Calcolo (2016) 53:751-781 @ CrossMark
DOI 10.1007/510092-015-0172-

A unified approach to non-polynomial B-spline curves
based on a novel variant of the polar form

Cetin Disibiiyiik! - Ron Goldman?

Received: 10 March 2015 / Accepted: 9 December 2015 / Published online: 22 December 2015
© Springer-Verlag Italia 2015

Abstract We develop a general, unified theory of splines for a wide collection of spline
spaces, including trigonometric splines, hyperbolic splines, and special Miintz spaces
of splines by invoking a novel variant of the homogeneous polar form where we alter the
diagonal property. Using this polar form, we derive de Boor type recursive algorithms
for evaluation and differentiation. We also show that standard knot insertion procedures
such as Boehm’s algorithm and the Oslo algorithm readily extend to these general
spline spaces. In addition, for these spaces we construct compactly supported B-spline
basis functions with simple two term recurrences for evaluation and differentiation, and
we show that these B-spline basis functions form a partition of unity, have curvilinear
precision, and satisfy a dual functional property and a Marsden identity.
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1 Introduction

Polar forms are one of the most powerful methods for developing the theory of Bézier
and B-spline curves and surfaces not only in polynomial and piecewise polynomial
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spaces [24] but also in non polynomial and non piecewise polynomial spaces such as
Q-splines [14], exponential splines [12], hyperbolic splines [15], trigonometric splines
[16] and Chebysheyv splines [23].

Classical polar forms satisfy three axioms; symmetry, multi-affinity, and a sim-
ple diagonal property. Replacing the standard multi-affine property of polar forms
by the trigonometric multi-barycentric property defines polar forms for trigonomet-
ric polynomials [11]. This trigonometric multi-barycentric property can be used to
develop circular analogues of Bernstein Bézier polynomials [2] and trigonometric
B-splines [16]. The geometric properties of trigonometric splines can be investigated
by introducing control curves [13]. The same class of trigonometric spaces can also
be investigated by means of control polygons instead of control curves [18]. Using
this approach it can be shown that this class of trigonometric spaces has optimal shape
preserving properties [18].

Chebyshev B-splines are investigated extensively in the literature [4,19,21-23].
Barry [4] uses an extension of the de Boor-Fix dual functionals to construct gen-
eralizations of algorithms for piecewise polynomial B-spline curves to Chebyshev
B-spline curves. Algorithms for and shape preserving properties of the polynomial
Bernstein—Bézier and B-spline bases can also be generalized to Chebyshev spaces
by using the notion of polar forms; see, for example [19,21-23] and references
therein. The existence of polar forms guarantees the existence of Bernstein—Bézier and
B-spline bases in Chebyshev spaces. For example, in [22], the existence of B-spline
bases in 4-dimensional extended Chebyshev spaces is derived from the existence of
polar forms constructed by intersecting appropriate osculating flats.

Conditions for the existence of B-splines for piecewise exponential spline spaces
are given in [17] by studying null spaces of linear differential operators with con-
stant coefficients and no complex roots. Since hyperbolic spaces are special cases
of piecewise exponential spaces and exponential spaces are extended Chebyshev
spaces (see [17]), polar forms for Chebyshev spaces can also be applied to exponential
B-splines and hyperbolic B-splines. Polar forms for Q-splines and the corresponding
non-affine subdivision algorithm are derived in [14] using pseudo Bézier points. For
more information about these generalizations see [12,14-16,20,21,23] and references
therein.

Polar forms for Chebyshev spaces have been constructed by replacing the multi-
affine property by a pseudo-affine property (see [1,20,23]). These polar forms can be
used to construct Bernstein Bézier bases for Chebyshev spaces and B-spline bases for
Chebyshev splines. In contrast, in [8], we construct polar forms for non-polynomial
Bernstein Bézier curves by keeping the multi-linear property and changing instead
the diagonal property. The advantage of our approach is that the computations and
proofs are still simple, since we retain the simple multi-linear property. By altering
the diagonal property of the polar form for homogeneous polynomials, we developed
a unified theory of Bézier curves for infinitely many diverse type of spaces, including
trigonometric polynomials, hyperbolic polynomials and special Miintz spaces. In this
paper, as a sequel to [8], we develop a unified theory of B-splines for the corresponding
spline spaces.

This paper is organized in the following fashion. In Sect. 2, we review a variant of
the homogeneous polar form where we alter the diagonal property. This variant will
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play a central role in our construction and analysis of spline spaces and B-spline basis
functions. A variant of the local de Boor algorithm is presented in Sect. 3 and a global
de Boor type algorithm is derived in Sect. 4 where we prove that B-splines of degree n
with no multiple knots are C"~! continuous. In Sect. 5 we show that every spline curve
is a B-spline curve and we also analyse the effect of multiple knots on smoothness.
Section 6 deals with knot insertion algorithms and a proof of the variation diminishing
property. Finally in Sect. 7 we construct B-spline basis functions and study properties
and identities for these basis functions such as the dual functional property, Marsden’s
identity, partition of unity, curvilinear precision, interpolation, and differentiation.

2 Functional polar forms

We begin by reviewing the notion of homogeneous polar forms, which play a central
role in our construction and analysis of B-splines.

Let y; and y» be two differentiable, locally linearly independent functions. By
locally linearly independent we mean that there is an open interval I C supp(y;) N
supp(y») such that y; and y» are linearly independent on /. Set

_ n—k_k|"
(Y1, ¥2) = span ¥y ¥a o (1)

Thus 7, (y1, y2) is the space of homogeneous polynomials of degree n in the functions

Vi, V2.

Digibiiyiik and Goldman [8] introduce the notion of a polar form for functions
G € m,(y1, y2). The homogeneous polar form or homogeneous blossom of G(x) is
the unique symmetric, multi-linear function g((u1, wy), ..., (u,, wy,)) that reduces
to G(x) along the (y1, y») diagonal. That is, g((u1, wy), ..., (u,, wy,)) is the unique
function that satisfies the following three axioms:

(a) Symmetry property: for every permutation [o7, ..., 0,] of [1, ..., n]
g((u0'11 w01)1 cees (ua,,v wa,l)) =g((ur, wy), ..., (U, wy))

(b) Multi-linear property: fori =1, ...,n,

g((ula wl)7 --~ﬂa(ui7 wi) +b(vi7 )’i)» R} (”n» w}’l))
=ag((u1, wl)v LR} (ui’ wi)a LR} (uru wn))

+ bg((ur, wi), ..., (Wi, yi), -, (up, wp))
(c) Diagonal Property: g is equal to G on the (yy, y2) diagonal i.e.
g((1(x), y2(x)), ..., (11 (%), 2(x))) = G(x).

The existence and uniqueness of this polar form are established in [8].

Consider the planar parametric curve I'(¢) = (y1(2), y2(t)),a < t < b. The
barycentric coordinates of a point I'(x) = (y;(x), y2(x)),a < x < b, on this curve
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relative to the end points of the arc of I'(z) from I'(a) = (y1(a), y2(a)) to ['(b) =
(y1(b), y2(b)) are the solutions «(x, a, b), B(x, a, b) of the linear system

ayi(a) + Byi1(b) = y1(x)
aya(a) + By2(b) = ya2(x). (2)
. . . _d(x,b) _ d(a,x)
Solving these equations gives «(x, a, b) = @D and B(x,a,b) = aab) where
d(u,v) = y1(m)y2(v) — y2(u)y1 (v). Now the following multi-barycentric property is
an immediate consequence of (2) and the multi-linear property of the polar form.

