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Abstract

In this paper, a new procedure, called generalized shrinkage conjugate gradient
(GSCG), is presented to solve the ¢j-regularized convex minimization problem. In
GSCG, we present a new descent condition. If such a condition holds, an efficient
descent direction is presented by an attractive combination of a generalized form of
the conjugate gradient direction and the ISTA descent direction. Otherwise, ISTA
is improved by a new step-size of the shrinkage operator. The global convergence of
GSCG is established under some assumptions and its sublinear (R-linear) convergence
rate in the convex (strongly convex) case. In numerical results, the suitability of GSCG
is evaluated for compressed sensing and image debluring problems on the set of ran-
domly generated test problems with dimensions n € {2!°, ..., 2!7} and some images,
respectively, in Matlab. These numerical results show that GSCG is efficient and robust
for these problems in terms of the speed and ability of the sparse reconstruction in
comparison with several state-of-the-art algorithms.
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1 Introduction
Consider the following unconstrained optimization problem for the sparse recovery

min F(x) := f(x) + wlixll, )
st. xeR”?
where f : R" — R is a smooth convex function, | - ||; is the £;-norm of a vector
x € R", usually called regularizer or regularization function, and © € R* is a
regularization parameter that can be interpreted as a trade-off parameter or relative
weight between the objective terms. The problem (1) generalizes the well known
basis pursuit denoising (BPDN) or £, — £1 problem, found in the signal and image
processing literature, as

min F(x) == 5[ Ax = bl* + pxllr. )
st. x eR”

In (2), || - || stands for the standard Euclidean norm, A € R™*" (m <« n) and b € R™.
As a basic idea, a sparse solution of the underdetermined linear system Ax = b may
be obtained by the {y)—norm optimization problem. This nonconvex combinatorial
problem is NP-hard [23] and hence is difficult to solve. Instead of solving it, Candes et
al. [12] and Donoho [15] suggested the £;-norm convex relaxation problem to recover
the sparse solution under some conditions. However, the problem (2) is one of the
most famous models in sparse recovery area which gives the sparsest solution of the
aforementioned underdetermined linear system. This model is a robust version of
reconstruction process when the measurements are contaminated with noise. Some
popular applications for the problem (2) are the areas of compressed sensing (CS)
and image debluring (ID) problems. For more information about these applications,
readers can refer to [17,18,23].

Contribution This paper aims to present an innovative algorithm based on a new
direction which is descendant under a descent condition and a new shrinkage step-size
in order to accelerate ISTA. Such an algorithm generates a new generalized form of
the CG direction and uses it under a mild norm condition. Moreover, it uses the ISTA
descent direction with the improved shrinkage step-size, produced based on a pseudo
CG idea, whenever the generated direction is not descendant or does not satisfy the
norm condition.

Organization The remaining of this article is organized as follows. In Sect. 2,
advantages and shortcomings of some algorithms and software are investigated. We
have a review of ISTA, a gradient based method, in Sect. 3. Section 4 is dedicated to
our method, which has three subsections: presenting the new GSCG approach in detail
in the first subsection, presenting the acceptance criterion of the new method based
on a modified nonmonotone Armijo line search strategy in the second subsection and
finally presenting a flowchart and a pseudo code of the new algorithm in the third
subsection. The global convergence and sublinear/R-linear convergence rate of the
proposed algorithm are analyzed in Sect. 5. In Sect. 6, numerical results on CS and
ID problems are reported. At the end, in Sect. 7, some conclusions are presented.
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Preliminaries We first recall some definitions, which will play a key role in the
convex optimization analysis.

Definition 1 A directional derivative of a function F : R" — R atpointx € R" along
the direction d € R”", denoted by F’(x; d), is given by the following limit if it exists:

F(x 4+ xd) — F(x)
. )

F'(x;d) ;= lim
200

The directional derivative may be well defined even when F is not continuously
differentiable. In fact, it is the most useful one in such a situation.

Definition 2 A point x* € R" is called a stationary point of a function F : R" — R,
if F/(x*;d) > 0foralld € R", see [38, page 394].

Definition 3 Suppose that F : R" — R U {400} is a closed proper convex function
and ¢ is a positive parameter. A proximal operator Prox.r : R" — R" of the scaled
function ¢ F at y € R" is defined by

, |
Prox.;(y) := argmin, !F(x) + 5l - y||2},

where parameter ¢ controls the relative weight of the two terms. For more information
about the proximal operator and its algorithms, we refer to [35] which is a monograph
about this class of optimization algorithms.

Notation Throughout this paper, for the convenience of notation, write Fj := F(xy)
and fx := f(xx) and let V f; := V f(x;) be the gradient of f at x;. The subscript k
often represents the iteration number in an algorithm and Dg denotes the diameter of
a bounded set S.

2 Related algorithms

There are a lot of solvers for nonsmooth optimization. Here, we review only some of
them, related to our study as tested in numerical results section. The objective func-
tion of problem (1) is convex but nonsmooth since it includes the £{-norm term. This
problem can be transformed to a linear optimization problem and solved via standard
tools such as simplex or interior point methods [7,34]. These methods have a high
computational cost because of using a dense data structure, especially for large-scale
problems. For large problems, there are gradient-based algorithms, as well, which cal-
culate the direction approximately without computing or approximating the Hessian,
using gradients only. Despite requiring little storage, they have so slow convergence
properties; see [11,13,16,19,21,27,28,40]. One popular method of this class is iterative
shrinkage-thresholding algorithm (ISTA) [13,16] with the general step

Xkl = Suzy <xk - kafk>, 3)
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where 7y, is the shrinkage step-size and S, : R" — R”" is the shrinkage operator,
defined by

Sy (x) := sgn(x) © max {|x| -, 0},

in which v > 0, sgn(-) stands for the signum function and © denotes the component-
wise product,i.e., (x ®y); := x;y;. The important characteristic of ISTA is its simple
form. However, ISTA has been characterized as a slow method and its convergence
analysis has been well studied in [8,13,16,20], showing its sublinear convergence rate.
Some methods have been proposed in order to accelerate TSTA in the past years. We
consider some of them as follows:

(i) Fixed-point continuation algorithm (fpc) [27] uses an operator-splitting tech-
nique to solve a sequence of problem (1), defined by a decreasing sequence of
parameter {/;} with the fixed shrinkage step-size. In £pc, based on the contin-
uation (homotopy) strategy, the solution of the current problem is used as the
initial estimate of the solution to the next problem.

(i) fpcbb [28] is a fixed-point continuation algorithm for solving (1) which con-
structs its shrinkage step-size by Barzilai-Borwein (BB) technique [6].

