤ 1. Model (2) is therefore expressed as follows:

Eo � max

⎧
⎪⎪⎨

⎪⎪⎩

uT yo

∣
∣
∣
∣
∣
∣
∣
∣

wT z j − vT x j ≤ 0, ∀ j,
uT y j − wT z j ≤ 0, ∀ j,
vT xo � 1,
u ≥ 0, v ≥ 0, w ≥ 0,

⎫
⎪⎪⎬

⎪⎪⎭

(3)

where Eo represents the overall efficiency of the production system. Let v∗, u∗ and
w∗ be the optimal values of model (3). The efficiencies of Stages 1 and 2, respectively,
can be calculated as E1

o � w∗T zo/v∗T xo and E2
o � u∗T yo/w∗T zo. However, these

efficiencies (E1
o and E

2
o )might not be unique because of non-uniqueness of the optimal

weights derived from model (3). To deal with the problem, the following model is
developed to seek a set of weights that produces the largest efficiency score for Stage
1 while preserving the overall efficiency at E∗

o :

E1
o � max

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

wT zo

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

uT yo � E∗
o ,

wT z j − vT x j ≤ 0, ∀ j,
uT y j − wT z j ≤ 0, ∀ j,
vT xo � 1,
u ≥ 0, v ≥ 0, w ≥ 0,

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(4)

where E∗
o is the optimal value obtained from model (3). Given that the efficiency

measures of the overall system and Stage 1 are obtained from models (3) and (4), one
attains the efficiency measure of Stage 2 as E2

o � E∗
o

/
E1∗
o . Note that model (4) can

be reformulated for Stage 2 if the decision maker gives a higher priority to Stage 2.
Writing the dual of model (3) for DMUo, we arrive at the following formulation

which is of interest particularly to economists as it pertains to Farrell’s measure and a
number of axioms:

Eo � min

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

θ

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θxo − ∑

j
λ j x j ≥ 0,

∑

j
(λ j − μ j )z j ≥ 0,

∑

j
μ j y j ≥ yo,

λ j , μ j ≥ 0, ∀ j.

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(5)
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As a special case, the conventional DEA model as a black box is made when
μ j � λ j for all DMUs in the above model. However, the inequality between μ j and
λ j majorly occurs for some DMUs to study the internal efficiencies. In addition, the
efficiency of Stage 1 can be measured using the dual of model (4) when E∗

o is the
overall efficiency of model (5):

E1
o � min

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

θ + hE∗
0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θxo − ∑

j
λ j x j ≥ 0,

∑

j
(λ j − μ j )z j ≥ z0,

∑

j
μ j y j + hyo ≥ 0,

λ j , μ j ≥ 0, ∀ j.

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(6)

Obviously, the efficiency of Stage 2 can be computed as E2
o � E∗

o

/
E1∗
o .

For the sake of computing the scale efficiency of each stage of system, we need
to formulate two different models for two processes of the production system under
the variable returns to scale (VRS) assumption. Kao and Hwang (2011) developed the
following models to preserve the relation between two processes in a way that models
(7) and (8) are the input- and output-oriented models, respectively:

B1
o � max

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

w′T zo − go

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

uT yo � E∗
o ,

wT z j − vT x j ≤ 0, ∀ j,
uT y j − wT z j ≤ 0, ∀ j,
(w′T z j − go) − vT x j ≤ 0, ∀ j,
vT xo � 1,
u ≥ 0, v ≥ 0, w ≥ 0, w′ ≥ 0,

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(7)

B2
o � max

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

uT yo

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

uT yo � E∗
ov

T xo,
wT zo � E1∗

o vT xo,
wT z j − vT x j ≤ 0, ∀ j,
uT y j − wT z j ≤ 0, ∀ j,
uT y j − (w′T z j − go) ≤ 0, ∀ j,
w′T zo − go � 1,
u ≥ 0, v ≥ 0, w ≥ 0, w′ ≥ 0,

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

(8)

where E∗
o and E1∗

o are the optimal objective value of (3) and (4), respectively. Con-
ventionally, the ratio of the CRS technical efficiency to the output VRS technical
efficiency is called scale efficiency. Adapted for the scale efficiency from the conven-
tional viewpoint, the ratio of the CRS efficiency to the VRS efficiency is the (input)
scale efficiency for Stage 1 as S1o � E1

o

/
B1
o and the (output) scale efficiency for Stage

2 as S2o � E2
o

/
B2
o where E1

o and E2
o are called the global technical efficiencies for

Stages 1 and 2, and B1
o and B2

o are called the pure (input and output) technical effi-
ciencies for Stages 1 and 2. Therefore, the scale efficiency of the system is the product
of the scale efficiencies of the two stages, i.e., So � S1o × S2o .
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In the next section, we look into the fuzzy TsDEA models associated to the above-
mentioned models to obtain the global and pure technical efficiencies in which the
inputs, outputs and intermediate measures are fuzzy numbers.