Multi-barycentric property:
Let g be the polar form of G € 7, (y1, y2). Then

d(x,b)
gC...n(x), »2(x)),...) = e b)g(' s (1@@), ya(a)), ...)
d(a,
" dEZ z;g(""(yl(b)’ (b)), ...) 3)

Just like the homogeneous polar form for homogeneous polynomials in two vari-
ables, this homogeneous polar form can be used to compute the derivatives of functions
G € 7, (y1, y2). Let g be the polar form of G. Then by the chain rule and the symmetry
of the polar form, the first derivative of G (x) is given by [§]

G'(x) = ng((y{(x), y3(x)), (Y1(x), y2(X))s - .., (11(x), y2(x))) “

In order to compute the k¢h derivative of G(x) in terms of the polar form, we need to
invoke the notion of integer partitions.

An integer partition of a positive integer k is a set of positive integers
I = {l1,1,...,1,} such that Zf:l l; = k. For example, all the integer partitions
of 4 are {4}, {3, 1}, {2,2}, {2, 1,1} and {1, 1, 1, 1}. For detailed information about
integer partitions, see [3]. We denote the set of all the integer partitions of k by A(k)
and we denote the set of the integer partitions that have at most n elements by A, (k).
For example,

A& = ({4}, 3,13, {2, 2}, {2, 1, 1}, {1, 1, 1, 1}}
A4 = {{4), 3, 1}, {2, 2}},
A3(4) = {4}, {3, 1}, {2, 2}, {2, 1, 1}}.

Finally, let § (/) be the set of all permutations of the elements of /. Denote the number of
elements of §(/) by |6(])| and the number of elements of [ by |/|. For example, for [ =
{2, 1, 1} € A(4), the set of permutations is § ({2, 1, 1}) = {{2, 1, 1}, {1, 2, 1}{1, 1, 2}}.
Hence we have [6({2, 1, 1})| =3 =|/|.

Let g be the polar form of G € 7, (y1, y2). To simplify our notation, we define

(@ _ d%yi d%y dy d"y;
§ E\axa axa ) \dxan * dxan ’
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wherea = (ay, ap, ..., a,)isamulti-index. We alsodefinea+b = (a1 +by, ..., a,+
by) and the elementary unit multi-index e; by
ej=10,...,0, ‘1 ,0,...,0
jth term
For example, we write
. dyy dy:
g =g | @), ), ... (=, =), ..., 1), 2(x)
dx dx
———————
kth term
Since the polar form g is multi-linear, it follows by the chain rule that
A gl
dx =
Theorem 1 kth derivative of G :
Let g be the polar form of G € m,(y1, v2). Then
n k I
¢ = 2. (Ill) (11 l|1)|8(l)|g()’ ®

leh, (k)

wherel;,i = 1...|l| are the elements of | and [ = (.. Ay, 0,...,0).
——

n—|l| terms

Proof By the diagonal property of the polar form

Gx)=gy1(x), 2(x), ..., (Y1 (x), y2(x))).

Now differentiating both sides k times with respect to x and using the chain and product

rules, we have

n n
GP(x) = Z z glenttei),

Ji=1 Jk=1
Since j;, i = 1,..., k may be repeated, there exist/ € A, (k) suchthat (¢, +---+e¢j,)
can be generated by changing exactly |/| zeros of (0,...,0) tol;, i = 1...]l|. The
—_———
n zeroes
number of ways of choosing |/| zeros from n zeros is (;'), and forl = {ly, ..., I}
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k

Lo~ Iy
such that each positioni = 1..., || includes exactly /; elements. Finally, since the
number of permutations of / is |§(/)|, by the symmetry property both of the polar form
and of the multinomial coefficients we obtain

) . n k i
- 3 (2)(, oo

leh, (k)

there are ( ) ways of distributing k elements into the |/| distinct positions

where [ = {I1,..., 1y, 0,...,0}. o
S——

n—|l| zeroes

Remark 1 For classical homogeneous polynomials y; = ¢ and y» = w. Therefore for
classical polynomials the only partition/ € A, (k) for which g® # 0isl/ = (1,..., 1).
——
k times
Thus for classical polynomials after dehomogenization the summation on the right-
hand side of Eq. (5) reduces to the single term:

(n_k)lg (1,0),...,(1,0),(t, 1),...,(t, 1)

k terms n — k terms

The many terms on the right-hand side of Eq. (5) are what distinguishes polynomials
in (y1, y2) from classical polynomials and makes the proofs of differentiability much
harder for spline functions with segments in 7, (y1, y2). See, for example, the proofs
presented below of Theorem 2 and Lemma 1.

Remark 2 1f y1 and y» are continuous and non-negative functions on an interval [
such that % is increasing on / and satisfies

inf [Q} =0, sup[Q] = 400,
xel [ Y1 xel (V1

then the basis in (1) is a B-basis and has optimal shape preserving properties [18].

Note that if y; and y; are non-negative functions and % is an increasing function
then d(u, v) > 0 for all < v. Thus for any xg < --- < x,, the determinant of the
collocation matrix [7] is

. . n n
det ( (1~ prie)) =[T1dex;, x) > o.
e ( i) ) =T1de x>
Jj<i
Using the positivity of y; and y», it can be shown that every submatrix of this colloca-

tion matrix has a positive determinant, which is the requirement for totally positivity
of the basis in (1).
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3 The local de Boor algorithm

We will now construct B-spline curves by introducing a variant of the de Boor algo-
rithm. We will begin with a local version of this de Boor algorithm specifically adapted
to 1, (y1, ¥2). But before we can construct this local de Boor algorithm, we first need
the notion of a progressive sequence.

Definition 1 Let y; and y» be two locally linearly independent functions and let
d(a,b) = y1(a)y2(b) —y1(b)y2(a). A sequence {x; }1.221 of 2n real numbers satisfying
the constraints d(x, x;+,) # 0 foralli < j < n is called a d-progressive sequence
or more simply just a progressive sequence.

The local de Boor algorithm evaluates recursively a function G € m,(y1, y2) start-
ing from n + 1 values of the polar form of G evaluated at a progressive sequence.
To generate the local de Boor algorithm, we first construct a recursive evaluation
algorithm for the polar form of G.

Recursive evaluation algorithm for polar forms:

Let {x,'}izi1 be a progressive sequence and let G € m, (y1, y2). Set

b = g((1 (s 1)s Y2kt 1)) -+ o (V1 Kitn)s Y2 (Kkgn)))s k=0,1,...,n

and
d(uy, _ d ) _
b = Wy, Ten 1) r-l (X ) bl k=0,1,....n—r (6
d(Xk+rs Xkn+1) d(Xk+rs Xktn+1)
and r = 1,...,n. Then it follows easily by induction on r and the symmetry and

multi-barycentric properties of the polar form that

by = g1 Kkgr+1) V2 Okgr 1) -+ o s 1 Kkgn) s V2 (Xk4n)),s
11, y2(u1)), ..., (yi(ur), y2(ur)))

fork=0,1,...,n—r,andr =0, 1, ..., n. In particular

by = g((y1(w1), y2(u1)), ..., (Y1 (un), y2(un))).

Note that this evaluation algorithm is well defined since the denominators in (6) never
vanish because {x; }lzi | is a progressive sequence. This algorithm is illustrated for the
case n = 3 in Fig. 1.

