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Abstract

In this article, we consider the discretization of nonlocal coupled parabolic problem
within the framework of the virtual element method. The presence of nonlocal coef-
ficients not only makes the computation of the Jacobian more expensive in Newton’s
method, but also destroys the sparsity of the Jacobian. In order to resolve this prob-
lem, an equivalent formulation that has very simple Jacobian is proposed. We derive
the error estimates in the L? and H' norms. To further reduce the computational
complexity, a linearized scheme without compromising the rate of convergence
in different norms is proposed. Finally, the theoretical results are justified through
numerical experiments over arbitrary polygonal meshes.

Keywords Arbitrary polygonal mesh - Error estimates - Nonlocal parabolic
equation - Non-linear equation - Virtual element method

Mathematics subject classification 65N30 - 65N12

1 Introduction

In this work, we present a virtual element framework for the nonlocal coupled para-
bolic problem. Such problems find Nitsche applications in many fields of applied
science and engineering, for example in modelling epidemics [1-3], polymerization
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[4], tumor growth modeling [5], to name a few. In [6], the authors proved the exist-
ence and the uniqueness of the analytical solution of the nonlocal coupled parabolic
problem. Numerical solutions based on the finite element method (FEM) and the
virtual element method have been attempted in [7, 8]. In [7], author employed the
conforming linear finite element method for the discretization of the non-local cou-
pled parabolic problems.

In the last decade, there is a growing interest in numerical methods that can
accommodate elements with arbitrary shapes and sizes. This has led to the develop-
ment of a variety of numerical techniques, such as, the Mimetic Finite Difference
Method [9-11], Weak Galerkin Method [12, 13], Polygonal Finite Element Method
(PFEM) [14—-16], Scaled boundary finite element method [17, 18] and the Virtual
Element Method (VEM) [19-22]. These methods are very similar to each other that
they require suitable discrete formulation of the model problem avoiding traditional
approach. Both the polygonal finite element and the virtual element method can
accommodate elements with arbitrary shapes and sizes, however, one distinct fea-
ture of the VEM when compared to the PFEM is that the later requires an explicit
form of the basis functions to compute the bilinear and the linear forms. The basis
functions over arbitrary polytopes are rational polynomials, which requires higher
order numerical quadrature rules. To the best of author’s knowledge, conventional
polygonal finite elements are restricted to quadratic elements [23, 24]. Whilst in
case of the VEM, no such explicit form of the basis functions is required, moreo-
ver, higher order elements even in higher dimensions can easily be constructed. This
salient feature of the VEM has attracted researchers to employ VEM for wider vari-
ety of problems in science and engineering [25-36].

In this article, we employ the VEM to discretize the nonlocal coupled parabolic
problem. The VEM is a generalization of the finite element method over arbitrary
polytopes satisfying the Galerkin type orthogonalization over the polynomial space.
The basis functions are implicitly known and can be approximated using the degrees
of freedom (DoFs) over the general polygonal and polyhedral elements. The discrete
variational formulation is computed by avoiding the cumbersome numerical integra-
tion schemes. Since the basis functions are constructed virtually, suitable projection
operators are introduced on the virtual element space locally that can be computed
using the DoFs associated to the polytope. In contrast to the FEM, the direct discre-
tization of the nonlocal term will not be computable. Using the projection opera-
tor, the nonlocal term is discretized which is computable from the DoFs. However,
the presence of the nonlocal coefficients in the system reduces the sparsity of the
jacobian and consequently increases the computation cost. Following [37], an analo-
gous approach is employed to rewrite the nonlinear system, such that the sparsity
of the Jacobian is retained. Moreover, a linearized scheme for the coupled nonlocal
parabolic problem is introduced that yields optimal order of convergence in both the
space and the time variables. The nonlocal coefficients and the load terms can be
computed from the previous steps and hence the fully discrete system reduces to a
system of linear equations which can be computed easily.

The rest of the paper is organised as follows: In Sect. 2, the model problem and
the associated continuous weak formulation are defined. The basic settings of the
functional analysis and the assumptions required to develop the theory are also
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highlighted in the same section. In the next section, the discrete virtual element
space in two and three dimensions are constructed and the operators associated with
the discrete space are discussed. A priori error estimates for the semi-discrete and
the fully discrete schemes are investigated in Sects. 4 and 5, respectively. The error
estimates for the linearised scheme are studied in Sect. 6. The theoretical conver-
gence rates are justified with two numerical examples in Sect. 7, followed by con-
cluding remark in the last section.

2 Preliminaries and the continuous problem

Consider a convex polygonal domain Q ¢ R? where d = 2, 3 represents the dimension
of the domain, with Lipschitz boundary 0€2. We define the final time 7 and the time
interval I = [0, T']. Further, we denote L*(Q), the space of square integrable functions
with standard inner-product (¢, y)q 1 = /Q ¢ v dQ. For each positive integer s € N, we

1/2
define H*(€2), the Sobolev space with standard norm |||, i, : =< o <a<s ||D”‘q,’>||(2) Q) ,

where D%¢ denotes ath partial derivative of ¢. Moreover, the function space
L*(0, T; H*()) consists of function ¢ such that for almost all t € [0, T1, ¢(-, t) € H*(Q)
with the norm

T 1/2
. 2 .
||¢||L2(o,T;Ha(Q))-=(/ ||¢(t)||vg> 5 Nl 3@y = egs S';P”Cb(f)”s
0 <1<

In addition, we define P, (E), the space of all polynomials of degree less than or
equal to k on E and for a function v, the first and the double derivatives with respect
to t are denoted by D,v, D,,v respectively.

2.1 Model problem

Let fi(u,v) € L*(Q,1) be the force function fori € {1,2}, and (u,, v,) be the initial
guess for the solution (u, v). The continuous problem is then given by: find (u, v)
such that for ¢ € [0, T'], we have:

Du— A (g,(w), g,(v) Au = fi(u,v) inQx(0,7), )]
Dy — Ay(g,(1), g,(V) Av = f,(u,v) inQx(0,T), @)
u(,t) =v(x,H)=0 ondQ x (0, T), 3)

u(x,0) = uy(x) onQ, 4)

v(x,0) = vy(¥) on L, )
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where gi(w):= [, {(x)@dQ for w(-, )€ L*(Q) for almost all € [0,T] and
L,(x) € L*(Q). Further, we define Dtu::‘;—‘t‘. Since the diffusive coefficients A’s
depend on the global behaviour of the solution, the problem is termed nonlocal.

Further, we will make some assumptions on the model problem in order to derive
the theoretical estimates in the later section.

Assumption 1

e Forie {1,2}, A(,-) : R? - R is bounded, i.e., 0 < m, < A;(-,-) < M, where
mg and M are positive constants.
e A,-) : R* > Ris a Lipschitz continuous, i.e.,

[A(ryss) = Ai(ry, 51 < Ly([ry = 1| + sy = 55) V() € RXR. (6)

e Fori € {1,2}, the right hand side force function, f; are Lipschitz continuous w.r.t. u
and v. i.e.,

[fiCuy,vy) = fiug, vo)l < Lip(luy — up| + [vi = v,]) V(uyp,vy), (uy,v,) € RXR. (7)

Multiplying Eq. (1) by ¢ and (2) by w and employing Greens’
theorem, we derive the continuous weak formulation: Find
(u,v) € L0, T; HY(Q) N C(0, T3 LA() x L*0, T; HL(R) N C(0, T3 LA() and
(D,u,D,v) € L*(0,T; H-'(Q)) x L*(0, T; H~'(Q)) for almost all € [0, 7] such that

dit(u, @)+ Ay (1), &MV, Vo) = (f;(u,v), ) in D'(0,T) Vo € Hy(€),

®)
£ 0) + A3, 00, 0, T9) = (). w) in DO.T) Yy € HY@),
9
u(x,r) =v(x,H) =0 V(x,1) € dQx(0,7), (10)
u(x,0) = uy(x) and v(x,0) = vy(x) Vx € Q, (11)

where D'(0,T) is the space of distributions on [0,T] and {-,-) denotes the
H(l)(Q)’ , Hé (€)— duality bracket. The existence and the uniqueness of the weak solu-
tion satisfying Egs. (8)—(11) can be easily proved using Schauder fixed point argu-
ment [38].

