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Abstract

We introduce and analyze a new mixed finite element method with reduced symme-
try for the standard linear model in viscoelasticity. Following a previous approach
employed for linear elastodynamics, the present problem is formulated as a sec-
ond-order hyperbolic partial differential equation in which, after using the motion
equation to eliminate the displacement unknown, the stress tensor remains as the
main variable to be found. The resulting variational formulation is shown to be
well-posed, and a class of H(div)-conforming semi-discrete schemes is proved to
be convergent. Then, we use the Newmark trapezoidal rule to obtain an associated
fully discrete scheme, whose main convergence results are also established. Finally,
numerical examples illustrating the performance of the method are reported.
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1 Introduction

We are interested in the problem of wave propagation in solids exhibiting a lin-
ear viscoelastic behaviour. Viscoelastic materials are characterized by reactions
involving a combination of elastic and viscous effects when mechanical loads are
applied to them. The viscoelastic properties of solids are modeled through con-
stitutive equations relating the strain and the stress tensors. In the linear case,
it is shown in [13] that these constitutive relations have an integral form, which
reflects that the stress depends on the history of the strain evolution, and an
equivalent differential form represented in one dimension by different arrange-
ments of springs and dashpots. In this paper we are concerned with the standard
linear solid model, also known as the Zener model. It consists in a parallel com-
bination of one spring and one Maxwell component (a serial combination of one
spring and one dashpot). It is the simplest model for viscoelasticity that takes into
account important phenomena such as recovery and stress relaxation, see [24] for
more details.

The non-local version of the constitutive law can be used to eliminate the
stress tensor and formulate the linear viscoelastic system solely in terms of the
displacement field. This approach gives rise to an integro-differential weak for-
mulation whose mathematical analysis can be found in [10]. Most of the numeri-
cal work on linear viscoelasticity focused on this formulation. It has been used
in various contexts by engineers, in spite of the negative impact that the Volt-
erra integral term have on the computational performance. An overview of the
different numerical techniques used to solve this problem can be found in [18].
Convergence of schemes based on continuous and discontinuous Galerkin finite
elements in space and quadratures in time have also been explored in [20, 25, 26]
for the displacement formulation. We also refer to [15, 16, 21] for other studies of
numerical methods for linear viscoelasticity.

In this paper, we are interested in formulations based exclusively on differen-
tial equations and relying on the stress tensor as primary unknown. To our knowl-
edge, Bécache et al. [4] introduced the first mixed formulation for viscoelastic
wave problems employing an H(div)-energy space for the stress. Their numerical
scheme combines an explicit time quadrature with a space discretization based on
the mixed finite element introduced in [5] for linear elastodynamics. The resulting
numerical method delivers low order symmetric approximations of the stress on
regular cubical grids. Rognes and Winther reinforced this strategy by analyzing
in [22] mixed formulations for the quasi-static Maxwell and Kelvin-Voigt models
with a weak symmetry restriction on the stress tensor. This approach gives rise to
mixed variational formulations for linear viscoelasticity whose spacial discretiza-
tions can be built upon stable families of simplicial finite elements designed for
mixed approximations of the elasticity system with reduced symmetry, see for
example [1, 2, 5, 8, 14, 27] and the references therein. Recently, this strategy has
been generalized by Lee [17] for the dynamic standard linear solid model.

We point out that the articles [4, 17, 22] carry out convergence analyses for
semi-discrete schemes leading to L-error estimates for the stress tensor. Our aim
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here is to introduce semi and fully discrete versions of a new mixed formulation
for the standard linear solid model and to prove optimal convergence rates for the
stress tensor in the full energy norm, namely, in the H(div)-norm. Our approach
is based on the mixed formulation introduced in [11] for linear elastodynamics.
We show that this formulation can be adapted to deal with our viscoelastic model
problem on general domains, including heterogeneous media and general bound-
ary conditions. We analyze the continuous problem and provide convergence
analyses for the semi-discrete and fully discrete problems by using fairly standard
discrete energy decay techniques. It is also worthwhile to mention that, although
we only maintain the stress tensor as primary unknown (besides the rotation),
accurate approximations of the acceleration field can be directly obtained from
the linear momentum equation.

This article is structured as follows: Section 2 is devoted to notations, definitions,
and basic results that are used throughout the document. In Sect. 3, we introduce a new
mixed variational formulation for the standard linear solid model. Next, we recall in
Sect. 4 the standard hypotheses ensuring the stability of mixed finite elements in elas-
ticity problems with reduced symmetry and use them to construct in Sect. 5 a space dis-
cretization of the variational problem. Then, we employ a Galerkin procedure to prove
the existence of a weak solution. The convergence of the semi-discrete problem is car-
ried out in Sect. 6. We propose in Sect. 7 a fully discrete method based on an implicit
Newmark scheme and undertake its stability and convergence analysis. In Sect. 8 we
derive asymptotic error estimates for an example based on the Arnold—Falk—Winther
element [2]. Finally, we confirm in Sect. 9 these rates of convergence by showing
results obtained from a series of numerical tests.

2 Notations and preliminary results

We dedicate this section to provide part of the notations, definitions, and preliminary
results that will be employed along the paper. We first denote by I the identity matrix
of R4 (d = 2,3), and by 0 the null vector in R¢ or the null tensor in R¥¢, In addi-
tion, the component-wise inner product of two matrices 6, 7 € R is defined by
o : 1 :=tr(c"7), where tr(z) := Zle 7, and 7° ;= (z;) stand for the trace and the
transpose of T = (), respectively. In turn, for6 : Q - R™?andu : Q — R, we set
the row-wise divergence dive : Q — R, the row-wise gradient Vu : Q — R%?, and

the strain tensor £(u) : Q — R4 a5

(dive),; := Z d0;, (Vu); :=du;, and &) := %{Vu + (Vu)* } )
J

respectively. Next, we let Q be a polyhedral Lipschitz bounded domain of R?
(d =2,3), with boundary 0Q. Furthermore, for se€ R, ||-||S,Q stands indis-
tinctly for the norm of the Hilbertian Sobolev spaces H*(2), H*(Q) := HY(Q) or
HY(Q) := H(Q)™¢, with the convention H°(Q) :=L%*(Q). In all what follows,
(-,-) stands for the inner product in L*(Q), L2(Q) := L*(Q)¢, 12(Q) := L*(Q)%,
and LX(Q) :=1*(Q)xL%(Q). We also introduce the Hilbert space
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H(div, Q) := {1’ e l2(Q) : divr € LZ(Q)} and denote the corresponding norm
171 gy 2= I7l2g + Idive|2,

Since we will deal with a time-domain problem, besides the Sobolev spaces
defined above, we need to introduce spaces of functions acting on a bounded time
interval (0, 7) and with values in a separable Hilbert space V, whose norm is denoted
here by ||-]|,. In particular, for 1 < p < oo, L?(V) is the space of classes of functions
f+ (0,T) - V that are Béchner-measurable and such that||f||; ., < oo, with

T
Wy = [ WOIdr fort <p <o, and
oy = es5 supo Oy

We use the notation C°(V) for the Banach space consisting of all continuous func-
tions f : [0,T] — V. More generally, for any k € N, C*(V) denotes the subspace of

o (V) of all functions f with (strong) derivatives % inC° (V)foralll <j < k. In what

. . 2
follows, we will use indistinctly the notations f := % and f := % to express the
first and second derivatives with respect to the variable ¢. Furthermore, we will use
the Sobolev space

WPV = {f : Jgel’(V)and 3fy € Vsuchthat f(r) =f, + /01 g(s)ds Vre[0,T] },

and denote H'(V) := WI’Z(V). The space Wk"’(V) is defined recursively for all
keN.