(iii)) NBBL1 [42] is a nonmonotone Barzilai—-Borwein gradient algorithm for solving
(1). At each step, such an algorithm generates the search direction by minimizing
a local approximal quadratic model of (1) which contains an approximated form
of the ¢;-regularization term, due to its non-differentiability.

(iv) TwIST [11] is a two-step ISTA which relies on computing the next iteration
based on two previously computed steps instead of one previous step.

(v) FISTA [8] is a fast iterative shrinkage-thresholding algorithm, employed on a
special linear combination of the previous two iterations and this is its main
difference from ISTA. This method keeps computational simplicity of TSTA
and improves its global convergence rate to (’)(kiz), comparable to TSTA with
O

(vi) SpaRSA [41]is asparse reconstruction by separable approximation which solves
(1) with separable structures. Improved practical performance of SpaRSA results
in the variation of the shrinkage step-size.

3 Review of ISTA

The classical steepest descent method is the simplest approach to solve (1), in the case
= 0. This method produces a sequence {xi}r>0 via

X1 1= Xk — TV fi, “)
for which t; > 0is a suitable step-size. The gradient iteration (4) can be converted into

the following iterative scheme, known as the proximal regularization of the linearized
function f at xy,

. 1
st = argmin { fi+ (v — v, VA 45—l — xl?. )
X 2Tk
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By applying the structure of (5) for (1) and setting d := x — x, we get
xir = argmin { fi + (d. Vfi) + %ndn2 + lix +dln . (©)
Having ignored the constant terms, we can rewrite (6) as
Xkpl =Xk +dp = argnbin {%IIXk +d — (xx — wV I+ prellxe +dlly } 7

As shown in [35], the favorable structure of (7) adopts the explicit solution (3) which
leads to the TSTA iteration for the problem (1). Both (3) and (7) yield to

A A ®)

called shrinkage direction or ISTA direction. The following lemma shows that the
shrinkage direction, obtained by (8), is a descent direction whenever d,ﬁ # 0.

Lemma 1 Suppose that ty > 0 and d}, is the shrinkage direction (8). Then, we have

F (v +odf) = B+ o[ (Vfi i) + (v + dfh = e )] + o),

forall o« € (0, 1] and
1
45 1= (V fi di) + (e + i = ] ) = 5 WP, ©)

Proof The proof can be found in [38]. O

The next lemma, the proof of which can be found in [38], characterizes the situation
of di = 0.
k

Lemma 2 Suppose that 7, > 0 and d} is the shrinkage direction (8). Then, xi is a
stationary point for the problem (1) if and only if d; = 0.

It is worth noting that TSTA uses a more conservative choice of the shrinkage
step-size tx, related to the Lipschitz constant of V f. Furthermore, in some fixed point
methods like [27], T is considered to be fixed so that these methods could not produce
a suitable step-size close to the optimizer or far away from it. Hence, a bad value of
7 leads to a slow convergence rate. To overcome this disadvantage, in [28,40—42],
7% is chosen dynamically by the BB method. BB method is an accelerated form of
the classical steepest descent method using two consecutive iterations to introduce the
step-size of the next step, i.e., Xx41 := X — r}fbV fr, where rkbb, called BB step-size,
is presented as one of the following

NI (Sk—1, Sk—1) or P2 . (Sk—1, Yk—1) (10)
k (Sk—1, Yk—1) k (Vk=1, Ye—1)
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where sg—1 = xk — xk—1, Yk—1 = Vfi = Vfi—1. In (11), 0 < Tiin < Tmax < 00,
known as the safeguard parameters, are used to prevent the production of a very small
or large BB step-size. Such an improved BB step-size is presented by

lebb,l ‘— max {‘[min’min {‘[;:bsl, Tmax}} ) (11)
where i = 1, 2. To simplify our notation, we set flgbb = f]:bb,t.

4 Our method

In this section, an algorithmic framework of the new approach is presented to solve
large-scale nonsmooth convex optimization problems. This section is followed in
three subsections. In the first subsection, the new method is introduced in details. In
the second subsection, determining the step-size o € (0, 1], we utilize a modified
nonmonotone Armijo line search strategy for nonsmooth convex optimization prob-
lems and in the third subsection, the flowchart and the detailed pseudo code of the
new method are presented.

4.1 New generalized shrinkage conjugate gradient approach (GSCG)

Accelerating the proximal gradient methods such as ISTA, one can use the idea of
momentum term Oy (xy — xx—1), through which the next step xx4+; depends on the
two previous steps xj and x;_; with ®; > 0. FISTA and TwIST, accelerated forms
of ISTA, use this idea in order to solve (1), see [8,11]. It is remarkable that CG
methods [22,26,29,36], the improved forms of the descent gradient method, have a
momentum term in their common iterative schemes. In addition, in [33], a generalized
form of the nonlinear CG methods has been presented where the negative gradient
is replaced with a general descent direction. Our goal here is to accelerate ISTA by
either strengthening its descent direction or improving the shrinkage step-size. In some
iterations of the GSCG iterative scheme, a pseudo CG direction is produced where the
negative gradient-based term of the CG direction is replaced with the descent direction
d; in (8) as follows,

Xgt1 1= Xg + ogdy, (12)
dy = d} + Brdx—1. (13)

where o is a suitable step-size and {fx }x>0, named CG parameter, is a slowly dimin-
ishing constant sequence with limy_, o Bx = 0. This CG parameter is defined by

1
B = GrDn (14)
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where A € (0, 1). Relation (14) is different from the conventional CG parameters and
is similar to the By presented in [31,32] for a convex optimization problem over a
fixed-point set of a nonexpansive mapping.

The following remark shows the existence of a momentum term in some iterations
of GSCG.

Remark 1 Substituting k with k — 1 in (12) leads to

Xk — Xg—
dpy = X1 (15)

Ok—1

Then, by replacing (13) and (15) in (12), we obtain

oo
Xip1 = Xk + ody + o (XK — Xk—1),
— —

‘= momentum term

Since (13) is not descendant, in general, we impose a mild descent condition on
this direction, leading to its descent property. This condition is defined by

dCon := ((V fx, dk—1) + plldi—11lh < 0). (16)

The following lemma shows that the direction defined by (13) is descendant when-
ever dy # 0.

