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Abstract

For a general third-order tensor A € R™™" the paper studies two closely related
problems, an SVD-like tensor decomposition and an (approximate) tensor diagonali-
zation. We develop a Jacobi-type algorithm that works on 2 X 2 X 2 subtensors and,
in each iteration, maximizes the sum of squares of its diagonal entries. We show
how the rotation angles are calculated and prove convergence of the algorithm. Dif-
ferent initializations of the algorithm are discussed, as well as the special cases of
symmetric and antisymmetric tensors. The algorithm can be generalized to work on
higher-order tensors.

Keywords Jacobi-type methods - Convergence - Tensor diagonalization - Tensor
decompositions - SVD
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1 Introduction

Singular value decomposition is arguably the most powerful tool of numerical lin-
ear algebra. It is not surprising that, when compared to the matrix SVD, the tensor
generalization is significantly more complicated, see e.g. [5, 7, 8, 16]. We study the
SVD-like tensor decomposition in the Tucker format,

A=le Ul Xz Uz"‘ Xd Ud’ (11)

where A and S are tensors of order d and U;, U,, ..., U, are orthogonal matrices.
Here, the tensor S mimics the diagonal matrix of singular values from the matrix
SVD. It is well known that, in the tensor case, one cannot expect to obtain a
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diagonal core tensor S. Hence, our goal will be to get a decomposition (1.1) where S
is “as diagonal as possible”. This SVD-like tensor decomposition problem is closely
related to the tensor diagonalization problem. It has many applications in signal pro-
cessing, blind source separation, and independent component analysis [3, 4, 6].

Problem (1.1) for tensors of order d = 3 has been studied by Moravitz Martin
and Van Loan [14]. In their paper the authors use a Jacobi-type method to solve the
maximization problem stated in (1.2) below. Their numerical results suggest conver-
gence, although a convergence proof is not provided. If the tensor S from (1.1) is a
diagonal tensor, then A can be diagonalized using orthogonal transformations. Since
a general tensor cannot be diagonalized, we aim to achieve an approximate diago-
nalization. A similar problem for symmetric tensors has been studied in a series of
papers by Comon, Li and Usevich [12, 13, 15] where a Jacobi-type method is also a
method of choice.

In this paper we develop a Jacobi-type algorithm with the same idea as in [14],
to maximize the sum of squares of the diagonal, but the algorithm itself is different
from the one in [14]. Moreover, we prove the convergence of our algorithm. Our
convergence results are alongside those for the symmetric case from [12, 13, 15].
We are concerned with general tensors, that is, we do not assume any tensor struc-
ture, except in Section 5, where we discuss several special cases.

One can observe the problem (1.1) either as a minimization problem where the
goal is to minimize the off-diagonal norm of S,

of(S) = IS = lldiag(S)|; — min,
or as a maximization problem,
I diag(S)I[7 — max, (12)

where the square of the Frobenius norm of diagonal entries of S is maximized. We
are going to work with the formulation (1.2). We mainly focus on tensors of order
d = 3 and develop a block coordinate descent Jacobi-type algorithm for finding the
decomposition

such that
diag(SI}. = ) S,
i=1

is maximized. We prove that the algorithm converges to a stationary point of the
objective function. As it will be explained later in the paper, the algorithm can easily
be generalized to tensors of order d > 3.

Our algorithm for an approximate tensor diagonalization can also be used for a low-
rank tensor approximation. We can approximate .A by a rank-r tensor A in the follow-
ing way. Starting from the decomposition (1.1) we form a diagonal r X r X --- X r order
d tensor D such that the diagonal elements of D are r diagonal elements of S with
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the highest absolute values. Moreover, fori =1,...,r, we take U, as columns of U;
corresponding to the selected diagonal elements. Then, the low-rank approximation is
obtained as

A=DX U, X Uy, Xy Uy,

In Section 2 we describe the problem and construct the algorithm for solving the
maximization problem (1.2). We prove the previously mentioned convergence
results in Section 3, while in Section 4 we provide several numerical examples.
Moreover, in Section 5 we study the special cases of symmetric and antisymmetric
tensors.

2 Orthogonal tensor decomposition
2.1 Preliminaries and notation

We use the tensor notation from [10], which is commonly used in the papers dealing
with numerical algorithms for tensors. Notation from [11] is also commonly used in
multilinear algebra, but somewhat less frequently in its numerical aspects.