On the other hand, given two Hilbert spaces S and Q and a bounded bilinear form
a:SxQ - R, we denote ker(a) :={s€ S : a(s,q =0Vq € Q}. We say that a
satisfies the inf-sup condition for the pair {S, O}, whenever there exists k¥ > 0 such
that

a(s, q)

0#s€S ||S||s

>xllqllp, VgeQ. Q.1

We will repeatedly use the well-known fact that (see [7]) if a satisfies the inf-sup
condition for the pair {S, Q} and if # € S’ vanishes identically on ker(a), then there
exists a unique g € Q such that

a(s,q) =¢(s) VseS.

Throughout the rest of the paper, given any positive expressions X and Y depending
on the meshsize & of a triangulation, the notation X < Y means that X < CY with
a constant C > 0 independent of the mesh size % and the time discretization step At.

3 A mixed formulation of the Zener model
In what follows, Q € R? (d = 2, 3) is a polyhedral Lipschitz domain representing a vis-

coelastic body with a piecewise constant mass density p. We assume that there exists a
polygonal/polyhedral disjoint partition {€;, j = 1,...,J } of Q such that Pl :=p;>0
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for j=1,...,J. In addition, we assume that the boundary 0Q2 admits a disjoint parti-
tion 0Q =T, UT'y, and denote its outward unit normal vector by n. Then, given a
body force f : Q% [0,T] = R and a function g : dQ X (0, T] = R4, we seek a dis-
placement field u : Q x [0, T] — R? and a stress tensor ¢ : Q X [0, T] = R% satis-
fying the equations of linear viscoelasticity with a strain-to-stress relationship given by
Zener’s material law [24]:

pit —dive =f inQx(0,T],
6 + w6 = Ce(u) + wDe(@) in Qx (0,T],
u=g onl,x(0,T],
on=0 onlyx(O,T],

3.1)

where C and D are two space-dependent symmetric and positive definite tensors of
order 4 and w € L*(Q) is such that w(x) > @, > 0 a.e. in Q. In order to obtain a dis-
sipative model, we assume that the tensor D — C, which corresponds to the diffusive
part of the elastic model, is also positive definite, cf. [4]. In turn, the model problem
(3.1) is assumed to be subject to the initial conditions

u0)=uy,, u0)=wu,, and o(0)=o0, in Q. (3.2)

The starting point of the procedure leading to a mixed formulation for (3.1) is a
decomposition of the stress tensor o into a purely elastic component y := Ce(u) and
a Maxwell component { := o — 7, cf. [4, 17, 22]. With these notations, the second
equation of (3.1) can be rewritten as

6 = Der) — w'¢ inQx(0,T],
which yields
¢ =6—Celii) = (D-Celit) — 0 '¢ inQx(0,T].
In this way, defining A := Cland V := (D -0C)"", we find that problem (3.1) can

be stated as follows:
pit —div(§+y) =f in Q x (0,71,
VE+ Ve = (i)  inQx(0,T],

Ay =€) inQx(0,T] (3.3)
u =g onIy % (0,77,
on =0 onI'y x(0,T].

The essential boundary condition on I'y, requires the introduction of the closed sub-
space of H(div, Q) given by

W = {r € H(div.Q): (tn.v))o=0 Vv e H*(0Q), |, =0},

where (-, -),q stands for the duality pairing between H™!/2(dQ) and H'/?(0Q) with
respect to the L2(0Q)-inner product. In the sequel, we use the compact notations
p :=(¢,y) and q := (z,7n) to denote elements from L%(Q) and set q* := 7 + 1. We
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also introduce the 2(Q)-orthogonal projection ,q := (t,0) onto L2(Q) x {0}. The
energy space corresponding to the variational formulation of (3.3) is given by

S = {q € 22Q): q* ew}.

It is endowed with the Hilbertian norm ||q||@ 1= ||q||OQ + ||divq™ ”og We notice
that the embeddings W X W & & < 22(Q) are continuous. On the other hand,
we define the space of symmetric tensors with square integrable entries
L2 (@) :={rel?Q) : r=1"}, and denote by Q := {r € L2(Q) : 7=-71"}

sym

its orthogonal complement in L2(Q). We also let £2_(Q) : {q e Q) : qt el? (Q)}

sym sym

=N (Q)of S.

and consider the closed subspace &, ym

Lemma 3.1 The embedding W X W & & is dense.

Proof Let p:=(¢,y) € & be such that
(p,q) + (divp*,divg*) =0 Vq:=(r,7) € WX W. (3.4)

Taking T = = p* € Win (3.4) we deduce that p*:=¢ + y = 0 in H(div, Q). Using
this fact in (3.4) and testing with z,q:=(t, 0) proves that { = 0 and the result fol-
lows. a

We obtain a variational formulation of (3.3) by considering an arbitrary
q = (r,n) € © and by testing the constitutive laws (second and third rows of (3.3))
with 7 and 7, respectively. Adding the resulting equations, we obtain

(V'C' + V¢, r) + Ay = (@), T +m) = (Vi (t+m), (3.5

where the skew symmetric tensor r := %{Vu - (Vu)t} is the rotation. Next, inte-
grating by parts in the right hand-side of (3.5) and employing the Dirichlet boundary
conditionu = g onI'j, X [0, T] together with the fact that ¢ € &, we obtain

(V'é; + iVC T) + (A, ) = = (i, div(t + 1)) — F. T+ 1) + @ (1 + T Ygg.
(3.6)

Now, we use the motion equation (first row of (3.3)) to eliminate the displacement
field from (3.6). Indeed, substituting back it = p~!(f + dive) into (3.6) we end up
with

A(P.q) +A(m9,q) + (Fq") + (divp*,dive*) = L(t,9), (3.7)

where (u,v)p:z(%u,v) for all u,v € LX(Q), L(t,q):= - (f, divq+)p +{g,q7n),q for
allq € ©and

A(p.q):=0¢. D)+ Ay, Yp=(.7), a=(r.n) € F(Q).
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As a consequence of our hypotheses on C and D, the bilinear form A is symmet-
ric, bounded and coercive, which means that there exist positive constants M and «,
depending only on C and D, such that