Theorem 2.1 Under Assumption 1, there exists a unique solution
(u,v) € Hg(Q) X Hé (Q) of the problem (8)—(11).

Using Assumption 1, Schauder fixed point theorem and proceeding analogously as
in [38, Theorem 2.1], we get the desired result.
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3 Virtual element methods

In this section, we consider a few regularity assumptions on the family of mesh
decompositions {€2,}, and discuss the construction of two and three dimensional
virtual element spaces which were originally introduced in [31, 39, 40]. Unlike the
finite element space, the virtual element space consists of both polynomial func-
tion and implicitly defined non-polynomial function. Non-polynomial parts of the
discrete bilinear forms are approximated by suitable projection operators which are
computable from known degrees of freedom (DoFs) associated with the VEM space.

3.1 Background material

Let {€,},, consists of non-overlapping, bounded polygonal/polyhedral elements E or
P such that Q = Upgq P or Q = Ugeq E and let hy/hp be the diameter of an element
E/P € Q;; h:=maxgeq hy and for polyhedron, h:=maxpeq hp. For d =2, E has
non-intersection polygonal boundary dE which is assembled from N - straight edges
e joining N 1‘9/ vertices. For d = 3, each element P has a polyhedral boundary 0P
which is formed by N} planar faces F joining vertices (x;,y;,z,) € R 1 <i <N} .
For an element E/P, we define the measure of E/P by |EI/IP| and barycenter (center
of gravity) by X /Xp. To use the interpolation and theory of polynomial approxima-
tion of a function, we require some regularity assumptions on the domain decompo-
sition {€2,, },.

Assumption 2 (Mesh regularity) For polygonal element E C R?, there exists a
positive constant y independent of diameter £ such that every polygonal element E
satisfies these conditions

. (led) E € Q, is star-shaped with respect to every point of a disk of radius greater
than y hg.
o (T3 for every element E, and for every e C JF satisfies h, > yhy.

For polyhedral element P C R3, there exists a positive constant y independent of
diameter % such that every P and each F' C dP satisfy these conditions

. (Tl3d) P € Q,, is star-shaped with respect to every point of a ball of radius greater
than y Ap.
. (de) for every e C dF and for every face F, it satisfies h, > yhp > y*hp.

Remark 3.1 Assumption (T7%)and (T7?) ensure elements and the mesh faces are sim-
ply connected subset of R? and R?~! respectively. Assumption (72%)and (759) con-
firm that there exists a positive number K|, independent of mesh family {€Q,}, such
that

N /NS <K, VE/PEQ,0<h<l
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The following canonical convention of the multi-dimensional space is

exploited. Let s = (s, 5,, ...,5;) and define |s| = s, + 5, + --- +5,. We denote an
element x*€RY, d=1,2,3by, x*:=(x]' x} ...xY). In what follows,

MZ(E)::{ (X;XE> L8] < k}, d=1,2,3 is the set of scaled monomials with the

-
notational convention /\/lil(E) = {0}.

For each element E €, we outline the L? projection opera-
tor %, : L*(E) - P,(E) defined as

( (10, — Du, q )E =0 VgePUE),

and define the elliptic projection operator HZ g H Y(E) —» P,(E) satisfying,

( vy, - hu, Vq) =0 VgePE)\PyE) and / (Y u — wyds = 0.
: E e
The global operator Hg
ment E, i.e., [0, =11} .
Two dimensional virtual element space For every E € Q,, consider the auxil-
iary space Wé (see [39]) defined by,

is defined on L?(Q) such that it is same as Hg £ on each ele-

Wy = {ve H'(E)yn C°(0E) : v|, € P,(e)Ve C OE, Av € P (E)}.

Upon restricting the functions, we introduce the local virtual element space in two
dimension as below

HEy:={vew; : /(HZEv— Na=0VYgeP\PLBE | (12)
E

where P, \ P,_,(E) denotes the set of polynomials of degrees exactly equal to k — 1
and k. Further, we define a set of DoFs associated with an element H*(E) which
uniquely characterize the function &, € H*(E) as follows.

e (d,) The values of &, at the vertices of the element E.
® (d,) On each edge e C 0E , the moments of &, up to order k — 2, i.e.

ﬁ /tfha)de Yo € ./\/l,i_z(e).

e (d;) The moments up to order k —2 of §, on E, i.e.,

1

& /E.»:h wdE, Vo€ M;_,(E).

We deduce that Hk(E) is unisolvent with respect to the above set of functionals
(d,)—(d;) (see [40-42] for detailed proof). The global conforming virtual element
space is defined as follows

Hy:={v € H)(Q) | v|; € H'(E) VE € Q,}
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[40—42]. The construction of the conforming virtual element space for d = 3 follows
an analogous idea as d = 2. Hereafter, we will not make any difference between E
and P and we will try to be dimension independent if not otherwise specified. For
better readability, we append the following remark.

Remark 3.2 For each polyhedral P € Q, C R, the local VEM space is defined
same as two-dimension VEM space. For each face F C dP C R2, Hk(F ) is a two-
dimensional VEM space. Interested reader can refer [30, 39, 41] for detail demon-
stration of three dimensional VEM space. Also, it can be observed that the local
virtual element space H"(E) has the same number of DoFs as [39] with an added
advantage that the L? projection operator H  is computable on HX(E) [41]. The L2
projection operator is used to discretize the nonlocal term and the non-stationary
part of the model problem that will be discussed in the later part of this article.

On the virtual element space Hk(E), we consider the discrete bilinear forms
a,(-,-) and m, (-, -) corresponding to the continuous forms a(:,-) and m(-, -) respec-
tively. Since, the discrete functions v, € H*(E) are not available in a closed
forms, we employ the projection operators, HO and HZE to discretize the bilin-
ear forms. The local discrete bilinear form aE( 3 HYE) x HYE) - R and
my (-, ) HYE) x HYNE) — R corresponding to continuous bilinear forms a(-, )
and (-, -) respectively, are defined as follows:

ay(w,v): _aE(HV w, HV V)
+ S =T Jw, (I =TI} )v) - Yw,v € HY(E),
my (w,v):= (1) ,w, T )
+ S =TI yw, I =TI v) - Yw,v € HY(E).

13)

The last terms on the right of (13),viz. SE( -) and SE " (-, -) are the stabilization terms.
SE (+,+) is symmetric and positive semi-definite and SE (-, ) is symmetric and posi-
tlve definite on Hk X Hk Moreover, the stabilization terms SE (-,*)or SE (¢, ) reduce
to zero when one of the entries is a polynomial function. Symmetrlc and positive
definite bilinear forms that scale like (-, ) can be used as stabilization SnEq (-,-) and
symmetric positive semi-definite bilinear forms that scale like af(,-) can be used
as the stabilization Sf(-, -). Further, we assume that there exist positive constants
@y, ay, B, B, such that

a; af(v,v) < Sf(v, v) L a, af(v,v) Ve Hk(E) N Ker(HZE)

By (w,w) < SE(w,w) < By (w,w);  Vw € HA(E) N Ker(IT) ),
where Ker(T') denotes the nullspace of the operator 7. The above mentioned assump-
tion implies that SE(-,-) and SE(-,) are spectrally equivalent to a(-,-) and (-, )z

respectively. Amongst the different computable forms of the projection operators
available in the literature [43], we choose the following representation:
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N dof
E

SE(¢,yr):= h Zdof (@) dof.(w). and SE(p,y):=hi2 ) dof () dof, ().

z=1 z=1

Ng"f denotes dimension of the local space Hk(E). The local forms af (-,-)and mf (,9)
satisfy the following two properties :

Polynomial consistency For an element E € Q,, 0 < h <1, the bilinear forms
af(-, -) and m}f(-, -) defined in (13), satisfy the following consistency properties:

df(p.v) = d"(p,v) Vp € PUE), VveHNE)

E " (14)
m;(p,v) = P,v)p Vp €PE), VveEH(E).

