CALCOLO 38, 97-112 (2001) CALCOLO

© Springer-Verlag 2001

Stopping criteria for iterative methods:
applications to PDE’s

M. Arioli 1, E. Noulard?, A. Russd

1 |stituto di Analisi Numerica del C.N.R., Via Ferrata 1, 27100 Pavia, Italy
e-mail: arioli@dragon.ian.pv.cnr.it; russo@dragon.ian.pv.cnr.it

2 Laboratoire d’'Informatique et de Mathématiques Appliquées de TENSEEIHT,
2 rue Charles Camichel, 31071 Toulouse Cedex, France
e-mail: noulard@enseeiht.fr

Received: March 2000 / Accepted: October 2000

Abstract. We show that, when solving a linear system with an iterative
method, itis necessary to measure the error in the space in which the residual
lies. We present examples of linear systems which emanate from the finite
element discretization of elliptic partial differential equations, and we show
that, when we measure the residuaHn(Q2), we obtain a true evaluation

of the error in the solution, whereas the measure of the same residual with
an algebraic norm can give misleading information about the convergence.
We also state a theorem of functional compatibility that proves the existence
of perturbations such that the approximate solution of a PDE is the exact
solution of the same PDE perturbed.

1 Introduction

Stationary physical phenomena are often driven by elliptic partial differential
equations. The discretization of equations of this kind often leads to a real
N x N linear systemA - x = b, which is normally solved by Krylov-based
methods such as Conjugate Gradient ([8]) wheis symmetric positive
definite or GMRES ([12]) in the general case. At each iteration step we
compute an approximatiati” € RV of the solution of the linear system.

It is necessary, at this point, to introduce a stopping criterion in order to test
whetherx ™ is accurate enough for our purposes.
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delle Ricerche” (Pavia, Italy) through the European programme HCM, contract no:
ERBCHRXCT930420.
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In previous reports ([9, 2]) stopping criteria based on a backward error
analysis of the algebraic problem were presented. In those reports, the al-
gebraic residugh™ = A - x™™ — b was computed. By using a norm of the
latter, it is possible to test whether the norm of the perturbations, for which
x™ is the exact solution of a perturbed version of the original linear system,
is sufficently small.

Inthe present paper, we focus on the fact that, when considering Galerkin-
type discretizations of partial differential equations, the residttablefined
above is the discrete counterpart of a linear functioR&?, which belongs
to the dual of the space that contains the exact solution. In particular, we
want to show the difference between the algebraic and the functional con-
vergence of a Krylov-based method when this method is applied to a linear
system, which comes from the Galerkin discretization of an elliptic partial
differential equation. We present the advantages of measuring the residual
in the correct norm.

In Sect. 2, we define the abstract variational problem and its Galerkin
discretization. In Sect. 3, we consider an elliptic partial differential equation
in divergence form, and with a solution defined in the Sobolev spg¢e).

We introduce the measure of the residual on the corresponding dual space
(Hg(R)) = HH(Q).

In Sect. 4, we describe a perturbation theory, in functional spaces, which
generalizes that of Rigal and Gaches ([11]). In particular, we introduce a
functional backward error analysis in such a way that an approximate finite
dimensional solution may be considered as the exact solution of a perturbed
version of the original continuous differential problem.

Finally, in Sects. 5 and 6, we describe practical aspects, test problems
and numerical experiments.

2 The Galerkin framework

Suppose that we have a boundary value problem for a differential equation
that can be set in the usual variational framework (a concrete example will
be stated in Sect. 3). This means that we have a Hilbert spaedth a
scalar product- , -)y, an induced nornjj - ||y, a bilinear formB onV x V

and a linear forn. on V with the following properties:

B is continuous orV x V, i.e.,

dM suchthavu,v € V, B(u, v) < M| u|lv|vlv;
B is coercive, i.e.,

Ay > 0,Vu €V, [Bu,u)| = yslul?:

L is continuous otV i.e.,

Vu eV, [Lw)| < Cluly.

(H)
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We denote by3L(V) the space of continuous bilinear forfisx V. — R,
and by V'’ the topological dual space &f. ThenV’ is equipped with the
classical dual norm:

|F()|
IFllyy = sup ——
vevvioy Ivlly

The so-called variational formulation of the boundary value problem can
then be written as follows:
P) findu € V such that
B(u,v)=LWw)VYveV.