Since g reduces to G on the (y1, y») diagonal, setting u; = x provides a recursive
evaluation algorithm for a curve G € 7, (y1, ¥2). In analogy with classical B-splines,
we call this recursive evaluation algorithm the local de Boor algorithm.

The local de Boor algorithm:

Let {x,»}?il be a progressive sequence and let G € 7, (y1, y2). Set
PP =g (k1) 2 (k1)) -, (1 (k) 2 (i), k=0,
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U U2U3
d(uz,x4) d(z3,u3)
d(xs3,x4) d(zs3,x4)
T3U U T4U1U2
d(uz,x4) d(x2,uz) d(uz,xs) d(x3,uz)
d(z2,04) d(wa,r4) d(x3,ws5) d(x3,w5)
T2X3U7 T3T4U7Q TyT5U7
d(u1,r4) d(z1,u1) d(ui,s) d(z2,u1) d(ui,6) d(x3,u1)
d(z1,24) d(z1,w4) d(z2,x5) d(z2,x5) d(z3,26) d(zs,z6)
T1T2T3 XL2X3X4 T3T4T5 T4T5T¢
Fig. 1 The recursive evaluation algorithm (6) for polar forms. Here x;, i = 1,...6 is a progressive

sequence and uvw denotes g((y1(u), y2(u)), (y1(v), 2(v)), (y1(w), y2(w)))

and define P recursively by

r d(x7xk+n+1) r—1 d(xk+r,x) r—1
k= %k T i @)
d(xk+ra Xk4n+1) d(-xk-i-i’ﬂ Xk4n+1)
fork=1,...,n—randr =1, ..., n. Inthis case

Py =g((V1 Kigr+1), V2 Okgr1))s - o (V1 Kkgn) s V2 (Kkgn)),s
Y1), »2(x)), ..., (1 (x), y2(x)))

fork=0,1,...,n—r,andr =0, 1, ..., n. In particular,

Py =g((r1(x), y2(0), ..., (11 (x), ¥2(x))) = G (x).

In Fig. 2 the local de Boor algorithm is illustrated for the case n = 3.

Let Bj, be the function generated by the local de Boor algorithm for a fixed
progressive sequence {Xi},-zi | with the initial values b,? = §jk. Thatis, B; ,(x) is the
sum of the products along all paths from the j¢h position at the base to the apex of the
local de Boor algorithm. Then since every function G € 7, (y1, ¥2) has a polar form,

it follows by linearity that

G() =D Bin(e(1 (1), vais 1)), - (11 Oksn), V2 (kgn))). (8)
k=0

Thus the functions By, ... B, , span the space 7, (y1, y2). Since dim 7, (y1, y2) =
n + 1 (see [8]), we conclude that the functions By, ... B, , form a basis for the
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Trx
d(z,w4) d(z3,)
d(z3,z4) d(z3,34)
T3TT TATT
d(z,z4) d(z2,x) d(z,z5) d(zs,x)
d(w2,m4) d(w2,m4) d(xs,xs5) d(ws,ws)
To2X3x X34 452
d(z,x4) d(z1,x) d(z,x5) d(za,x) d(z,x6) d(z3,x)
d(z1,x4) d(zy,24) d(z2,x5) d(z2,x5) d(xs,z6) d(xzs,z6)
T1X2X3 ToX3X4 T3X4T5 TaT5T6
Fig. 2 The local de Boor evaluation algorithm (7). Here x;, i = 1,...6 is a progressive sequence and

uvw denotes g((y1(u), y2(u)), (y1(v), v2(v)), (y1(w), y2(w)))

space 1, (y1, y2). Therefore the coefficients of G relative to the basis Bo , ... Bnn
are unique. Hence from (8), we have the following dual functional property.
Dual functional property:

Let G(x) = ZZ:O Py By n(x) and let g be the polar form of G. Then

P = g((1(xk41)s 2 (k1) -+ s (V1 Kkan) s V2 (Xkgn)))-

The special progressive sequence x; =a, i = 1,2,...nandx; = b, s =n+1,
n+2,...,2n with the control points P, = §;; generates the Bernstein-Bézier basis
functions

5 _(n\ (da, )\ (de p)\E o1 0
"’"(x)_(k) (d(a,m) (d(a,b)) P TR e ®

defined on the interval [a, b] (see [8]). In this case the local de Boor algorithm reduces
to the de Casteljau evaluation algorithm for Bernstein—Bézier curves in m,(y1, y2).
For the special properties of these Bernstein—Bézier curves, see [8].

4 The global de Boor algorithm

The local de Boor evaluation algorithm computes points along a single segment in
7w, (y1, ¥2). As in the case of classical B-splines, for a given set of control points
{P;} and an increasing knot sequence {x;}, where each consecutive set of 2n knots
form a progressive sequence, the global de Boor algorithm produces smooth piecewise
curves, where each segment lies in 7, (y1, ¥2). In analogy with the classical piecewise
polynomial theory we call these curves B-spline curves (In this section we are restrict-
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TXxT
7N
d(z,xs5) d(z4,x)
d(za,x5) d(za,x5)
/ AN
T4XT T5XT
7N N
d(z,zs5) d(zs,x) d(z,ze) d(z4,x)
d(z3,25) d(z3,25) d(z4,26) d(za,6)
/ NS AN
T34 TATs5T T5Tel
/N /N N
d(z,z5) d(z2,2) d(z,z6) d(zs3,z) d(z,z7) d(z4,z)
d(x2,x5) d(z2,x5) d(z3,x6) d(z3,26) d(z4,27) d(z4,27)
/ NS NS AN
ToX3Xy T3T4T5 TyT5T6 g

Fig. 3 Evaluating a new segment by shifting all the indices in the local de Boor algorithm by 1

Trr Tre

/N /N

d(z,x4) d(z3,7) d(z,x5) d(z4,2)
d(x3,x4) d(z3,24) d(ws,ws)  d(ws,xs)

/ N\ / AN

T3Tx T4TT T5TX

/N /N /N

d(z,x4) d(x2,) d(z,z5) d(z3,2) d(z,z6) d(z4,2)
d(zg,z4) d(z2,z4) d(zs,z5) d(z3,z5) d(zs,z6) d(zs,26)

/ N/ N/ \

ToX3T T3X4T T4T5T T5TgX
/N /N /N /N
d(x,x4) d(z1,2) d(z,xs5) d(z2,2) d(z,x6) d(zs,z) d(z,27) d(r4,z)

d(z1,@q)  d(zi,wa)  d(@2,ws)  d(z2ws) d(zswes)  d(zs,we)  d(zawr)  d(za,@r)

/ \ / N/ N\ / \

T1ToT3 XToX3T4 X3X4T5 T4T5T6 T5TeXly

Fig. 4 The global de Boor algorithm for two segments of a cubic B-spline curve

ing to the case of simple knots; multiple knots will be discussed in Sect. 5). A B-spline
segment of degree n is defined by 2n progressive knots {Xi},zi  and n + 1 arbitrary
control points {Pj};f:() by placing the control points at the base of the local de Boor
algorithm and the knots as parameters in the function d along the edges (Fig. 2). If we
are given one additional knot x»,1 and one additional control point Py, then we
can evaluate a new segment by shifting all the indices in the local de Boor algorithm
by 1. The case where n = 3 is illustrated in Fig. 3.