Stability There exist four mesh independent positive constants, a*, a,, f*, f, inde-
pendent of the element E such that for all v € H*(E), ar(v,v), and mf(v,v) are
bounded by af(v,v)and (v, v) > Tespectively, i.e.,

a, a"(v,v) < ab(v,v) < a* af (v, v);

ﬁ* (V’ V)E < mf(v’ V) < ﬁ* (V, V)E (15)

hold. Condition (15) ensures that the non-polynomial parts SE( -) and SE “(+,+) scale
same as polynomial parts of aE( -) and mE( -) respectively. Addmg the local con-
tributions, the global forms ah( D H X Hk — R and my(-,-) : Hk X Hk — R are
defined as

a,(w,v):= Z af(w,v) and m,(w,v):= Z mf(w,v) Vw,veH’Z.

E€Q, E€Q,

Remark 3.3 To discretize the bilinear form (-, -), we have employed HZE operator.
However, the term a(-,-) can be discretized by employing the external projection
operator l'[k LE [43].

Remark 3.4 In this work, we use the projection operators’ matrix representation to
evaluate the matrices corresponding to the bilinear forms a,,(-, -) and m,,(-, -) respec-
tively. These matrix representation depend on the order of the space and shape of
the element E, but is independent of the size of the element. Therefore, the matrices
remain unchanged for any transformations that preserve the shape of E. However,
this inspection is not true for higher order virtual element space. [22, Remark 3.5].
We compute the matrices following the procedure highlighted in [22].

3.2 Semi-discrete formulation

By using the discrete bilinear form, the semi discrete formulation of (8)—(11) is
defined as: Find (u, (1), v,()) € M X ) for all most all t € [0, T| such that

my, (D, @) + Al(g1(H2”h), gz(Hgvh)) a,(uy, @) = 1y vy 0,) Vo, € HZ’
(16)
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my (D wy) + Ay (g (M), g2 (M) @y, (v w) = (fon (e vi)sw) - Yy, € Hy,
(7

where

G vi)s @) = Z /f1(H2,E”h, v I L, dE,
Ee€Q, E
(13)

and Uzh(uh7 Vh)’ Wh) = Z fz(HzEum Hgygvh) Hg,EWh dE.
E€Q, E

The scheme (16) and (17) constitute a system of differential equations. Since the
model problem (1) and (2) satisfy Assumption 1, we deduce that the nonlinear sys-
tem of equations (16) and (17) have a unique solution for ¢ € [0, T} ], where 7|, < T.
Such a solution can be extended to [0, 7] following the boundedness property of the
discrete solutions. Let C be a generic positive constant that is independent of mesh
diameter 2 and element E, which takes different values at different instances.

Theorem 3.1 Let the discrete solutions (”2’ vg) S Hé Q) x H(l) (Q) and the two
force functions fi(u,v),f,(u,v) € L*0, T, L*(Q)), then, the solution of (16) and (17)
(u,, vy,) satisfies the following boundedness property

Vill o020y < G5 Nyl 0.7 12002 < Cs

||Dz"h||L2(o,T;L2(Q)) <C, ||Dtuh”L2(0,T;L2(Q)) <C

Proof We consider the semi-discrete formulation (16) and (17). Upon choosing
@), = uy, in (16), we obtain

1d
Ezmh(um ) + A, (8w, g,(Tvy)) @, (g 1) = (fr (o vy ). (19)

Using Assumption 1, triangle inequality and continuity of the operator I1?, we obtain

ILf (ngha Hg"h)no,g =|lf; (ngh’ Hg"h) —/1(0,0) + £, (0, 0)“0,9

20
<Lp (llugllog + lvillog) + I/1€0, 0)ll q- 20

An application of Cauchy—Schwarz inequality, boundedness of the operator I1°,
Young’s inequality and (20), we obtain

1
[Fin s vi)s )| < §<|V1(H2“/1’H2Vh)”g,g + “uh”(2),9>

@D
< (a2 g+ yl13 g + W4 0. 001 )-

Substituting the estimation (21) into (19), we derive
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1 d
3 B S g+ mg e, 1V 1
(22)
< (Il g + 430 + 5 0. 001 ).
In the analogous way, we obtain
1 d
S8l g+ mo @, 1V
(23)
< (B g + vy 3o + A0 001 ).
By adding (22) and (23), we have
28 L2 + a2 ) + o o, (Ve 12 + 199,12
2 * dl hll0.Q hllo.Q 0 % hll0.Q hllo.Q (24)

< (B g + Il g + 15,0 Ol g + 150, 0 g )-

Integrating both sides of (24), and an application of Gronwall inequality, we obtain:

t
2 2 2 2
(l B+ ) + COom B [ (19,1 + 19,3 )ar
0

(25)
< (O o + O g + 10, 012 o + IAO. 01, )-

for all 7 € [0, T] which implies that ||u, [ 1«0 712y @04 V)]l L= (0.7 12()) ar€ bounded.

In order to prove the terms [|D,ull;2 7. 12y < 00 and [[Dv|| 20712y < 0, We

choose ¢, = D,u;, in (16) and y;, = D,v, in (17), followed by applying analogous

arguments as the proof of [|u || 120 7: 12y < o0 and ||v, |l 12¢0.7: 120y < -

3.3 Fully discrete scheme

We employ VEM and backward Euler method for discretizing the space variable and
the time variable, respectively. To this end, we consider a partition of non-overlapping
sub interval [¢,_,,¢,]of [0, T], where n =0, 1,2, ..., Ny with time-step A" :=t, — ¢,,_;
such that 7 = ZnNLO Ar". To reduce the computational complexity, let us assume that
A" = At for all n, i.e., equal time steps. Thus, the fully discrete virtual element scheme
of (8)—(11) is defined as: For eachn = 1,2,3, ..., Ny, Find (U", V") € H} x H} such
that

At
= (funU". V. 0) Vo, €M,

U — Un—l
my, <—’ (Ph> + Ay (g, MU, V") a,(U", @) 26)
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v — Vn—l n n n
’"h(T’ w) + Ay, (00", gy (TOV™) @y (V" )

= (f(U". V. y,) Yy, € H’;,

27

U°=1,(uy) and V°=1,(vy), (28)

where U° and V? are initial approximation of u and v at time ¢ = 0, respectively.
The discrete scheme (26) and (27) reduces to a system of nonlinear equations which
can be solved by employing iterative methods. To reduce the computation cost, we
incorporate the technique introduced in [37]. A detailed implementation procedure
will be discussed in Sect. 3.5. In addition, we would like to introduce a linearized
scheme for the weak formulation, (8)—(11). where the unknowns are computed at
time #, and the nonlocal diffusive coefficients and the load terms are computed at the
previous time-step, i.e., at7 = t,_;. We present the linearized scheme as follows:
Foreachn = 1,2,3, ..., Ny, Find (U", V") € H¥ x ¥ such that

~ ~

U" — Un—l ~ ~ ~
mh<A—’(ph> +A1(g](H2U" 1),g2(H2V" ]))ah(U",(ph)

(29)
= <f1h(U”‘1,V"‘1), ¢h> Vo, € HE,
vyl 071 0Tn-1 Sn
ny, At Y + AZ(gl(HkU )7 gZ(HkV )) ah(V ’ Wh)
(30)
= (@ V") Vi €
U =1,(up) and VO =1,(vy). (31)

The discrete formulation (29) and (30) reduces to system of linear equations that can
be solved by a linear solver directly. Let A and B be the matrix representation of the
bilinear forms a,,(-, -) and m,,(-, -), which are positive semi-definite and positive defi-
nite respectively. For better representation, we introduce

By :=A (g (MUY, 6,MOV™Y)  and B, :=A,(g,I100"), g,(OV"1)).

Thus, both the matrices B+ AtZ; A and B+ ArE, A are invertible that ensures
unique solution to the system (29)—(31). Further, in Sect. 6, we will show that the
approximation (U” V”) converges to the analytical solution with an optimal order
in both the space and time variables. The rate of convergence depends on the initial
approximation of the solution, i.e., (U, V9). Therefore, the initial guess could be
chosen as an interpolation of the analytical solution at # = 0.

@ Springer



18 Page 120f 34 M. Arrutselvi et al.

3.4 Existence and uniqueness of the solution for the fully discrete scheme

In this section, we shall use the following variant of Brouwer fixed point theorem [44,
Lemma 4.3] to ensure the existence of a solution for the discrete problem (26)—(28).