Tensors of order three or higher are denoted by calligraphic letters, e.g. X'. Tensor
fibers are vectors obtained from a tensor by fixing all indices but one. For a third-order
tensor, its fibers are columns, rows, and tubes. The mode-m matricization of a tensor
X € R is an n,, X (1 ++ n,,_ M, -+ 1) matrix X, obtained by arranging
mode-m fibers of X' into columns of X,,. In this paper we mainly work with 3rd order
tensors. Thus, we will have m = 1,2, 3.

The mode-m product of a tensor X € R™>"2%"*" with a matrix A € RP*"» is a ten-
SOr Y € [RMX Xy XpXityy oo Xy

Y=4xx%,A, suchthat Y,,=AXg,,.
Two important properties of the mode-m product are
XX, AX,B=XX,BX,A, m#n, 2.1
XX, AX, B=XX, (BA). 2.2)

The norm of X is a generalization of the matrix Frobenius norm. It is given by

ng g

BN YOI Y-

i=li=1  i=I

To lighten the notation throughout the paper we are going to write this norm simply
as || X The inner product of two tensors X, Y € R"*"2%"*" ig given by
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ng n gy

(X)) = Z z zxiliz.“idyiliz...id'

i=li=1 =1

It is straightforward to check that (X, X) = || X]|%
The Tucker decomposition is a decomposition of a tensor X" into a core tensor S
multiplied by a matrix in each mode,

X= 8% My Xy My X3 -+ X4 My. (2.3)

Tensor X € R™"™" is diagonal when Xijk # Oonly if i = j = k, that is, if off(X) = 0.

2.2 Problem description

Let A € R™™" We are looking for an orthogonal Tucker decomposition
A=8X,UX, VX3 W, (2.4)

where U, V, W € R™" are orthogonal matrices and S € R"™"" ig a core tensor such
that

diag(SI* = Y S;; —» max. 2.5)
i=1

From relation (2.4) tensor S can be expressed as

Hence, in order to solve the problem defined by (2.4) and (2.5) for a given tensor A,
we need to find orthogonal matrices U, V, W that maximize the objective function

fWU,V, W) = ||diag(A x, UT x, VT x; W)||*> - max. (2.6)

We do this using a Jacobi-type method with a block coordinate descent approach.

For the sake of simplicity, our analysis is restricted to equal-sized modes. How-
ever, with a few technical adjustments, the same algorithm can be constructed for
A € R"*mX5 Then, in (2.4) we have U € R"*" V € R™*, W € R™*%, and
S € RMmXnpXxns,

2.3 Jacobi-type algorithm

We now describe the Jacobi-type algorithm for solving the maximization problem
defined by (2.6). This is an iterative algorithm. Its kth iteration has the form
AW = AW RY X Ry X Ry k20, AV = A @.7)

where Ry i, Ry ., Ry are plane rotations with the following structure,
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cos¢p —sing |i
RG.j, ¢) = I : (2.8)
sin ¢ cos ¢ J
1

Index pair (7, j) in the rotation matrix (2.8) is called a pivot position. The set of
all possible pivot positions is {(i,j) : 1 <i<j<n}. In the k-th step, matrices
Ry 1> Ry 1> Ry, have the same pivot position (i, j), while the rotation angle ¢, is, in
general, different for each matrix.

Our algorithm uses a block coordinate descent approach. This means that each itera-
tion consists of three microiterations where we hold two variables constant and vary the
third one. We have

BY =AY %, R, 2.9)
C® =BY %, RY,. (2.10)
AED = O 5 Ry, @2.11)

Here, by B% and C’ we denote the intermediate steps. Of course, if we combine all
three microiterations together, using the properties of mode-m product, namely (2.1)
and (2.2), we get back to the iteration step (2.7).

Let us see how the rotation angles in matrices Ry, Ry, Ry, are computed. For a
fixed iteration step k we observe a 2 X 2 X 2 subproblem. Assume that (i, j,) = (p, q),
1 < p < g < n. A subtensor of A corresponding to an index pair (p, g) is denoted by A
and we can write it as

AG, D= [appp apqp]’ A(:,:,2) = [prq apqq]_

qprp aqqp qarq Cquq

Then, the corresponding 2 X 2 X 2 subproblem is to find 2 x 2 rotations Ry, Ry, Ry,
such that

L2 = 2 2
|diag(D)||* = 0,y 0y, = Max,

999
where
8= Ax, Rl x, Rl x5 R,
and
S, 1) = [Gppp qup]’ S, :,2) = [O-ppq quq]_
Oapp Cqap %pq Cqqq

Taking only microiteration (2.9) we calculate rotation angles for matrix R u- We have
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bPPP beIP bPPq bqul] = [ COS¢ Slnd)] [ ppp pqp aPP’I apqq

qpp " 4q49p bqpq 999 _SIH¢ COS¢ qu aqqp aqpq aqqq

The rotation angle ¢ is chosen to maximize the function

@ =b  +D
f a4 (2.12)

_ s N2 : 2
= (appp cos ¢ + a,,, sind)” + (—a,,, sing +a,,, cos$)".