3 Fuzzy efficiency measurement

We presume that the observations (x̃ j , z̃ j , ỹ j ) associated to a given DMUj (j=1,…,n)
can be represented by x̃ j � (xlj , x

m
j , xuj ), z̃ j � (zlj , z

m
j , zuj ), and ỹ j � (ylj , y

m
j , yuj )

to deal adequately with the uncertainty in the performance assessment.1 The objective
of this section is to measure the performance of a two-stage production system where
the inputs and outputs are characterised by fuzzy numbers.

3.1 Global technical efficiency

Here,we develop the fuzzyDEAmodels to evaluate the overall efficiency of the system
and two stages efficiency scores in the input- and output-orientation cases.

By applying fuzzy inputs, intermediate measures and outputs to model (3), we
arrive at the following model for measuring the [input-oriented] overall efficiency of
DMUo:

Ẽo � max

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∑

r

ur ỹro

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∑

p
wp z̃ pj − ∑

i
vi x̃i j ≤ 0, ∀ j,

∑

r
ur ỹr j − ∑

p
wp z̃ pj ≤ 0, ∀ j,

∑

i
vi x̃io � 1,

ur , vi , wp ≥ 0, ∀r, i, p,

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

(9)

where “~” stands for the fuzziness in the above model. Due to the observations with
fuzzy numbers, the resulting efficiency Ẽo should also be a fuzzy number. Making use
of Zadeh’s extension principle (Zadeh 1978) is one of popular ways to determine the
membership function of Ẽo, denoted by μẼo

, which interprets the link between μẼo
and the membership function of x̃i j , ỹr j and z̃ pj as:

μẼo
(e) � sup

x,y,z
min{μx̃i j

(
xi j

)
, μỹr j

(
yr j

)
, μz̃ pj

(
z pj

)
,∀i, r, p, j |e � Eo (x, y, z)}

where Eo (x, y, z) can be obtained from Model (5). The idea of extension princi-
ple can be employed with respect to the α-levels of Ẽo (Nguyen 1978). Obviously,
the minimum of μx̃i j

(
xi j

)
, μỹr j

(
yr j

)
and μz̃ pj

(
z pj

)
, ∀i, r, p, j results in μẼo

(e).

Given a certain α-level, it is requisite that the values of μx̃i j

(
xi j

)
, μỹr j

(
yr j

)

and μz̃ pj

(
z pj

)
, ∀i, r, p, j are equal to or greater than the value of α where one

1 The overview of fuzzy sets theory and fuzzy numbers are briefly provided in “Appendix 1”.

123
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of them must be equal to α, resulting in the efficiency score which is equal to
e. Note that all α-levels have a nested structure, i.e., for 0 < α2 < α1 ≤ 1,[(
xi j

)L
α1

,
(
xi j

)U
α1

]
⊆

[(
xi j

)L
α2

,
(
xi j

)U
α2

]
,
[(
yr j

)L
α1

,
(
yr j

)U
α1

]
⊆

[(
yr j

)L
α2

,
(
yr j

)U
α2

]

and
[(
z pj

)L
α1

,
(
z pj

)U
α1

]
⊆

[(
z pj

)L
α2

,
(
z pj

)U
α2

]
. We therefore exert the α-level based

approach on the objective function and constraints of model (9) to get the following
interval programming model:

Eo � max

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∑

r

ur
�
yro

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∑

p
wp

�
z pj − ∑

i
vi

�
xi j ≤ 0, ∀ j,

∑

r
ur

�
yr j − ∑

p
wp

�
z pj ≤ 0, ∀ j,

∑

i
vi

�
xio � 1,

ur , vi , wp ≥ 0, ∀r, i, p.

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

(10)

where
�
xi j ∈ [αxmi j + (1 − α)xli j , αx

m
i j + (1 − α)xui j ], ∀i, j,

�
z pj ∈ [αzmpj + (1 − α)zlpj , αz

m
pj + (1 − α)zupj ], ∀p, j,

�
yr j ∈ [αymr j + (1 − α)ylr j , αy

m
r j + (1 − α)yur j ], ∀r, j.