Since these two segments share common control points, as well as nodes and edges
with common labels, we may overlap the diagrams in Figs. 2 and 3. We illustrate this
overlap in Fig. 4.

Notice that the symbols xxx at the apexes represent the values of distinct curves in
7, (y1, y2) over distinct parameter intervals with distinct knot sequences,

@ Springer



A unified approach to non-polynomial B-spline curves. . . 761

G1(x) = g1(1(x), y2(x)), (Y1 (x), 2(x)), (¥1(x), ¥2(x)))

and

G2(x) = g2((y1(x), y2(x)), (¥1(x), y2(x)), (Y1 (x), y2(x))).

In order to investigate the continuity of two adjacent segments, we will start with the
case n = 3 as an illustration before we launch into a formal proof of the general case.
Note that the diagrams also overlap in the general case.

As in the case of classical B-splines (see [10]), the first apex in Fig. 4 represents
the curve segment for x3 < x < x4 and the second apex represents the curve segment
for x4 < x < xs5. Since d(x, x) = 0, if we evaluate G| and G, at x = x4, then the
left arrow of the top level of the first segment and the right arrow of the top level of
the second segment both evaluate to zero and their adjacent arrows evaluate to one.
Hence evaluating both segments at x = x4 gives the same result denoted in Fig. 4 by
x4xx. Therefore these two curve segments meet continuously at x = x4.

To show that G 1 and G, meet with C'! -continuity at x = x4, we will use the formula
for the derivative in terms of the polar form. By (4)

G (x) = 3g1((y]{ (), 2(x)), (1 (x), Y2(x)), (y1(x), y2(x))).
Similarly,

G5 (x) = 3g2((y{ (x), y2(x)), 1 (x), Y2(x)), (¥1(x), y2(x))).
Differentiating (2) with a = x; and b = x; yields

o (Y1), y2(x) + B/ (1 (), v2(x))) = (Y] (x), y2(x)).

Solving this equation gives

o — Y y2(xj) — y1(x)y, (%) _d (d(x,xj'))
i)y (xj) — yi(xj)ya(xx)  dx

- = dx \d(x. x))

and

f_ Ny —y@yGx) d ( d(xg, x) )

1) y2(xj) —vixpya(xr)  dx \d(xk, x;j)
which are the barycentric coordinates of (y{(x), y,(x)) with respect to the points
(y1(xx), v2(xx)) and (y1(x;), y2(x;)))-

Therefore by (4) to compute G’ (x) and G/ (x) using polar forms, we may differen-
tiate the first level of the algorithm and multiply the result by 3. (see Fig. 5). Thus to
compute G| and G/, from the diagram, we need to replace the labels along the arrows
of the first level
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'z 'z
/ /N
d(z,zy) d(z3,z) d(z,xs5) d(zg,x)
d(z3,34) d(z3,34) d(z4,75) d(z4,75)
/ N/ N\
s’ z4a'x w5z’
/N /N /N
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Fig. 5 Derivative of two adjacent segments of a cubic B-spline curve. Here x’ denotes the homogeneous
polar form evaluated at (y{ (x), y,(x))
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Since the labels along the arrows entering the two apexes in the Fig. 4 do not change,
we see that G| and G, meet with C 1-(:ontinuity because once again when x = x4 the
left arrow entering the first apex and the right arrow entering the second apex are zero
and their adjacent arrows evaluate to 1.

Thus we can see from the diagram that C¥-continuity holds as long as the top level
in the diagram does not change. From Theorem 1, since 13(2) = {{2}, {1, 1}}, the
second derivative of G| and G, can be evaluated from the diagram by differentiating
the first level twice (corresponding to/ = {2}) and by differentiating the first two levels
once (corresponding to [ = {1, 1}). These derivatives do not affect the top level of the
algorithm; hence by the same reasoning as for C 1—continuity, G1 and G, meet with
C?-continuity. But for the third derivative we have A3(3) = {{3}, {2, 1}, {1, 1, 1}} and
all three levels of the diagram corresponding to ! = {1, 1, 1} are differentiated. In this
case we do not have C3-continuity, since the expressions on the left arrow entering
the first apex and the right arrow entering the second apex are no longer zero.

In general, a similar argument shows that two B-spline curve segments of degree
n joined at x = x; meet with C*-continuity as long as the sth derivative of the two
adjacent segments does not change the top level of the algorithm. Since our diagrams
are just graphical realizations of the algorithm, in the following discussion we shall

by
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speak of the diagram and the algorithm interchangeably; levels in the diagram corre-
spond to levels in the algorithm, and labels along the edges of the diagram correspond
to coefficients in the algorithm. The diagrams, however, are easier to visualize and
therefore help to simplify our understanding and analysis of the algorithm.

Consider the de Boor evaluation algorithm for a degree n B-spline curve, where
the nodes are represented by values of the polar form. To replace the ith component
(y1(x), y2(x)) of the polar form by (yl(r) (x), yz(r)(x)) in the diagram, we can differ-
entiate the functions along the edges at the it/ level of the diagram r times, since by
differentiating » times we solve the equation

a (1 (x0), y2(00) + B (1 (x ), 2 (x)) = 7 0, 17 ().

Thus there is a recursive algorithm for each term in the derivative formula (5). A term

i dli d(x, x
g (1> has a recursive evaluation algorithm with the functions p ( (X, k1) )

xli \d (Xkt-j, Xkgnt1)
dlf( d (x4, X)
dxli \d(Xxyj, Xknt1)
d(X, Xi+n+1) d (X4, X)
d(Xkr s Xkctn+1) d Xkt s Xktn+1)
d(x, Xp4nt1) d(Xg+n> x)
and appear on level

o d (Xk4n, Xktn+1) d (Xkcqns Xk4n+1) . .
n, when evaluated at the join x = x;4+,41, the segments agree for this term and this

agreement holds for every term. This agreement holds until |/| = n or equivalently
until the partition {1, ..., 1}, when the last level must be differentiated.

The main point here is that, for the st/ derivative of B-spline curve, if s > n, then
there will be a term in the formula for the derivative where every element inside the
polar form is differentiated. In this case the coefficients on all the levels including the
top level are differentiated and the argument for continuity breaks down. Butif s < n,
then we never need to differentiate the top level of the diagram; all the derivatives can
be distributed to lower levels of the algorithm.

Note that the ith level of the diagram is associated with the ith component of the
polar form. Therefore by Theorem 1 two adjacent segments of a degree n B-spline
curve meet with C*-continuity as long as every element [ of 1, (s) satisfies |/| < n.
Since |/| cannot exceed s, C*-continuity holds for every s < n; that is, two adjacent
segments of a degree n B-spline curve meet with C”~!-continuity. Hence we have
proved the following theorem:

and ) on level j,j=1,...,]l|, and the functions

on the remaining n — |/| levels from r = |I|+1

to r = n. Since the functions

Theorem 2 B-spline curves of degree n with no multiple knots are C"~'-continuous
at the knots.

5 All splines are B-splines
A spline is a piecewise function whose segments G € m,(y1, y2) meet smoothly

up to some order at the joins. A B-spline curve is a spline generated by the de Boor
algorithm. For a fixed progressive knot sequence, let o, (y1, y2) denotes the spaces of
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764 C. Disibiiyiik, R. Goldman

splines whose segments lie in m, (1, y2) where y1, y» are two differentiable, locally
linearly independent functions. The goal of this section is to prove that all splines from
the space o, (y1, y2) can be generated by the de Boor algorithm. To begin, we need to
prove the following analogue of [10, pp. 364, Lemma 7.2].