Itis well-known (Lax—Milgram Lemma) that, under assumpt{@f), prob-
lem (P) has a unique solution that depends continuously on the data (cf.,
e.d., [5]). The Galerkin discretization method consists in choosing a finite
dimensional subspadé, of V and then solving probler®) onV,, i.e.,

find u;, € V, such that

(Pn

B(uh, vh) = L(vh) Vvh € Vh.
Problem(P), still has a unique solution, becauBeand L, when restricted
to V,,, satisfy properties#) (obviously we setv, |y, = llvillv Y vi € V).

.....

problem(P), is equivalent to the linear system:

N
> B(¢j.¢u; = L), i=1....N

j=1

which can be written:

x = b, where

A= ( z])lngN,lgjgNs with ajj = B(‘b],‘bz)
x = (xj)1<j<n, Withx; = u;,

b= (bi)1<i<n, With b; = L(¢;).

If we solve the linear system with an iterative method, at stepe will
have an approximate solutiot¥ = (x(")) e R" with the corresponding

ul” € v, given byu!"” = Y, (”)qs,
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3 Atest problem

Let @ c R? be a convex polygonal domain. We consider the following
elliptic boundary value problem (generally non-symmetric) which is defined
in Q:

{—div(vVu)+ﬁ-Vu+ozu =finQ (1)

u=0 ono

wherev € L®(Q), B € [CH(Q)]?, a € L®(RQ), f € L*(Q). We assume the
coerciveness hypothesesOvmin < V(x) < Vmax < +00 and—%divﬂ +

a > 0 pointwise. As usual, we denote B (2) the Hilbert space of square-
integrable functions, which are defined &y with square-integrable first
derivatives. Ther7%(Q2) is equipped with the scalar product and induced

norm:
(u,v)z/uv—i—/Vqu
Q Q

1
2
Il = @, u)? = (/ u2+/ |Vu|2> .
Q Q

Hy(Q) = {ve HY(Q), v}, = 0}.

It is well-known that the semi-norm ol 1(2) given by

1
2
ulig = (/ |W|2)
Q

is indeed a norm o} () (Poincaré Lemma). In this waf}(Q) is a
Hilbert space with scalar product

We then set

(u,v) = / VuVv
Q

and induced nornu|1 . We denote by ~1(Q2) the topological dual space
of Hy(2). Problem (1) can then be written, in variational form, as follows:

findu € H}(Q) such that
/ vVu - Vv-l—/(ﬂ . Vu)v—i—/auv =/ fv, Yve Hol(SZ),
Q Q Q Q

where, referring to the previous section, we have- H3 (),

B(u,v):/ vVu-Vv+/(ﬂ-Vu)v+/auv,
Q Q Q

(P)
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andL(v) = [, fv. Using the hypotheses stated above it is readily shown
that B is continuous and coercive aii(2) andL € H~1(R). A finite
element discretization of proble¢®) with the use of continuous piecewise
linear elements can be described briefly as follows (for the sake of simplicity,
we assume that all integrals are computed exactly).7L.die a family of
triangulations ofQ2, i.e., each7, is a set of disjoint triangle$7'} which
covers2 in such a way that no vertex of any triangle lies in the interior
of an edge of another triangle. We assume thais compatible with the
polygonal boundary of2. Leth = ;ngrxdiam(T). Consider then the space

€/h

Vi={v:Q—>RveC’Q),v,, =0, islinearvT e 7,}.

ThusV, C HO(Q) Next we describe the usual finite element basisifor
Let {P },_1 be the set of internal vertices @, (i.e., we exclude the
vertices Iylng onaQ) Thenforallj, 1 < j < N, we define the function
¢j eV by

1,i=j
(P) =
PP {o, oy
and then we extend it linearly on each triandlelt is easy to show that
{¢j} v Is a basis forV,,; hence, dinVj, = N. The finite element ap-

.....

prOX|mat|on(7>)h of problem(P) is then

find u;, € vV, such that:

(P /Vvuh‘vvh+/(ﬂ'vuh)vh+/ aupvy, =/ Sfon,
Q Q Q Q
Vvh € Vh.