Lemma 3 Suppose that T, > 0, B > 0 and dy is generated by (13). If the condition
(16) holds, then we have

F(x +ady) < Fe+aAf + o), Ya e (0,1], (17)

and
A 1= (Y fe di) + 5k + delly = Il ) < 0. (1)

Proof The proof of (17) is similar to the first part of Lemma 1, presented in [38]. To
prove (18), we consider three cases:

(i) If Br = 0, then (18) is satisfied based on Lemma 1.
(i1) If Bx > 0 and d; # 0, then from the definition of di, Lemma 1 and (16), we get

A = (9 fio di) + e (I + el = Il )

= (Voo d) + x4+l = el ) + Be(V fe, din)
+ nlldi-1ll) <0,

which shows that d; # 0 is a descent direction for F(x) at x.
@iii) If Bx > 0 and di = 0, then the proof is trivial. O
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Whenever the descent condition (16) is not satisfied, GSCG takes advantages of the
descent direction d; with a new form of 7, called CG step-size and introduced by

=100+ OY T, (19)

In (19), t,‘jbb is computed using (11), w € (0, 1) is an impact factor for controlling the
effect of yxtx—1 and diminishing constant sequence {yx }x>0 is defined by

1

S Ty (20)
where v € (0, 1). Note that 74, generated by (19), is a special linear combination of
r,fbb and t;_1, and its structure is similar to that of the CG direction (13). It is clear
that r,fbb + oY Th—1 > rkab. In addition, ||d}|| is nondecreasing in 7 for each x;; see
[40]. Thus, Lemma 1 guarantees the descent property of d;, produced by (19).

In GSCG, in order to investigate the convergence rate, we impose a mild norm
condition on using (13) whenever (16) is satisfied as follows,

ncon := (|d} || = lldk|). 2D

When (21) is not satisfied, the descent direction d}, is utilized, using (19). Let us define
the event

cGrad := (dCon & nCon).

Iteration £ is said to be a CG iteration with the BB step-size (11) if the event cGrad
occurs; i.e., cGrad := 1. Otherwise, the iteration will be ISTA with the CG step-
size (19) (cGrad := 0). In other words, cGrad, dCon and nCon are the integral
parameters. According to the mentioned information, for the iterative scheme (12),
we now represent

g di + Brdr—1 if cGrad, 22)
d otherwise.
with
sbb .
f cGrad,
o rkbb if ¢ r‘.a (23)
7.0 + wykTk—1  otherwise.

Based on Lemmas 1-3, whether the event cGrad happens or not, we have the fol-
lowing inequality for di 7 0 in (22) which confirms its descent property,

1
A < —2—||dk||2 <0, (24)
Tk

where Ay is defined by

A% if cGrad,
Ak2={ k 1f cGra 25)

AL otherwise.

@ Springer



A new generalized shrinkage conjugate gradient method for... Page9of38 1

4.2 Acceptance criterion

Monotone methods (descent methods) generate a sequence of iterations such that
the corresponding sequence of function values is monotonically decreasing in (1).
Their strategies may trap the iterations to the bottom of a curved narrow valley of the
objective function which makes the iterative algorithms lose their efficiency.

In contrast, in nonmonotone line search techniques, some growth in function value is
permitted which overcomes the difficulty mentioned above and improves convergence
speed, see [3-5,24,43]. Let us define I (k) as an integer satisfying k —m (k) < (k) < k,
inwhichm(0) = 0and0 < m(k) < min{m(k—1)+1, N—1},with N > 0. Toincrease
the efficiency of the new algorithm and to guarantee its global convergence, we use a
modified form of the nonmonotone Armijo scheme suggested in [4] as follows,

F(xi + ordy) < Ry + oo Ay, (26)

where
Ry == Py + (1 — i) Fy, (27

Nk € [Mmin> Mmax)> Mmin € [0, 11, "max € [Mmin, 1], and o € (0, 1) is a constant, usually
chosen to be close to zero. The step-size «y is the largest member of {s, os, ...}, with
s >0,0€(0,1),and

Fiu = Osrjnsa%((k){Fk,j}. (28)

This nonmonotone line search method, modified for the nonsmooth convex optimiza-
tion problem (1), uses a stronger nonmonotone technique whenever iterations are far
away from the optimizer and a weaker nonmonotone strategy whenever iterations are
close to the optimizer by using an adaptive value for 7, which can improve conver-
gence results.

The procedure of modified nonmonotone Armijo strategy (NMA) is described below.

Procedure Nonmonotone Armijo(NMA)

Input: x, di, o, 0, Ak, ni, m(k), s and N.

1 begin

2 o =5,

3 compute F(x; + oxdy), Fik) by (28) and Ry by (27);

4 while F(x; + aydy) > Ry + o ay Ay do

5 Of = QU;

6 compute F (xi + oxdy);

7 end

8 | Xkg1 = Xxp +opdy, Fryri= F(xg1), Vi =V (e
9 update 11 using an adaptive formula;
10 choose m(k 4+ 1) € [0, min{m (k) + 1, N}];

11 end
Output: x¢t1, Fii1, V fet1, ni1 and m(k + 1).
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In NMA, the while loop is usually called backtracking loop. Note that, based on
Lemmas 1 and 3, NMA is well defined for the proposed approach.

It is worth mentioning that the combination of a nonmonotone line search strat-
egy and the BB step-size with safeguards was originally introduced by Rayden [37]
for unconstrained optimization problems, and by Birgin et al. [9,10] for convex con-
strained optimization problems. In the new algorithm, we also somehow utilize this
idea according to the above NMA technique.

4.3 New algorithm

Flow chart for GSCG in Fig. 1 is presented and then the GSCG algorithm is described.

compute:
3PP by (11)
No S dz by (8)
Bk by (14)
dy, by (13)
No
Yes v
compute:

compute ISTA e v by (20)
direction with e 7 by (23)
step-size 7o e di by (22)
e A by (25)

recovered signal

I

converged

- run NMA

Fig. 1 Flow chart for GSCG
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Algorithm 1: GSCG (generalized shrinkage conjugate gradient algorithm)

Input: An initial point xg € R", 70 > 0, N > 0,5 > 0, 0, A, w, 0, v € (0, 1),
n > 0,10 € [Mmin, Mmax], M(0) := 0,0 < Nmin < Nmax < 1 and
0 < Tmin < Tmax < 00O.