It is essential to note that model (10) is a non-linear programming model. To create
the linear programming model, we substitute the new variables in model (10) in the
way that enables us to not only satisfy the constraint, but also maximise the objective
function. The resulting model is formulated below:

Eα
o � max

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

r

ȳro

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∑

p
z̄ pj − ∑

i
x̄i j ≤ 0, ∀ j,

∑

r
ȳr j − ∑

p
z̄ pj ≤ 0, ∀ j,

∑

i
x̄io � 1,

vi (αxmi j + (1 − α)xli j ) ≤ x̄i j ≤ vi (αxmi j + (1 − α)xui j ), ∀i, j,
ur (αymr j + (1 − α)ylr j ) ≤ ȳr j ≤ ur (αymr j + (1 − α)yur j ), ∀r, j,
wp(αzmpj + (1 − α)zlpj ) ≤ z̄ pj ≤ wp(αzmpj + (1 − α)zupj ),∀p, j,
ur , vi , wp, x̄i j , ȳr j , z̄ pj ≥ 0, ∀r, i, p, j,

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(11)

where x̄i j � vi
�
xi j , z̄ pj � wp

�
z pj and ȳr j � ur

�
yr j . The objective function of model

(11) proceeds with the identical idea of the conventional TsDEAmodel (3) to measure
the overall efficiency of the system Eα

o for a given α ∈ [0, 1]. That is, the system is
efficient Eα

o � 1 for a given α if both the first and second stages are efficient E1α
o �

E2α
o � 1. Over and above, model (11) is capable of computing the optimal values of

v∗, u∗ and w∗ of DMUo for a particular α. These optimal weights and considering
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the decomposition Eα
o � E1α

o × E2α
o make use of obtaining two stages efficiency

scores as E1α
o � w∗T zo/v∗T xo and E2α

o � u∗T yo/w∗T zo for all α-levels. However,
analogous to model (3), model (11) may have alternative optimal solutions which lead
to the identical optimal objective value and satisfying all constraints. Assuming high
priority in Stage 1 contrary to Stage 2, we propose the following program for a given
α level to compute the largest efficiency measure of Stage 1 while maintaining the
overall efficiency at Eα∗

o :

E1α
o � max

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

p

z̄ po

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∑

r
ȳro � Eα∗

o ,
∑

p
z̄ pj − ∑

i
x̄i j ≤ 0, ∀ j,

∑

r
ȳr j − ∑

p
z̄ pj ≤ 0, ∀ j

∑

i
x̄io � 1,

vi (αx
m
i j + (1 − α)xli j ) ≤ x̄i j ≤ vi (αx

m
i j + (1 − α)xui j ), ∀i, j,

ur (αy
m
r j + (1 − α)ylr j ) ≤ ȳr j ≤ ur (αy

m
r j + (1 − α)yur j ), ∀r, j,

wp(αzmpj + (1 − α)zlpj ) ≤ z̄ pj ≤ wp(αzmpj + (1 − α)zupj ), ∀p, j
ur , vi , wp, x̄i j , ȳr j , z̄ pj ≥ 0, ∀r, i, p, j.

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(12)

After we calculate the efficiency measure of Stage 1 (E1α∗
o ) using the above model

alongside preserving the overall efficiency (Eα∗
o ), the efficiency score of Stage 2 is

worked out as E2α
o � Eα∗

o

/
E1α∗
o . It should be emphasised that the same idea can be

accommodated to the circumstance where one gives priority to the second stage. A
DMU as whole and its Stage 1 (Stage 2) are called efficient if Eα∗

j � 1 and E1α∗
j � 1

(E2α∗
j � 1). Since the overall efficiency of DMU is the product of the efficiencies of

the first stage and the second stage, in the case of the efficient DMU leads to efficient
Stage 1 and efficient Stage 2.

It is interesting to investigate the output-oriented fuzzy TsDEAmodel that attempts
to maximise the outputs of the production system while consuming no more than the
observed value of any input is formulated as follows:

Fα
o � min

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

i

x̄io

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∑

p
z̄ pj − ∑

i
x̄i j ≤ 0, ∀ j,

∑

r
ȳr j − ∑

p
z̄ pj ≤ 0, ∀ j,

∑

r
ȳro � 1,

vi (αxmi j + (1 − α)xli j ) ≤ x̄i j ≤ vi (αxmi j + (1 − α)xui j ), ∀i, j,
ur (αymr j + (1 − α)ylr j ) ≤ ȳr j ≤ ur (αymr j + (1 − α)yur j ), ∀r, j,
wp(αzmpj + (1 − α)zlpj ) ≤ z̄ pj ≤ wp(αzmpj + (1 − α)zupj ), ∀p, j,
ur , vi , wp, x̄i j , ȳr j , z̄ pj ≥ 0, ∀r, i, p, j.

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(13)
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Likewise, a DMU and its Stage 1 (Stage 2) are called efficient if Fα∗
j � 1 and

F1α∗
j � 1 (F2α∗

j � 1).