Theorem 3.2 (Brouwer theorem) Let KC be a finite dimensional Hilbert space with
inner product (-, ). Let g : KK — K be a continuous function. If there exists a con-
stant, R > 0 such that (8(2),2)x > 0 for all z with ||z||x = R, then, there exists a
7t € K, such that ||2* ||, < R and g(z*) = 0.

The existence result of the fully discrete scheme (26)—(28) is given in the following
result [8, Proposition 4.1].

Theorem 3.3 Let1 <n < Nyand (U’, V') € H/;l X H/;l be the given unique solution
of the system (26)—(28) for 1 <J < n— 1. Then the system (26)—(28) has a unique
solution (U™, V") € H’;l X H’;l at time t,.

Proof We prove that the discrete system (26)—(28) has a solution (U", V") and that
the solution is unique at time t = ¢,, where n = 1, ..., N, . We will use mathematical
induction method to prove the theorem. Let, for n = 0, the solution is (U°, V9 and
assume that (U"~!, V"~1) be the solution of (26)—(28) at time ¢ = t,_,. We define a
map

L Hy x Hy = Hy x H), (32)
such that

[LWU", V"), @]:=my(U", @) + At A, (g,(ITU"), (V™) a,(U", @3
— At (f, (U, V"), @) —my (U™, )
+m, (V" y,) + At Ay(g,ITUM), g, (V™) a,(V", )
— At (f (U, V), ) = my (V' ),
where @ = (¢, ;) EH:XH]Z. Since, the bilinear forms my(:,-), a,(:,-) are
bounded and the nonlocal coefficients A4,(:,-), and A,(-,-), and the discrete force

functions f,,, f,, are Lipschitz continuous, therefore £ is continuous. Further, using
boundedness of the bilinear forms m,, (-, ), a,,(-, ) and Assumption 1, we have

(33)

my(U", @) + At A, (8,(IRU"), g,(TV™) a,(U", @;) = At (f,(U", V"), @)
=m0 < 5 (1070 I94lla )

8t M(IVU g + IVe4lloq)

+ C(Ly)At (”Un”o,gz + [[V'lgq + 1 (O, 0)|) lenlloq + e loall@nlloq-
(34)
Applying analogous arguments as (34), we obtain
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m,(V", y,) + At Az(gl(HQU”),gz(HgV"))ah(V", W) — At (o, (U™, V), y)
- mh(Vn_l"I/h) < ﬂ*(”Vn”o,g ”Wh”o,g)
+ 80 Ma (119"l + [V loa)
+CLy) A (1U7llog + 1V log + 60,01 willog + £ 1V llog 1¥illog:

(35)
Adding inequalities (34) and (35), we derive

(LU, V"), @] < C(B*, a*, M) (lIU"Hl,g IVl g + 10,01 + L0, 0] + 1U" loq
1V g ) (1wl o+ sl )-
which implies the map £ is bounded on HZ X HZ. Next, we derive that
LU, v, (U, V] > 0, (36)

for sufficiently large values of norm of (U”, V"*). By choosing ® = (U", V") in (33),
we obtain:

m,(U", U") + At A, (g,(IU™), g,(IV™) a,(U", U") — At {f,,(U", V"), U")

—my U U 2 AU o + At my a, VU,

= AL (1" log + V' llog

10,0110 log = 8 10" llog 10" g
(37)
Similarly, we derive

m, (V' V") + At Ay (g,(ITU™), g,(MYV™) @, (V", V") = At (f,(U", V"), V")
—m, (V'L V) 2 BIVIIG o + Af mg a, IVV'IIG o

= ar (Vg + 1071l

FHO.01) [V loa = B 1V oo 1Vl
(38)
Adding (37) and (38), and using Young’s inequality, we have

L@V, V] 2 (B, = At ClLy, ) IU" I
+ (.= A1 CULe ) IV'IE
+ At m, oz*(uvu"ugQ FIVV'IR, ) - At C(LF)(m(o, 02 + [0, 0)|2)
- o
= (I B+ v izg)-

(39)
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Further, we choose the time-step At sufficiently small such that the coefficients of
1U" lpq and ||[V"|loq are positive, i.e. min{(ﬂ* — A1 Cy(Lp ). (B, — At cv(LF,ﬁ*))} >0
We rewrite (39) as [8, Proposition 4.1]

LW V.UV = E(IU" R g+ 1V'IE g ) = CLA(1AO.0F + 1600

1 n— n—
= (IR g+ 1V,
(40)
We define

m::%(2C(LF)([f1(O, OF + HO.0F ) + (10" g + V"1, ) )-

Therefore, [L(U", V"), (U",V™)] 2 0 for || U"I? , + IV , = R. By Brouwer fixed
point theorem, we can assure the existence of the solution
U v e Bm:{(u" VY e HE X HE - IR, + IV, < m} Now, we will

LQ =
prove that the discrete solution (U", V") of (26) and (27) is unique. Let (U7, V}) and
(U3, V3) € H" X H" be two solutions of (26) and (27). Then, from (26), we have

(U = U3, ) + At A (U, &,V ) 0, (U7 @)
~ At A, <g1(ngug),g2(ngvg)) @, (U, @) = At (fiy(UT, VD), @) (4D
+ At {f1, (U5, V), @) =0
Applying analogous arguments, we derive
(Vi = V3) + At Ay (g, (RUD, x(TEVY) ) (Vi wr)
= At Ay (81U, (VD)) a(Viowy) = At (U3 Vw) - (42)
+ A1 {5, (U3, V3), w,) = 0.

For better readability, we introduce the following notations: z:=U} — U] and
x :=V] — V. Further, we choose the test function ¢, = 7 and substituting in (41),
we have

(. )+ Ar A, (,(T0UD, g,(TVY) ) (U )
= At A (8, (U, 8,V a(U3, 7) = A (UL V1) (43)
+ At (f, (U5, V), 7) =

An application of Lipschitz continuity of the force function f; (Assumption 1) and
the boundedness of the projection operator 1'[2 yield

S U3 VD) = Fun U3 V)| < CLp) (el + llog ) Iellon: (44)
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Adding and subtracting A, (gl(HgU?), gz(HQV;’)) a, (U3, 1), we rewrite the differ-
ence of the nonlocal terms in the following way:
T =A, (&, RUD, V) ) (U7, 0 = A (4T0U5), 8TV ) ay (U5, )
s (gl(HQU';), gz(n‘k)v;l)) a,(U" - U, 7)
+ (A (U, gV ) = A, (8003, £,01V)) ) (U3, o)
45
Using the boundedness of the projection operator Hg and the assumption on the non-

local coefficient (Assumption 1) A,(,-), the second term of the right hand side of
(45) can be bounded as

| (A (210D, 210VD)) = A (0,20, 21102)) ) U3 )|

(46)
< @) (lirlha+lxlha) IVU:loa IV loo:
Substituting (44) and (46) into (43), we derive the following result:
my(7,7) + At my a, ||VT||(2)’Q
(47)
< ¢ty Mr(l7llog + lxlog ) (Ieloq +197l0g)-
Using analogous techniques as (47), we derive from Eq. (42),
mh()(’ ){) + At mO a, ”V)(”S’g
(48)

< ) A (llzllog + llo ) (ellog + 1V 2llog)-

Upon adding (47) and (48) and an application of Young’s inequality and the stability
of the discrete bilinear forms m,,(:, -) yield

(8. = Collrs a2l g + (B = Tl o)t ) 1212

At mgy a, 2 5 (49)
+ T(HVT”()Q + ”V}(”()’Q) <0.
By choosing At sufficiently small, we derive
Izllio+lxllio <0, (50)

which implies 7 =0 and y = 0.
Remark 3.5 In the proof of Theorem 3.3, we have exploited Brouwer theorem to

prove that the fully discrete scheme has a unique solution. In the proof, we have
assumed that the time-step Az > 0 is sufficiently small such that
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min {(ﬂ* — At C (L, ), (B, = At C(Lye, ), (B, = C(Ly, @, mg) Ab),

(B, - C(Ly a*,mo)At)} > 0.

By using Brouwer theorem, we have deduced that the discrete solution
(U", V") € By, where R is the radius of the ball By that depends on values of force
functions and discrete solution at previous time step. In particular, the radius
depends on values of force functions fi,f, and norms of solution at time t = 0, i.e.,

C( /10,0 + [,0,0)] + I1U°]l, o + ||V°||LQ>, where C is a positive constant. The

radius of the ball at time 7, is greater than the radius of ball at time 7,_, [2, 8].