As shown in the previous section, problefR), is equivalent to a linear
systemA - x = b, with
ajj = B(¢;, ¢;) = / vWo; -V, + f (B-Vo;)¢ +f adip;
Q Q Q

andp; = fQ f¢;. If we use an iterative method, at each step we will have a
vectorx™ e R, which in turn identifies a function{” = "7 x"¢; €

V, and a residuaR\” e V; (V/ is the topological dual space ) which
is defined by

(”)(vh) = f (vVuZ”) Vo, + (B - Vu(”))vh + ocuh Doy — fvh>
Q

Vvh e V.
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3.1 Measuring the residual

We want to measure the norm 8f* in V,. This can be done, for instance,
by solving the discretization of the Poisson problem

{—Ap:R in Q 2)

po=0 o0naoQ

in the same spack,. The Poisson problem (2) induces an isométmn p
betweer ~1(Q) andH (2); we will see that its discretization dr induces
an isometry betweef, and V,. Let R, € V, (for simplicity we omit
the superscript”), and letp, be the solution of the following variational
problem:

/ V,OhVUh = Rh(Uh) VUh (S Vh. (3)
Q
Then
VoV
| Ry, (V)| /
[Rullyy = sup ———— = sup = 4)
wevin\or |vrlLe wmevi\o)  lvrlue

Consequently, fop, = p, in (4),

|;0h|%gz
I Rullv;, = :
lonlLo

and from the Cauchy—Schwarz inequality in (4) we obtain

= |pnl1Q,

lonlselvnlie
[Rully, = sup —————— =|pmlre;
wmevi\o)  lvrlpe

and then
IRrllv; = |Prl1q-

The variational problem (3) is, in turn, equivalent to the linear systeRi'in
® - p = R, whered;; = [, Vo, - Vo, p = (p;) € R" are the components

of p, with respect to the basigs;} andR = (R;), i = 1,..., N, with
Ri = Ry(#). If vy € Vi, vy = S, iy, then

N
wla= [ V0= > v, [ Vo Vo=@ vw.
Q Q

i,j=1
Hence,
lolig=(®-p.p)=(®- & RO R =(R O R).

Thus, from the computational point of view, we have to solve a linear system
and compute a scalar product.
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Remark 1 Using the previous arguments we can also prove that
IL4lly, = (. @71 b,

whereL, = L|y,. Moreover, becausé is symmetric, the following in-
equalities are satisfied

-1/2 —1,1/2
191, 2IRN2 < IRullyy < 197 2IR] 2, (5)
and
-1/2 —1,1/2
1117 Y21bll2 < I1Lally; < 19711212112, (6)

where|.||2 denotes the usual Euclidean norm of a vector and the spectral
algebraic norm of a matrix.

4 Theoretical study

Inthis section, we state some results in perturbation theory within an abstract
setting. Those who have some knowledge of matrix perturbation theory will
recognize equivalent results for the compatibility of the solution of a linear
system (see [11,9]).

4.1 Afunctional perturbation of problem (P)

Letu € V be an approximation of the solutione V of the problem(P)
stated in Sect. 1. We want to prove the following theorem.

Theorem 1 (Compatibility) We have the following equivalence.

38B € BL(V),38L € V' such that: loally < allilly + B,
(B+6B)(u,v) =(L+68L)(v), where p; € V' isdefined by
Yv eV, and < {(pi, v)y.y = B@ii,v) — L(v)
18BllBevy < a, I8LIlv < B. VvelV.

Proof The proof will be given under the assumption ti¥ais only a Ba-

nach space, thereby showing that the theorem holds even in a more general
situation. For this reason, in this proof (and only here), we use the notation
of duality pairs.

= This is obvious.

