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Abstract Motivated by stochastic convection—diffusion problems we derive a pos-
teriori error estimates for non-stationary non-linear convection—diffusion equations
acting as a deterministic paradigm. The problem considered here neither fits into the
standard linear framework due to its non-linearity nor into the standard non-linear
framework due to the lacking differentiability of the non-linearity. Particular atten-
tion is paid to the interplay of the various parameters controlling the relative sizes of
diffusion, convection, reaction and non-linearity (noise).
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1 Introduction

Recently stochastic convection—diffusion problems have attracted considerable inter-
est [2,6-8,17,19,26]. To obtain efficient numerical discretizations adaptivity is
mandatory. Yet, for these problems, adaptivity in general and a posteriori error esti-
mates in particular are still in their infancy. As a first step to close this gap we consider
in this article deterministic non-stationary convection—diffusion equations with a non-
linearity of the form v (u#)g modelling the noise (cf. Eq. (2.1) below). They neither
fit into the framework of [21, §3] and [25, §6.2] due to the non-linearity, nor into the
framework of [1,12], [23,24] and [25, §6.6] due to the lacking differentiability of the
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non-linearity or its lacking strong monotonicity. Therefore, in what follows, we will
carefully adapt the arguments of [21, §3] and [25, §6.2] to catch the interplay of the
various parameters controlling the relative size of diffusion, convection, reaction and
non-linearity.

The article is organized as follows. In Sect. 2 we present the differential equation
and its variational formulation. Section 3 gives the discretization which is a stabilized
0-scheme with a possibly explicit treatment of the non-linearity. In Sect. 4 we then
derive the a posteriori error estimates (cf. Theorem 4.14).

2 Variational problem

As a deterministic paradigm for stochastic convection—diffusion problems, we con-
sider the following non-stationary non-linear convection—diffusion equations:

oru —eAu+a-Vu+bu=vpu)g inQ x (0,T],
u=20 onT" x (0, 7], 2.1
u(-,0) =up in .

Here, Q C RY,d € {2, 3}, is a bounded polyhedral domain with Lipschitz boundary
I". The final time T is arbitrary, but kept fixed in what follows. We assume that the
data satisfy the following conditions (compare [21, §3] and [25, §6.2]):

(Al) e >0,v >0,

(A2) g € L¥(Q2 x (0, T]),a € CO,T; W), b € L®(Q x (0, T]), ug €
L*(Q),

(A3) there are two constants 8 > 0 and ¢, > 0, which do not depend on ¢, such that
—% diva+b > BinQ x (0, T]and |6l po@x 0,77 = b B>

(A4) the function ¢, modelling the noise, is Lipschitz continuous, i.e.
lp(s1) — @(s2)| < L sy — s2| forall 51,52 € R.

Examples of functions satisfying assumption (A4) with L = 1 are ¢(s) = 1 + |s| and
() =+/1+s2.

We will be particularly interested in the convection-dominated regime ¢ < 1. At
the expense of more technical arguments and additional data oscillations, the second
assumption can be replaced by slightly weaker conditions concerning the temporal
regularity. The third assumption allows us to simultaneously handle the case of a non-
vanishing reaction term and the one of absent reaction. If b # 0 we may assume
without loss of generality that ¢, > 1;if b =0weset 8 =0andc, = 1.

We denote by L?(£2) and wkp(),1 < p < 00,k > 1, the standard Lebesgue and
Sobolev spaces equipped with their standard norms ||| ;» () and [|- || yx.» gy respec-
tively, by Hg () the space of all functions in W!-?(£2) with vanishing trace and by
H~1() the dual space of HO1 (€2). The norms of HO1 () and H~'(Q) depend on the
parameters ¢ and 8 and are specified in (4.1) and (4.2) below. Further, we define a bilin-
ear form B : HO1 (2) x Hé (2) — R and a non-linear map N : Hol(SZ) — HL(Q)
by setting for all u, v € HO1 (2)
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B(u, v) =/ (eVu -Vv+a-Vuv + buv) ,
Q
(N), v) =/QV§0(u)gv- (2.2)

Remind that B and N depend on time ¢ due to the functions a, b and g.