[Ap. @] < MlIpllgallalloe  VP.q € Q) (3.8)

and
A, 2 allqlli,  Vae Q). (3.9)

Moreover, the continuity of the normal trace operator in H(div, Q) and suitable reg-
ularity conditions on f and g imply that the linear functional, L(z,) : © — R is
bounded, indeed,

L@ 1 S (Il @@ + ||g||w2~‘(H1/2(a£z))) lallg, Va€e®©, Viel0,T]

Taking into account these notations and (3.7), we deduce that, given f € LY(L2(Q))
and g € W>!(H'/2(0Q)), the mixed variational formulation of our problem reads as
follows: Find p € L*®(&) N Whe(22(Q)) and r € W"*(Q) such that

g{A(p +2mp,q) + (F, q+)} + (divp*,divq*) = L(1,q), V4 €@

(3.10)
(s,pt) =0, Vs € Q,

and such that the initial conditions

‘p(o) = p() = (CO’ 70) € @sym ’ p(o) = pl = (Cl’ 71) € ggym(gl

(3.11)
r(0)=r, € Q, H0)=r €Q,

are satisfied with

Yo:=Ce(my), y,:=Ce(w,), &y:=064—7vp & :=Dew)—y, —w'§,
ro:=Vu,—€e(u,), and r;:=Vu, —e(u,).
(3.12)

4 Semi-discretization in space

Let {7,}, be a family of shape regular partitions of Q into triangles/tetrahedra K of
diameter hg. The parameter s:=maxyc; {hy} represents the mesh size of 7. In
what follows, we assume that the triangulations 7, are aligned with the partition
Q=U_Q,ie.,
Jj=1""7
Q=uU{KeT; KcQ} Vji=1,...J
We consider conforming finite element subspaces W, Cc W, Q, C Q, and

U,, Cc L?(Q) consisting of piecewise polynomial tensors and vector fields relatively
to the triangulations 7,,. We assume that they satisfy the approximation property,
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lim r,,ig\f\vh o = Zalliaiv.e) + shigﬂgh lIr = sulloq + vhiglf-;h e =villoe =0 (4.1
for all 6 €W, r € Q and u € L*(Q). We are now going to impose conditions
(Hypothesis 1 and Hypothesis 2 below) that ensure the stability of a Galerkin
approximation method based on the triple of spaces {W,, U,,, Q, } for the dual-mixed
formulation of the steady state elasticity problem with weak symmetry, see [2].

Hypothesis 1 There exists f* > 0, independent of 4, such that

(7,5) + (divz,v),
sup ——

> F*lIslloq + IVllo). Vis,») € Q,xU, (4.2)
TeW, Iz ”H(div,ﬂ)

Hypothesis 2

In order to facilitate our forthcoming analysis, we now introduce an auxiliary operator
Z, : © - ©,, whose construction is adapted from [3, Lemma 2.1]. More precisely,
for each p € & we define =), p:=p,, where (p,,,7,, %) € &, X Q;, X U,, is the solution
of

(gh’a) + Gh’ q+) + (ﬁlz’divq+)p = (p’ q) VC[ € @h’
(5.97) + (v.divph), = (s, p") + (v, divp®)  V(s,») € @y x U,
(4.3)

We deduce from the well-known inf-sup condition (cf. [1, 6])

(t,s) + (divr, v)p

sup > Bllislloq + IVllog)s  V(s,v) € QX LA (Q),

TeW Il H(div,Q)
and from the embedding W X {0} & & that it also holds

(s,97) + (v, divg™)

sup

22 p{lsloq + Iloa fo - V(s.) € QX LAQ).
el

4.4)

We denote by K the kernel of the bilinear form
S X (QXL* Q) 3 (q.(5,v)) = (5.9%) + (v, divg™),, that is

K:={qe &, : divg" =0}.
The fact that (q,q) = ||q||(2)!Q = ||q||§5 for all ¢ € K& and the inf-sup condition (4.4)
permit us to apply the BabuSka—Brezzi theory to deduce that the continuous coun-
terpart of problem (4.3) is well-posed. Moreover, it can easily be seen that its unique
solution is (p,0,0) € © x Q x L2(Q).

Similarly, if we let ©,:=W, xW, C &, the embedding W, X {0} - &, and
Hypothesis 1 imply that
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(s,9%) + (v, divq+)p
sup

> p*{lsllon+ Wlloa }. V.)€ ©; XUy
€S, ||CI||@

4.5)
On the other hand, thanks to Hypothesis 2, the kernel &, of the bilinear form
(9.(5,)) = (s,9%) + (v, divg™), on &, x (Q, X U,) can be written

K,:={4 €S, : divg" =0},

where &, —{q €C,: (5,9 =0 Vse @h} (We point out that &, , is not
a subspace of ©,,,). Hence, it also holds (q, q) = ||q||@ for all ¢ € &, and employ-
ing now the inf-sup condition (4.5) and the discrete Babuska—Brezzi theory, we
deduce that problem (4.3) is well-posed (uniformly in /). Moreover, Céa’s estimate
between (p,0,0) and (p,.7,.%,) implies the following approximation property for

=

E,

lo = Zplle s inf [p-ale Ypee (4.6)

Finally, taking into account the alignment of 7, with the partition Q = U —IQJ’ it

turns out that =, satisfies by construction the commuting diagram property
Laiv(z,p)* = U, (Ldive*), Vpe@, @)

where U, stands for the orthogonal projection in (L*(Q), ||- llo.o) onto U,

5 Well-posedness of the continuous problem

We consider the following semi-discrete counterpart of (3.10)—(3.11): Find
p, € C'(&,)and r, € C'(Q,) solving

d ) . .

Al + Lribieq) + Grah) | + (dive] L dive’), = L) Ve €

(s, p; ) =0,Vs € Q,,
5.1
and satisfying the initial conditions

Pi0)=pgs  PuO0) =Py, 1,0 =Qury,  #4(0) = Qyry, (5.2)

where p; , is the @-orthogonal projection of p, onto &, ., Py, is the L2%(Q)-orthog-
onal projection of p, onto &, , and Q, is the L2(Q)-orthogonal projector onto @,
It is clear that the component p,, of problem (5.1)—(5.2) solves the following reduced
formulation: Find p,, € Cl(@sym,h) satisfying p,,(0) = p . §,(0) = p, . and such that

d,, . . .
aA(ph + inlph,q) + (dlvp;,dlvq+)p =L(t,q), Vq€ S, (5.3)
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In this regard, the unique solvability of (5.3) is obtained by writing the problem in
the form of a first order system of ODEs and applying the classical Cauchy-Lip-
schitz-Picard theorem.