Lemma 1 Let F and G be two functions in 1, (y1, y2) and let  and g be the polar
forms of F and G. If y1(§)y,(§) — y{(§)y2(§) # O, then the following statements are

equivalent.

L. FO6) =GV, 0<j<k<n.

2. f((ul,wl),---,(Mj,wj),(Vl(E),Vz(S))"fj)
=g(ur, w1), ..., (uj, w;), &), y2EN")

for any parameters uy, ..., uj, wy,...,w;,0 < j <k < n, where

(), 12" = (), &), ... 11 (&), n2(§)

n—j times

Proof 1 = 2. Suppose that F) (&) = GU)(£), 0 < j < k < n. By Theorem 1
FO gy = (”)( J )31 U]
) é;.|” T LCAC:
n(J)
and
= 2 (1), Ly ol
@)13;.U|ly“h”|om ®)
n(J)

Now we will use strong induction on k. Clearly, if F(§) = G (&), then by the diagonal
property

F(1®), n2(EN") = g((1E). 2(E))"). (10)

Hence, statement 2 is true for k = 0. For k = 1 by (4), F'(§) = G’(§) implies

n f((€), 13, 1), 12EN" ™) = ng((V{(§), 5(E)), (11 (E), 2 (EN" ).
(11)

u17,6) — y{§uz
@y — ) @)

of the system

Now for the solutions a(u1, wy, §) =

and B(u1, wy,§) =

viE)ux —ury2(§)
Y@y — v{(E)r2(§)

aur, wi, §)(y1(§), v2(5)) + Blur, wi, ) (Y[ (€), ¥2(§)) = (u1, wy),
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the multilinear property of polar forms implies

aur, wi, &) F (1), y2EN™ + Bur, wi, &) F (V] (©), (), (E), y2(EN"H
= f((ur, w1), (1), y2EN" ).

Similarly,

auy, wi, £)g((y1(E), y2(E)™) + Blur, wi, )g (v (), y3(E)), 1(E), 2"
= g((u1, w1), (M (&), y2(E)" .

Hence for k = 0, 1, statement 2 is true by (10) and (11). qu assume ‘that statement
2istrue for 0 < j < k—1 < n. We need to show that if F()(£) = G (£),0 < j <
k < n, then

Sfur, wy), ..., wj, w)), (11(§), y2(6)" )
= g((ur, wi), ..., wjsw)), (11(§), y2(6))" ) (12)

for 0 < j < k < n. But certainly if FU) (&) = GW (&), for0 < j < k < n, then
FD(g) = GY(E), for0 < j < k — 1 < n. Therefore by the inductive hypothesis

fur, wy), ..., wj, wp), (11§), y2(§))" )
= g((u, wy), ..., wj, wj), Y1), 2N, 0< j<k—1<n.  (13)

On the other hand since F®) &)= G® (&), by Theorem 1 we have

> (II;I) (11 k l|l)|8(l)|f(l~)(é) =2 <|’;|)(ll k lz|)|8(l)|g(i)($)'

len, (k) l[ehn (k)
(14)
The left hand side of (14) can be written as
X 5
> (”)( )|8<l>|f(’)<s>
e 1)\l - Iy
| <k
n k ’ / k n—k
+ (k)(l 1)|8({1 ----- IDLF(1(8), 27, (1(8), v2(E)" ). (15)
Similarly the right hand side of (14) is
k ;
> (”)( )|8<l>|g(’)<s>
I€hn k) VAU
|| <k
k
+ (Z) (1 l)lam ..... D), ENS, 15, nEN'.  (16)
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The terms with |/| < k in the summations of the Eqgs. (15) and (16) are identical by
Eq. (13). That is

2 (Irlll) (11 k l|l)|8(l)|f(i)(€)= 2 (|7|)<ll k lz|)8(l)|g(i)(s)'

[€h, (k) L€y (k)
1<k 1<k

7)

Thus from (14) and (17), we conclude that
) L CACRAGS ok
) (n §), 26", (r1(5), n2(6)" )
= (’;)k!g«y{(s), v ENE, (1), 12 €)' H).

Therefore we have

J (), @), @, nEN"™)
= (@, 3, &, @), j=0,....k

where (¥{ (&), y3(E)) = (] (E), 3N, - .-, (V{(§), v3(€)) . Now starting with k + 1

j times

polar form values
f) = (@, s 1 &), @), j=0.....k
define
I =, w, &) 17+ Bl w, &) fl1]

forr=1,..., kand j =0,..., n — r, where a(u,, w,, &) and B(u,, w,, &) are the
solutions of the system

aur, wr, &) (18), y2(8) + Bur, wr, E) (v (§), 2(§)) = (ur, wy).

As a consequence of the multilinear property of the polar form, it follows by induction
on r that

fi = fu,w), ..., (r, wr), (V1 (E), VAEN, (r1(E), y2(E))" ")

forr=1,..., k,and j =0,..., k — r. Similarly, the same algorithm, starting with
the k + 1 values of the polar form

g} = g((&). ). (&), 12EN", j=0,... .k
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generates the values of the polar form

&) =g, wi), ..., (ur, wy), ¥, 126, 15), 12" )

forr =1,...,k,and j =0, ..., k —r. Since the input to these two algorithms is the
same, the output must also be the same. Therefore

F = Fw), .. g w)), (1), @) )
= (i, w1), ..., (), w)), (&), 12EN") = g]

for any parameters uy, ..., uj, wy,...,w;, 0 < j <k < n.
2 = 1. For any parameters uy, ..., uj, wi, ..., w;, 0 < j <k < n suppose that

fla,w), o g w)), (16),126)" ™)
=g, wo). ... (wj, wp). (N E). 12",

Then for any 0 < j < k < n one may write

> (;O o )wanf«uhan,u.wm,whpxymsxya@»"*%
1€hm () ! g
- /

n J
Z ('”)(1 ll|)|8(1)|g((ul"wll)’"'(ulll’wll)’

lern(j)

(1), ya (&))"~

Setting (uy,, w;,) = (yl(l")(é), yz(l")(é)) and applying Theorem 1 gives F) (&) =
GY(E), 0<j<k<n O
Theorem 3 Every spline curve is a B-spline curve.
Proof Let S € 0,(y1, y2) be a spline curve defined over the knot intervals [xx, xg1]
by functions Sy € m,(y1, y2), with polar forms sx, k = n,n + 1, ..., m. Suppose
further that for each k,

S o) = S ( i =0,1 —1

k k+1) = k+1 xk+l)1 J=U1,...,n .

We need to find a collection of points { P} such that the B-spline curve in o, (y1, ¥2)

generated by the knot sequence {x;} and by the control points { P} is S. Consider the
first segment S,, over the interval [x,, x,4+1]. Let

Pj=sp((n1(xj1), v2(xj10)s - N1(Xj4n), V2 (Xjgn))), j=0,1....n.

Then by (8), the local de Boor algorithm for the knots xy, x2, ..., x2, and the control
points Py, Py, ..., P, generates the function S, (x). Similarly, if we set

Qi = sur1((V1(xj+2), 2(xj42))s - - - V1 (Xjgnt1)s V2K jpnt1))), J=0,1....n,
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then the local de Boor algorithm for the knots x», x3, ..., xX2,41 and the control points
Qo, 01, ..., Oy generates the function Sy, 41 (x). It remains to show that P; = Q ;1
or equivalently,

Sn((V1(xj4+1), 2 (Xj41))s - o (V1 (X jn)s Y2(Xjn)))
= sn+1((V1(xj+1), Y2 (X j+1))s o (V1 (X jn) s Y2(Xj40)))

for j =1,2,...,n. Butby assumption
S Cona) = S ), j=0,1,... 0 — 1.