The variational formulation of problem (2.1) then is to find a function u in
L?(0, T; H} (2)) with its weak temporal derivative d,u in L>(0, T; H~'(£)) such
that u(-, 0) = ug almost everywhere and

(Oru, v) + B(u,v) = (N(u), v) (2.3)

forallv € HO1 (2) and almost all ¢ € (0, T).
In what follows we assume that problem (2.3) admits at least one solution.

3 Discrete problem

For the space-time discretization of problem (2.1), we consider partitions 7 =
{[t1=1, 1,1 : 1 <n < N7} of the time-interval [0, T] into sub-intervals satisfying
0=ty <--- <ty; =T.Foreverynwithl <n < Nz, wedenote by I, = [t,—1, ;1]
the n-th sub-interval and by 7, = 1, — ,—1 its length. With every intermediate time
th, 0 < n < N7, we associate a partition 7, of Q and a corresponding finite element
space V(7). The partitions Z and 7,, and the spaces V (7,,) must satisfy the following
assumptions (compare [21, §3] and [25, §6.2]):

e The closure of €2 is the union of all elements in 7,,.

e Every element has at least one vertex in 2.

e Every element in 7, is either a simplex or a parallelepiped, i.e. it is the image
of the d-dimensional reference simplex I?d = {x eRY: x1>0,...,x4 >0,
X1+ -+ x4 < 1} or of the d-dimensional reference cube I/(\d = [0, 1]¢ under
an affine mapping (affine-equivalence).

e Any two elements in 7, are either disjoint or share a complete lower dimensional
face of their boundaries (admissibility).

e Denoting by hg the diameter of any element K and by px the diameter of the
largest ball inscribed into K, the shape parameter

hg
Cr = max max —
I<n<N7 K€7, pK

is of moderate size independently of e, 8 and v (shape-regularity).

e For every n with 1 < n < N7 there is an affine-equivalent, admissible and shape-
regular partition 7, such that it is a refinement of both 7,, and 7,_; and such
that

hg
Cs 7= max max max —
’ 1<n<N7 g7, K'eTnKCK' hg

is of moderate size independently of e, 8 and v (transition condition).
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e Each V(7,) consists of continuous functions which are piecewise polynomials,
the degrees being at least one and being bounded uniformly with respect to all
partitions 7, and Z (degree condition).

The transition condition is due to the simultaneous presence of finite element func-
tions defined on different grids. Usually the partition 7, is obtained from 7,,_; by a
combination of refinement and of coarsening. In this case the transition condition only
restricts the coarsening: it should not be too abrupt nor too strong.

The lower bound on the polynomial degrees is needed for the construction of suitable
quasi-interpolation operators. The upper bound ensures that the constants in inverse
estimates are uniformly bounded.

Notice that we do not impose any shape-condition of the form max,, t, < ¢ min, t,.

For any parameter ® € [0, 1] we set for abbreviation

"% = 0g(, 1)) + (1 — O)g(-, th_1),
3"8 = @a(~’ tn) =+ (1 — @)a(', tnfl)v
b'® = Ob(-, 1) + (1 = ©)b(-, 1p1) G-

and
B"®(u, v) = / {eVu - Vv + a"® . Vyv + b"(")uv} ;
Q
(N"@(u), v):/ vo(u)g"®v.
Q

For the finite element discretization of problem (2.1) we consider a stabilized 9-
scheme with a possibly explicit treatment of the non-linearity. More precisely we
choose two parameters 6,9 € [0, 1] and look for a sequence u"T e V(1,),0 <

n < Nz, such that uOTO is the Lz—projection of ug onto V(7y) and such that, for
n=1,...,Nzand U"® = Ou} + (I — @)uij,;_‘l, O e {0, 9},

f Ti(u"Tn — u",[n—jl)vﬂ + B (U™ vg) + S"(U", vg,) = (N""(U"), vr,)

@ (3.2)
holds for all vz, € V(7,).