In the following result, we obtain stability estimates for the solution p,(#) in
terms of the energy functional £ : Wh®(&) — L*((0, T)) defined by

5(q)(t):=%A(q(t), q() + %(diqur(t),divq*(t))p. (5.4)

Let us first point out that it is straightforward to deduce from (3.9) that

14O1I5 o + I1diva* D5 o S E(a)®), Y € L¥(@) nW'(2(Q)).  (5.5)
Theorem 5.1 Assume that f € WH(LA(Q)) and g € W (H'/2(0Q)). Then, prob-
lem (5.1)—(5.2) admits a unique solution satisfying

1/2 .
max E(p,)"/%(1) + max nllo.e S WFllwaz@)

t€[0,T1]

(5.6)
+ llgllwa @@y + [|Polls + [P ”0,9'

Proof Taking q = p, in (5.3) and integrating the resulting identity over (0, ) gives

E(pa) () + /0 A(Z79y(), 7 By(9)) ds = E(p,) (0) = /0 (f(s). divp; (s))  ds
+ /O (8(). 95 (s)m) ,, ds.

Next, integrating by parts in the right-hand side, and using that the second term on
the left hand side is non-negative, we find

)0 - )0 < [ (o dive;(9), s
0
— (f@), divp; () + (f(0), divypy,)

t d3
_/O (d—'tg(S), p;;(s)n>aQ ds
+(8(0), py(On) o, — (£0), p; 1) -

(5.7)

By virtue of the Cauchy-Schwarz inequality, the Sobolev embeddings
WHHLA(Q)) & C°(L2(Q)) and W (H'/2()) & CO(H!/2(I)) (see [23, Lemma 7.1])
and the continuity of the normal trace operator, it follows from (5.7) that

E(P)®) 5 If vz max E(p) ")
! (5.8)
+ l1g w1 @) max HPZ(I)H + S(Ph)(o)-

€[0,T] H(div,Q)
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Moreover, using the triangle inequality, the identity p, () = fol p;,(s)dt + py,, and
(5.5) yield

ol

+ ”divp;

H(div,Q) S ”thOQ + ”div]’;”(),g S ”bhno,g

v+ Posllon S L)@ + [Ibuslly o

and it is clear from the definition of £ that £(p,)(0) < ||Po. ||§5 + ||p1,h||(2m. Combin-
ing the last estimates with (5.8) implies, after straightforward manipulations, that

treI[l(E)DT(I 5(]3;,)1/2(0 p “f||w‘~1(L2(Q)) + ||g||W3~‘(H1/2(r)) + ”po,h”@ + ”pl,hHO,Q’

(5.9)
We turn now to prove the existence of a unique Lagrange multiplier r,,. To this end,
we let G, (1) € C 1(@;l) be given as follows (in terms of r;, r| , and the solution p;, of

(5.3)):

gh(t)(q):=A(ph(t)+i/0 ﬂlph(s)ds,q)+/0 </0 (divp(2), divq+)pdz>ds

_/ </ LG, q)dz>ds—t{A(p1,h + L2005
0 0

q) + (rl,h»q+)} - {A(Po,hs q)+ (ro,h:q+)}-

Integrating (5.3) twice with respect to time we deduce that the functional
G,(t) € @, vanishes identically on the kernel &, , of the bilinear form
©), X Q, 3 (q.r) = (r,q™). Therefore, the discrete inf-sup condition (4.5) implies
the existence of a unique r, € C'(Q,) such that

r,(0,9%) = -G, (q), Vie€[0,T], VqeES,. (5.10)

Differentiating twice the last identity in the sense of distributions we deduce that
(P, 1) solves (5.1). Moreover, evaluating (5.10) and its time derivative at # = 0, and
using again the discrete inf-sup condition (4.5), we deduce that the initial conditions
r,(0) =r,, and #,(0) =r,, are fulfilled. Finally, using (4.5) once again we obtain
from the Cauchy—Schwarz inequality the estimate

. #0.ah  G0(a) 12
P Olua < 328 Ty, ™ = B Tan, RO

+ Ifllwiaz@y) + 18lwe aqizay + IPoslloq + ||P1,h||(m +llrpllog -

(5.11)
The stability result(5.6) is then a consequence of (5.9), (5.11), and the definition of
the discrete initial data (cf. (5.2)). O
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The a priori estimate (5.6) and the approximation property (4.1) permit to
employ the classical Galerkin procedure (cf. [9, 19]) to prove that the continuous
problem (3.10)—(3.11) admits at least a solution.

Theorem 5.2 Assume that f € W (L2(Q)) and g € W' (H'/2(T)). Then, problem
(3.10)—(3.11) admits at least a solution. Moreover, there holds

sup esste[o,ﬂ”p(t)”@ + ”p(t)uw‘m(gz(g)) + ”r”w‘vm([LZ(g))
S Wfllwiazgy + 18 1ws gz (5.12)
+ IPolle + IP1lloo + lIrgllog + lIrilloq-

Proof It follows from (5.6) and (5.5) that {p,},. {p,}, and {r,}, are uniformly
bounded in L®(22(Q)), L®(&) and W *(Q), respectively. We can then extract
weak® convergent subsequences (also denoted {ph} , and {r,},) with limits
p € L®(@) N WH(22(Q)) and r € WH®(Q), respectively. We deduce immediately
from the second equation of (5.1) and (4.1) that p* € ﬂ_gym(Q). Moreover, multiply-
ing the first equation of (5.1) by a function y € c(o, 1) satisfying w(T) = 0, and
integrating by parts with respect to ¢ € [0, T], yield

T

T
- / {A(b+ Lmipoa) + G pir dr+ / (divp}. divg®) w(n)ds
0 0

T
= / L(t’ q)W(t) dt + W(O){A(pl,h + i”lpoy]/n q) + (rl,h’ q+)}7 Vq € @h'
0
(5.13)

Passing to the limit in the last equation and using (4.1) shows that p and r satisfy
T T
- / {A(b +=7,p,q) + (- q") }li/(t) dr + / (divp*,divg™) w(ndr
0 0

T
= / L(t, @)y (1) dt + V/(O){A(lh + i’ﬁpmq) + ("1’q+)},
0
(5.14)

for all ¢ € © and for all y € C!([0, T]) such that w(T) = 0. This proves that (p,r)
solves the first equation of (3.10) provided the time derivative is understood in
the sense of distributions in (0, 7). In addition, we notice that p, also converges
weakly to p in HI(QZ(Q)). Hence p,,(0) converges weakly to p(0) in 22(Q), and since
p,(0) = py, also converges strongly to p, in L2%(Q), we conclude that p(0) = p,.
Similarly, the sequence {r,(0)}, = {r,}, converges weakly to r(0) in Q and strongly
to r in Q, which gives r(0) = r,,. To obtain the remaining initial conditions we take
y in (5.14) such that w(0) = 0 and integrate the first term backwardly with respect
to 7 to get
d A(p+ Lx,p.q) +(q") | = L(t,q) — (divp™, divg™ Ve
dl{ w1 | »q } ’q) ( le , dlvq )p’ q€ .
(5.15)
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It follows that ¢ A(p + ﬁlp q) + (i, q%) belongs to Wh(&") & (&), and we
can test (5.15) with a function w € C([0,T]) satisfying yw(7T') = 0 to get

T

T
- / {(A(b+iﬂlp,q)+(i',q+)>}1[/(t)dt+ / (divp* (o). diva®) () dr
0 0

T
= / Lt w(©)dr + y(©O)(A(BO) + L7, p(0),4) + (0).47) )
0

(5.16)

for all ¢ € &. Comparing (5.14) with (5.16) we deduce that p(0) = p, and 7+(0) = r,.
Finally, the stability estimate (5.12) is obtained by taking the limit 2 — 0 in (5.6)
and using (5.5). O

The usual strategy (cf. [9] or [19, Section 11.2]) providing uniqueness for sec-
ond-order hyperbolic evolution problems can be applied here as follows.