Such ¢ must satisfy relation g’ (¢p) = 0. Taking the derivative of g, we get

8,1 () = 2(cos ¢* — sin d’z)(appp qPP = Gpgqfaqq)

’ 2
+ 2 cos ¢ sin ¢(apqq + aqp]) Doop ~ Yaq)

_2005(2¢)(appp - apqqaqqq)

+sin2¢)(a,,,” - app ;qq)
=0.

Dividing this relation by cos(2¢) we obtain

20a,,,a —a d, )
tan(2d) = prp“app — “pgq“9qq
) 2 1+ - & (2.13)
ppp " Tqaq  Tpag  qpp
Similarly, we find the rotation angles for matrices Ry, and Ry, as
2(Bpppbpgp ~ Lapgbyaq)
nCh) = ;2 (2.14)
prp " “qaq  “apg  “pap
and
2(pppCppg ~ CqapCaad)
tan(2¢p) = T2 —2 —o (2.15)
ppp " Taqq  Tppq Tq4p
respectively.

In the relations (2.13)—(2.15) it is possible that both the numerator and the
denominator are equal to zero. If that happens for one of those relations, we can
skip the rotation in the corresponding direction and move on to the next one. If
this is the case for all pairs, the algorithm will be terminated and it should be
restarted with preconditioning. This will be explained in Section 5 for the case of
antisymmetric tensors.

Rotation angles in Ry, Ry, Ry, do not need to be calculated explicitly. We only
need the sine and the cosine of the corresponding angles. However, once we have
formulas for computing tan(2¢), there is still a problem of calculating efficiently
sin ¢ and cos ¢p. We will show how it is done for the rotation in the first mode. The
procedure is the same in other modes. We go back to the relation (2.13). Denote
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_ _ .o
A= 200,805 — Apgqlaeq)Sign(a,,,
2 2 2 2

=la at —at —a |
p=lay, tag, —a,, —a,l

2 2
a —a. —a
+ 999 )

Moreover, we denote ¢ = tan ¢». Using the double-angle formula for tangent,
2t
tan(2¢p) = ——,
(29) = 77—

relation (2.13) reads

2t A

-2 u

This is a quadratic equation in f, A% +2ut—A=0, with solutions

—_ 2 2 —_y— 2 2 . . .
=2t o8 = H s % Note that the equation for 7, is numerically unstable
because catastrophic cancellation may occur. Therefore, we multiply both numerator

and denominator by u + 4/pu? + A%. That way we attain a numerically stable expres-

. _ 2 .
siont; = Y e Finally,
1 . .
cos ¢, = ———, sin¢; = =t;cos¢p;, i=1,2.

L
l
1+tl.2 ,/1+ti2

We calculate both solutions and use the one that gives the bigger value of the
function (2.12).

The order in which we choose pivot pairs is called pivot strategy. In our algo-
rithm the pivot strategy is assumed to be cyclic. We choose an ordering of pairs
(i, j), 1 <i<j<n, which makes one cycle. Then we repeat the same cycle of
pivot pairs until the convergence criterium is satisfied. Common examples of
cyclic pivot strategies are row-wise and column-wise strategies with correspond-
ing ordering of pivot pairs defined by

0,=(1,2),1,3),...,(1,n),2,3),...,2,n),...,(n — 1,n) (2.16)
and
0,.=(,2),(1,3),2,3),...,(1,n),2,n),...,(n—1,n), 2.17)

respectively. The convergence results from Section 3 hold for any cyclic strategy.
Nevertheless, to ensure convergence of the algorithm, pivot pairs should satisfy an
additional condition. We only take a pivot pair (i, j) such that (at least) one of the
following inequalities is true,

(Vf. ORG.j.0)| > nl|Vofll,, forQ=UV, W, (2.18)

where 0 < # < % R(i,j,0) denotes %R(i,j, ®)| p=0- f is defined in (2.6), and the pro-
Jected gradient V of will be defined in Subsection 3.1. If (7, j) does not satisfy any of
the conditions (2.18), then it will be skipped and we move to the next pair in the
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cycle. It will be shown in Lemma 3.2 that for each inequality (2.18) it is always pos-
sible to find an appropriate pivot pair.