Note that by choosing ¥ # 6 we may handle the non-linear and linear terms in
(2.1) differently. In particular we may choose ¥ = 0 and 0 € {%, 1} thus using
an explicit discretization for the non-linear term and an implicit one for the linear
terms.

The term S” specifies the particular stabilization. It is supposed to be linear in its
second argument and affine in its first argument. Note that $” may contain contributions
of the data g. Of course, the choice S” = 0 is also possible and corresponds to a
standard finite element method without stabilization. Some popular choices of S” are
as follows (cf. [21] for more details and references):
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o Streamline diffusion method: Here, the stabilizing term has the form

S™(u,v) = Z L?K/ {—eAu +a" . Vu+ " — vw(u)g"g} a" . vy
KeT, K

with 9 [|al g gy < cshk forall K € 7, (cf. e.g. [16,20]).

e Local projection scheme: Denoting by M, a macro-partition such that every ele-
ment in M, is the union of elements in 7,, and by / —k o4, the L?-projection onto
an appropriate discontinuous projection space D(M,,) living on the partition M,
and by a4, a piecewise constant approximation of a"% on M,,, we either have

8" (u, v) = Z ﬂM/ K, (@m, - Vi) kp, (B, - V)
MeM, M

with 9y [|lal poo(ary < cshpy forall M € M, or

S"u vy =y ﬂM/ K, (Vi) kpg, (Vo)
M

MeM,

with 9y < cs l|allpoopr) hm for all M € M,, (cf. e.g. [15,18,22]).

e Subgrid scale approach: Decomposing the solution space V(7,) into a space
of resolvable scales X (7,) and a space of unresolvable scales Y (7,) such that
V(T,) = X(7,) ® Y(7,) and denoting by I1,, : V(7,) — Y(7,) a projection
operator with X (7,,) = ker(I1,), we either have

S"(w.v) =y ﬁK/ (az, - VI, ) (az, - VI1,(v))
KeT, K
with 9 [|al poo k) < cshi forall K € T, or
S"u,v) =Y ﬁK/ VI, (u) VI, (v7)
KeT, K
with g < Ccs ||a||L00(K) ]’l[( forall K € 7;1 (Cf c.g. [10,13,14,20])

e Continuous interior penalty method: Denoting by £, q the collection of all element
faces of 7, inside 2 and by Jg (-) the jump across such a face, we have

S0 = 3 g [ I56 - Vils6 - Vo

Ee& o

with 9 < csh% forall E € &, g (cf. e.g. [3-5,9,11]).

In what follows we assume that problem (3.2) admits at least one solution.
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4 A posteriori error estimates

In what follows we consider a solution u of the variational problem (2.3) and a solution
(u"T) of the discrete problem (3.2). With the latter we associate the function
n/0<n<Nt

u7 which is continuous and piecewise affine with respect to time and which equals
"‘nT,, attime #,, 0 < n < N7.We want to derive explicitly computable a posteriori error
estimates which yield upper and lower bounds for the error u — u7. In doing so we
pay particular attention to the dependence of the bounds on the parameters ¢, 8 and
v. To this end we proceed as in [21] and [25, §6.2]:

e We introduce the residual associated with the error and prove that a suitable norm
of the error is bounded from below and above by a suitable dual norm of the
residual.

e We additively split the residual into three contributions called data residual, tem-
poral residual and spatial residual.

e We separately bound the dual norms of the data, temporal and spatial residuals.

In following this path, we must pay particular attention to the non-linearity. Its
Lipschitz-continuity will be crucial.

4.1 Norms

We equip H(} (£2) with the energy norm

Il = {e 1vol? + 8 12} (“.1)

and H~'(Q) by the corresponding dual norm

(€, v)
€Nl = sup , (4.2)
UEH&(Q)\{O} |||U|||
where |- ||, is the standard L?-norm on any measurable subset w of Q and ||| = ||| .