Proposition The inverse of the optimal objective value of the input-oriented fuzzy
TsDEA model (11) equals to the optimal objective value of the output-oriented fuzzy
TsDEA model (13), i.e., Fα∗

o � 1
Eα∗
o
.

3.2 Pure technical efficiency and efficiency decomposition

Let us proceed with the evaluation of the system and two processes under the VRS
assumption when the input, output and intermediate data are represented by fuzzy
numbers. Models (7) and (8) can be expressed by the following fuzzy LP models to
obtain the pure technical efficiency measures for the first and second stages, respec-
tively:

B̃1
o � max

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

w′T z̃o − go

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

uT ỹo � E∗
o ,

wT z̃ j − vT x̃ j ≤ 0, ∀ j,
uT ỹ j − wT z̃ j ≤ 0, ∀ j,
(w′T z̃ j − go) − vT x̃ j ≤ 0,∀ j,
vT x̃o � 1,
u ≥ 0, v ≥ 0, w ≥ 0, w′ ≥ 0.

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(14)

B̃2
o � max

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

uT ỹo

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

uT ỹo � vT x̃oE∗
o ,

wT z̃o � vT x̃oE1∗
o ,

wT z̃ j − vT x̃ j ≤ 0, ∀ j,
uT ỹ j − wT z̃ j ≤ 0, ∀ j,
uT ỹ j − (w′T z̃ j − go) ≤ 0,∀ j,
w′T z̃o − go � 1,
u ≥ 0, v ≥ 0, w ≥ 0, w′ ≥ 0.

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

(15)

where x̃ j � (xlj , x
m
j , xuj ), z̃ j � (zlj , z

m
j , zuj ), and ỹ j � (ylj , y

m
j , yuj ) are the fuzzy

input, intermediate and output values of the jth DMU, respectively. The objective
value of (14), B̃1

o , is the pure [input] technical efficiency of Stage 1 and the objective
value of (15), B̃2

o , is the pure [output] technical efficiency of Stage 2. Likewise, the
following models are developed using the α-level based approach to solve the above
fuzzy LP models:
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B1α
o � max

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

p

z̄′po − ḡo

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∑

r
ȳro � Eα∗

o ,
∑

p
z̄ pj − ∑

i
x̄i j ≤ 0, ∀ j,

∑

r
ȳr j − ∑

p
z̄ pj ≤ 0, ∀ j,

(
∑

p
z̄′pj − ḡo

)

− ∑

i
x̄i j ≤ 0, ∀ j,

x̄io � 1,
vi (αxmi j + (1 − α)xli j ) ≤ x̄i j ≤ vi (αxmi j + (1 − α)xui j ), ∀i, j,
ur (αymr j + (1 − α)ylr j ) ≤ ȳr j ≤ ur (αymr j + (1 − α)yur j ), ∀r, j,
wp(αzmpj + (1 − α)zlpj ) ≤ z̄ pj ≤ wp(αzmpj + (1 − α)zupj ), ∀p, j,
w′

p(αz
m
pj + (1 − α)zlpj ) ≤ z̄′pj ≤ w′

p(αz
m
pj + (1 − α)zupj ), ∀p, j,

αgm + (1 − α)gl ≤ ḡo ≤ αgm + (1 − α)gu,
u ≥ 0, v ≥ 0, w ≥ 0, w′ ≥ 0.

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(16)

B2α
o � max

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

r

ȳro

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∑

r
ȳro � Eα∗

o
∑

i
x̄io,

∑

p
z̄ po � E1α∗

o
∑

i
x̄io,

∑

p
z̄ pj − ∑

i
x̄i j ≤ 0, ∀ j,

∑

r
ȳr j − ∑

p
z̄ pj ≤ 0, ∀ j,

∑

r
ȳr j − (

∑

p
z̄′pj − ḡo) ≤ 0, ∀ j,

∑

p
z̄′po − ḡo � 1,

vi (αxmi j + (1 − α)xli j ) ≤ x̄i j ≤ vi (αxmi j + (1 − α)xui j ), ∀i, j,
ur (αymr j + (1 − α)ylr j ) ≤ ȳr j ≤ ur (αymr j + (1 − α)yur j ), ∀r, j,
wp(αzmpj + (1 − α)zlpj ) ≤ z̄ pj ≤ wp(αzmpj + (1 − α)zupj ), ∀p, j
w′

p(αz
m
pj + (1 − α)zlpj ) ≤ z̄′pj ≤ w′

p(αz
m
pj + (1 − α)zupj ), ∀p, j,

αgm + (1 − α)gl ≤ ḡo ≤ αgm + (1 − α)gu

u ≥ 0, v ≥ 0, w ≥ 0, w′ ≥ 0.