In the kth step of the algorithm, when we have A(k), Uy, Vi, W, we first com-
pute the sine and the cosine of the rotation angle in the rotation matrix Ry, . We
compute the auxiliary tensor B%,

k k
B = AW x, R}, = Ax; (R}, UD) X, VI X W,
and
U1 = URy -

Then we repeat this procedure in the other modes. This is summarized in
Algorithm 2.1.

Algorithm 2.1. Jacobi-type algorithm for the approximate tensor diagonal-
ization
Input: A € R">mxn,
Output: orthogonal matrices U, V, W
k=0
A0 = A
Uy=Vo=Wy=1
repeat
Choose pivot pair (i, 7).
if (i,7) satisfies (2.18) for Q@ = U then
Find cos ¢y, and sin ¢y, for Ry using (2.13).
B= .A(k) X1 RU,k
Uky1 = UrRyk
end if
if (i,7) satisfies (2.18) for Q@ =V then
Find cos ¢y, and sin ¢y, for Ry using (2.14).

C=B X9 Rv,k
Vit1 = Vi Ry
end if

if (i,]) satisfies (2.18) for Q =W then
Find cos ¢y, and sin ¢y, for Rw i using (2.15).
A(k+1) =C X3 RW,k
Wit = Wi Rw i
end if
until convergence

We have several remarks regarding the Algorithm 2.1.

e Algorithm 2.1 employs the identity initialization U, =V, = W, =1. This
is not necessarily done this way and it will be further discussed within the
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numerical examples in Section 4, as well as in relation with the antisymmetric
tensors in Section 5.

e [t is not needed to explicitly form rotation matrices and tensor matricizations
in order to perform mode-n multiplications in the algorithm.

e Conditions on pivot pairs (2.18) can be simplified to lower the computa-
tional effort. This will be shown after Lemma 3.2. Moreover, the coefficient
0<py< % can vary, which will be examined in Section 4.

This algorithm can be generalized for the order-d tensors where d > 3. In that
case we need to obtain orthogonal matrices Uy, U,, ... U, such that maximization
condition (1.2) holds. One iteration of the algorithm consists of d microiterations
that are analogues of those in (2.9), (2.10), and (2.11).

3 Convergence results
3.1 Gradient of the objective function

Before we move on to the convergence of the Algorithm 2.1, let us say something
about the gradient of the objective function f : 0, X 0, X O, = R,

UV, W) = |ldiag(Ax, U x, VT x5 WH)||?, (3.1)

where O,, stands for the group of orthogonal matrices of order n. To calculate Vf we
need an auxiliary function f : R™" x R™" x R™" — R defined by the same for-
mula (3.1) as f. In other words, function f is such that f'is the restriction of f to the
set of triples of orthogonal matrices. Then Vf is the projection of Vf onto the tan-
gent space at (U, V, W) to the manifold O, X O, X O,. We have
VFWU,V,W) = [Vyf(U,V.W) Vyf(U, V. W) Vyf(U,V,W)]|
= Proj| Vyf(U, V. W) V f(U,V.W) Vo f(U,V,.W)| (32)
= [UAU) VA(V) WAW)],

where

O"Vf — (Vh)'Q

33
7 (3.3)

AQ) =

To calculate VF(U, V, W) we write f as

n n 2
WUV, W) = ||ldiag(Ax, U" x, VI x; WH||* = Z < Z aijkuilvjlwkl> :
1

I=1 \ijik=

Element-wise, we get
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7 n n
of

2 Z AW ViWg Z A ViiWri
ml ijk=1 j k=1

ou,,
2(AxX; UT %y Vs W) (Axy VX W)

mll’

%fl = 2<A X, U %, VT g WT)]][(‘AXI U xq WT)Iml’
af —2(./4)( UT %, VT % WT> (.AX U" x VT)
o = 1 2 3 m 1 2 im*

Then, we can use the above relations together with (3.3) to get an explicit expres-
sion for A(U),

e v T
(A(U))[p - E(an:l uml% mzz“l Wmlump>

= (Ax Ul VExg WT) (A UT s Vs W)
- (Axl ur X vr X3 WT)[[](AXI u' X3 v X3 WT)pll'

Similarly we get the expressions for A(V) and A(W).
The gradient of the objective function will be needed in order to prove the fol-
lowing convergence result and also to check the pivot conditions (2.18).

3.2 Convergence theorem
The convergence of Algorithm 2.1 is given in Theorem 3.1.

Theorem 3.1 Every accumulation point (U, V, W) obtained by Algorithm 2.1 is a
stationary point of the function f defined by (3.1).