For abbreviation we setfor0 <7_ <t <T
X (-, t) = L2(t—, 143 Hy () N L® (1=, 143 L*(Q) N H' (t—, 143 H (),

equip it with the norm

Iy
||u||x<z,t+>={ sup ||u(~,r)||2+/ -, )17
r—

_<t<ty

1
2

I+
+/ |||atu<-,z>+a~W(-,r)|||i}
1_
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and set
X=X0O,7), [I'lx =1llxo.1)-

Recall thatfor0 <¢_ <t <Tand €: (t_,t;) — H™'(Q)

I+ ’ %
Vel 2oty = { / |||e<r>|||*} .
I3

Denote by
llvll
Cr = (43)
veHL (@)\{0) Vvl
the best constant in Friedrich’s inequality. Note that cr < diam(2). Setting
. B G|
k:mln{ch 2.8 2}
Equations (4.1) and (4.3) imply for every v € HO1 ()
ol < Allvlll - (4.4)

For abbreviation we finally set
Y@ =8¢, Dllpoy, ¥ = lglie@xo.1) -

4.2 Lipschitz-continuity of the non-linearity

The non-linearity N is not differentiable, but Lipschitz-continuous.

Lemma 4.1 (Lipschitz-continuity of N). Foreveryt € (0, T)anduy,uz,v € HO1 (2)
we have
(N@1) — N(uz), v) <vLy @) |lug — uzll vl

and

N 1) = N@2)llle < vLAy (2) lur — uz|

< VLAY () llluy — uzl] -
Proof For every v € H(} (2) and ¢ € (0, T)) we have thanks to assumption (A4)
(N @) = Nwz) . 0) <L [ g0l i = ual ol
Q

Together with Holder’s inequality this proves the first inequality. The second and third
one, follow from the first one and (4.4). O
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Remark 4.2 Using the continuous embedding of HO1 (R) into LP(R2) with p <
oo ifd = 2and p = 6 if d = 3, the terms vLAy(¢) and vLAzy(t) in
Lemma 4.1 can be replaced by min{vLﬁ’%y(t), vLc, e’% ||g(~,t)||Lq(Q)] and
min[vLﬁ’ly(t), vL cf, g ||g(~,t)||Lr(Q)], resp. where ¢ = b5, r = # and

HUHLP(Q)
Cp = SUPy vy

4.3 Equivalence of residual and error

With the discrete solution u7 we associate the residual R(uz) € LZ(O, T:H™ Y by
setting for all v € HO1 (2)

(R(uz), v) = (N(ug), v) — (Quz, v) — B(uz, v).
Notice, that B and N are given by (2.2) and that 0;u7 = % (u"T — ”nT_,l1> onlt,—1,t;].
With this notation, we have the following equivalence of error and residual.

Lemma 4.3 (Equivalence of error and residual). For all 1 < n < N7 the
L2(ty_1, tn; HY(Q))-norm of the residual is bounded from above by the X (ty,—1, t,,)-
norm of the error

IR@DN 21, 1 001 ()

< |lu —MI”X(zn_],z,,)\/ECb {1 +vamin{)»,\/a}t max y(t)}.

n—1=t=Iy

Conversely, the X (0, T)-norm of the error is bounded from above by the L? O, T; H -1
(2))-norm of the residual

1

2 2 ’
+||R(uI)IILz(o,T;H1(Q))} '

0
lu —uzlly = { uo — ug

1
2

{3 + [1 +3 max{c%, v2L?3%y? min{T, Az}}]e2”LVT}
If in addition k = 2vL min{T, A*}y < 1, the upper bound for the norm of the error

can be improved to

1

2
lu —uzlly < {Huo —u |+ ||R(uz)||iz(O,T;Hl(m)}

1
1 1 )2
3+|1+3 2 _yLA? .
{ +[ + maX{Cb zv y}]l_K}
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Proof The variational formulation (2.3) and the definition of the residual yield
(0r(u —uz), v) + B(u —uz,v) = (Nw) — N(uz), v) + (R(ug), v) (4.5)

forallv € HO1 (2) and almost all t € (0, T). Therefore, [25, Proposition 6.14] and the
assumption ¢, > 1 imply forall 1 <n < N7

” R(MI) ”Lz(tn—l stn;H_l (£2))