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(17)

On the one hand, models (16) and (17) yield the pure input and output efficiency
measures for a given α ∈ [0, 1]. On the other hand, the optimal values of B̃1∗

o and B2α∗
o

alongside E1α∗
o and E2α∗

o can be utilised to define three efficiency decompositionswith
respect to the internal structure with the aim of identifying the source of inefficiency
in the fuzzy environment. In this regard, the (input) fuzzy SE for Stage 1 and (output)
fuzzy scale efficiency (SE) for Stage 2 apropos of a certain α level can be computed
as S1αo � E1α∗

o

/
B1α∗
o and S2αo � E2α∗

o

/
B2α∗
o , respectively. In addition, the fuzzy SE

of the system can be the product of the fuzzy SE for Stage 1 and Stage 2, i.e.,Sα
o �

S1αo × S2αo . Stage 1 or Stage 2 is recognised as the most productive scale size for
a given α level if its fuzzy SE measure is one, that is, the stage is efficient in both
the CRS and VRS models. It is obvious that a system is up and running in the most
productive scale size for a given α level as soon as both Stage 1 and Stage 2 are the
most productive scale size. For a given α level, if Stage 1 (Stage 2) is efficient under
the VRS but inefficient under the CRS, then it is up and running locally efficiently
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but not globally efficiently thanks to the scale size of Stage 1 (Stage 2). We finally
define a decomposition of efficiency for Stage 1 and Stage 2 as E1α

o � S1αo × B1α
o

and E2α
o � S2αo × B2α

o , respectively, that can be deployed to pinpoint the sources of
inefficiency for a given α level. That is, the inefficiency of Stage 1 (i.e.,E1α

o < 1)
bespeaks the inefficient operation (i.e.,B1α

o < 1), scale inefficiency (i.e.,S1αo < 1) or
both operation and scale inefficiency (i.e. B1α

o < 1 and S1αo < 1). Clearly, the same
can be applied to identify the sources of inefficiency for Stage 2. Interestingly, we can
decompose the efficiencymeasure of the system as Eα

o � S1αo ×S2αo ×B1α
o ×B2α

o . This
decomposition including four components from the internal processes is informative
for evaluating the sources of inefficiency.

3.3 Efficiency ranking in fuzzy TsDEA

For a given α, we report three set of efficiencies which are associated to the whole
production system, Stage 1 and Stage 2 using the proposed fuzzy TsDEA models.
Although it is possible that there is no efficient DMU with an efficiency score of 1,
one may observe several efficient units in each efficiency set which reveal the lack of
sufficient discriminatory power. In certain occasions, the manager will seek to obtain a
fully efficiency ranking and to be able to discriminate among all DMUs and processes.
To improve the discriminatory power of TsDEA, we adapt the idea of super-efficiency
approach introduced by Andersen and Petersen (1993) to provide a full ranking where
the observations are characterised by the triangular fuzzy numbers. Let us first focus on
the dual model (5) in the fuzzy environment which is here of interest to rank efficient
systems. The fuzzy dual model for the two-stage structure is given in (18).

Eα
o � min

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

θ

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θ x̃o − ∑

j
λ j x̃ j ≥ 0,

∑

j
(λ j − μ j )z̃ j ≥ 0,

∑

j
μ j ỹ j ≥ ỹo,

λ j , μ j ≥ 0, ∀ j.

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(18)

where x̃ j � (xlj , x
m
j , xuj ), z̃ j � (zlj , z

m
j , zuj ), and ỹ j � (ylj , y

m
j , yuj ) represent the

fuzzy input, intermediate and output values of the jth DMU. The α-level concept is
similarly adapted to transform the fuzzy data to the intervals where α lies within [0,1].

Eα
o � min

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

θ

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θ
�
xo − ∑

j
λ j

�
x j ≥ 0,

∑

j
(λ j − μ j )

�
z j ≥ 0,

∑

j
μ j

�
y j ≥ �

yo,

λ j , μ j ≥ 0, ∀ j.

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

(19)
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where

�
xi j ∈ [(αxmi j + (1 − α)xli j ), (αx

m
i j + (1 − α)xui j )], ∀i, j,

�
z pj ∈ [αzmpj + (1 − α)zlpj , αz

m
pj + (1 − α)zupj ], ∀p, j,

�
yr j ∈ [αymr j + (1 − α)ylr j , αy

m
r j + (1 − α)yur j ], ∀r, j.