The proof follows the idea from [9], which was also used in [13], as well
as in [1, 2]. The major obstacle is that here we have a function of three vari-
ables, while earlier this procedure was used with single-variable functions. We
prove Lemma 3.2, which is an adaptation of Lemma 3.1 from [13]. Then, using
Lemma 3.2 we prove Lemma 3.4, which is an essential step in the proof of
Theorem 3.1.

Lemma 3.2 For any differentiable function f : 0, %X 0, X0, - R, U,V,W € O,
and ) <n < % it is always possible to find index pairs (iy;, ), (y,jy), Gw.Jjw) satis-

fying pivot condition (2.18).

Proof Observe that
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T

R(i,j, 0) = ejeiT —ee; .

From the definition of the operator A we see that matrix A(U) is skew-symmetric.
Then, from the fact that the Euclidean norm is invariant under unitary transforma-
tions and from relation (3.2) we have

= (AU). R(G.j. 0))] = 2]AU) (34)

il

We can always find an index pair (i, j;;) such that

AW, 2 S IAD)I:

iyjy
Inserting this into equation (3.4) with (i, ) = (iy,j,), we get
Do 2
KV uf(U,V,W), URGiy, jy, 0)| = ;IIA(U)IIZ 2 AW, = nllVuf WU, V, W,

which proves assertion (7). Since the matrices A(V) and A(W) are also skew-sym-
metric, in the same way we obtain

KV (U, V, W), VR, jy, 0))| > %”A(V)”z 2 AWy = nllVyf (U, V, Wi,
KV wf (U, V, W), WR(iy, jy, 0))| > %HA(W)”z 2 nlIAMWMIly = nllVyf (U, V, W)l,.
This proves assertions (i) and (iif), respectively. O

Remark 3.3 Conditions (2.18) are equivalent to
2IMQD)l Z nlIADl,,  forQ=U,V, W,

where A(-) is as in relation (3.3).

Lemma 3.4 Let U, V,, W, k > 0 be the sequences generated by Algorithm 2.1. Let

U,V,W bea triple of orthogonal matrices satisfying Vf(ﬁ, V., W) # 0. Then there
existe > 0 and 6 > 0 such that

IU=Ully<e, V=V, <e, W,-Wl,<e
implies
SWiit1s Vi1 Wi) = fWU, Vi, W) 2 6. 3.5)

Proof Let us fix the iteration step k. To shorten the notation set ¢ = ¢y 1. by = Py s
Py = ¢W,ks and RU,/( = Ry ji» Pu)» Rv,k = R ji» dv)s Rw,k = R(iy, j, o) We

define three functions h]((l), hf), hf) R > R,
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B (@) = FURG iy 1), Vi W),
h1(<2)(¢2) =f(URy g ViR > $2)s Wi,
h1(<3)(¢3) = F(UiRy > ViRy 1> WiR (i Ji» h3))-

Further on, we define yet another function, : RXRXR = R,
hi(@y, &2, d3) = [F(UR Gy fi @1)s ViR jir $2)s WiR s > 93))-
Since R(iy, j;,0) =1,
hk(O, 0,0) =f(U/<’ Vk’ Wk)-

From the construction of Algorithm 2.1 we know that

max W (@) = h (b)) = FURy 1o Vie Wi,

max A7 (¢) = 7 (@y) = F(URy o ViRy s W),

“};}X hf)(%) = hf)(d’w) =f(URy > ViRy s WiRy 1),
and the kth step of the algorithm is represented by

hk(d)U’ by, dw) :f(UkRU,k» VkRv,ks WkRW,k) :f(Uk+1’ Vk+1’ Wk+1)'

Moreover, it is easy to see from the algorithm that

FWiirs Vigrs Wigt) 2 F(Upgrs Vi, W)
2 f(WUisrs Vi W) (3.6)
2 f(Up, Vi, Wp).

In order to attain inequality (3.5) we need at least one sharp inequality in (3.6).
If VF(U,V,W) # 0, then at least one partial gradient of fis not zero, that is

Vof (U, V,W) #0, Vi f(U,V,W) #0, or Vy,f(U,V,W) # 0.
Let us assume that Vf (ﬁ, V, W) # 0. Then there exists € > 0 such that
py i=min{ |V f(U.V.Wl, : [lU=Ul, <e}>0. 3.7
We use the Taylor expansion of the function hl({l) around 0,
W) = 1" ©0) + (hY (), + %(hi”)"(é)qs%, 0<E<y.
Set M, = max I(h](:))”(é)l < 0. Then we have