< V2o |l = uzllxg, . + ING = N@Dl 2,100} -

Together with Lemma 4.1 this proves the upper bound for the dual norm of the residual.
To prove the upper bounds for the error, we go back to the proof of [25, Proposition
6.14] and first observe that

(0 (u —uz)+a-V(u—ug), v)

= / [eVuz —w) - Vo +bluz —uypv] + (N@w) — N(uz) , v) + (R(uz) , v),
Q
Together with Lemma 4.1 this implies

110:(u —uz) +a-V(u—up)llly < lIR@DAcp llu —uzll[+vLry @) lu — uzll

and

T
/0|||a,<u—uz)+a-V<u—uz>|||i
g 2 2 T 2
ss{f |||R(MI)|||*+Cb/ e = uzll
0 0

T
+v2L2A2y2min{T sup ||u—uz||2,x2/0 |||u—u1|||2”-
O<t<T

In order to bound supy_, .7 llu — uI||2 and fOT ||z — uI|||2, we now use a standard
parabolic energy argument and insert u — u7 as test-function v in (4.5). Thanks to the
coercivity of the bilinear form B and Lemma 4.1 this yields

1d
vl G uzl? + lu — uz |l

14 [ % + B( )
=54 U—Uug U—Uzp, U —Uyp
(N(u) —N(uz), u —uz)+ (R(ug), u —ug)

Ly (@) llu — uzl® + IRl lu — uzl|

Al

IA

2, 1 2 1 2
vLy (@) llu = uzll® + S HRWD + 7 lllu — uzll
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and thus

t
Il —up) D7 +f0 lu — uzll?

2
0

t t
§2vLy/ ||u—uz||2+f IR @2 +
0 0

If « < 1 we may absorb the first term on the right-hand side of this estimate by the
left-hand side and obtain

T
2 2
sup lu — uzl +/ N — uzll
0

0<r<T
1
0

<
~1—-«

2
+ ||R(uz)||iz(o,T;H1(Q))} :

Otherwise, Gronwall’s Lemma yields

T
2 2
sup lu — uzl +/ =zl
O0<t<T 0

< eZvLyT {Huo _ M%)

2
+ ||R(MI)||i2(0,T;H1(Q))} :

Combining these estimates with the bound for fOT 110;(u —uz)+a-V(u—urg) |||£
establishes the upper bound for the error. O

4.4 Decomposition of the residual
We additively split the residual
R(uz) = Rr(uz) + Ry(uz) + Rp(u1)

into a temporal residual, a spatial residual and a data residual which, forallv € HO1 (2),
are defined by

(R:(uz), v) = (N"" (ug) , v) — (N""(U""), v)+ B (U™ — uz, v),
(Ry(ug), v) = (N""(U"), v) = (Quz, v) — B" (U, v),
(Rp(uz), v) = (N(uz), v) — (N""(ug), v) — Bluz, v) + B" (uz,v). (4.6)

In addition, we additively split the temporal residual
R (u7) = Ry 1in(u7) + Re nontin (47)
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into a linear and a non-linear part which, for all v € HO1 (R2), are defined by
(Retin(uz) . v) = B U" —uz,v)
(Renontin(u7) . v) = (N" (uz) , v) — (N""(U"), v).

In the following subsections we will estimate the three residuals separately. The fol-
lowing Lemma shows that this is permissible. Lemma 4.12 below in addition shows
that the temporal residual is governed by its linear part if vLA%y is sufficiently small.

Lemma 4.4 (Decomposition of the residual). For everyn € {1, ..., N7} we have

” R‘E (MI) + Rh (MI) |IL2(tn_1,l‘nZH_l () < ” Rr,lin(MI) ” Lz(tnfl,tn;Hfl(Q))
+ ” Rz nonlin(Uz)

Lz(lnflatn;H71 (€2))

+ R D) 2, b0 H-1 ()
and

1
2

E {” R‘L’,lin(”I) ||L2(ln,1,t,1;H’l(Q)) + ”Rh (uI)”Lz(tn,],t,,;H’l(Q))]

< ”R‘L’ (“I) + Rh (MI)”Lz(tn_l,tn;[—]—l(g)) + ” Rr,nonlin(“I) ||L2(tn71,l‘n;H71(Q)) .