1 begin

2 fork=0,1,2,...do

3 if k¥ > O then

4 compute dCon by (16);

5 if dCon then

6 set 7 = 7%, compute d; by (8), Bi by (14) and dj by (13);
7 if nCon then

8 ‘ compute Ay by (25);

9 else
10 ‘ compute Y, by (20), tx by (23), di by (22) and A by (25);
11 end
12 else

13 ‘ compute yx by (20), tx by (23), dr by (22) and A by (25);
14 end
15 else
16 ‘ set ;. := 19 and compute di by (22) and Ay by (25);
17 end
18 run [Xet1, Fit1, V fet1, k1, mk + 1)] =
NMA(xk, dk, 0, 0, Ak, Nk, m(k), N);

19 if converged, break; end
20 Sk = Xk+1 — Xk Yk = ka_;,_] — ka;
21 compute r,f:’_bl by (11);
22 k<—k+1;
23 end
24 end

Output: x* := x;; F* := Fy.

In Algorithm 1, if (16) or (21) is not satisfied (cGrad = 0) then to compute dy,
GSCG uses the CG step-size (Lines 10 and 13). Otherwise (cGrad = 1), it uses the
BB step-size (Line 6). In addition, Lines 7-11 help us to establish the convergence
rate.

5 Convergence analysis

This section is devoted to analyzing the convergence of GSCG. To do so, we use
some tools for nonsmooth and smooth optimization which have been presented in
[4,24,25,30,38], but have been extensively modified to allow for GSCG. In order to
investigate convergence analysis, we utilize the following two assumptions:

(H1) The level set L(xg) := {x | F(x) < Fp} is bounded, for any xo € R".
(H2) The V f(x) is Lipschitz continuous with constant L.

@ Springer



1 Page120f38 H. Esmaeili et al.

The following lemma characterizes a stationary point. Our approach in it follows that
of Lemma 2 in [38].

Lemma4 Suppose that tp > 0, B > 0 and dy is a direction generated by GSCG.
Then, xy is a stationary point for the problem (1) if and only if d;, = 0.

Proof 1f (16) or (21) is not satisfied, then d, = d,i. Thus, Lemma 2 gives the desired
result. Otherwise, d; = dg + Bidk—1. In the case d; # 0, Lemma 3 implies that
F'(xp; dy) < 0, thus x; is not a stationary point. Now, take dy = 0. Since djz =
— Brdy—1 is the solution of (7), the descent condition (16) results in

2
o
a(V fi,d) + Eudn2 + wllxx + ed|l;

ﬂ2
= Bl fodit) + 3kt + plle = Bl
> e ((V feo dimr) + i) + el
> plxelh.

for any ad € R" with « > 0. Hence, proceeding the same argument as Lemma 2
in [38], we get F'(xx;d) > 0, leading to this fact that x; is a stationary point of
F(x). i

In the sequel, let us define the following index sets:

1 = {k | dv = dj} + Brdk—1 (or 1 = r,fbb)} and

I = {k | d = df (or i = 7™ + w)/kfkfl)] ;

T, is the set of all iterations where cGrad=1 and 7, includes all iterations where
cGrad = 0.

Lemma5 Let {ti}i>0 be the sequence generated by GSCG. Then, {ti }i>0 is bounded.

Proof The proof is done in two cases:

(i) k € Z;. Then, relation (11) gives the result.
(ii) k € 7. In this case, the proof is by induction. Since lim_, », yx = 0, there exists

1
m € N such that y, < o for all k > m. Let T := max{Tmax, T }; it is clear

that 7,, < 2T. Suppose that 7y < 2T for some k > m. Then, by (19) and the
induction hypothesis, for all k > m, we have

1
Tkl < Tmax T OVk+1T < T + F% = 2T,
which results in the proof. O
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Lemma 6 Suppose that the sequence {xi }i>0 is generated by GSCG and Assumptions
(HI) and (H2) hold. Then, there exists a constant o € (0, 1] such that the acceptance
criterion (26) is satisfied for any o € (0, ). In addition, for all ay that satisfies (26),
we can find a lower bound o such that o > o.

Proof Lipcshitz continuity of V f, convexity of | - ||; and the definition of A in (25)
result in

F(xx + adi) — Ri < F(xx + ady) — F
2
o
< (Vi adi) + LIl + ane Ik + il = il )
= aA+ LIl
From (24), it follows that

F(x +ady) — Ry <a(l —aLt)Ag. 29)
Therefore, the acceptance criterion (26) is satisfied whenever
o1 —aLn)a < oady, (30)
Since x is not stationary, based on Lemma 4 and (24), Ay < 0. Thus, (30) yields to
o <a,

where o := with

T'max

?max = max {max Tr, maxX 7y ¢ = maxX § Tmax, MAX Tf ¢ .
ke kel kel

Proving the lower bound for o, we know that either oy = 1 or the acceptance criterion
(26) will fail at least once; hence

o o
F (xk + —dk> > Ry +0—Ag.
o Q
This fact along with (29) leads to

o(1-0)

ap — —= >0,
T L
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1 Page140f38 H. Esmaeili et al.

so that
0 (1 — 0)
> o= ",
Tmax L
since Tmax > T for all k. Thus, the proof is completed. O

The proof of the next lemma has been inspired by the works of [4,24] who analyzed
a nonmonotone line search for smooth optimization problems, but it has been broadly
modified to allow for the problem (1) with the acceptance criterion (26) which is
analogous to that of ibid.

Lemma7 Suppose that the sequence {xi}k>0 is generated by GSCG with acceptance
criterion (26) and Assumptions (HI) and (H2) hold. Then,

(a) the sequence {Fj)}k=0 is convergent.
(b) limy_, o dy = 0.

(c) limg_soo Fr = limg_ 00 Fiiy.

(d) limj_, 00 Ry = limg_, o0 Fg.

Proof (a) We show that the sequence {Fj)}r>0 is non-increasing. The inequality
Ry < Fj) implies that
Fiv1 < R < Fig- (31)

For the case k + 1 > N, from (31) and m(k + 1) := N — 1, we have

F = ax {Fr—; < max Fr_; =max{Fiu, F =Fp).
I(k+1) 0515/\/—1{ k j+1}_0§j§m(k)+l{ k—j+1} {Flw)> Frr1}=Fi

Furthermore, for the case k +1 < N, we have m(k + 1) := k + 1 and Fj41) :=
Fy. These cases give the non-increasing property of the sequence {Fj)}r>0. In
addition,

Fiy1 < Re<Fi) < Fie—1y) < -+ < Fio) = Fo, (32)

so that {x}x>0 remains in L(xp) for all k. Also, based on the Assumption (H1)
and the definition of F(x), L(xo) is compact. Thus, {Fj)}r>0 assumes a limit,
named F, for k — oo.
(b) Replacing k with I(k) — 1 in (26) and using (31), we get
Fiay < Flawo-1n + 0%y —141G0)—1, (33)
which, along with part (a), implies that

lim oy)—14i10)-1 = 0.
k— 00

Hence, (24) gives
klglgo a1l digy-11l = 0. (34)
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Based on Lemma 6, o, > « for all 7. Thus, (34) implies that
lim dl(k)—l =0. (35)
k—00