We propose an alternative method for solving model (19) according to the concept
of super-efficiency DEA model for determining a piece-wise linear empirical best
practice frontier in the absence of the DMU under evaluation and constituting the
basis for comparing the DMUs. Given the interval observations in model (19), the
best point associated with a DMUo under evaluation which is the lower bound of
inputs and upper bound of outputs is deployed to compare to its other points of DMUo

and remaining DMUj, j=1,…, n (i.e., the inner region of production frontier). In other
words, if the best point of the DMUo is laid in a location out of the production frontier,
its efficiency score is greater than one. More importantly, we need to scrutinise the
intermediate constraint in the above model where the shadow prices μ j and λ j in

the constraint
∑

j (λ j − μ j )
�
z j ≥ 0 correspond to the two different constraints of

its multiplier model which literally lead to two input and output roles for
�
z j as an

intermediate measure. We hence re-write this constraint as
∑

j λ j
�
z j − ∑

j μ j
�
z j ≥ 0

where thefirst component
∑

j λ j z j plays as anoutput role and the secondone
∑

j μ j z j
plays as an input role. This idea allows us to evaluate the efficiency of DMUo by taking
its best part, i.e., (xo, yo)� [αxmo + (1 − α)xlo, αy

m
o + (1 − α)yuo ] and the worst part

for other DMUs, i.e., (xj, yj)� [αxmj + (1− α)xuj , αy
m
j + (1− α)ylr j ]. In addition, zj is

divided into (αzmj +(1−α)zlj ) and (αz
m
j +(1−α)zuj ) with respect to its output and input

roles. The resulting LP problem based on the modified constraints and comparison of
intervals is presented as follows:

Eo � min

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

θ

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θ (αxmo + (1 − α)xlo) − ∑

j
λ j (αxmj + (1 − α)xuj ) ≥ 0,

∑

j
λ j (αzmj + (1 − α)zlj ) − ∑

j
μ j (αzmj + (1 − α)zuj ) ≥ 0,

∑

j
μ j (αymj + (1 − α)ylj ) ≥ (αymo + (1 − α)yuo ),

λ j , μ j ≥ 0, ∀ j.

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(20)

It should be noted that the rankings of inefficient DMUs do not alter by means of
the proposed model (20). Likewise, we develop the following programming model
for a given α based upon the dual model (6) as the occurrence of multiple efficient
sub-processes is highly probable:
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E1
o � min

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

θ + hEo

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θ(αxmo + (1 − α)xlo) − ∑

j
λ j (αxmj + (1 − α)xuj ) ≥ 0,

∑

j
λ j (αzmj + (1 − α)zlj ) − ∑

j
μ j (αzmj + (1 − α)zuj ) ≥ (αzmo + (1 − α)zuo ),

∑

j
μ j (αymj + (1 − α)ylj ) + h(αymo + (1 − α)yuo ) ≥ 0,

λ j , μ j ≥ 0 ∀ j.

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(21)

Due to priority given to Stage 1, we evaluate the efficiency of the first stage, and
consequently zo of DMU under evaluation is treated as the output. This explains why
we consider (αzmo + (1 − α)zuo) in the second constraint of the above model. We can
proceed in a similar way to rank the second sub-processes when giving priority to
Stage 2 as formulated below.

E2
o � min

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

θ

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∑

j
λ j (αxmj + (1 − α)xuj ) + hEo(αx

m
o + (1 − α)xlo) ≤ 0,

∑

j
λ j (αzmj + (1 − α)zlj ) − ∑

j
μ j (αzmj + (1 − α)zuj ) ≥ 0,

∑

j
μ j (αymj + (1 − α)ylj ) ≥ (αymo + (1 − α)yuo ) − h,

λ j , μ j ≥ 0, ∀ j.

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(22)

Thought the above discussion for the ranking of the efficient DMUs and stages can
be generalised to the models under the VRS assumption, the models can suffer from
infeasibilities (see e.g. Hatami-Marbini et al. 2017).

4 Non-life insurance companies in Taiwan: an illustrative example

The operation in a non-life insurance company includes premium acquisition as Stage
1 and profit generation as Stage 2 (Kao and Hwang 2008). Stage 1 calls particular
attention to clients who pay direct written premiums and to other insurance companies
which pay reinsurance premiums. Stage 2 utilises premiums as capital for the purpose
of investment to make a profit.

The inputs for Stage 1 (premium acquisition) are operating expenses (x1) and
insurance expenses (x2) to be consumed to generate direct written premiums (z1) and
reinsurance premiums (z2) as two intermediate measures which are in fact the inputs
of the Stage 2 (profit generation) to produce underwriting profit (y1) and investment
profit (y2). The data set involving 24 non-life insurance companies is taken from Kao
and Liu (2011) where triangular fuzzy numbers are utilised to deal with uncertainty.
The data set is reported in Table 1. Let us now analyse this problem using the models
proposed in this study. First, models (11) and (13) are used for five different possibility
levels (0, 0.25, 0.5, 0.75, 1) to calculate the technical efficiency of 24 insurance com-
panies from input and output orientations, which are given in Table 2. The possibility
level α�0 shows the efficiency score that is less likely to occur while the possibility
level α�1 shows the efficiency score that is most likely to happen. For two α levels
(0 and 0.25), DMU5 is 100% efficient, i.e.,E0

5 � E0.25
5 � 1, but it is no longer to be
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100% efficient by increasing α level. Table 2 bespeaks that as the value of α increases,
the efficiency score becomes equal or smaller.