Therefore by Lemma 1

Sp((uiwy), ..., (Up—1, Wo—1), V1 (Xng1), V2(Xn11)))
= Spr1((ur, w1), oo, Up—1, Wp—1), (V1 Xns1), V2(Xn11)))-

But notice that
Y1Gon+1)s V2 (nt1)) € {1 Cejr1)s Y2 (1)) - oo (V1 (X j4n)s Y2 (Xjn)) }
forall j =1,2,...,n. Hence forafixed jandi =1,2,...,n — 1, setting
1 (Xitj)s 2 (Xigj))s ifi+j<n+l

(i, w;) =
V1 Kivj+1), 2 (Xigj1)), i+ j2n+1

gives
sn((1(xj1), V2 (xj41))s ooy (V1(Xj4n)s Y2 (X j40)))
= Sn+1 (V1 (x4+1), Y2 (xj+1))s -+ o, V1 (X jn)> V2(Xj4n)))
for j = 1,2,...,n. Thus these two segments form a B-spline curve. In the same

manner using the local de Boor algorithm, we can generate more segments that match
the segments of the given spline S. By the same argument, these new segments share
common control points; therefore, they form a B-spline curve. Since the entire curve
is generated by the global de Boor algorithm, it follows that every spline curve is a
B-spline curve. O

5.1 Multiple Knots

Consider a B-spline curve of degree n for an increasing sequence of knots, x| < x» <
x3 < ---. The first segment on the interval [x,, x,,4+1] is generated from the knots
{xi }izi |- Similarly the second segment over the interval [x,, 41, X,42] is generated from
the knots {x; }1.22‘51 .In Sect. 4 we showed that these two curve segments meet with order
n — 1 continuity at x = x,4;. What happens if x,+; = x,42? In this case, the knot
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interval [x, 41, X,42] collapses to a single point. Hence to investigate continuity, we
must examine the first and third segments. The third curve segment is generated from
the knots {x; }122 ;“2. Consider the diagram generated by the global de Boor algorithm
that corresponds to the intervals [x,, x,+1] and [x,4+2, x,+3] (see Fig. 6).

In Fig. 6 we illustrate the final two levels of these algorithms. When x = x,,4; and
Xn+1 = Xn42, then since all the functions along the leftmost arrows in the left triangle
and all the functions along the rightmost arrows in the right triangle evaluate to zero,
the only nonzero paths from the base to the apexes are through the right edge of the
first apex and the left edge of the second apex. Moreover the values of the functions
along these nonzero arrows are 1. Therefore both segments meet continuously at
X = Xx,4+1. Using the same arguments as in Sect. 4, we conclude that if x,,+1 = x,42,
then by Theorem 1 the two adjacent segments that meet at x = x,4; meet with
C"~2-continuity. We can generalize this result as follows:

Theorem 4 At a knot of multiplicity ., a B-spline curve from the space o,,(y1, ¥2)
has n — | continuous derivatives.

Proof This proof is modelled on the proof of [25, Theorem 6.2]. Let {x;} be a non-
decreasing knot sequence where each consecutive set of 2n knots form a progressive
sequence and let S be a spline defined by the de Boor algorithm over the intervals
[xi, xi4+1] by functions S; € m,(y1,y2), i = n,n + 1,... with the control points
Pi_p, ..., Pi. Suppose that Xy = Xx42 = -+ = Xggp and Xpypq1 7= Xpyp for
some u < n. We need to show that foreverym =0, ...,n — u,

S (eyr) =S¢, (i) (18)

The curves Sx and Sg4, have n + 1 — u common control points Py, 1, ..., Pk
and 2n — w common knots X¢ 441, . - . Xk+n. Now let s; denote the polar form of
Si,j=n,n+1,.... Then by the dual functional property

P = si (V1 (xigt1), 2 (Kig1))s -+ s V1 Kign), Y2 (Xign)))

= Sktp (V1 xig1), Y2 (xit1), - s V1 Kien)s Y2 (Xin))) (19)
fori =k —n+ u,..., k. The common knots that appear as common parameters in
the polar forms of these common control points are {xx1, ..., Xkt,}. Now consider

the symmetric, multilinear functions

Ek((l/[l, wl)! MR} (un—/u wn—u))
= sk (V1 (k415 V2 Xk 1))5 -+ V1 k) s V2 (Xkp))s @r, wi), oy (Up—ps Wp—p))
and
§k+u((’417 w1y ey Un—ps Wp—p))
= Skl V1 k1) V2 k1)) -+ o0 (V1 Kkepn)s V2 k)5 (s wi)s ey (Un—py, Wn—p))-
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From (19) it follows that

Sk (V1 Ck—ntp1)s V2 Ekmntp 1)) -+ s (V1(xk)s Y2(x0)))
= Skt 1 (V1 Ck—nut1)s V2 Ok 1) - o5 (1 (XD ¥2(x0)))s
Sk(1 k—ngpt2)s V2 Ck—nut2))s - 1) v2(00)) s (V1 ke 1) V2 (Kkgut1)))
= Sk (V1 Cck—ntpi2)s V2 Kkmntpi2))5 -5 (V1 Ok 2 (X)), (V1 Kkt 1)
Y2 (Xk+p+1))),

St k1) V2 Ok 1) - oo (V1 kaen) s V2 (Xkan)))
= Spp (1 Okt 1) V2 Okt 1)) -+ o (V1 Gkn) s Y2 (Kkn)-

Thatis, for the knot vector (Xg—n4 41, - - - » Xks Xkt put+1, - - - » Xkn) Of size 2(n—p),
the functions 5y and $;,, agree at each sequence of n — u consecutive knots. Therefore
by the recursive evaluation algorithm for symmetric multilinear functions, it follows
that

Sp((uy, wy), ..., Wn—p> Wp—p)) = §k+u((ul s W1, ey (Up—p, Wy—p))

or equivalently

S (1 G, V2 Gere1))s oo (V1 kapn)s V2 okap))s (r, wi)yvee s (U, Wo—p))
= Sk+u (V1 Ok 41)5 V2 (k1)) - - - V1 k) V2 Ockep))s (s wi)s ey (Un—pus Wn—p))-
Butbyassumptionx; = x341, i = k+1, ..., k+un. Therefore forany0 < m < n—pu,

and any / € A, (m), setting

1 (k41 Y2 (Xks1))s r > |l

Up, Wy) = i X
(1) {(yf’><xk+1),y;l>(xk+1>), r<l

we conclude that

l l ) )
s (A" e @) (0" G " e ) s (G,

Vz(Xk+1))"_|”)

l 1}
= Sktu ((Vl(ll)(ka), Vz(ll)(xk+1)) b (J/l( ‘”)(Xk+1), )/2( ‘”)(Xk+1)) s (Y1 (xXke41),
yz(xk+1))”"”) , (20)
for all/ € A, (m). Thus (18) follows from Theorem 1 and (20). O

Theorem 5 Let S € 0,,(y1, y2) be defined over the knot sequence {f;‘i}ﬁ:l with C"~Hi
continuity at the knot &;, i =2,...,1 — 1. Then S is a B-spline curve.
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Proof Let S; denotes the curve segment of S over the interval [&;, &41] and let s; be
the polar form of S;. By assumption

S &) = ™ (&), @1
m=0,....,n—pu;, i =2,...,1—1.Setk; =n, ko =n—+ 1 and define recursively
kiv1=ki+upi, i=2,...,01—1.