<: We will build two perturbations oB and L, respectivelyd B andsL,

such that

B(u,v)+38B(t,v) = L(v) + SL(v)Vv e V.
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We set
VYueV,{(py,v)yy=Bu,v)—L),YveV,

thenp, € V'. We denote by, € (V') = V" the element of the bi-dual of
V which is associated to in the canonical injection

J:V—V'cVv’

ur—J,

defined by(J.,, f)y» v = (f.u)y v ¥ f € V'. Itis well-known that/ is a
linear isometry (see, e.g., [3, lll.4, p. 39] or [13, XIX.7]). We then have

Iallvr = llally = sup (Ja, flyry = sup (f,u)yy
Iflvr<1 If 1y <1

= (fa, )y y

for a certainf; € V’. One must keep in mind of the fact that, here, we
cannot associate a vectore V to f; unlessV is reflexive. In other words

we cannot find a € V suchthal| fzllv: = (fi, v)y v, becausd fillv is a

sup and not a max. It is a max if (and only ¥)is reflexive (see [3, p. 4]).
Now, as has been done for the perturbation of a system of linear equations
([11]), we define:

o
8B(u,v) = —m<fu,fa>vﬂ,V/ (pis V)yry (7)
and
SL(v) = L (Pits V)yry - 8
alully + B ‘

It is obvious tha# B is continuous and bilinear froi x V to R, and that
3L € V’; an easy computation shows that

SL(v) — 8B(il, v)

B o )
- 1 + ~ (‘]127 fﬁ) " / (,Oﬁ, U) ’ = (pﬁ,U) ,
(a||u||v+,3 alliully + B vV 148 VIV

as required. Moreover, if we suppose that||v: < «lli]y + B, then obvi-
ously from formulae (7) and (8) we have:

I6Blleevy <a, |SL|ly < B. |
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Remark 2 If V is a reflexive Banach space, we can give a more significant
form to the perturbation ter@B. In fact, in this case, we can identify,
andu and obtain from (7) that

o
allull + B

o

= _W (fa, M)vf,v (P> V)yry

o
= —W <f12 ®pﬁa (u’ U)) )

in analogy with the finite dimensional case (see, e.g., [9]).

SB(u, U) = — (.]u, fg)v//’v/ (,Og, U>V/,V

4.2 Conditioning of (P)

In the theory of linear systems, we can define several condition numbers
which are associated with the probleim x = b. These condition numbers
measure “the numerical difficulty” we have in solving the linear system.
The best known condition number is the condition number of the matrix
itself,

Kk (A) = [ Allz- 1A 2.

The reciprocal ok (A) measures the distance, in spectral normA dfom

the class of singular matrices (see [6]). Furthermore, the condition number
of a problem can be defined as the least upper bound of the ratio of the norm
of perturbation in the solution to the norm of perturbation in the input data,
in the limit as the perturbation in the input data goes to zero (see, e.g., [1,9]
or [4]). Here we want to define a condition number for the prob{@hnas
defined in Sect. 1.

Definition 1 (Condition number) Let §B € BL(V) andSL € V’ betwo
perturbations of B and L such that

I6BllBevy < ea, |ISL|y < eB.

The relative condition number, C (P), for the variational problem (P) isthe
smallest constant C which satisfies the inequality

lu—ully < eCllullv.
We have the following theorem.

Theorem 2 (Condition number) The condition number C(P) of definition
1 satisfies the bound
(allully + B)

C(P) <
vellully
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Proof

(B+68B)(ii,v) =(L+8L)(v)YveV
< B(u—u,v) =—686L(w)+38B,v)VveV.
v=u—1u = Bu—u,u—u)=—8L(u—1u)+8B@,u—n).
Biscoercive = |—8L(u —ii) + 8B, u — )| > ypllu — il
= ypllu —al$ < ISL|lyv/lu —ally
+ 18 BllBew)llu — allyllilly.
u—u#0 = ypllu —ully < |8L|lv
+ 18 BliBw) (lullv + llu — allv)
= (yp —ea)|u —ully <e(B+aluly).