Now, by induction, for any j > 1, we show that

lim dl(k)fj = 0, (36)
k—o00
and ~
lim Fyg—; =F. 37
k— 00

It has been already shown in (35) that (36) holds for j = 1; hence
lim |lx;g) — x10)-11l = 0. (38)
k—00

From (38) and the uniform continuity of F(x) on L(xq), we get (37) for j = 1.
Now, we assume that (36) and (37) hold for a given j. Setting [ (k) := (k) — j in
(33), we get

Fiay-j = Fiawo—-G+1) T 0@ —(i+1) A1k —(+1)»

where k is assumed to be large enough such that /(k) — (j + 1) > 0. By letting
k — o0, using the inductive hypothesis along with part (a) and following the same
arguments employed for driving (35), we deduce

lim djg-j+1 =0,
k— 00

so that
lim ||x;6)—; — X1+l = 0.
k—00

This fact and the uniform continuity of F(x) on L(xg) result in

lim Fig_(iven = lim Fgy_i = F,
K 00 1(k)—(j+1) K 00 [(k)—j

proving the inductive step. Based on (28), let [ (k) := arg max {F | max(0, k —

N+1) <j< k}.Thus,l(k) is one of the members of the index set {k— N+ 1, k—

N+2,...,k}.Hence, we candenote k— N = [(k)— j,forsome j = 1,2,..., N.
Therefore, from (36) we deduce,

lim olldill = lim ar—ylldi-n1 =0, (39)
k—o00 k— 00
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leading to
lim dy =0,
k—o00
by Lemma 6.
(c) Forany k € N, we have
1(k)—(k—N)
Xk—N = XI(k) — Z ) —j i) —j - (40)
j=1
Thus, (36) and (40) result in
lim |lxx—n — x10) Il = O. 41)
k—o00

Part (a), along with (41) and the uniform continuity of F(x) on L(xgp), implies
that

lim Fy = F.
k—o00
(d) From Fy < R; < Fj) and the previous part, we obtain the desired result. O

We now prove the main global convergence theorems of the new approach in two
sections.

5.1 Convergence rate for convex case

In this part a sublinear convergence estimate for the error in the objective function
value F'(x) is presented. The first theorem implies that GSCG converges to a global
solution of the problem (1).

Theorem 1 Suppose that the Assumptions (HI) and (H2) hold and let {xy}x>0 be the
sequence generated by GSCG. Then, any accumulation point of {xy }x>0 is a stationary
point of the problem (1). In addition,

lim F, = F*,
k—o00
where F* is the optimal value for the problem (1).

Proof By (32), the sequence {xx }x>0 remains in L (xp). In addition, since L (x¢) is com-
pact, there exists an accumulation point. Furthermore, we get from (11) and Lemma 5

0 < Tin < lim 7% = lim 1 < Tpax < + 0. 42)
keZ keZy
k— 00 k— 00

On the other hand, the sequence {V f}«>0 is bounded since Assumption (H2) holds
and L (xp) is compact. Lemma 7(b), (42), boundedness of {V fi }x>0 and continuity of
the shrinkage operator in (3) (see [27, Theorem 4.5]), result in
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lim dy = lim dy = lim d (),
keI keI, k— 00
k—00 k—00

where
bb . bb
d,i(tks ) =: SMT],(sbb <xk — ‘L’,? ka) — Xk.

We consider the proof by contradiction. Let x* be the accumulation point of the
sequence {xx}r>0 that is not stationary. Hence, by Lemma 4, for all sufficiently large
k, there is an € > 0 such that ||dg|| > € > 0. Thus, (39) results in

lim o =0,
k— o0

which contradicts Lemma 6. By Lemma 7, { Fy }x>0 approaches a limit denoted by F.
Furthermore, from convexity of F(x), a stationary point is a global minimizer; hence
F = F* which completes the proof. O

In the sequel, we show the sublinear convergence of GSCG in a similar way as
Theorem 3.2 in [25] and Theorem 2 in [30].

Theorem 2 Suppose that {xi}k>0 is a sequence generated by GSCG, and Assumptions
(HI) and (H2) hold. Then, there exists a constant c such that for all sufficiently large
k,

F,—F* <

> o

Proof Convexity of F(x) and ¢ € (0, 1] result in
Frv1 < (1 —ap) Fr + ap F(xg + di).
If (16) and (21) are satisfied, then dy = d; + Bydy—1. Taking
1
O Xk, ) = fic +(V fie, di) + Elldl‘ill2 + wllxe +di I

and using Lipschitz continuity of V f, we get

1
Fok+do) < fid (Y fie df) + 5 IdE 1P+l + il
L
+ Be((V fios dir) + plldir ) + 5 e 43)

) L
< Oy (xi, d) + E||dk||2.
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Otherwise, dy = dj. Again Lipschitz continuity of V f results in

1 L
F(xp +di) < fi + (Vi d5) + End;n2 + wllxe + S + 5||dk||2

. (44)
< Qg (k. d) + E”dk”z-
Since dj, is the minimizer of (7) and f (x) is convex, for 7; > 0, it follows that
. 1
Ou (xk, d) = min | fi + (¥ s d) + pullxe + dll + 11|
d 27
. (45)
< min [F(xk td)+ ||d||2].
d min

Let us now denote x; +d := (1 — ¥)x; + 9x*, where 9 € [0, 1] and x™* is an optimal
solution of the problem (1). Convexity of F(x) yields to

1

min {F(xk +d)+ ||d||2} < F((l — D) + m*)

min

+ 11— 9)xg +0x* — x> 40

2Tmin

<(1—0)F +0F" +0>d,

where @ := llxx — x* ||2. By (32) and Assumption (H1), x; and x* lie in L(x¢),

min

1
so that ®; < ¢; < oo, where ¢| 1= 2—D%(x0). We now get from (43) to (46)
Tmin

L
Fior < (1 —ax®) Fr + ax (O F* 4 ¢19%) + ak5||dk||2. (47)

Acceptance criterion (26) along with (24) results in

Loy,

L
=l < %(Rk — Fi1) < c2(Re — Fep), (48)

L ?max

where ¢ 1= . Combining (47), (48) and Fj < Ry, it follows that

Fis1 < R+ ax(OF* — 9 R +c19%) + c2(Re — Fiy1). (49)

The right hand side of (49) reaches its minimum value when Uni, =

. Ry — F*
mm{l,—

5 } As a consequence of Theorem 1 and Lemma 7, the sequence
cl
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{Ri}r>0 converges to F'*. Hence, Jmin also approaches zero as k — oo; hence there
is an integer ko with 9 < 1 for all k > kg. Therefore

ay
Fip1 < Ry — H(Rk — F? + o(Rk — Fi1)

(50)
< Ry — c3(Rx — F*)? + c2(Rx — Fiy1).