Lemma 5.1 The solution of problem (3.10)—(3.11) is unique.

Proof Let (p,r) be the solution of (3.10)—(3.11) with f =0, g =0 and vanishing
initial conditions. Proceeding as in [9, 19], we introduce for each fixed s € (0, T') the
function

—/ts pwydu t<s,
0,0) € £LX(Q) t > s.

W (&) 2 n(t):={
It follows from the first row of (3.10) (with L = 0) that
tA(p.q) = —A(inlb, q) — (divp*,divg") € L=((0,T)

for all g € &, which proves that A(p(1),-) € L*(&! ym

in (3.10) and integrate the resulting equation over [0, 7] to obtain

T T
/ A(b+ mib.y) dt+/ (divp*,divy™) dr=0.

0 0

sym> ). Hence, we can take q = Y

As the bilinear form A is symmetric, we can integrate by parts in time to get

T T
—/ A(b+iﬂ1p,i))dt+/ (divp*,divy*) dr =0,
0 0

where we took into account that p(0) = y(7T) = (0,0). Using in the last identity the
fact that Y(r) = —p(f) for 0 < ¢ < s gives

N

1 [ dy . .
E/0 a{(dlvlﬁ,dlvkﬁ)p—A(p,p)}dt—/o A(i”lpaﬂlp)dt=0

which can equivalently be written
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(divn+(0),divty+(0))p +A(p(s), p(s)) +/ A(o‘—)nlp,nlp) dr=0,
0

and the coerciveness of A implies that p = 0 in 2(Q). Finally, we deduce from the
first equation of (3.10) and the homogeneous initial conditions on r that (r,q™) = 0
for all q € &, which, thanks to the continuous inf-sup condition (4.4), implies that
r=0. O

We end this section with a couple of important remarks. Indeed, following [19,
Section 11.2.4], one can show that the solution (p,r) of (3.10)—(3.11) satisfies
pe (@) nC(L_(Q)) and r € C'(Q). In turn, if the solution of the homogeneous

sym
problem is sufficiently smooth, we can take ¢ = p in (3.10) to deduce the identity

d . .
ag(Ph)(f) = _A(i”lp’ mp) <0,

which proves that the viscoelastic material does dissipate energy.

6 Convergence analysis of the semi-discrete problem

The elliptic projector =), : @ — &, introduced in Sect. 4 will allow us to use
standard techniques of error analysis for our scheme. From now on we assume that
p; € €, and we consider a solution (p,(),r,(?)) of problem (5.1) started up with
the initial conditions

Pi0) = Z,p0,  Pu(0) = E,p;, 1,(0) = Qurg,  #,(0) = Oyr. (6.1)

In this way, the projected errors ey, ,(1):=Z,p(1) — p, (1) and e, (1) : =Q,r (1) — r;,(1)
satisfy by construction vanishing initial conditions:

,1(0)=(0,0) e,,(0=0, ¢,,0=(0,0), and ¢,0=0. (52

Moreover, by definition of =), and due to the second equations of (3.10) and (5.1), it
turns out that

(s,e;’h(t)) = (s.p*(®) — (5.7 () =0, Vs € Q. (6.3)

Theorem 6.1 Assume that the solution of problem (3.10)—(3.11) satisfies the reg-
ularity assumptions p € CX(&) and r € CX(Q). Then, the following error estimate
holds

max ||(p = p,)(0)||g + max [P = PO + max |G- =)D 0

1€[0,T1
S lp- Ehp”wm(@) +|r - Qh"“wszau(g))-
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Proof We first observe that, because of the regularity assumptions on p and r, we
have

LEp0 =590 and L0r0=0,5r0). Vie(1.2). Vie0.T].

dri
(6.5)
Then, using that the scheme (5.1) is consistent with (3.10), and keeping in mind
(4.7) and Hypothesis 2, we readily find that

A8y + Tm8y0q) + @,5,q%) + (dive} , (1,dive") =F(q), Yq€E,

(6.6)
with
F(q):=A(5,p = b+ om (5, = $).q) + (QF —F.q").
Next, choosing q = ¢, ,(7) in (6.6) and taking into account (6.3), we deduce that
E(eys) (D) +A(S7i6y ), miey)) = Fléy),). 6.7)
Hence, the Cauchy—Schwarz inequality combined with (5.5) give
ey ) di di
p.h p_ _dp . N
—2 <Y = - E|| - Qe
/ dri dr ’
2 5(%,11) i=1,2 0.0
from which, integrating with respect to time and using (4.6), we arrive at
1/2 -
oz Eleyn) TSIy - Zipllwes @) I = Qirllwesa2@)- (6.8)
Now, it follows from (5.5) that
. + .
ST ”dlveP-h(I)”o,g + He"’h(t)”o,gz ©.9)
s ”ID - Ehp”wzv“(ﬁz@)) + ||r - Qhrl W2 (L2(Q)"
Actually, as e, , (1) = /Ot e, ,(s)ds, we also have
t ¢ t
2% ens O]+ ma, w0 610

S ”p - Ehp||wz~°°(22(9)) + ||r - Qh"”wlm([LZ(g))-

In order to estimate the error in the rotation r we first notice that, integrating once
with respect to time in (6.6), we obtain
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t
() q") = —A(ey, + iﬂlep,h, q) - /0 (dive;’h(s), divq+)p ds,

—A(P-Ep+-m (- 5p)q) +A(p - Zb ©.11)
+i”1(P0_EhP0),Q)
— (= O, q )+ (r — Qyri.qY), Vqe G,

Therefore, the inf-sup condition (4.5), identity (6.11), the Cauchy—Schwarz inequal-
ity, (3.8) and (6.10) provide

(érh’q+)
*le <sup —
B ” r,h”0,Q qe(g,, ”q”@3 (6.12)

N

wee@ay) + = Qrllwes @)

Using the triangle inequality relatively to the splittings p —p, = (p — Z,p) + e,
and r —r, = (r— Q,r) +e,,, of each component the error and taking into account
(6.12) and (6.10), we conclude that

r[r(}a;]cllp Pille +max (b = ullog + max = 7ifloq 6.13)