Proof Since ,/ 15—4 (1 — */75) > % and R jip is affinein U nd —u7 and thus proportional

to t_i—z” — 0, the estimates follow from the triangle inequality and [25, Lemma 6.16].

O

4.5 Bounding the data residual

Holder’s inequality and (4.4) yield the following upper bound for the data residual.

Lemma 4.5 (Upper bound for the data residual). For everyn € {1, ..., N7} we have

IRD W) 1201, 101111 (2))

<vir{lle =" 2 iz

in 3
18 =8 i i ([ Mot ?) }

1

173 2
_1 né 2
+e2r|a—a ||L°°(tnfl,zn;L°°<sz)) ) 1”'””'
.

I 2
Sl L ( / ) |||uz|||2)
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I—=lh—1 1
n

[II-I1> and Simpson’s rule yield

In 2
/ ezl (
h—1

4.6 Bounding the temporal residual

T + tn 'y T -1 | fort,_y <t < 1y, the convexity of

o)

Remark 4.6 Since ug =

We first bound the linear part of the temporal residual.
For every time-interval [z,_1, #,,] we have

t—1t,—1
Rejin(uz) = (9 - —) r"
Tn

where r* € H~'(Q) is defined by
(r", v) = B”e(u" - u”T L)

forv € HO1 (€2). The assumption ¢; > 1 and [25, Lemma 6.17] therefore yield the
following upper and lower bounds for the linear part of the temporal residual.

Lemma 4.7 (Bounds for the linear part of the temporal residual). For every n €
{1,..., N7}, the linear part of the temporal residual can be bounded from above and
from below by

né _ n—1
V(uT wr

nl

1+ ]l

J

J_(2+Cb>

= ” Rz jin(uz) HLz(t,,,1 A H-1(9))

~ n 1 0 1
= oo o = [+ o vt o]}
Ch
The term H a? . V', — u"{ 1] ) ” is not suited for a posteriori error estimates
n n— *
since it involves the dual norm |||-|||,. The next two Lemmas bound this term for

the case of dominant diffusion, i.e. ¢ 2 1, and of dominant convection, i.e. ¢ < 1,
respectively. The first one follows from Holder’s inequality and (4.3), the second one
from [25, Lemma 6.18].

Lemma 4.8 (Bounding the convective derivative for dominant diffusion). For every
nef{l,..., N7} we have

[l
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Lemma 4.9 (Bounding the convective derivative for dominant convection). For every
n €{l,..., Nt}denote by SOI’O(Tn) the space of continuous, piecewise affine functions
vanishing on I corresponding to the partition 7;, and by ﬁ% € S(l)’o(ﬁ) the unique
solution of the discrete reaction-diffusion problem

,s/ vity - Vg, +,8/ iy v, :/ a”9~V(u"Tn —u”T: T
Q Q Q

or all v, € Sl’o(ﬁ). Define the error indicator 1% by
n 0 771

=1 2 ik

keT,

0 -1 ~ ~
a". V(u"T,1 - u"T}H) + 8Au"7n - ﬁu”Tn

K

1 2

“2h .Vl H

+ Z 3 EHJE(DE uz)|
EGS,LQ

and the data error 5%1 by

=

2
ey 2 6 0 -1
B= > H(a” —a¥) v, —u%_l)’K
KeT,

. _ 1. _1 . . . ~
where h, = min {8 2 diam(w), B2 ] and a"7~,0 is an approximation of a"? on T,
n

Then there are two constants c; and ¢’ which only depend on the shape-parameters
C7 and Cx 1 such that the following estimates are valid

o[l |+ 7 - P} = [l v -
= {17 ||+ 7+ )

Next we bound the non-linear part of the temporal residual.