1
for all k > kg, where ¢3 := —q, with o given by Lemma 6. Let us define E; :=
c

Fy — F* and E,¢) := Ry — F*. By subtracting F* from the both side of (50), we
have

Ex+1 < Erqy — C3E,2(k) + Cz(Er(k) — Ek+1),
so that
Er41 < Er(k) - C4Er2(k),

3

where ¢4 1= 7 We find after division by E, ) # 0O that

'

Ep11

<1 —caErq,
Er(k) r (k)
yielding to
Lo by (51)
= C4 = — T C4,
Er1 7 Erp Eix)

since Exy1 < Er), Rk < Fiy and Ej) = Fj«) — F*. An integer ip can be found
such that ko € ((io — N, igN — 1]. For all k € ((i —)N,iN — 1] with i > g,

the definition of /(k) in (28) results in k — N + 1 < I(k) < k. By applying (51)
recursively, for all i > iy, we have

1 1 1 1
LIFQEE NS bepz 4 — o,
Ex = Eixy ~ Eig-n Eik—(i—ig)N)

so that

Eig—ii-ip)N) _ 1 _ 2 _2N

k= — =0 ; )
I+ G —io)caErg—(i—igpny — (@ —io)ca — icq ~ key

for all k € ((i — 1)N,iN — 1] with i > 2iy. Since there exists a finite number of

integers k € [1, 2ipN], one finds cs satisfying c¢5 > % and
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N
Ep < CST Vk € [1, 2igN].

By taking ¢ := ¢5 N, the proof is completed. O

5.2 Convergence rate for strongly convex case

This part is dedicated to the R-linear convergence rate of GSCG, when F(x) satisfies
F(y) = F&*) + &y —x*|° (52)

for all y € R", with & > 0. The relation (52) holds, when f(x) is a strongly convex

function and therefore x* is a unique minimizer of F(x). The proof of the following
theorem is similar to those of theorem 4.1 in [25] and Theorem 3 in [30].

Theorem 3 Suppose that {xy}k>0 is a sequence generated by GSCG, and Assumptions
(HI) and (H2) and (52) hold. Given cy and « satisfying Theorem 2 and Lemma 7,
there are constants Y and ¢ € (0, 1) such that for all sufficiently large k,

Fi — F* < y¢"(Fo — F*).
Proof We first show that there exists x € (0, 1) such that

Fig1 — F* < x(Fieoy — FY). (53)

Assume that @ satisfies

(54)

. {2C2 1 gtmin}
0 < w < min .

« 'L L
We consider two cases:
Q) If |di || = @ (Fiy — F*), then we get from (48)
%(Fl(k) —F") < %Q||dk||2 < c2(Fiky — Fit1)s
so that
Fip1 — F* < x(Fig — F),

where x := (1 — %) € (0, 1); it can be obtained by (54).
(i) If ||dk||2 < @ (Fjg — F*), then (52) results in

1 2
Q) = e —x*17 <

< (Fx — F*) < ce(Fiy — F),
2Tmin 2Tminé ©
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where cg = . We now get from (43) to (46),
Tmin
Fis1 < (1 — ax®) Fi 4+ o (9 F* 4 002 )+ IIdeI
L *
< Figoy + o ce®? — 9 + — (Fioey — F™),
so that

* 2 Loz *
Frp1 — F* < |14 ak | ce? _19+T (Figy — F7), Vo el0,1].
Lety =1+ o (ce?? — 0 + LTw); its minimum value is at
~ 1
z?:{l,—}e[O,l]. (55)
2c

Ifo = 1, then (55) gives cg < 5. Thus, @ < Z’ obtained from (54), leads to

wl l-—wlL
x =14+ C6—1+T <1- 2 ap < 1.

T
Otherwise, the inequality @ < & Tmin , obtained from (54), gives

Therefore, (53) holds for all £ > 0.

By replacing k with [ (k) — 1 in (53), setting k > N and utilizing monotonicity of Fj),
we have
Fiwy — F* < x(Fiaw-1) — F*) < x(Fige-n) — F). (56)

There exists i > 1 such that k € ((i — 1)N,iN — 1] for any k > N. Applying (56)
recursively gives

Fr— F* < Fjg — F* < Xiil(Fl(k—(i—l)N) - F*)-
Since Fiq1 < Fyg) and l(k — (- l)N) € (0, N], we get

i

H(k—G-1N) < max{Fyo), Fiq1), Fi), - - -, Fiv—1} = Fo,
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so that

Fo—Fo<x"YF - F" <

1
which completes the proof with v = — and ¢
X

6 Numerical results

S

1
— U xk(Fy — F*),
X

We give some details of the implemented algorithms on CS problems in Sect. 6.1 and

ID problems in Sect. 6.2.

Table 1 Amounts of parameters

pand§ P s P 5 P s
0.1 0.1 0.1 0.2 0.2 0.1
0.2 0.2 0.1 0.3 0.3 0.1
0.3 0.3 0.2 0.3 0.3 0.2

(a)

Fig.2 A comparison among TwIST, SpaRSA, fpcbb, NBBL1, FISTA and GSCG with the performance

measures ni, nf and sec, respectively

Table2 Average of ni, nf and

sec for all compared algorithms Solver i ot see
FISTA 2033 2034 114
fpcbb 3989 8674 315
NBBL1 1191 1375 88
SpaRSA 1164 1164 75
TwIST 735 825 41
GSCG 232 289 13
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Fig. 3 A comparison among fpcbb, SpaRSA, TwIST and GSCG for matrix A in item (1) with o1 =
0 =10"andp =8 =0.1.a Diagram of function values versus iterations. b Diagram of real errors
versus iterations. ¢ Diagram of the original signal. d Diagram of the observation (noisy measurement).
e-h Diagrams of recovered signals by £pcbb, SpaRSA, TwIST and GSCG (red circle) versus the original
signal (blue peaks) (color figure online), respectively
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Fig.3 continued

6.1 Quality of CS reconstruction

Here, the ability of GSCG for the sparse recovery in CS problems, a well-known
application for (2), is evaluated. The field of CS, presented by Candes et al. [12] and
Donoho [15], has grown considerably for the past few years. This fact that many real-
world signals may be sparse or compressible in nature, well approximated by a sparse
signal in a suitable basis or dictionary, is the motivation to create CS. Simply put it,
CS refers to the idea of encoding a large sparse signal x through a relatively small
number of linear measurements A and storing b = Ax, instead. The main aspect is
decoding the observation vector b to recover the original signal x.