-1
tea <yy = lu—ily<e(l-e2) E@uly+p. o

4.3 Practical consequences

Itis easy to see that all the inequalities shown before hold even if we work in
V, andV, instead of inV andV’, and the constants involved do not depend

on V,,. This means that we have defined a “functional” condition number,
which is independent of the discretization. This may seem strange at first
glance, but it depends on the choice of the norms which are used to measure
the residual. For instance, in the discretization of the Laplace operator, the
“classical” condition number of the stiffness matrix is proportionalté?,

while our “functional” condition number is always constant. It then seems
reasonable to consider

)
IR Iy,
1L llv,
as the relative functional backward errormon Assume that
()
IR Iy
ILnlly,

According to the above definition of the condition number, from the previous
theorem (withw = 0 andg = IIthlv,;) we have

gy — u|ly, _ . Ll
Nlunllv, — yelunlly,

Since

B(up,-)=L,inV,,
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we have
ILnllv; = Mllunllv,

and then the following relative forward error bound holds:

g, — ui |y,

leenllv,

< gMyB_l.

4.4 Sopping criteria and approximation error

We next propose a reasonable threshold for the relative functional backward
error defined above. Let € Hol(sz) be the exact solution of proble(®),

u, €V, its Galerkin approximation anwlﬁ,") € V, the algebraic approxi-
mation ofu,, computed with either the Conjugate Gradient or the GMRES
method. Then leR," be the residual functional associated wiffy.

Moreover, we know a®@ priori bound for the functional approximation
error. For instance, when using linear finite elements and under some mild
assumptions on the triangulatigp, we have (see, for example, [5] and [10,
pp. 110-111, Corollaire 5.1-3.])

lup — ulr,0 < Chlulzq,

where the constant depends only on the domain and on the coefficients
of the equation.

In order to bound the global errm,(l”) — ul1.q, we can add and subtract
u, and bound separately the functional algebraic error and the functional

approximation error:
Vo= ulie < lup —ulig + lup” — uplie

< Chlula.q + llunllv, Mys'e.

|u

Thus, it seems reasonable to stop the iteration when the upper bound of
the functional algebraic error becomes smaller than the upper bound of the
functional approximation error. Asymptotically, this can be achieved by the
following stopping criteria:

IRy,
h T g2 9)
ILnllv,

Finally, in several practical problems the linear folf| v+ is only ex-
perimentally determined. Therefore, it is perturbed by experimental errors
of which we know an upper bound for the functional norm.

In these situations, it can be sensible to substitute in (9) the fokmer
with the latter upper bound for the experimental error functional norm.
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5 Computational aspects

Measuring the norm of the residual in the way described above is inter-
esting, but it should not force us to spend too much time in computing it.
In this section, we briefly consider the cost of this computation. Note that
the implementation cost of our criteria depends only on the solution of the
isometry operator. For symmetric elliptic problems the symmetric bilinear
form B(-, -), (B(u, v) = B(v, u)), induces a norm equivalent fo ||y and
a isometry betweei andV’. In these cases the corresponding linear sys-
tem is solved using Conjugate Gradient since the matris symmetric
and positive definite. Because Conjugate Gradient minimizes at each step
the dual norm of the residualR™, A~1R™)%2, on a Krylov subspace, it
is quite appropriate to use the results of [7] to evaluate this norm directly.
Frequently, a Krylov approximation method does not provide the residual
but the preconditioned residuBf - (A - x™ — b), whereP is an algebraic
preconditioner. One should be aware of the fact that applying the isome-
try (A1, or A71if A is symmetric and positive definite) to this algebraic
preconditioned residual may be senseless if it does not correspond to a func-
tional residual ing 1. If this occurs, we must compuje= A - x™ — b,
which costs an extra matrix/vector product. B

In the following, we experiment only with unsymmetric operators.

When we dispose of the residual, we have to solve a Poisson problem on
the mesh which we built for our approximations.

— If our mesh is regular, we can use the FFT to solve the Poisson problem.

— If our mesh is not regular, the problem is more complex and deserves fur-
ther investigation. There are several possibilities: interpolate on a regular
grid and then use FFT; solve the Poisson problem at selected iterations;
etc.

— We can use a few iterations of the Conjugate Gradient algorithm to reach
a reasonable approximation @, ®~* - R) as is shown in [7].