The inherent property of the conventional DEA model under the CRS with pre-
cise data is the direct relationship between the optimal solution of the input- and
output- oriented models. Analogously, Table 2 allows us to show that the optimal
solution of the proposed output-oriented model (13) is the inverse of the proposed
input-oriented model (11) for a specific α level. For instance, the efficiency of DMU4
is 0.392 when α�0.25 and its inverse is 2.551 (=1/0.392) that is exactly derived from
the output-oriented model (13). In addition, looking at the ranking of the companies
for the different α levels can be informative and useful as shown in Table 2. DMU5 is
possibilistically superior all the time, followed by DMU12 and DMU1 while DMU24
stands at the end of the ranking list. The ranking of DMUs for all possibility levels
are exactly identical with the exception of DMUs {6, 19, 23}. In spite of possibility
levels, DMU11 and DMU24 are classified as two companies with the weakest perfor-
mance that may emerge from the ineffective functioning of two stages. It is assumed
that Stage 1 (premium acquisition) has a higher priority than Stage 2 (profit genera-
tion) since profit generation is not obtainable unless providing an efficient marketing
process. We thereby apply model (12) to measure the efficiency of the first stage mea-
sures while preserving the system efficiency at Eα∗

o . Afterwards, the efficiency of the
second stage measures are calculated via E2α

j � Eα∗
j /E1α∗

j . The resulting stage effi-
ciencies for α�0, 0.25, 0.5, 0.75, 1 are shown in Table 3, where E1 and E2 represent
the efficiency of Stage 1 and Stage 2, respectively. DMUs {9, 12, 15, 19} perform
efficiently in the premium acquisition process (Stage 1) for all predefined possibility
levels, and DMUs {3, 22} are efficient for in the profit generation process (Stage 2)
for all predefined possibility levels.

As can be seen in Table 3, the stage efficiency scores of all DMUs do not exceed as
the value of α increases with an exception of DMU8 for Stage 1 from α�0.75 to α�1,
that is, the number of efficient companies, particularly in the first stage, significantly
decreases as the value of α increases. For example, at α�0 half of companies in
their first process are classified into the efficient set while it turns into about 17% at
α�1. Also, the ranking of the companies as per their efficiencies are presented in the
parentheses in Table 3.

Generally, the results are almost identical and the big difference especially occurs
when an efficient company at a lower value of α is transformed to inefficient one at a
greater value of α. Put differently, a greater value of α gives rise to the enhancement of
the discrimination power of the model. It should be noted that the same as the result
calculated from efficiency assessment for the whole systems (see Table 2), DMU5 is
only 100% efficient in the first and second stages at α�{0, 0.25}. In addition, the
weak performance of DMU11 and DMU24 is observable for two stages that can be
the sources of relative inefficiency of their systems. It can be observed that due to the
relationship between the system and processes efficiencies, the overall efficiency is
always less than or equal to the efficiencies of the first stage and the second stage for
a given possibility level. The efficiency of Stage 2 is no greater than Stage 1 for all α
levels, apart from companies 3, 5 and 22.

Let us take account of the Wilcoxon Signed-Rank test as a non-parametric statisti-
cal hypothesis test to pinpoint whether the difference between the efficiency scores of
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each pair of models is significant. We perform this test for assessing the discrepancy
between the efficiencies of Stage 2 and Stage 1 for the various α levels. The resulting z-
statistic and p value for α�0, 0.25, 0.5, 0.75 and 1 are (−1.5968, 0.1096), (−1.4751,
0.13888), (−0.9286, 0.35238), (−0.5844, 0.56192) and (−0.2922, 0.77182), respec-
tively. Resultantly, the null hypothesis is rejected at the 5% and 1% levels for all
α levels, meaning that there is statistically difference between the efficiency scores
of two internal processes. This finding bespeaks that the performance of the whole
production system is highly dependent on the first stage (profit generation).

Calculating two component efficiencies as well as the overall efficiency can assist
an organization in determining the sources of inefficiency that trigger inefficiency. At
present, it also necessitates to focus on the decomposition of scale efficiencies to delve
into alternative sources of inefficiencies. To this end, we calculate the pure input and
output [technical] efficiencies associated to two stages of all the companies (B1α

j and

B2α
j ) using models (16) and (17), respectively. These results are presented in Table 4.