We report the results obtained by running our algorithm (GSCG) in comparison
with fixed point continuation method with Barzilai-Borwein (£pcbb) [28], two-step
ISTA (TwIST) [11], sparse reconstruction by separable approximation (SpaRSA)
[41], nonmonotone BB gradient algorithm (NBBL1) [42] and fast iterative shrinkage-
thresholding algorithm (FISTA) [8] on some CS problems. The codes of compared
algorithms are available in

e (GSCQG) https://github.com/GS 1400/GSCGcode.git

e (fpcbb) http://www.caam.rice.edu/~optimization/L1/fpc/soft

e (TwIST) http://www.Ix.it.pt/~bioucas/TwIST/TwIST.htm

e (SpaRsSA) http://www.Ix.it.pt/~mtf/SpaRSA

e (FISTA) http://iew3.technion.ac.il/~becka/papers/wavelet_FISTA.zip

Given the dimension of the signal n, according to the values of § and p presenting
in Table 1, we produce the dimension of the observation m and the number of nonzero
elements k in an exact solution, by m := |6n] and k := |pm|. Now we present six
types of matrix A, see [27,28,39], used to produce our test problems as follows:

(1) Gaussian matrix (randn(m,n)) whose elements are pseudo random values drawn
form the standard normal distribution N (0, 1);
(2) Scaled Gaussian matrix whose columns are scaled to unit norm;
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Fig. 4 A comparison among fpcbb, SpaRSA, TwIST and GSCG for matrix A in item (2) with o1 =
oy = 10~7 and p = 8 = 0.1. a Diagram of function values versus iterations. b Diagram of real errors
versus iterations. ¢ Diagram of the original signal. d Diagram of the observation (noisy measurement).
e-h Diagrams of recovered signals by fpcbb, SpaRSA, TwIST and GSCG (red circle) versus the original
signal (blue peaks) (color figure online), respectively
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Fig.4 continued

(3) Orthogonalized Gaussian matrix whose rows are orthogonalized by QR decom-
position;

(4) Bernoulli matrix whose elements are +/— 1 independently with equal probability;

(5) Partial Hadamard matrix, a matrix of +/ — 1 whose columns are orthogonal and
whose m rows are chosen randomly from the n x n Hadamard matrix;

(6) Partial discrete cosine transform (PDCT) matrix whose m rows are chosen ran-
domly from the n x n DCT matrix.

The matrices in items (1)—(5) are stored explicitly whose signals with dimensions
ne {210, R 215} are tested. The matrices in item (6) are stored implicitly whose
signals with dimensions n € {21, ..., 217} are tested. Since real problems are usually
ruined by noise, according to the Gaussian noise in [27,28,39], we explain how to
contaminate X and b by impulse noise in the following procedure:

Procedure(for producing X and b)

Input: n, k, 01, 07 and A
1 begin

2 Xy = zeros(n, 1);

3 p = randperm(n);

4 xs(p(1:k)) :=2randn(k, 1);
5 X := xg + orandn(n, 1);

6 sy :=randn(m, 1);

7 b:= AX + oysy;

8 end

Output: X and b

In this procedure, the noise scenarios (o1, 02), which are input arguments, belong
to

{(10—1, 107, (1073,1073), 1073, 1073), (1077, 10—7)}.
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Fig. 5 A comparison among fpcbb, SpaRSA, TwIST and GSCG for matrix A in item (3) with o1 =

=107andp=58=0.1.2 Diagram of function values versus iterations. b Diagram of real errors
versus iterations. ¢ Diagram of the original signal. d Diagram of the observation (noisy measurement).
e—h Diagrams of recovered signals by fpcbb, SpaRSA, TwIST and GSCG (red circle) versus the original

signal (blue peaks) (color figure online), respectively
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Fig.5 continued

The n-by-1 matrix containing zeros is returned in Line 2 and a random permutation of
the integers from 1 to n is returned in Line 3. Line 4 returns the original signal of the
test problems which is an n-by-1 matrix containing k nonzero pseudo random values
drawn from the standard normal distribution and n — k zero elements. Both X and b,
respectively, contaminated by impulsive noise are returned in Line 5 and 7.

Now, we explain how to choose the other parameters of all algorithms as follows:

e For fpcbb and GSCG, like that of [27,28,40], the parameter g is chosen by
70 := min{2.665 — 1.665m /n, 1.999}.

e For all algorithms, the initial point is selected by xo := zeros(n, 1) and we set
w=2"8ando =1073.
e For fpcbb and GSCG, according to [4], the parameter 7y is updated by

n = | 31001, if IV fill < 1072,
k=1 max{0.997,_1, 0.5}, else,

for which ng = 0.85.
e GSCG empbloys o =5 = 1,1 =025 v = 0.999 and w = 0.001 and uses
sbb __ _sbb,1
=T .
e For GSCG, fpcbb, NBBL1 and SpaRSA, Tmin = 107% and 1. = 10 are

selected.
e For GSCG, fpcbb and NBBL1, we set g = 5 = 1.

Note that each algorithm is run five times. This fact and different choices of the
above listed parameters lead to generate more than 1620 random test problems. In our
numerical experiments, the algorithms are stopped whenever

I fir1 = fall < £eolll fill,
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Fig. 6 A comparison among fpcbb, SpaRSA, TwIST and GSCG for matrix A in item (4) with o1 =
0p=10"andp =86 =0.1.a Diagram of function values versus iterations. b Diagram of real errors
versus iterations. ¢ Diagram of the original signal. d Diagram of the observation (noisy measurement).
e—h Diagrams of recovered signals by fpcbb, SpaRSA, TwIST and GSCG (red circle) versus the original

signal (blue peaks) (color figure online), respectively
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Fig.6 continued

where ftol := 1079 or the total number of iterations exceeds 10000.

Having a more reliable comparison, demonstrating the total behavior of the new
presented procedure and better understanding of the performance of the all compared
algorithms, we evaluated the performance profiles of all codes based on a set of metrics
such as the number of total iterations (ni), the number of function evaluations (nf)
and time in seconds (sec), from left to right in Fig. 2, by applying performance
profiles MATLAB code proposed by Dolan and Mor¢ in [14]. In subfigures a—c of
Fig. 2, P(¢) designates the percentage of problems which are solved within a factor
¢ of the best solver.