3.5 Implementation of the scheme

The fully discrete formulation (26)—(28) can be solved by employing Newton’s
method. However, the presence of the nonlocal coefficient reduces the sparse
structure of the Jacobian of the nonlinear system, thereby increasing the com-
putational cost. Since our model problem contains a coupled system, the com-
putational cost is twice. In order to avoid this difficulty, we incorporate the idea
provided in [37]. The fully discrete scheme (26)—(28) can be rewritten as
my(U", @y) + At A, (g, AU, g,(IVM) a,(U", @) = At(fy, (U™, V"), @)
+ mh(Un_l7 (ph)’
my,(V", y,) + At Az(gl(HgU”), gz(HgV")) a,(V",y,) = AtUZh(Un, v, Wh>
+m, (V' ).

We introduce two new independent variables such as d; = gl(Hg U") and
d, = gz(Hg V™). Then, the above system reduce to the following non-linear system,

my(U", @) + At A,(d,, dy) a,(U", @),)

= At (f,, (U, V), @) + my(U" ' @),
m, (V' w,) + At Ay (d,, dy) a, (V" wy,)

= A5, (U", V"), y) + mh(vn_l SWh)s
dy = g,(IMU™,
dy = g,(ILV").

(D

The Jacobian of the system (51) will be of the form

A, 0 C, D,
0 B,C, D,
A, 0 Cy 0
0 B,

J =

0 Dy 2Ndof 422 Ndof 2
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where, N represents the total number of degrees of freedom of the global virtual
element space Hl;r In what follows, we define the residual of the fully discrete sys-
tem (51) as
Fyi=m,(U", y) + At Ay (d,, dy)a,(U", ;)
— At (fy (U V) —=my (U y) =0, 1< j< N,
Fyi=my, (V" y) + At Ay (dy, dy)a,(V", w;)
= At (U V) = my (V') =0, 1< < N
Fiyary; := (U™ — d; =0,
Fopuryy 1 =g [I0V") —d, = 0.

(52)

Writing explicitly discrete solution in term of basis functions, we have

dof Ndof

U' = Zaf‘ v, and V"= Zﬂ,-” Vi,
i=1 i=1

where B:={y, ..., Wy} forms the canonical basis of the finite dimensional space
H];L, and al, and B! are unknowns. Further, the entries of the Jacobian matrix are
given by:

OF ;
Ay = = my i w) + AL Ay, dy) ay(wy), 1S5 SN
oF; 0A,(d,,d,) _
(Cy; =ﬁj = At % a,(Utyp), 1<j< N,
1 1
oF; 0A,(dy, dy) .
(Dl)lj :WJ = A[ % ah(Un’ V/j)’ 1 S] S NdOf,
2 2
anj ] dof
(By);; =0_ﬁ" =my,(y;, y;) + At A,(d,, dy)a,(y;, v, 1<ij< N,
o, 0A,(d,,d,) .
(Cz)lj =gj = At #ah(vn’%), 1 S] < Ndof,
1 1
53)
OF; 0A,(d,,d) . (
(Dz)lj =ﬁj = At %ah(vn’%)’ 1 S_] S NdOf,
2 2
OF | yaot dg,Iu"
Ay, = (I)Ndnr+1 _ 81; ;:1 )7 ISiSNdOf,
o o
OF | yaor
(Cy)yy =—2e —
31 ad,
OF 00 ag, IOV
By = ggnm = gz;ﬂﬁ ), 1 <i <N,
aF2Nd°f+1
(D) =—2L — .
411 ad,
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Theorem 3.4 Let Assumptions 1 and 2 hold. Also assume that
o, vh,d,,d,) € 'Hk X 'Hk XRXR be the solution of the system (51),
then (U",V") € Hk X Hk be the solution of (26) and (27). Conversely, let
v e ’Hk X Hﬁ be the solution of the system of equations (26) and (27), then
", vr.d,, dz) € 'Hk X 'Hk X R X R be the solution of the system (51).

Proof Proceeding similar to proof of Theorem 4.1 in [38], the desired result can be
obtained.

4 A priori error estimate for semi-discrete scheme

In this section, we establish a priori error estimate for the semi discrete
scheme in the L? and H' norms. It is observed that the direct bound of the error
lu() — w,(O|ly + ||v(®) — v, ()]l may not be straightforward. To achieve the goal, we
introduce the Ritz projection operator R, : H'(Q) — H];, that is defined as

a,(Ryu, ) = a(u,w) Vo € H'(Q). (54)

The well-posedness of the Ritz projection operator R, directly follows from the
coercivity and boundedness of the bilinear form a,(:,-) and the continuity of the
function a(u, -) on H];r Employing the projection operator R, we divide the errors
u(-,t) — u, (-, ) and v(-, #) — v;,(-, t) into two parts as

u('? t) - uh('? t) = M(‘, t) - Rhu(" t) - (_Rhu(" t) + Mh(" t))’
. ~ AN ~ J/ (55)

=ip =1

V(', [) - vh('? t) = V(', t) - th(" t) - (_th(" t) + Vh('7 t)) .
- ~ < ~~ — (56)

=i =

Using the approximation properties of R, we bound the term p,, ;. To bound the
right hand side terms of (55) and (56), i.e., p,, 45, we use the semi-discrete formu-
lation (16) and (17) and the approximation properties of the projection operators
on the polynomial space that will be discussed in forthcoming theorems. Next, we
introduce the approximation properties of the polynomial projection operator (refer
[45D).

Lemma 4.1 Consider Assumption 2 holds on the discretized domain. Then, for all
EeQ, where0<h<1,andv € H*(E), wherel < s < k + 1, there exists a polyno-
mial v, € P, (E) such that:

v =v.llog+hellVv = Vv llor < Chy [Vl (57)

where, the positive generic constant C depends on the mesh regularity parameter y,
order k of the polynomial space P (E), but is independent of the mesh size hp.
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Let IE be the nodal interpolation operator on the virtual element space H*(E).
For each element £ € Q,, and forve H 1(Q), there exists an element IEv € Hk(E)
such that:

dof;(v) = dof,(IFv) 1 <i <N,

where, Nd"f denotes the total numbers of DoFs in H*(E). The global interpolation
operator Ih is defined such that it is reduced to IE when restricted to an element E,
ie, |y = IE The approximation properties of the global interpolation operator is
now presented below (see [40]).

Lemma 4.2 Let Assumption 2 holds on the discretization of the computational
domain Q. Further, we assume that v € H*(Q). Then, for 1 < s < k + 1, the follow-
ing approximation property holds

v =Ivllog + 1 1IVy = Vivllog < CH IVl q, (58)

where the generic constant C depends on mesh regularity parameter y but independ-
ent of mesh size h.

Using the interpolation operator /,, we can prove that the Ritz projection operator
that approximates optimally .

Lemma 4.3 Let u € H*(Q). Then, there exists an unique functions R,u € H];l such
that

lu—Ryullyq < CHP™*lulyq, a=0,1landa <p <k+1. (59)

For interested reader, we refer to [20, Lemma 3.1] for a detailed discussion. Now
we prove optimal order convergence for the semi-discrete approximation (16) and
(17), in L? norm and H' semi-norm.

Theorem 4.4 Let (u(),v(t)) € H! Q) X H! 0(Q) be the solution of the system
(8)—(11) and let (u,(1),v,(1)) € 'Hk ka be the discrete solution of the problem
(16) and (17). Further, assume that ”u”LZ(O’T’HkJrl(Q)) < 00, |Vl 207 1@ < 005
IDsull s20.7; 1@y < 005 DVl 20,7 1) < 005 and |Ifi(u V)| 20,7 1 () < 0
fori=1,2. Then, for almost all t € (0, T], there exists a positive constant C which
depends on the mesh regularity parameter y, the order of the virtual element space
k, the stability parameter of the discrete bilinear forms a,(-,-) and m,(-, -), but inde-
pendent of the mesh size h such that the following bound holds
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@) = uOllo + 1) = vl < C(114,0) = uOllgq + 1, 0) = Ol )
k
+ Ch +1 (lu(O)lHLQ + |V(0)|k+139 + ”u”LZ(O,T;H"“(Q)) + ”v”LZ(O,T;Hk“(Q))
+ IDull 20,7, 1 @) + 1DVl 20,1 1 @)y + W1 s 20,7, 141029

+ [lfo(u, V)||L2(O,T;HA+1(Q))>7
where the initial guess u,(0) and v, (0) are chosen as u,(0): = I,u, and v,(0):=1,v,.