Another and more practical way of bounding the functional residual is
the following. Using the inequalities (5) and (6) we have

()
2 IRPNz IRy 12 IRz
Bl = ally, — 1112

Because the algebraic condition number of the matrigdiscretizing the
Poisson operator) is of ordér?, we have

k(P)™

(n)
IRz _ IR Wy, ||R<">||z
O(h) < Oh™H—-=
15112 ||Lh||v,; 15112
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Therefore, we can use the following as a rough stopping criterion:

— seleck ~ h?;

— IF 12"z < ¢ THEN
bl —

(
IR,

"ty
IF —nLhuVV/h > ¢ THEN € = he ELSE STOP.
h
This stopping criterion can be implemented using the functional residual
only once, with a reasonable extra cost if we use the modified version of the
Conjugate Gradient algorithm proposed in [7]. We must point out that this
criterion can be misleading when

IRl v R™
L - Y
Ly, I

For 1-D problems, this can be the case when
f(x) =sin(Nmx)

andR\" is a smooth function. Nevertheless, this is not a common situation:
itis more common to have the opposite wheris a regular an(R,ﬁ”) has the
erratic behavior typical of anirregular function. Inthis last case, the proposed
stopping criterion can force us to do more iterations than necessary.

6 Numerical experiments

In this section, we present some numerical experiments to illustrate the main
ideas of the paper. In all cases, the doniis the squarg0, 1] x [0, 1]
which is discretized with the mesh shown in Fig. 1 with~~ 1/20. The
right-hand side is alwayg (x, y) = 1.

For each test case, we follow the convergence history of the following
guantities:

— the Euclidean norm of the (algebraic) residual scaled with the right-hand
o™ 12

side, i.e.,— (solid)
l6ll2

— the functional norm of the (functional) residual scaled with the right-hand
IRy,
LIy,

side, i.e., (dotted)

lul” — wplly, (dashed).

— the norm of the forward relative error In, i.e., T
Unllv,
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Fig. 1. Mesh; 1601 elements, 863 nodes (740 interraty, 1/20

In our experiments, we considered only the convection-diffusion equation.
Naturally, as far as the ratio diffusion/convection is of the same order (or
larger) thar, the problem is diffusion-dominated and it behaves like a pure
diffusive case. When the ratio diffusion/convection becomes smaller, then
the problem becomes convection-dominated and the Galerkin method de-
scribed above produces a solution with spurious oscillations. In this case, a
stabilized method is needed, and the norms involved change. In the exper-
iments below, the values of have always been chosen in such a way that
the problem is diffusion-dominated.

For this case we have used the GMRES method without restarting (and
with no preconditioner). We have taken a fixed convecfiog (1, 3) with
v = 0.1 (Fig. 2) andv = 0.01 (Fig. 3). Also in this case we see that the
algebraic norm of the residual is an overestimate of the exact error.

7 Conclusion

We have shown that, in the iterative solution of linear systems which arise
from the Galerkin discretization of elliptic partial differential equations, the
stopping criteria should rely on thié— norm residual measure.

This norm gives precise information about the true error, i.e., the error be-
tween the computed solution and the exact solution of the partial differential
equation.

Moreover, we show that the threshold in our stopping criterion can be
related to the value of the discretization error so that the algebraic part of
the error can be safely compared with the discretization error, and we can
stop when these two errors are of the same order. Some simple numerical
experiments show that, if the dual norms can be computed, then we stop
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Laplace equation with convection B=(1,3),v=0.1

10° — ‘ ‘ ‘
107" N R E
N
N
107k AN E
AN
N
N
10 B \ -
\
\
\
-4 \
107 \ E
\
\
AN
10° TN E
\
\
N
10°F oA
———  algebraic norm of the residual )
functional norm of the residual \
- == exact error
107 L L L L L
0 10 20 30 40 50 60

Fig. 2. Convection-diffusion equation with = (1, 3), v = 0.1

Laplace equation with convection B=(1,3),v=0.01
T

100 T T T T T
107"L E
1071 E
107 E
107¢ E
107°F E
10°k - - N E
E— algebraic norm of the residual N
functional norm of the residual .
- - exact error
10*7 L L L L L L L
0 10 20 30 40 50 60 70 80

Fig. 3. Convection-diffusion equation with = (1, 3), v = 0.01

when the Euclidean norm of the algebraic residual is still very high, but
with a very satisfactory solution. Naturally, the drawback is that dual norms
are not always cheap to compute. Nevertheless, we are confident that in
some cases the computational cost can be reduced to an acceptable level.
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