S 1P = Epllwese) + IIF = Qirllwesae@)

which gives the result. O

7 The fully discrete scheme and its convergence analysis

Given L € N, we consider a uniform partition of the time interval [0, 7] with step size
At:=T/L. Then, for any continuous function ¢ : [0,T] > R and for each
ke {0,1,...,L}, we denote ¢*: =¢(t,), where t,:=k At. In addition, we adopt the

same notatlon for vector/tensor valued functions and consider 7, 4! %,
k+- ¢k+l+¢A ¢k+¢
10} qb , and the discrete time derivatives
k+1 k k k—1 K+l k-1
0,9k 1= - ¢’ 0,9k := il and  9°¢": o ,
AT AT 2At

from which we notice that

5t¢k+1 _ 5t¢k 3 at(pk _ atd)k—l

- _
909" = At At

In what follows we utilize the Newmark trapezoidal rule for the time discretization
of (5.1)-(5.2) which means that, for each k=1, ...,L — 1, we look for plh‘“ € g,
and r;*! € Q, such that
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A<dl5tp" + L0k, q) + (0,375, q%)

1 +

k3 k=1
p, “+b,

+ | di
iv| >

,divg* | =L(#,q) (7.1)

P

(S (pk+l)+) =0

for all g € €, and s € Q,,. In addition, for the sake of simplicity, we assume that the
scheme (7.1) is initiated as in (). It is straightforward to realize that the functions
e’;,h :=Z,p(1,) — p} and e’r"h :=Q,r(t;) — r} solve the equations

(0,35, + Lobmet . a) + (9,3t a")

1 +
ktdo k-l

ep’h + ep’h

+ | div ,divg* | = G*(q) (7.2)

(s, (ek+1)+) _
forallq € ©, and s € Q,, where
G (q):=A(%X%,q) + (x*. q") + (div(X5)", divg* )
with
X :=5,0,0p(t) — bt + 7, (Z,0°0(t) — p(1Y).  x* = 0,0,0,r(t) — (),
and (thanks to (4.7) and Hypothesis 2)

k- _P(g) = 2p(@) + p(5y)
e 1 :

Discrete techniques mimicking those used for the semi-discrete problem in Theo-
rem 5.6 permit to estimate the projected errors in terms of the consistency errors as
follows.

Lemma 7.1 Assume that the solution of problem (3.10)—(3.11) satisfies
p € CH(RX(Q)) and r € CX(Q). Then, the following estimate holds true

max '6 € ’og + max ”div(e” h)+H + max 00
< max [E# ||0Q + max lx"lloq + max ||d1v(d F 44 )+”09 + max [[div(XD) ]|y o
(7.3)
) ];J;% - el;_h% de,, +9 e]; hl ) .
Proof Taking q = 6? ’; A . A7 — = 5 in (7.2) yields the identity
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1

2At “ph t ph’ t 7 ph

1 K+ =\t k+ I\t "
ZA <d1v<eph +ep’h2> dlv<ep epyhz> > =G (0?e’;,h),
P
k k=1 5 k-1
<6eph,6ep’h) (aeph,ae )+

from which we obtain the estimate
L di k3 *
7 ivie, ,
-\ * g
dlv <ep A >

A(0€k, — 0kl o€k, + 0kl ) +A( Lm0k, m 0Pk, )

2

0,2

< 2AtG*(0%! -

0.Q
Then, summing the foregoing inequality over k = 1, ..., n and using (3.9) gives
2 i\ ’ S k(A0 ,k
08,0 * [[div <ep!h'> H < At ; GH(a%ek ). (7.4)
0.0 =

Performing a discrete integration by parts in the summation corresponding to the
term containing X, on the right hand side of (7.4), we arrive at

O k0 k +ae"1
At];G(atep’h)—AtZA x, f
Sl o€y, + ey
A , ,
+ t;(x — >
n—1 + n+l +
—AtZ(dlvd(X) d1v<e > ) +<div(%") d1v<eph> ) .
14 P

Using this expression of the right hand side of (7.4) and the Cauchy—Schwarz ine-
quality we obtain by means of straightforward calculations the estimate

L L
LsaS el e Sl

(7.5)

max

'ae + max
n

dlvep

ol ,,

+ Atz ”dlv(d EEk)+|| + max ||d“’(:’E )+“0§z

It remains to obtain bounds in the L2-norm for the projected error in the variable r.
In fact, multiplying the first equation of (7.2) by At and summing over k =1, ... ,n,
we get
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2

+

n+1 n
0 n+1 =—-Ala n+1 A 1 ep’h + ep’h
( ter,h »T)__ Tep,h ,q) — ;—aﬂlq

k—
e

n e + n
. p,h }),h . + k
— At div| ——— | ,div + At G .
kZ:} > q ,; )

k+

ST

1
2

P

Hence, by virtue of the inf-sup condition (4.5), the Cauchy—Schwarz inequality, and
(3.8), we have that

(9, ,.qa")
S sup ——— S max
02" 4eq, llalle n

n
('),er’ B

de” ”
Tphiloq

1
n : LA
+ max “ew dlv(em )

+ max
Q n

|0, 0,Q

+ max %], + max || "l + max [|div(o, X)) "o + max [|div(ZD)* || o

and the result follows from (7.5) and the fact that

n
. At;

n

k
€ de

v Vn=1...,L.

0,Q

0,6~ ” < max
l Tphflog = Tk

O

The stability estimate obtained in (7.3) for the projected errors and Taylor
expansions for the different consistency terms, provide the following quasi-opti-
mal convergence result.

Theorem 7.1 Assume that the solution of problem (3.10)-(3.11) is such that
p € CY(®) and r € C*(1L.2(Q)). Then, it holds that

n . i+
(tr) ¥ div(pat,,) =¥, ) HO #max e, =]
Slv- Ehp”WZN(@z) +|r - Qhr”wz‘“’(u}(g))

2
+ At (||a||wm(@) + ||r||W4,w([L2(Q))).

max
n

+ max
0,Q n

(7.6)
Proof 1t follows from the triangle inequality and the stability estimate (7.3) that
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ntl *
div<p(tn+;) -y, 2)

max ||i1(tn+1) -0,y 0o + max
n 2 X n 00
+ max “f(t”+%) —or,
+
. L) + P,
< max ||p(tn+1) —Z,00¢)|  +max div<p(tn+|) - EhM>
n 2 0,Q n 2 2 0.0
3 n . n+%
+ max Hr(tH%) - 0,0, a,eMHQQ + max dlvepqh ,
I e
+ max ||F(t,,1) = 0,0, r(tn)H
t + p(z,
+ max dlv<p(tn+1 ) — Hh—p( nt) ¥ Py )>
2 0.0
+ max 1% ]l0q + max | x"llpq + max [|div(o, 25)" ||, + max [|div(ZD || o
(1.7
Centering the following Taylor expansions at ¢ = ¢, gives
2 1 d4
2] = S~ 500+ 5 [ =100 5,Gh + aro s
(7.8)