Proof Using the semi discrete scheme (16) and (17) and the definition of Ritz pro-
jection operator R, we have

my(py, @) + At A, (gl(ngh),gz(Hﬁvhﬂ ay(p2s 1) = {Finuy, vi), @1)
= (i, v), @) — m,(D,R,u(1), @) + (Du(1), @3) + (Al(gl(u),gz(V)) (60)
= A8 (). 8,[1,)) ) au(o). ).

Using the approximation property of the L? projection operator Hg and Assump-
tion 1, we have [46, Theorem 4.2]

[ uts vi)s @) — {fi(,v), @) | < C(LF)<hk+1 lulrro+ 57 o
61)
0+ = tyllog + IV = vyllog ) Iullog:

Moreover, since the nonlocal function A, (-, -) satisfies Assumption 1, and using the
approximation properties of the L? projection operator IT°, we derive the estimation

18100, 8200 = Ay &1 (T, g2 Mu )] < CL) (Kl + B4 i

= tyllog + v = villog)-
(62)
Using the polynomial consistency property of the bilinear form m,,(-, -) and approxi-

mation properties of the L? projection operator and the Ritz projection operator, we
derive [20]

| = my,(D,Ryu(®), @) + (Du(t), ;)| < C n Dt 1 0 ll@nlloq- (63)

Substituting @, = p,(¢) in (60) and using the estimations (61)—(63), and the stability
property of a, (-, -) and m,,(-, -), we have
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| =

Bllp I3 g + C o a IV a0 < € (K lulyrg + 1 Il

N =
ISY

t

k+1 k+1
g+ = ]l + 1 = villog ) T020llog + C(H* luliy g

k+1
+ R |V|k+1,g + [lu— 14};”0,9 +lv— Vh”o,g) ”Au(t)nog ”Pz(t)”o,g

+ C K Dyuligg 1020l
(64)
By decomposing the error u(#) — u,(¢) on the right hand side of (64) into p,(#) and
p,(2), and v(¢) — v,,(¢) into y,(¢) and pu, () and using Lemma 4.3, we derive

1 d
5 B E”Pz(t)”ég +Ca, my ||V/72(t)||(2),g < C(”Pz(’)”o,g + i Ollo.0
+ Bl o A BT g0 B A @) | o + B |Dzu|k+l,9> 122Dl 0-

Using Young’s inequality and integrating both sides from O to ¢, we have

t !
12080~ 1Ol + Ca ) [ 1Vp 01 05 < ([ Aol
+ ”#2(5‘)”39) dS) + C(ﬁ*)h2k+2<”u”il(OJ;HkH(Q)) + ”V”il(O,t;HkH(Q))
+ ”fl(u’ V)||12‘1(O,t;Hk+1(Q)) + “Dtu”il((),t;HkH(Q)))'
(65)
Using analogous arguments as (65), we obtain from (17)
t t
D12 0 = I12O2 g + Clatys B, my) / Vi)l ds < C( / (o212
0 0
I ) ds ) + CEIR (Il iy + IV s

2 2
+ Ile(u’ v)||L](O,t;H"+1(Q)) + ”Dzv”Ll(OJ;HHI(Q)))'
(66)

Upon adding (65) and (66), and neglecting the term /0’(||V,42(s)||(2)Q +IVp I3 ) ds, We
obtain ’ ’

I g = 1O + 10201 o = 1221 < €( /0 Ups N g + () ) ds )

2k+2 2 2 2
+ C h (”uHL](O,I;H"”(Q)) + ”V”LI(O,I;H“‘I(Q)) + |If2(us V)”LI(O,I;HH'I(Q))
2 2 2
+ |Lf1 (M, V)”L'(O,I;H"“(Q)) + ||DtV”LI(OJ;Hk+I(Q)) + ”Dru”Ll(O,[; Hk+l(g)))‘

An application of Gronwall inequality yields
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2k+2
”/’lz(t)”()g + “pz(t)”og ”l’lz(o)”og + |Ip2(0)“()g +Ch * <||MI|L1(0t H*1(Q))
+ ”V“Ll Of Hk+l(g)) + Ile(u v)“Ll Ot Hk+l(g)) + ”D v”Ll Ot Hk+l(Q))

+ Ilf](u v)“Ll(Ot Hk+l(Q)) + ”D u”Ll(Ot H"'H(Q)))

By using the definition of u, and p, [(55) and (56)], the approximation property of
the projection operator R, in Lemma 4.3, we obtain:

) = Dl + 10 = v, Do < C(11(O) = w,Ollgg + 140) = 1,Ollq )
k+1
M (IM(0)|k+1,Q + VO ggr0 + Nl oz mori@y + IV o7 m1@)
Dl o, 1@y + 1DVl o7 @y + Wi @ W 0101 )
+ o (u, V)||L1(O,I;H“+‘(Q))>'

Next, we proceed to bound the error in H'! semi-norm.

Theorem 4.5 Let (u,v) € H Q) x H (Q) be the solution of the system (8)—(11)
and let (u,(t), v,(t)) € 'Hk X 'Hk be the dlscrete solution of the problem (16) and (17).
Then, under the assumptions 0f Theorem 4.4 and for almost all t € (0, T], we have

1V,0) = Vullog + 99,0 = Vy(©llog < C(11V,0) = Vu®)llog
F1900) = VOllgg ) + CH (11O + MO liar 0 + il 207, 1)

+ VIl 51 @) T 1Pl 20,7, 10410y + 1PV 20,1 1041 ()

+ |lf1(u, V)||L2(0,T;Hk+l(g)) + ”fz(’/" V)”LZ(O,T;HM(Q)))’
(67)
where C is the positive constant independent of h, but depends on the mesh regular-

ity parameter, stability parameter of the bilinear forms a;(-, -) and m,(-, ), order of
the polynomial space P (E), and regularity of the Sobolev space.

Proof Recollecting (60)—(63), and substituting ¢, = D,p,(f) in (60) and using the
stability property of a,(-, ) and m,,(-, -), we obtain

1
Eﬁ*”D;ﬂz(l)” + = C(mo,a ) ||Vp2(t)||0_Q < (hk+l|u(t)|k+1,g + hk+l|V(I)|k+1,g
@0+ 1=l + 1 = Viloa ) 1D2Olloq + C(H 14Ol

+ W Oy + e —wylloq + llv = Vh”O,Q) lAu@®lloq 1D:p,Ollo

+ C KM Du®41.0 1Dl o-

By using Young’s inequality, we obtain
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1 2 1 d 2
Zﬂ* ”Dtpz(t)”()’g + EC(mOv (1*)% ”sz(t)”(),g
< C (PO, o+ PEOOR,

2(k+1 2 2(k+1 2 2 2
+ RV )3, o + P DU, o+ llu—wll5q + I = vhllo,g)-

(68)
Applying analogous arguments as (68) to (17), we derive
1 1 d
28D D5 g + 5 Clmo, @) Vi (D5 o < € (h”*”lu(r)liﬂ,g
+ RO, o +# PEPH@I o + P DV, o (69)

2 2
=g+ v = v ).