In view of graphs depicted in the subfigures of Fig. 2, GSCG is clearly the winner
of all performance metrics and attains most wins in terms of ni for around 99%, nf
around 98% and sec around 92%. Furthermore, Fig. 2 verifies the ability of GSCG to
solve the set of all test problems for ¢ > 1 inni and nf and for ¢ > 2 in sec.

Table 2 contains the average of ni, nf and sec of the reconstructions with respect
to the original signal x; over 5 runs for the algorithms tested; these values are rounded
(towards zero) to integers. These results show that, in solving problem (1), GSCG is
faster than TwIST, SpaRSA and fpcbb and much faster than FISTA with the clear
lowest values of ni and nf.

Let us first measure the quality of restoration x* through the relative error to the
original signal x; by

[l — x|

[lxs 1

RelErr := 100

Figures 3, 4, 5, 6, 7 and 8 are dedicated to the different six types of matrix A, respec-
tively. These figures give some comparisons among GSCG, SpaRSA, TwIST and
fpcbb in terms of function values versus iterations (subfigures a), relative error ver-
sus iterations (subfigures b) and the ability of reconstructions [subfigures c—h with
recovered signal (red circles) versus original signal (blue peaks)]. These subfigures
verify that GSCG is competitive with fpcbb, TwIST and SpaRSA in terms of com-
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Fig. 7 A comparison among fpcbb, SpaRSA, TwIST and GSCG for matrix A in item (5) with o1 =
0y = 107and p =5 =0.1.a Diagram of function values versus iterations. b Diagram of real errors
versus iterations. ¢ Diagram of the original signal. d Diagram of the observation (noisy measurement).
e—h Diagrams of recovered signals by fpcbb, SpaRSA, TwIST and GSCG (red circle) versus the original
signal (blue peaks) (color figure online), respectively
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Fig.7 continued

pared values. In addition, comparing graphs and noticing to the real errors of the
reconstructions, one get the efficiency and robustness of the GSCG process in recov-
ering large sparse signals in comparisons with the other solvers.

6.2 ID problem

Here, we present an application of the GSCG method to ID problems in order to demon-
strate another applicative side of it. An image is a signal that conveys information about
the behavior or attributes of a physical object. Often the image is more or less blurry
which may arise due to environmental effects, sensor imperfection, communication
errors or poor illumination. In ID, the main goal is to recover the original, sharp image.
There are many directions and tools explored in studying ID. One of them is the class
of algorithms which uses sparse and redundant representation modeling. In many sit-
uations, the blur is indeed linear or at least well approximated by a linear model which
leads us to study the following linear system:

b: = Ax +«,

st. x e X 57)
where X is a finite-dimensional vector space, x is a clean image, A is a blurring
operator, b is the observed image and « is an impulsive noise. Since (57) is mostly
underdetermined and « is not commonly available, an approximate solution of it can
be found by solving (2). For a quantitative evaluation of the results, we use the peak
signal-to-noise ratio PSNR defined as

- 'Wl) [dB],

lx —xlF

where || - || r is the Frobenius norm, x; denotes m x n true image and pixel values are
in [0, 1]. In general, a higher PSNR points out that the reconstruction is of higher qual-
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Fig. 8 A comparison among fpcbb, SpaRSA, TwIST and GSCG for matrix A in item (6) with o1 =
0p=10"andp =86 =0.1.a Diagram of function values versus iterations. b Diagram of real errors
versus iterations. ¢ Diagram of the original signal. d Diagram of the observation (noisy measurement).
e—h Diagrams of recovered signals by fpcbb, SpaRSA, TwIST and GSCG (red circle) versus the original
signal (blue peaks) (color figure online), respectively
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Fig.8 continued
Original image Blurred/noisy image

focbb (f = 176668.68, PSNR = 26.96) TwIST (f = 195109.19, PSNR = 26.90)

FISTA (f = 183862.54, PSNR = 27.10) GSCG (f = 183911.91, PSNR = 27.19)

Fig. 9 Debluring the 512x512 HeadCT image with the 4 x 4 uniform blur and the Gaussian noise with
SNR = 40 dB by fpcbb, FISTA, TwIST and GSCG with the regularization parameter u 1= 5 x 1073,
The algorithms were stopped after 50 iterations
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Original image Blurred/noisy image

FISTA (f = 196501.82, PSNR = 31.73)
T = S— & ‘

Fig. 10 Debluring the 512x512 Elaine image with the 4 x 4 uniform blur and the Gaussian noise with
SNR = 40 dB by fpcbb, FISTA, TwIST and GSCG with the regularization parameter @ 1= 5 x 1073,
The algorithms were stopped after 50 iterations

ity, see [1,2]. The true images are available in http://homepage.univie.ac.at/masoud.
ahookhosh/uploads/OSGA _vl1.1 tar.gz.

Here, the parameter values are taken the same as those in the CS experiment. In
our numerical experiments, all algorithms are stopped whenever the total number of
iterations exceeds 50. Figures 9, 10 and 11 show that GSCG achieves the best PSNR
among fpcbb, FISTA and TwIST.

7 Conclusion

In this study, we have introduced and tested GSCG to solve the convex £1-regularized
optimization problem. The main goal here is to improve and accelerate ISTA by
introducing a new descent condition, a new search direction and a new shrinkage step-
size. GSCG takes advantages of the new generated direction when it satisfies descent
property under the new descent condition and also meets a mild norm condition.
Otherwise, it utilizes the TSTA descent direction which uses the new shrinkage step-
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Original image Blurred/noisy image

Fig. 11 Debluring the 512x512 Cameraman image with the 4 x 4 uniform blur and the Gaussian noise
with SNR =40 dB by fpcbb, FISTA, TwIST and GSCG with the regularization parameter p := 5 x 1073,
The algorithms were stopped after 50 iterations

size. Based on the CG idea, the new presented direction is a special linear combination
of the ISTA descent direction and the previous direction. The new shrinkage step-
size is a specific linear combination of the BB step-size and the previous step-size.
The global convergence along with sublinear (R-linear) convergence rate of GSCG for
the convex (strongly convex) ¢;-regularized optimization problem is established. In
a series of numerical experiments, we give the experimental evidences that show the
efficiency and robustness of GSCG in comparison with some state-of-the-art solvers
when applied to the CS and ID problems.
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