We can observe more efficient companies because the assumption of variable returns
to scale is deemed. As such, 34 and 13 per cent of companies in the first and second
stage, respectively, are efficient at all levels. Apart from units {3, 17 and 22}, Stage 1
equals or outperforms Stage 2 in terms of efficiency measures reported in Table 4.

Moreover, the efficiency measures of units are not risen by increasing α level,
implying that the efficiency measures at α�1 is the lowest possible scores for two
stages. By making use of efficiencies calculated and reported in Tables 3 and 4, we
obtain the input fuzzy SE of Stage 1 and output fuzzy SE of Stage 2 for different α

levels to identify alternative source of inefficiency.
Furthermore, the fuzzy SE of the system as the product of the fuzzy SE for Stage 1

and Stage 2 yields further insights about the overall technical and scale efficiency of
each insurance company (see Table 5). Companies {12, 15, 22} are identified as the
most productive scale size for all α levels as their SE scores for Stage 1 and Stage 2
are equal to 1. Based on the decomposition E1α

o � S1αo × B1α
o and E2α

o � S2αo × B2α
o ,

we enable to identify whether inefficiency of Stages 1 and 2 pertains to the inefficient
operation, scale inefficiency or both operation and scale inefficiency for a givenα level.
For further clarification, consider DMU8 for α�0.25. The overall system efficiency of
this company is 0.345, that is, 65.5% of its performance is far from the best practice. To
look into the inefficiency sources and take appropriate actions, the production process
is broken down into two processes for measuring its global and pure efficiency, that
are 0.769 and 0.933 for the first stage, and 0.449 and 0.483 for the second stage. That
is to say that the inefficiency measures for stages 1 and 2 under the CRS condition
are 0.231 and 0.551 and, under the VRS condition, are 0.067 and 0.517. On the other
hand, the scale efficiency measures of this company that are 0.824 and 0.929 for the
1st and 2nd stage allow us to identify other sources of inefficiency. Since the global
and pure efficiency measures of two processes associated with DMU8 are less than
unity, this company is destructively affected by both operation and scale inefficiency.
Finally, due to the weak discriminatory power of Stage 1 under CRS condition, we
apply model (21) to the efficient units with the aim of ranking these units for a certain
α level. The optimal objective values for efficient units which are greater than or equal
to one are provided in parenthesis of Table 3.
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5 Conclusions

This paper looks into internal structures of a production system to evaluate its per-
formance against the estimated best practice when the qualitative and imprecise data
must be regarded by an evaluator or decision-maker. In the case of some fuzzy data,
we present two-stage data envelopment analysis (TsDEA) models to calculate the
global and pure technical efficiencies of a system and sub-processes. The devel-
oped TsDEA models render the assessment results further informative and useful
since we enable to precisely identify sources of inefficiencies throughout the key
course of actions of a complicated system under evaluation. In addition, we thor-
oughly study the efficiency decompositions in terms of scale efficiency to indicate the
sources of inefficiency as well as presenting a method for ranking the efficient units.
An empirical analysis is also presented to illustrate the applicability of the proposed
approach.

The framework explored in this research can potentially lend itself to many prac-
tical applications, especially supply chain management. We plan to implement the
proposed models in a real-world problem to demonstrate the practical and managerial
implications, which are of great interest to managers and practitioners. The proposed
framework enables us to study structures with two subsequent processes while there
are many systems which consist of more than two sub-processes. The development of
a more generalised framework with more complicated series and parallel production
systems would be an interesting direction for future research.

Appendix 1. Fuzzy sets theory

This appendix reviews some basic definitions of fuzzy sets theory and fuzzy numbers
(Zimmermann 1996).

Let U be a universe set. A fuzzy set M̃ in the universe set U is defined by the
membership function μM̃ (x) → [0, 1] where ∀x ∈ U → μM̃ (x) stands for the
grade of membership of M̃ in U. A fuzzy subset M̃ is said to be normal and convex if
sup
x∈U

μM̃ (x) � 1 and μM̃ (λx + (1 − λ) y) ≥ (
μM̃ (x) ∧ μM̃ (y)

)
,∀x, y ∈ U,∀λ ∈

[0, 1], respectively, where∧ is the minimum operator. A fuzzy number is a normal and
convex fuzzy subset with a given membership whose grade varies between 0 and 1.
A triangular fuzzy number, denoted as M̃ � (l,m, u), is the most widely used fuzzy
numbers in practice and theory with the following membership function:

μM̃ (x) �

⎧
⎪⎪⎨

⎪⎪⎩

x−l
m−l , l ≤ x ≤ m
u−x
u−m , m < x ≤ u

0, otherwise

Note that a crisp numberM is a special case of the triangular fuzzy number in which
l � m � u.
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