Adding (68) and (69), and neglecting the positive term 15, (|| Doy 01 o + Dt”2(t)||(2)'Q)

and using Theorem 4.4 (for bounding the errors in [? norm, i.e.,
|l — M;,”SQ +|lv - Vh”gg ), we obtain,
Lo I2 . + LIV ol2, < C 0 0)]12 0 0)|12
Jt“ p2( )“Q‘Q + E” /’[2( )”0’9 = “uh( ) - I/t( )”0’9 + ”Vh( )_ V( )llon
+ O (WO, + VO, o + Nl

2 2 2
+ ||Dtu”L2(0,T;Hk“(Q)) + ”Dtv”LZ(O,T; H”](Q)) + ”fl (M7 V) ”LZ(O,T; H/‘“(Q))

2
+ [lf2(u, V)||L2(0,T;Hk+‘(£2)) )

+ il

2 2
L2(0,T; H1(Q)) L2(0,T; H*1(Q))

Integrating the above equation on both sides from O to ¢, we get
VoI + 1V 101 g < C(IVAONE o + IV IO g + l1,0) = u(O)

+ 1lv4(0) - V(O)Ilé,9> + Chz(k+1)<|u(0)|i+1,g + |V(0)|i+1,9 + ||u||i2((),T;Hk+‘(Q))

2 2 2
+ ||v”L2(0,T; Hk+l(Q)) + ||Dtu”L2(0!T; Hk+l(Q)) + ”Dtv”LZ(O’T;HkH(Q))

2 2
+ ”fl (M, v)”LZ(O,T;Hk“(Q)) + ”f2(uv v)”LZ(O,T;Hk“(Q)) ) .
(70)

Using the definition of p,, and p, [(55) and (56)], approximation property of R,
(Lemma 4.3), we obtain the desired estimate (67).
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5 Error estimation for fully discrete scheme

In this section, we would like to derive a priori error estimates assuring opti-
mal order of convergence of the fully discrete approximation (26) and (27) in the
L? norm and H' semi-norm. In what follows, we split the errors for fully discrete
approximation as follows

u(t,) — U" = u(t,) — Ruu(t,) — (=R,u(t, + U"),

V g

:jp? :Zpg
v(t,) — V' =v(t,) — Rv(t,) — (=R,v(@,) + V),
B ~:ig

2(t,)=z(t,1)

and for a function z € Hi, we define 07" : = ~

Theorem 5.1 Let (u,v) EH (Q)XHI(Q) be the solution of (8) and (9) and
let (U", V") € H) X Hj be the solution of (26)~(28) at time t, € [0,T]. Further,
consider the mmal guess for the independent variables u, v as U° = I, (u,) and
VO = I,(v,). Then, there exists a positive constant C that is independent of the mesh
diameter h and the time increment At, but depends on the Sobolev regularity, the
mesh regularity parameter y (Assumption 2), the final time step T and the stability
parameters of the discrete bilinear forms a,(-, -) and my(-,-), such that the following
estimation holds

10" = utlloq + 1V = v(t)loq < C(IV° = uO)llgq + 1V° = vO)lloq)

k+1
+Ch + (|u(0)|k+1,9 + |V(0)|k+139 + ”u”Lw(O,tn,HHI(Q)) + ”V”L”(O,I,I,H/‘“(Q))
+ ||D;u“L1((),zn,H"+‘(Q)) + ||DtV||L1(o,z,,,Hk+l(Q)) + |If; (u, V)”Lm((),tn,H"*"(Q))

+ ”fz(“, V) ||Loo(0’t’”Hk+l(Q))> + C At <||Dttu”L1(O,tn,L2(Q)) + ”DnV”Ll(O,t,,,LZ(Q)) ) .

Proof To prove the fully discrete estimation, we employ (26), the definition of the
Ritz projection operator, the continuous weak formulation (8) and deduce that

ps =)
mh( : At A ’(Ph> +A (gl(HOUn) gz(Hovn)) an(py> @) = Fin(U", V), @p)

R Ryu(t,_
— (). 08, 03) =y (T, Y 4 D). )

+ (A (81w, 8200, ) = A, (&, (LU, 8,0V ) ) atuts,), @)

(71)
Upon choosing @), = p; and ¢, = u; in (71) and proceeding same as (65), and (66),
we bound ||} [lo.q. and || 31l as
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173 lha < o lloa + CAr(1llag + 142llq ) + CAT A (Jutt)li 1

+ |V(tn)|k+1,g + |fy (u(z,), V(tn))|k+1,g> +C (’1? + 11'2’>,
(72)
and

1ll0g < Cl " log + CAL( 83 llog + 1450 ) + CALE (Jutt) 0

1 0+ @)D g ) + C (8 +8).
(73)
Adding (72) and (73) and proceeding same as in [46, Theorem 4.4], we obtain

K+l
”Pz”og + ||142||09 C(”Pg”og + ”,‘42”0 Q)+ CHT <“f1(” V)”Lm(ot L HH1L(Q))
+ lull oo, 01y F VIl oo, 1) F 1PN 10 s 1)) + DV L0, 1 020
+ /o (u, V)||Lw(o,t,,;Hk+l(Q))> + C At (||Dn”||u(0,rn;u(sz)) + ||DnV||L1(o,t,,;L2(g)))-

By using the estimations of |[p|loq and [|u#]|lpq from Lemma 4.3, we obtain the
desired result.

Theorem 5.2 Let (u,v) € H! (Q) X H (Q) be the solution of the weak formulation
(8) and (9) and (U",V") € ’Hk(Q) X ’Hk (Q) be the solution of the discrete scheme
(26)—(28). Then, under the assumption of Theorem 5.1, the following error estima-
tion holds

IV = utDllog + IV = vt Dllog < € (IVU° = Vu©)lloq + 1VV° = V¥(O)lg )
k+1
+CH* (|M(0)|k+1,9 + VO 1.0 + Ntll oo, 01y + IVl oo 01 ()
+ W @ o0, 1) + W2 I, 1@y + 1Dl 20,4, 11001 )

FID 0@ ) + OO 1Dl 30,5000 *+ 1P 00 )

Proof Using the fully discrete scheme (26) and (27), and the definition of the Ritz
projection operator, we write an equation consists of p as follows

ph—ps”
mh( : At : ’(l’h> +A (81(H0Un) 82(H0Vn)) ay(py: @p) = fin(U", V"), @)

- (fl (u(tn)s v(tn))a (ph> - mh(aRhu(tn)s (ph) + (Dtu(tn)s (ph)
+ (A1 (6100, 8200, = Ay, TV, £V ) atuts, ). @)
(4)

Upon substituting ¢, = dp), and ¢, = du; in (74) and borrowing arguments from
[20, 38], we deduce that
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VAR g < IVP5 " I3 + C B2 Ar( e, ), g + (e vEDIE,

) g ) + o (1B g + 10 g ) + A2 + 1441 ).
(75)

and
IVl < IVHIBg +C h2’<+2m(|u(r W orq + ) E)E, g

R g ) + O (11 g + 113 0 ) + (113 + 1R ).

(76)

Upon summing (75) and (76) and letting the sum for v = 1, ..., n, and using the esti-
mation of 22:1 (|| p3llo + 43 llo ) from Theorem 5.1, we obtain the desired result.

6 Error estimation for linearized scheme

In this section, we estimate the rate of convergence in the space and the time vari-
ables for the approximation {@n, v satisfying (29)-(30). Employing the Ritz pro-
jection operator R, (see (54)), we split the terms u(z,) — U" and v(t,) — V7 as follows

u(t,) — U :=p} +py"s v(t,) = V'i=u| + iy
Theorem 6.1 Ler (u, v)eHl(Q)le(Q) be the solution of (8)—(11) and
{(U” V”)} erka be the sequence of solutions of (26)—(28) for differ-
ent time steps t,t,,...,t, € [0,T]. Further, assume that the exact solution
(u, v), and the force function f,(u,v), i € {1,2} satisfy the regularity assump-
tion, i.e., |[ullpoqy gy < 05 IVlley: w1y < 05 1Dl me1 @) < o0

||DtV||L1(o,zn;Hk+l(Q)) < 0o, ”Dtt"t”Ll(O,t”;Hk*l(Q)) < oo, ”Dttv”Ll(O,t,l;Hk“(Q)) < oo,
U,V 11005 - et < 0. Then the following error estimation holds
i L1(0,t,; H1(Q)) 8

1T" = utt)llog + 17" = vt)llog < C(1U° = uO)llog + IV° = ¥O)llog )
1+ C K <||M||Loo(0,z”;Hk+1(£2)) + ||v||Lm(0’,n;Hk+1(g)) + ||D;M||Ll(0,tn;H’<+l(Q))
D305 1@ + WG iy + o0 Do ey )
+ € At (D104 10y *+ WDl 30,130 + 1DVl 0

1DV )
()
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The positive generic constant C depends on mesh regularity y, stability parameters
of the discrete bilinear forms a,(-,-) and m,(-,-), but is independent of the mesh
parameter h and time step At.