W) = 1O 2 0 Oy - 3M, % (338)
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The derivative of hl(cl) is given by
BOY (1) = (V f (UR(igjir b1): Vie W), UeR (i g 1))
In particular,
(B"Y (0) = (V uf (Up, Vi W), UR (i i 0)). 3.9)
It follows from Lemma 3.2(i) and relation (3.9) that
[(WY O 2 1llV o f (U Vis Wl (3.10)
Therefore, from (3.10) and (3.7) we get
Y O] = nuy > 0. 3.11)

We go back to the inequality (3.8). For ¢p; = Ml(hlil))’ (0), using the definition of the
1

function hg) and relations (3.6) and (3.11), we obtain

f(Uk+1’ Vk+1’ Wk+1) _f(Uk’ Vk’ Wk)

> f(Upsr Vie W) = fUs Vis W) = B (1) = (0)
/ 1 1 , 1 ,
> () Oy = M1 = 7 (O = 3 (2 O
nuy

>—=6>0.
2M,

Now we assume that VUf(ﬁ, \_/, W) =0 and va(U, X_/, W) # 0. There is an € > 0
such that

py 2= min{ |V (U, V,W)ll, = IV=Vll, <e}>0. (3.12)
In this case we use the Taylor expansion of the function hl(f) around 0. We have
hP($y) = KP(0) > (HP) (00, — %qubz, (3.13)
for M, = max |(hf))”(§)| < 0o, and
(2Y ©0) = (Vif (U Vis Wi, ViR i 0))-
Lemma 3.2(ii) and relation (3.12) imply
|Y O 2 nllVof Uy, Vis Wl = ity > 0. (3.14)

The assertion of the lemma follows from (3.13), (3.6), and (3.14) with
¢y = 1 (Y (0.
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Finally, if  Vyf(U,V,W)=0 and V(U V,W)=0,  since

VU, V, W)U, V,W) # 0, then it must be that V;;f(U, V, W) # 0. Then, there is an
¢ > 0 such that

py 1= min{||Vyf (U V. W), : [IW=W|, <e}>0. (3.15)

Here we need the Taylor expansion of h(3) around 0,
W) — KO (0) 2 BV O, - M (3.16)

for M; = max |(h§(2))” (&)] < 0. We repeat the same steps as for the preceding two
cases. We have

(HY(0) = (Ve (U, Vis W) WR (i, i 0)),
and, using Lemma 3.2(iii) and the relation (3.15), it follows that
|BDYO) = 7|V yf Uy Vie Woll, 2 13 > 0. (3.17)

We attain inequality (3.5) using (3.16), (3.6), and (3.17) with ¢, = ML(hjf))'(O). O
3
Using Lemma 3.4 we can now prove Theorem 3.1.

Proof of Theorem 3.1 Suppose that U, V, W are, respectively, accumulation points of
the sequences {U;};5, {V;};51, {W;};5, generated by Algorithm 2.1. Then there are
subsequences {U; } ;e Ky {Vi}ie Ky {W}ie Ky such that

{l]j}jEK,, - ﬁ’ {Vj}jeKV - ‘_/’ {W/j}jeKw - W’

where K, Ky, Ky € N.

Assume that (U, V, W) is not a stationary point of the function f, that is
VU, V,W) #0. (3.18)
Then, for any € > 0, there are k(U) € Ky, k(v) € Ky, k(W) € Ky, such that
U =0l <e. 1Vi=Vi,<e. [IW=WI, <e,

for every k> kg, ko—max{k(U),kév),k(W) }. Thus, Lemma 3.4 implies

Wt Ve Wisy) = f(U, Vs W) > 6 > 0. Tt follows that
f(U/a Vk, Wk) — o0,

when k — oo. Since f is continuous, if (U, V,, W) converges, then f(U,,V,, W,)
should converge, too. This gives a contradiction. Therefore, assumption (3.18) can-

not hold and (U, V, W) is a stationary point of f. O
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Note that all results from this section can be generalized to order-d tensors,
d>3.

4 Numerical examples

We illustrate the convergence of Algorithm 2.1 through several numerical exam-
ples. We observe the relative off-norm of a tensor .4, which is given as

off(A)
Al @D

For a diagonal tensor, value (4.1) is equal to zero, while for a random tensor it is,
typically, close to one. Note that the off-norm is not a norm because it can be equal
to zero for a nonzero input.

Figure 1 shows the change of the relative off-norm. We distinguish two differ-
ent situations, one where a tensor can be completely diagonalized using orthogo-

nal transformations, and a more general one where orthogonal diagonalization is
not possible. For the first set of tensors we get off(A)

Al = 0. Otherwise, we get the
convergence to some value between 0 and 1. A random diagonalizable tensor is

constructed by taking a diagonal tensor with random entries on the diagonal and
multiplying it in each mode by orthogonal matrices obtained from QR factoriza-
tions of three random matrices. The algorithm uses row-wise cyclic pivot order-
ing (2.16) with different values of the parameter #.