Lemma 4.10 (Upper bounds for the non-linear temporal residual). For every n €
{1, ..., N1}, the non-linear part of the temporal residual can be bounded from above

by

R . Tn LA n n—1
” r,nonlm(ul) ”Lz(tn_l,tn;H_l(Q)) = ?U Y Mr];l — l/l,z;'_l

< /—vLA
=,/ 3 14

n n—1
o —u ||
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Proof The assertion follows from (4.4), Lemma 4.1,

fn no |2 —In—1 ?
[ =0 < = [ (o
n—1

In t—t-1\>
/ (ﬁ— ”1) =" Roew(1—v) <2
h—1 Tn 6 3

Lemma 4.10 and the estimate

and

iy~ [ <2 swp @ —un) GO+ VE 0l

In—1=I=Ip

yield the following upper bound for the non-linear part of the temporal residual for all
parameters €, 8, v and y.

Lemma 4.11 (Non-linear temporal residual and error). For all parameters ¢, 8, v and
y the non-linear part of the temporal residual is bounded from above by the error and

the L*-norm of d,u, i.e. for everyn € {1, ..., N7} we have
2./
R in(U _ < —VvLA su u—ug)(-,t
” r,nonltn( I) ||L2(l‘,1,1,tn;H I(Q)) — \/g 14 tn,lglt;)ftn ”( I)( )”

Tn
+ —=vLiy ||3tu||Qx(t,,_|,t,,) .

V3

If, on the other hand, vLAzy is sufficiently small, Lemmas 4.4, 4.7 and 4.10 imply
that the temporal residual is governed by its linear part.

Lemma 4.12 (Non-linear and linear temporal residual). If ¥ = 25 (2 + ¢p) vLAZy <
1, the temporal residual is governed by its linear part, i.e. for everyn € {1, ..., Nt}
we have

Bl—

2 ~ 2 2
g(l - K) {” Rr,lin(uI) HL2(1,1_1,T,,;H_I(Q)) + ”Rh(uI)||L2(t,,_|,t,,;H_1(Q))]
< |Rc(uz) + RnuDll 21, 1: H-1(2))

2
< (1 + gf«) IRt @D 2, 120y + IRIED 26, i1 | -

4.7 Bounding the spatial residual
Comparing (4.6) and [21, Equation (3.5)] reveals that [21, Lemma 3.5] yields an upper

bound for the spatial residual Ry, (u7) if we replace the right-hand side "¢ there by
vo(U"?)g" . This in particular requires suitable finite element approximations of g"?
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and ¢(U™?). For the latter there are two natural choices: ¢ (U"? 7,)and (U0 )1, where
ET,, denotes a piecewise constant approximation on 7, of a given function ¥. In view
of the Lipschitz continuity of ¢, the first option is preferable. These observations yield

the following bounds for the spatial residual.

Lemma 4.13 (Bounds for the spatial residual). For every n € {1, ..., N7} define a
spatial error indicator by

— 1
v (U7 )gh — — (u"T - u"{ll) +eAU™
n T n n—

n

Ny =1 hx

KeT,

2
né né n6 yrné
—ar - vU"™ — an U

K
%
1
+3 X e e Tens VU
Ee&pq

and spatial data errors by
o =1 3 1 |ve) (g5 — 8" ) + v(eW™) — U g))g

KeT,
1

22
‘K’

2 2
‘K + hixhx ”VanG ||L°°(K) HVUHQ “K

+(a%§ _ ané)) . VUmg + (ban _ bHG)UnQ

D=

QN _ 2 no né no
cip. Ty — Z hik H (a —a n) VU
KeT,

Here, U"? = Qu”T + (1 — 9)14"7?_]1 is as in (3.2), U"GTn is a piecewise constant
approximation of U™ on T, g"%, a™® and b"° are as in (3.1) and g%—g, ag—g and b”T9

are approximations of g"°, a and b on T,,. Then, on every interval (t,_1, t,], the
dual norm of the spatial residual can be bounded from above by

1
2

2 2 2
HRA @D, < ¢ {(,77 Yt (65) + 0w (0m) }
and from below by
i < & [ IR Gl + 05, ]

Here, the parameter o, equals 1 for the continuous interior penalty method and
vanishes for the other stabilizations. The above error estimates are robust in the sense
that the constants ¢” and c, are independent of the parameters €, p and v.
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4.8 A posteriori error estimates

Combining the previous lemmas yields the following a posteriori error estimates.