Proof The estimations of p/ and y/ are known from the approximation properties of
R, In order to estimate p; and i}, we proceed as follows. By considering (29), we
obtain

~n—1
— p2

’ﬁn n— Tn—
my (2 o) + A (8 D). @7 ) 4,3 o)

= «lh(ﬁn_l’ v, @)
R -R
— Gttt v0, ) =y (T ) 4 D), )

+ (A (81w 8200, ) = A, (&, RT), @V ) ) atuts,). ).

(78)
The load term in the right hand side can be split as follows
|<flh(ﬁn_17 ‘771—1), qoh) - (fl (M(tn), V(tn))s qoh)l
< AT IRV, We,) — (f (Tut,), TRV(,)). e, )| 79

+ [ AT, TIv(1,)), T @) — (f (u(z,), v(1,)), T,
+ [{f e, ve)), T, ) — (f (u(t,), v(t,)), @)

Using Assumption 1, the approximation property and boundedness of the L? projec-
tion operator I1°, we derive

@77, 04 = (it v ) o)1 < C(IT™! = utt)log
IV =10l ) Ieilloa + C 1 (a0 + ME)lara  (80)
W) D0 ) I94llog:

Using the analogous techniques as [46, Theorem 4.5], and proceeding same as The-
orem 5.1, we derive

) k+1
1Bl + 1%ll0a < € (10° = uglloq +1V° = vollog ) + C 11 (1ull o0
+ ||V||L°°(0,rn;Hk+1(Q)) + IIfi (u, V)”L“’(OJ,,;H"“(Q)) + o (u, ")”Lw(o,r,,;HHl(Q))

+ ”Dtu”L‘x’(O,tn;H"*](Q)) + ”Dtv”L‘”(O,t,,;H]‘“(.Q))> +C A[( ”Dttu”Ll(O,tn;Lz(Q))

DYl 0. 12y + 1Dl 110 1202 + ”DtV”Ll(O,tn;LZ(Q))>'
81)

@ Springer



18 Page 28 of 34 M. Arrutselvi et al.

Together with (81) and an application of the estimations || o} ||y q and || 4] [lo o (using
Lemma 4.3), we obtain the desired result. O

7 Numerical experiments

In this section, we study the convergence and the accuracy of the virtual element
method by solving a nonlocal parabolic problem for a manufactured solution. We con-
sider a square domain, Q = [0, 1] X [0, 1]. The computational domain is discretized
with different type of elements, viz., distorted square, non-convex mesh and smoothed
Voronoi. A few representative meshes are shown in Fig. 1. In this study, for spatial
discretization, we have considered the virtual element space of orders, k = 1, 2 and
3. For temporal discretization, we have employed the backward Euler time integration
scheme. For convergence study, the errors are computed at the final time 7 in the L2 and
the H' norms. Since the discrete solutions are implicitly defined on the virtual space,
the errors are computed using the two projection operators as follows:

L*-norm error: £, 1= Z u(T) = IT) L UNr||2 .
EeQ, ’ ’

H'-norm error: £, := Z | Vu(T) — VIL) .UM |5 ..
EeQ, . ,

Consider the model problem (1)—(5), where the nonlocal coefficients are defined as:

A (gl(u), gz(v)> :=3 + cos(g, () + sin(z,(v)

Ay (8100, 8,0) ) =5 = cos(g, (@) + sin(g,(0).

(a) Distorted Square (b) Non-convex (¢) Smoothed Voronoi

Fig. 1 A schematic representation of different discretizations employed in this study
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The force functions (f},f,) are computed by imposing the following manufactured
solutions:

u=@x-x)@y-y)e’
v=2x—-x) -y e

as the exact solutions of (1) and (2) and g, (1) = fQ udQ, g,(v) = fQ v dQ. To reduce
the computational cost, two additional variables are augmented to the nonlinear sys-
tem and the resulting nonlinear system is solved using the Newton’s method with a
user specified tolerance as O(10~!°). This ensures that the sparsity of the Jacobian is

g 107 g 0 lf————————
= S E| = S E|
S [ ] S [ ]
— 1072¢ 1 - 1072 B E
R: B { = &l ]
s 0 p® S 2 ]
g 10’35 41 1 E = 10’3§ '1 1 E
A N ]
5 —4 | 4 —4 L B
g 107 ] 207
+ r 1 + r 1
=i r i =] F ]
D107 ER U £
= 2 s P z
mlo—ﬁ L M L L mlo—b' L N L Lo
1072 1071 10° 1072 107! 10°
Maximum edge size h Maximum edge size h
(a)k:Lu (b)k:l,v
g 1072 ¢ g 107 ¢
. g |
S0ty R
T 8 1 T 8 1
= 1074 E = 1074 E
= F E = F E
< [ ] © [ ]
2y 107} 1 Q0T f
] [ ] <] [ ]
= 10} 4 =10 £
= F 1 g F E
5 1077F E 81077 E
= f 1 5 f ]
1078 ; S 1078 : e
1072 10° 1072 10°
Maximum edge size h Maximum edge size h
(c) k=2 u (d) k=20

<%~ L[?(CVT) & L? (non-convex) -©- L?* (Distorted square)
-- H'(CVT) -EF H' (non-convex) -© H' (Distorted square)

Fig.2 Convergence of the errors in the L2 norm and H' norm for k = 1 and 2 and for the variables, u and
v
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1073 E

1073 E
1074}

1075

I
Error in the L? and H! norm
—=
[an)
&
T

Error in the L? and H' norm
S

1077 E! 1077 E
1078 E 10-8 E
107 10’”7: — R
1072 10° 1072 107! 10°
Maximum edge size h Maximum edge size h
(@)r=3u (b)r=30v

-~ L*(CVT) = L? (non-convex) -©- L? (Distorted square)
-~ H'(CVT) -} H' (non-convex) -© H' (Distorted square)

Fig.3 Convergence of the errors in the L? norm and H' norm for k = 3 and for the variables, u and v

retained. The nonlinear loop takes between two to five iterations for the convergence
of the numerical solution. The convergence of the error in the L? and H' norms for
the independent variables, u and v are shown in Figs. 2 and 3 fork =1, 2 and k = 3,
respectively. It is seen that the numerical scheme converges at an optimal order in
the respective norms. In Fig. 4, the convergence behaviour of the numerical solution
obtained from the linearized scheme (29) and (30) for the virtual element space of
orders k = 1,2 is shown. It is observed that the numerical solution converges opti-
mally to the analytical solution as predicted in Theorem 6.1.

Now, we study the convergence behavior in the temporal variable ¢. This is done by
setting the mesh parameter 4 = 1/80 for all the considered discretization types. The
time increment is chosen as Ar = 1/4,1/8,1/16, 1/32. The errors are computed at the
end of the each time step ¢, forn = 1, ..., Ny and added to obtain the cumulative errors
up to the final time 7 and is given by:

Ny 1/2
eor =AY [ Y Nue) -1, 02, ) ) - (82)
n=1 \E€Q,

In this case, we only report the results for the lowest order virtual element space,
i.e., k = 1. Figure 5 shows the convergence of the error in the L? norm for both the
independent variables. It can be inferred that the numerical scheme yields optimal
convergence rate as predicted in Theorem 5.1. Further, it is noted that for higher
order virtual element space, the numerical scheme converges at an optimal rate.
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5107 ——rrry g 10— ———rry
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Fig.4 Convergence of the errors in the L? norm and H! norm for k = 1 and 2 and for the variables, u and
v for the linearized scheme

8 Conclusions

In this work, we have employed the virtual element method to solve the coupled
nonlocal parabolic equation. The presence of the nonlocal diffusive coefficients
reduces the sparsity of the Jacobian of the nonlinear system. To alleviate this prob-
lem, we have extended Gudi’s approach within the context of the virtual element
method. Further, a linearized scheme is proposed which can be solved using a
linear solver. Theoretical estimates are derived and are numerically supported by
benchmark examples. It is noted that the nonlocal parabolic problem can also be
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1074 —— ————r 1074 ¢ —— ——
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Fig.5 Convergence of the error in the L% norm k = 1 and h = 1/80 and for the variables, u and v

approximated by a mixed virtual element method approach, which could be a topic
for future communication.
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