In Figure 2 we compare five different pivot orderings. In addition to the row-

wise top to bottom (2.16) and the column-wise left to right (2.17) ordering we
have the row-wise bottom to top

1F 1
091 09ft
% 1
08 - os !
¥ \
o7 W 4 o7t
- \
v, \
B L) Y _os g
= v 3l i
=X 05 K X 05[
Sl \ Sl= i
04r v, 4 04f
v \
03 B 03 i
s i
02f v g 02 i
\ S
0.1 ™, 1 0.1
~,
0 No— 0 \
0 2 4 6 8 10 o1 2 3 4 5 6 7 8 9 10
cycle k

cycle k

Fig. 1 Change in the relative off-norm for two 30 x 30 X 30 tensors with different values of #. Left: Diag-
onalizable tensor. Right: Non-diagonalizable tensor
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0.35
03[

—O— row-wise top to bottom

—#&— column-wise left to right

—+— row-wise bottom to top
column-wise right to left

—— diagonal

VeV VvV VT

0.05
ok
0 5 10 15
cycle k
0.25F T T T
—©— row-wise top to bottom
—&— column-wise left to right
02fF —+— row-wise bottom to top
column-wise right to left
—— diagonal

Q=004 _a o o 0 4 A 4 o . .

0.05
ol
0 5 10 15
cycle k
—©— row-wise top to bottom
osh " —&— column-wise left to right
) | —+— row-wise bottom to top
€ o
column-wise right to left
04t { —&— diagonal

02
0.1
ok k.;..-.--‘-.-.-.-.
0 5 10 15
cycle k

0.3

0.2

0.1

05

0.4

02

0

.

o

—6—row-wise top to bottom

—#&—column-wise left to right

—+—row-wise bottom to top
column-wise right to left

—6— diagonal

Dt
-0

10 15
cycle k

!

—©—row-wise top to bottom

—&— column-wise left to right

—+—row-wise bottom to top
column-wise right to left

—6— diagonal

MR AR A0 20 an o on 20 o 2 o on o 4

10 15
cycle k

—©—row-wise top to bottom
—&— column-wise left to right
—+—row-wise bottom to top

—o— diagonal

column-wise right to left

Bl Bt

0

!

10 15
cycle k

Fig.2 Change in the relative off-norm for six 10 x 10 x 10 tensors with different pivot strategies

O =@mn-1,n,m-2,n-1),n-2,n),n-3,n-2),...

o (2,m),(1,2), ..

the column-wise right to left

., (Ln),

(92 =n),....n—-Ln,(,n=1),...,(n =2,n-1),...,(1,2),

and the diagonal ordering of pivot pairs

0,=01,2),(2,3),...,(n—1,n),(1,3),(2,4),...,(n = 2,n),(1,4), ..., (1, n).
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0181 —e—identity initialization || —e— identity initialization
0.16 F —&—HOSVD initialization | | 02t —&—HOSVD initialization | {
0.14 1

0121 k&‘_‘ 1 015

01

A
off(4)
[l Al[#

0041 4 005

0 5 10 15 20 0 5 10 15 20
cycle k cycle k

Fig.3 Convergence of the algorithm with different initializations. Left: 20 X 20 X 20 tensor. Right:
10 x 10 x 10 tensor

We run the algorithm on six random tensors, four of which cannot be diagonalized
by orthogonal transformations, all with = 2]E As expected, different pivot strate-
gies are faster/slower on different tensors. However, no matter what pivot strategy
we choose, the algorithm converges to the same point.

In Figure 3 we compare two different initializations for our Jacobi-type algorithm.
The first one is identity initialization as it was done in Algorithm 2.1. There we have

A=A, Uy=Vy=W,=1 4.2)

The other initialization that can be used is coming from the HOSVD of A, see [5],
A= gxl U Xy ‘N/x3 W, where U, V, and W are matrices of left singular vectors
of matricizations Ay, A, and A s, respectively, and S=Ax, U x, VT x3 WT.
Then, instead of the initialization (4.2), we set A9 = 3, U, = lNJ, Vo = V, W, = Ww.
We run the algorithm with # = ﬁ on two random tensors. We can see that the
HOSVD initialization is superior in the beginning cycles. This is the case because,

compared to the starting tensor A, the core tensor S from the HOSVD of A is sig-
nificantly closer to a diagonal tensor. Nevertheless, after those first cycles, both ini-
tializations are equally good.