Nowset xg, =&, i =1,...;0andxy = x,, k =k +1,...  kiy1 — 1,1 =
2,...,1 — 1. Then the rest of the proof is similar to the proof of [25, Theorem 6.3]
and follows from (21) and Theorem 1. m]

6 Knot insertion

For classical splines, knot insertion is a powerful method for analyzing B-spline curves.
There are two standard knot insertion algorithms: Boehm’s knot insertion algorithm
and the Oslo algorithm. Boehm’s knot insertion algorithm inserts one new knot at a
time [5]; in contrast, the Oslo algorithm inserts many distinct knots simultaneously
[6].

In Boehm’s knot insertion algorithm if we wish to insert a knot ¢ into the interval
[xi, xi4+1], then the new knot splits the original polynomial that corresponds to the
interval [x;, x;4+1] into two new polynomial segments. Using the polar form of the
control points for the two new segments, Goldman [9] shows that Boehm’s knot
insertion algorithm is a subset of the de Boor algorithm. That is, the new control
points of the new segments are exactly the values computed in the first level of the
polar form algorithm for the original B-spline curve.

Using the same point of view, Goldman [9] also shows that the values of the polar
form for each new control point generated from the Oslo algorithm can be evaluated
by the recursive evaluation algorithm for the polar form of the original B-spline curve.
That s, the Oslo algorithm is the polar form evaluation algorithm. An improved version
of the Oslo algorithm is also given in [9].

Since we define the de Boor evaluation algorithm using the recursive evaluation
algorithm for homogeneous polar forms, we also have analogous knot insertion algo-
rithms for non polynomial B-spline curves. Similar to classical B-splines to find new
control points using Boehm’s knot insertion algorithm, we run the de Boor evaluation
algorithm one level and read the new control points from the polar forms on the first
level of the algorithm. For Goldman’s improved Oslo algorithm the new control points
can be computed by running the polar form evaluation algorithm twice and reading
the new control points off the left and right lateral edges of the algorithm. For details
see [9].

Naturally, one may ask under what conditions the control polygons generated by
knot insertion for splines in o, (1, y2) converge to the original spline curve? For two
differentiable, locally linearly independent functions y; and y» the control polygons
generated by knot insertion algorithms converge to the original B-spline curve if the
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function d(a, b) = y1(a)y2(b) — y1(b)y2(a) never vanishes for arbitrary values of
a and b. Convergence is guaranteed by the diagonal property; that is, the control poly-
gons generated by knot insertion converge to the B-spline curve for the original control
polygon as the knot spacing approaches zero. The proof is identical to the proof for
classical B-splines [10]; simply replace the classical polar form by the homogeneous
polar form.

6.1 Conversion to piecewise Bernstein Bézier form

By applying knot insertion algorithms to a B-spline curve, we can express the same
B-spline curve with respect to another knot sequence. We can also apply knot insertion
algorithms to convert from B-spline to piecewise Bernstein-Bézier form. This approach
allows us to analyse B-spline curves, simply by analysing the corresponding Bernstein
Bézier curve segments.

Consider a B-spline curve segment G ; of degree n defined over a knot sequence
Xj41,Xj42, ..., X 42, and let g; bt the polar form of G ;. Here, we are interested only
in the interval [x;4,, xj1,+1]. By the dual functional property, the B-spline control
points of G ; are

&i (1 (xjr148), 2 (X jt144))s - s M1 (Xjnta)s V2 (Xjntk))), k=0,1,..., 7.
It is shown in [8] that the Bernstein Bézier control points of G ; are
&5 (M G50, 724" ™5, 1 ), 72 s )) s k=01,

Thus, we can get the Bernstein Bézier control points from the B-spline control points
by inserting the knots x;j4,, ..., Xj4n, Xj4n+1, .-, Xj4ns1 between the knots x4,

n—1 times n—1 times
and Xj4n+1-

Next, we are going to use the Bernstein Bézier representation of B-spline curves
to establish necessary conditions for the variation diminishing property to hold for
B-spline curves. A curve S(x) with control points {Py, P1, ..., Py} is said to be
variation diminishing if for any hyper-plane / the number of intersections of 2 and S (x)
is bounded by the number of intersections of # with the control polygon generated by
the control points { Py, Py, ..., Py}. The following result on the variation diminishing
property for Bernstein Bézier curves is proved in [8].

Proposition 1 If% (382;) > 0, and % (ggi;) < Oon [a, b, and the Bernstein

basis functions on [a, b] form a partition of unity, then the corresponding Bernstein
Bézier curves are variation diminishing.

d(x,x d(Xpqr, X
Theorem 6 If1 < span{y, ya}, —Cotkomet) oy ACker 0y
d (Xk+r» Xktn+1) d(Xktr > Xk+n+1)
.. d d(x;, x) d d(x,xH_l)
n—r,r=1,...,narepositiveand — | ———— ) >0, —| —— ) <O,
dx \d(xi, Xi+1) dx \d(xi, xi+1)

for all i, then the corresponding B-spline curves are variation diminishing.
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d(x,b) an d(a, x)
d(a,b) d(a,b)
sum to one (see [8]). Hence the Bernstein basis functions B/ (x) on [a, b] form a
partition of unity since by [8]

B _ d(x, b) d(a,x) n 1
23 k0= (d( b) den) o

d(x, Xktn+1) d(Xk4r, X)

a_'(xkﬂ, Xn+1) .d (Xk4rs Xetn+1 ). ) o
to one, the de Boor algorithm is a corner-cutting procedure. Since knot insertion is
the polar form interpretation of the de Boor algorithm, knot insertion is also a corner-
cutting procedure. Therefore, the control polygon for the piecewise Bernstein Bézier
representation of the original B-spline curve is variation diminishing with respect to
the original B-spline control polygon. But by Proposition 1 each Bernstein Bézier
segment is Variation diminishing with respect to its Bernstein Bézier control polygon

d(-xlvx) d d(xaxl"f'l) .
whenever — | ——— ) > 0, — | ————) < 0, for all i. Hence the
) dx \d(xi,xi+1))  dx \d(xi, xi41) o _

entire curve must be variation diminishing with respect to the original B-spline control
polygon. O

Proof If 1 € span{yy, y»}, then for any a, b with d(a, b) # 0,

On the other hand, since are positive and sum

For example if y1 (x) = sinh? (x) and y2(x) = cosh? (x), then by Theorem 6 the B-
spline curve of degree n with an increasing knot sequence x| < x < - -+ < X2, <
is variation diminishing whenever x; > 0 for all i or x; < 0 for all .

7 B-spline basis functions

Just like classical B-spline curves, B-spline curves in 0, (y1, y2) can be represented in
terms of compactly supported basis functions. For any B-spline curve S € o, (y1, y2)
with control points Pk and knot sequence {xi}, we seek functions {Ni , € 0, (y1, ¥2)}
such that

S(x) =D Nia®) P (22)
k

The basis functions Ny, can be computed from the global de Boor algorithm by setting

0, j#k
Fi= [ L j=k
Now (22) follows by linearity.