Theorem 4.14 (A posteriori error estimates). The error between the solution u of
problem (2.3) and the solution ut of problem (3.2) is bounded from above by

1

T 2
{sup ||u—uz||Lw(Q)+/ |||u—uz|||2+/ |||af(u—uz)+a-V<u—uz)u|2}
0

O<t<T

SC*{

+Z”KW> o ()l @)
Nz o) )
+3 5 [(9';;) + 0uip (02473 }
n=1
+g - gnﬂHiOO(O,T;LOO(Q)) (1 + /OT |||MI|||2>

né |12 né (|2 T 2 :
+ <||a —a HLOC((),T;L”(SZ)) + ”b —b ||L°°(0,T;L°°(SZ))) /0 Huzlll

2

0
MO—I/[%

—”71‘

1

1

y

and on each interval (t,—1, t,], 1 <n < Nz, from below by
~n

% n 2 2 ~n 2
Ui ("T) \ +(T,,) +H ur,

t’l

2 2

SC*{ sup lu — uz] +/ =zl
th—1

n—1

n
wr, —ur |

th—1<t=Iy

173
+/ 3¢t — uz) +2 - Vu — up)||2
h—1

2 ~ \2
w (%) = (%)

t)l
+ e - gnﬁ”ivo(rn_.,tn;LOO(sz)) (1 +/ |||“I|||2>
In—1

n—

2
+ (”a S PSRN

no |2 fn 2 %
10— i) [ i)

1
+ Cux {fnz sup lu —uzll + T ||8tu||52><(t”1,t,,)} .

In—1=t=In
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Here, the functions ﬁ"T and the indicators ?]'"T and 5% are defined in Lemma 4.9 and

the quantities ”T’ GT and ®ap 7, are as in Lemma 4.13. The functions i’ ”T and the

indicators 1} T, and 97;' may be dropped if ¢ 2 1. The parameter o.;p equals 1 for
the continuous interior penalty scheme and vanishes for the other stabilizations. For
arbitrary parameters €, B, v and y, the constant ¢* is proportional to vLA*>y and
e"LrT with factors depending on the shape parameters C and C# 1, the constant
¢y is proportional to vLA*y with factors depending on the shape parameters C1 and
C# 1 and the polynomial degrees of the finite element functions and the constant ¢ is
proportional tovL\y. Ifk = 2vL min{T, A}y < 1, the constant c*only depends on k
and the shape parameters Ct and C5 1. If in addition K=25Q24cy)vLA%y < 1,
the constant cy only depends on K, the shape parameters C1 and Cz 1 and the
polynomial degrees of the finite element functions and the c.-term can be dropped.

Proof For the proof of the first estimate, we observe that the second part of Lemma 4.3

uy — “07'0 H and the
dual norm of the residual. The upper bound for the data residual, Lemma 4.5, gives
rise to the terms involving g — ¢, a — a"% and b — b"?. Lemmas 4.4 and 4.7-4.12
yield bounds for the temporal residual involving the uT - uT p nT, u% and 07,1
terms. Lemma 4.13 finally bounds the spatial residual and gives rise to the remaining
terms on the right-hand side of the theorem’s first estimate.

To prove the theorem’s second estimate, first observe that Lemma 4.13 provides an
upper bound for ’77 in terms of the spatial residual and 07 Next, Lemmas 4.7, 4.8
and 4.9 give upper bounds for the remainin g terms on the left- hand side of the theorem’s
second estimate in terms of the linear temporal residual and 07— Lemmas 4.4, 4.11
and 4.12 allow to bound the sum of the norms of the spatial ‘and linear temporal
residual by the norm of the sum of the spatial and full temporal residual plus the c.-
term on the right-hand side. Finally, Lemma 4.5 for the data residual and the first part
of Lemma 4.3 give rise to the remaining terms on the right-hand side of the theorem’s
second estimate. O
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