5 Symmetric and antisymmetric tensors

We say that a tensor is symmetric if its elements remain constant under any permuta-
tion of indices. For a symmetric tensor X’ € R™"*" we have

Xijk = Xikj = Xjik = Xjki = Xkij = X

Symmetric tensors were studied in details in [13] and [12], where the authors also
work with a Jacobi-type algorithm.
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Our algorithm is not structure-preserving. In order to have a symmetry-preserv-
ing Jacobi-type algorithm, rotation matrices should be the same in all modes. Since
the rotations Ry, Ry, and Ry, in the kth step are chosen depending on different
tensors, they are not all the same. Nevertheless, we have noticed in practice that
for smaller values of # from (2.18), after the convergence criterion is satisfied, the
Algorithm 2.1, in most of the cases, returns mutually equal matrices U, V, W and a
symmetric tensor S. However, this is not the case for larger #. We will illustrate this
behaviour on an example.

Departure from symmetry is measured as the distance in the Frobenius norm
between the tensor A and its symmetrization sym(.A),

| A — sym(A)|, (5.1

where, for a 3rd order tensor X, we have
1
Sym(x) = g(xl]k + xlkl + .x + xkl + .xk” + xk]l)

It is easy to check that, if X’ is symmetric, then sym(X) = X and the expres-
sion (5.1) is equal to zero. We applied Algorithm 2.1 with n = 2000m 0 5, ona randomly
generated symmetric 20 X 20 X 20 tensor .A. In the left picture in Figure 4 we can
see that after we start with a symmetric tensor, symmetry is lost already in the first
cycle, as expected, but the tensor becomes more and more symmetric through itera-
tions and the sequence (A("))k converges to a symmetric tensor. In the right picture
we see that the distance between each pair of matrices U,, V,, W, converges to zero,
that is, Uy, V,, W, converge to the same matrix. This does not happen for # = ﬁ.

One should keep in mind that for a symmetric starting tensor the solution of the
maximization problem (2.5) is not necessary a symmetric tensor. One such example
is tensor 7 from [12, Example 5.5] that can be given by its matricization

000001010
T;,=({001000100 |. 5.2)
010100000

First, we notice that neither identity nor HOSVD initialization work on this ten-
sor. In both cases the diagonal elements of 7 are zero and all rotation angles are
zero, so the tensor is unchanged. Thus, here we do preconditioning with a random
orthogonal matrix Q by setting A? = A ><1 0 X, O X5 Q. For the vast majority of

the choices of Q, Algorithm 2.1 withy = 000 0 5 converges to the symmetric tensor S,

0.8889 —0.4444 —0.4444 —0.4444 —0.4444 —0.1111 —0.4444 —0.1111 — 04444
Sy = | —04444 —04444 —0.1111 —04444 08889 04444 —O0.1111 —0.4444 —04444
—0.4444 —0.1111 —04444 —0.1111 —04444 —0.4444 —0.4444 —0.4444 0.8889

with transformation matrix U = V = W depending on Q. This is a stationary point
of the objective function (2.6), but not a point of its global maximum. In the other
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=_1_
— 2000n

_ 1
n = 3000m

0~ VI
v [U = W] |
————— IV =Wl

A®) — sym(A®)|

0 2 4 6 8 10 12 14 16 18 20 10 12 14 16 18 20
cycle k cycle k

Fig.4 Departure from the symmetry for a random symmetric 20 X 20 X 20 tensor

rare cases the algorithm converged to one of the better, but nonsymmetric, solutions
of the form &

+10 0 0 0 00«1 0
Spy=[00+1 0 £x100 0 0
000 =1 0000 =1

On the other hand, a tensor is antisymmetric if its elements change sign when per-
muting pairs of indices. For an antisymmetric tensor X € R™"*" we have

Xije = Xjki = X = —Xigg = Xk = "o

In every antisymmetric tensor, elements on the positions where two or more indices
are the same are equal to zero. Hence, all elements on the diagonal of an antisym-
metric tensor are zero. This is the reason why, contrary to the symmetric case where
one may be interested in a structure-preserving algorithm, we are not interested in
preserving the antisymmetry. Here, by each iteration a tensor moves further from
the structure. Still, antisymmetric tensors need some special attention. If we apply
the algorithm directly in the form given in Algorithm 2.1, with the identity initiali-
zation, the algorithm will fail when computing the rotation angle. This happens
because for an antisymmetric tensor, when computing the tangent of the double rota-
tion angle (2.13), (2.14), and (2.15), we get both the numerator and the denominator
equal to zero. We can overcome this problem with a preconditioning step — instead
of the identity initialization (4.2) we use the HOSVD initialization as described in
Section 4.
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