2
+ﬂ1(5hb(tn) p(t) L A2 /(1—|s|) ﬂl_hdS(t+Ats)ds

X" = Qi) — r(t)+—/ (1- ||) 0, t4(t + Ats)ds, (7.9)

A2 ! .
X = T/ (1= |sDp(, + Ars)ds, (7.10)
-1
and
atxlé — p(tn+2) - 3p(tn+l) + 3p(tn) - p(tn—l)
4At
1 3 3
an [ _3dy 14,
= Af /0 (1 - ) ( (1, +2805) = 22200, + Ats) + 224, Ats))

(7.11)
Expanding this time aboutz =7, 1 gives
2
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1) T P
p(t,H_l) -Z M - p(tyH_l) ‘—’hp(tn+%)

5 (7.12)
_Ar / (I- IS|)~hP(tn IS) ds,
p@,, 1) - Z,0,p(1,) = i’(ln+1) - Ehb(t,ﬁ%)
AR (7.13)
8 [ b - 3o

and

f(t,wé) —or(t,) = f(t,,+1) - th(t,ﬁz)
) (7.14)
-8 / (=100, 37 (1 + B ) as

Using that &), : @ - &, and Q, : Q — Q, are uniformly bounded in / and taking
advantage of (7.8), (7.10) and (7.11), we readily obtain the bound

max %] + max | x" [l + max [|div(o, X))l + max [|div(ZED o
S Ir= Qirllwesa@y + 1P = Zbllwese
+ Af2<||"||w4~°°([L2(§z)) + ||P||w4~°°(@)>~
(7.15)

On the other hand, (7.12), (7.13) and (7.14) yield

.- =

o -0

+
i () =, P P

+ max
n

S “P - Ehp”w‘-m(@)

0,2

+r = Qurllwiemanan + A2 (Il + lollyiee) )-
(7.16)
Combining (7.15), (7.16) with (7.7) we obtain

]:.)(tm_%)—a,pz . diV(p<tn+%)_p:+%>+

(i) = oo (7.17)
Slv- Ehp||w2=°°(@) +|r - Qhr||w2=°°([u<g))

2
+ 82 (IBllyis @) + Iy )-

max
n

+ max
n

0,Q

+ max
n

1
. . . +3 . .
Finally, to obtain error estimates for p(¢_, 1) — "2 we sum the identit
y n+l h y
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(1)) = (slocs) o) =v{ac) ()
(o) 5())
+Af<»<rk_l> )+ 26 -om)
S48 [ ) () )
)

overk =1, ..., nto deduce that

l
+3 2 ‘
P(fn+ 1) — Ph 5 Ar|Ipllwse(g2 ) + max “P(I,H%) —o,p; 00

max
n

Similar manipulations yield

1
n+ >
—_ 2 — 7
rt, 1)—r, or,
2 0.0

) .
S Ar|irllwas g2y + max ”r(tn+%)

max
n

The result is now a direct consequence of the last two estimates and (7.17). O

8 Asymptotic error estimates for the AFW element

According to the theory developed above, if {W,,Q,,U,} is any of the mixed
finite elements introduced in [1, 2, 8, 14, 27] for the steady elasticity problem
with reduced symmetry then {&,,Q,} (with ©,:=W, X W,) constitutes a sta-
ble pair for problem (5.1) and its fully discrete counterpart (7.1). For the sake of
brevity we only illustrate this fact and obtain convergence rates for the Arnold-
Falk-Winther family of finite elements [2].

Given an integer m >0, we denote the space of piece-
wise polynomial functions of degree at most m relatively to 7, by
Po(T):={v€L*(Q); v|x €P,(K), VK € T,}.]Itis shown in [2] that Hypoth-
esis 1 and Hypothesis 2 are satisfied by the Arnold-Falk-Winther finite element
spaces

W,:=P(T)" nW,  Q,:=P_(7,)"nQ  and
U,:=P,_ (T,  (k>1).

On the other hand, we recall that the tensorial version IT, : W nH'(Q) - W, of the
BDM-interpolation operator satisfies the classical error estimate, see [7, Proposition
2.5.4],
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|7 - z||oq < CH Il Vr e H"(Q) withl <m<k+1, (8.1)
together with the commuting diagram property
divil,r = U,divr, Vr € H(div,Q) nH'(Q).
Consequently, if divt € H*(Q), it also holds that

[|div(z — 11, 7)|| o, = ||dive — U, divz||, o < Ch"||dive]], o forO<m <k
8.2)

Finally, we point out that the approximation property (4.1) holds true if I';, = 0Q or
I'y = 0L because of (8.1), (8.2) and of the density of smooth functions in W x W
(cf. [12]), and therefore also in & thanks to Lemma 3.1. However, to our knowl-
edge, such density results are not known when I'y, € 0Q. In any case, as © X Q is
a separable Hilbert space, the existence result provided by Theorem 5.2 can still be
obtained (without (4.1)) by a Galerkin dimension reduction of (3.10)-(3.11) based
on a countable set of linearly independent elements whose linear span is dense in
© x Q, cf. [11] for an example. Here, for the sake of concision, we directly formu-
lated the Galerkin procedure by way of the mixed finite element method (5.1) that
defines our semi-discrete scheme.

A direct application of (8.1), (8.2), (4.6), and Theorem 6.1 give the following
asymptotic error estimates in the semi-discrete case.

Theorem 8.1 Assume that the solution of problem (3.10)—(3.11) is such that
p € CP(HKQ)?), divpt € C2(HX(Q)) and r € C*(H*(Q)). Then there holds

I[I(}f}’]‘ ”i’(t) - bh(t)”o,g + I[I(}E}’]‘ ||p(t) - ph(t)”@ + ||r - "h||w‘v°°([L2(sz)) S H (8.3)

We stress here that the quantity iih(t):zi(divp;:(t) + U,f(t)) provides a direct
and accurate approximation of the acceleration field ii. Indeed, under the assump-
tions of Theorem 8.1, the triangle inequality yields

P < . _ + _ < k
lg%&’;] 1@ —i,)Dlloo S tg%&’;] (Idiv(p — p,) " lloo + ,rer[‘&’}] W = Unfllog S I

Under adequate time and space regularity assumptions, we can also obtain the fol-
lowing asymptotic error estimate for the fully-discrete scheme.

Theorem 8.2 Assume that the solution of (3.10-(3.11) is such that
p (@) NC(HNQP), divp* € CCHXQ)) and r € C'ILA(Q) N C(HNQ)).
Then there holds

1
n+>
r(tn+%) - ’

S B+ AP (8.4)
0.Q

P, ¥,

max
n

+ max
@ n

Proof The result is a direct consequence of (8.1), (8.2), (4.6) and Theorem 7.1. O
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We remark that, as in the semi-discrete case, an accurate approximation of the
acceleration field it = i(f + divp+) can be obtained by a local postprocessing with

n+1/2 n—1/2
it =B TP

R > + U f@) ¢, n=1,...,L—-1. (8.5)

It is straightforward to deduce from Theorem 8.2 that

max li(t,) — i [loq S B+ AP
e Nie,) = it llog

9 Numerical results

In this section we show that the numerical rates of convergence delivered by the
fully discrete scheme (7.1) are in accordance with the theoretical ones. For simplic-
ity, we restrict our tests to two-dimensional model problems and assume that the
medium is isotropic, namely, we assume that the tensors C and D are given by

Ct =2ut + Atr(r)l and Dt =2aut + bitr(t)l,

with coefficients y > 0,4 > 0,a > 1,and b > 1.

Convergence test In the first example, we set Q = (0,1) X (0,1), T = 1 and con-
sider an homogeneous medium with p =1, y = A =1, a = b = 3, and with a con-
stant relaxation time @ = 1. We select the source f in such a way that the exact
solution is given by

2 .
u(x, ) = <8 ; ;C)lzfﬁ(:;f;r:ﬁ(;z; > Vxi=(x.x,) €Q, Vre[0,T]. (9.1)
The data necessary to initiate (7.1) are deduced directly from the exact solution.

The numerical results presented in Table 1 correspond to a space discretization
based on the second order AFW element for a sequence of nested uniform triangu-
lar meshes 7, of Q. For each mesh size & we take Ar = h and the individual relative
errors produced by the fully discrete method (7.1) are measured at the final time step
as follows:

Table 1 Convergence history h= Ar

for the AFW element of

second order with Ar = h 18 1.06e—02 —  174e—02 —  2.57e+01 -

and coefficients y = A =1,

a=b=3,p=aw= 1. The exact 1/16 2.44e-03 2.12 3.95e-03 2.14 6.48e+00 1.99

solution is given by (9.1) 1/32 5.89e—04 2.05 9.69e—04 2.03 1.63e+00 1.99
1/64 1.46e—04 2.01 237e-04 2.03 4.19e-01 1.96

1/128  3.61e—05 2.02 5.86e—05 2.01 1.06e—01 1.99

e,(p) ,(p)  e,r) Th(r) ey (i) r,(it)
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where (p,r) and (p’;t,rf[) ,k=0,...,L, are the solutions of (3.10) and (7.1), respec-
tively. The approximation iiﬁ‘l of the acceleration at t = ¢;_, is obtained from for-
mula (8.5). Additionally, we introduce the experimental rates of convergence

_log(e,(¥)/e;(x)

(%) =
log(h/h)

Vx e {p.rii},

where e, and e;, are the errors corresponding to two consecutive triangulations with
mesh sizes h and &, respectively. We observe there that the expected quadratic con-
vergence rate of the error is attained in each variable.

Locking test. We point out that the mixed finite element method given in [11]
for the elastodynamic problem (and which is extended here for viscoelasticity) was
shown to be free from volumetric locking in the nearly incompressible case. Here,
we carry out experiments to test the performance of the method for viscoelastic-
ity when A > p. We maintain the same settings established in the former example
and the same exact solution. We only change the values of the coefficients A and u
that are now chosen as (4, #) = (1.5 x 102, 3) in a first test and (4, u) = (1.5 x 10%,3)
in a second one. Their corresponding Poisson’s ratios are given by v ~ 0.49 and
v =~ (0.4999, respectively.

We observe from Table 2 that there is no degeneration of the convergence rates
as Poisson’s ratio v approaches the incompressible limit 0.5. This seems to indicate
that the scheme (7.1) is inmune to locking phenomenon in the nearly incompressible
case.

Piecewise constant relaxation time Real materials can be modelled by allowing
different relaxation times in different parts of the viscoelastic body. In this exper-
iment, we test the sensibility of our scheme regarding to jumps in the relaxation

Table2 Convergence history for the AFW element of second order with A= Ar and coefficients
=3, a=>b=3, p=w=1. The results listed on the left and right sides of the table correspond to
A=15x10%and A = 1.5 x 10%, respectively. The exact solution is given by (9.1)

h=At v~ 049 v =~ 0.4999

e,(p) ,(p) &,(r) ,(r) e,(p) ,(p) e,(r) ,(r)
1/8 8.76e—03 - 2.85e—02 - 8.79¢—03 - 2.44e+00 -
1/16 1.78e—-03 2.30 3.49¢-03 3.03 1.78e—-03 2.30 2.11e-01 3.53
1/32 4.33e—04 2.04 7.19e—04 2.28 4.34e—04 2.04 2.54e-02 3.06
1/64 1.07e-04 2.02 1.70e—04 2.08 1.07e-04 2.01 3.34e-03 2.92

1/128 2.65e-05 2.02 4.18e—-05 2.03 2.65e-05 2.02 4.33e-04 2.95
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Table 3 Individual relative errors for the AFW element of second order with coefficients A = u = 1,
a=b=3,andp=1

h=Ar &=100 ®=10 o=1 ®=0.1 @ =0.05

e,(p) r,(p) e,(p) ,(p) e,(p) r,(p) e,(p) ,(p) e,(p) ,(p)

1/8 3.44e-02 - 1.13e-02 - 1.06e-02 — 3.97e-02 - 7.80e-02 -

1/16 7.26e—03 224 258e—03 2.13 2.44e—-03 2.12 2.24e-02 0.83 6.48e—02 0.27
1/32 1.03e—03 2.82 6.00e—04 2.11 5.89e—04 2.05 7.08e—03 1.66 2.44e—-02 141
1/64 2.53e—04 2.02 1.49e-04 2.00 1.46e—04 2.01 2.90e-03 129 1.09e-02 1.16
17128  5.0le—05 2.34 3.70e—05 2.01 3.6le-05 2.02 1.09e-03 1.41 4.31e—03 1.35

The relaxation time w is equal to & in Q, and 1 in Q,. The exact solution is given by (8.1)

function w(x). To this end, we let w(x) = @ in Q, :=(0, 1) X (0, 1/2) and w(x) = 1in
Q,:=(0,1)x(1/2,1) and fix the values T =1, p=1, u=A=1,and a = b =3 for
the rest of coefficients. Non-homogeneous transmission conditions

itlg —itlg =g(®) and pFlgny—pTlgny =g,(®) onZ=09Q N,

are considered on the interface ¥, where f(@), g,(®), and g,(®) are chosen in such a
way that the exact solution is still given by (9.1). Here, ny stands for the unit normal
vector on X oriented towards €2,.

Table 3 displays the convergence history of the variable p for different values of
@. We notice that the quadratic convergence remains unaltered when we allow the
material in €; to relax more quickly (by at least two orders of magnitude) with
respect to the one represented by the upper half of Q. In turn, the convergence rate
worsens when @ is too small because our stability estimates depend onT‘

ollL>@
For this same reason, the method presented in this paper cannot deal with materi(al)s
that are purely elastic in parts of the domain (w(x) should vanish identically there).
The important issue of elastic-viscoelastic composite structures will be addressed in
a forthcoming work.
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