As in the classical case the functions { Ny, } are called the B-spline basis functions.
Also as in the classical case (see [10]), the B-spline basis functions can be computed
by placing 1 at each apex and reversing all the arrows in the global de Boor algorithm.
In this case, the B-spline basis functions emerge at the base of the diagram. It follows
that the B-spline basis functions satisfy the following recurrence.
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1, ifxp <x < X4

Niolx) = 0, otherwise.
d N d )
Niw() = — 20 Ny ) ) @3)
' d(xp, Xk4n) d(Xk41, Xkgnt1) ’

Thus it follows easily by induction on n that supp{Ny »} = [xk, Xk4n+1]-

Example 1 If y1(x) = 1, y2(x) = x, then 7, (y1, y2) is the space of polynomials of
degree n and d(a, b) = b — a. Thus
X — Xk Xk+n+1 — X

Nin(x) =
{ Xktnt1 — Xk+1

" Nip—1(x) + Nig1n—1(x)

Xk4+n — X
are the classical B-spline basis functions.

Example 2 If y) (x) = sin(x), y2(x) = cos(x), then m, (y1, y2) is the space of trigono-
metric polynomials of degree n (see [11]). In this case d(a, b) = sin(a — b) and

sin(xg — x) sin(x — Xg4n+1)
N1 (X) + =
sin(xg — Xgk+n) SIN(Xg4+1 — Xk+n+1)

Nin(x) = Nig1,n-1(x)

are the trigonometric B-spline basis functions (see [16]).

Example 3 1f yi(x) = sin®(x), y2(x) = cos?(x), then d(a,b) = 1(cos(2b) —
cos(2a)). Thus,

cos(2x) — cos(2xy) coS(2Xk4n+1) — cos(2x)
N, = Ni.n— + N —1(x).
) = s @) — cosx0) T O s @) — cos@ian) )

Example 4 1f y1(x) = sinh(x), y2(x) = cosh(x), then d(a, b) = sinh(a — b) and

sinh(xg — x) sinh(x — Xg4n+1)

N, =—————Nin-
k.n (x) sinh (x; — Xktn) k.n 1) + SiIlh(Xk-H = Xk+n+1)

Nig1,n—1(x)

are the hyperbolic B-spline basis functions.

Example 5 1f y1(x) = sinh?(x), y2(x) = cosh?(x), then d(a, b) = %(cosh(2a) —
cosh(2b)). Thus,

cosh(2x) — cosh(2xy)
cosh(2xg4n) — cosh(2xx)
cosh(2xg4n+1) — cosh(2x)

CO8(2xg4n+1) — €OS(2xk+1)

Nin(x) = Nin—1(x)

k- 1,n—1(x).

Example 6 If y1(x) = xand y» (x) = x/, then 7, (y1, y2) is a Miintz space generated
by {x("=Ri+kiyn_ In this case d(a, b) = a'b/ — a’/b’ and
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30 ji
= Np3

2 Nis |
= Na3

o—/\

11

2!

1.2 1.3 1.4 1.5 1.6 1.7 1.8

Fig. 7 B-splines in 03(y1, y2) for y1 (x) = cos2(x) and 5 (x) = sin?(x)

Newx) = (xe)' x7 — () x!

: : ‘ N
0 ) — (I ()t 1(x)

X' Gkgnt1)! — X7 pgng1)!
(k1) K1) — Gp1)? Kptn+1)’

Nit1,n-1(x).

Notice here that i and j may be either positive or negative numbers.

4 3
—x, X <3,
Example 7 If y1(x) = 105 3’ and y»(x) = x, then for any u < v we
X—Ter X223
have
—u*v + vtu, v < %,
du,v) = —u%—(v—%)u, u<%<v,
105 105 3
(u—ﬁ)v—(v—ﬁ)u, §<M

In this case; if the support of the B-spline basis functions contains the value %, then
the B-splines are not differentiable at that point.

By changing the functions y; (x) and y» (x) it is possible to generate infinitely many
distinct B-spline bases. Some illustrations of B-splines are given in Figs. 7, §, 9, 10.
In each case the knot sequence is {1.2, 1.3, ..., 1.8}.

7.1 Properties and identities for B-spline basis functions
In this section we study properties and identities for the B-spline basis functions,

including the dual functional property, Marsden’s identity, partition of unity, curvilin-
ear precision, interpolation and differentiation.
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0.7

06}

05}

04}

03}

02}

0.1}

00}
1.2 1.3 1.4 1.5 1.6 1.7 1.8
Fig. 8 B-splines in 03(yq, y2) for y1(x) = x70-5 and Yo (x) = x2

0.7

06}

05}

04}

03}

02}

0.1}

00}
1.2 1.3 1.4 1.5 1.6 1.7 1.8
Fig. 9 B-splines in 03(yy, y2) for y1(x) = cosh? x and Y (x) = sinh? x

T T T T T T T

5|

1.2 1.3 14 1.5 1.6 1.7 1.8
Fig. 10 B-splines in 03(yy, ) for y1(x) = (—x* x < 3/2,x —105/16,x > 3/2) and y»(x) = x
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Proposition 2 (Dual functional property) Let G(x) = Zk Py N n(x) be a B-spline
curve with knots {x;}. Then

Pr = g((Y1(xx+1)s V2(xk+1))5 - -+, (V1 (k) V2 (Xk£n))- (24)
Proof This result follows easily from (8). O

Theorem 7 (Marsden Identity)

CIENNEEDY [H d (g4, t)i| Nin(x). (25)

k i=1

Proof Since d(x,t) = y1(x)y2(t) — y1(t)y2(x) is a linear combination of y;(x) and
y2(x), (d(x, )" € my(y1, ¥2). The polar form of G(x) = (d(x,1))" is

g, w), .., (g, wp)) = [ | wina®) = yi@wy)

i=1

since the right-hand side is symmetric, multi-linear, and reduces G(x) along the
(v1, y2) diagonal. Thus by the dual functional property (24)

@, )" =" (1 Xes1), 20D, - - (1 k) V2 X)) N ()
k

=> []‘[ d (et r)] Nin(x).
k i=1

Theorem 8 (Partition of unity) If 1 € 7, (y1, ¥2), then D N n(x) = 1.

Proof The polar form of the function G(x) = 11is g((u1, wy), ..., (U, wy)) = 1.
Therefore this result follows immediately from the dual functional property. O

For curves the variation diminishing property (Theorem 6) is important for design.
Another essential property for curves, weaker than the variation diminishing property,
is the convex hull property. The following theorem presents a convex hull property for
B-spline curves.

Theorem 9 If 1 € 7, (y1, y2) and the functions -4k dxXieent) iy (23) gre

nArb re d (g, Xg4n) d Xk 15 Xkn+1) i

positive then the basis functions form a convex partition of unity. Therefore in this
case the corresponding B-spline curves lie in the convex hull of their control points.

Proof Clearly since the coefficients in (23) are positive, the basis functions are positive.
Thus this result follows form Theorem 8. O
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For example if % is an increasing function, then since d(u, v) > 0 for all # < v, the

d (X, X) d (X, Xk4n+1)
) (XksXk+n) Xk 1 Xpen1) 7 )
B-spline curve of the form Zk Py Ny, lies in the convex hull of the control points

{Pr}.

functions 7

are positive in the support of Ny ,. Hence any

Theorem 10 (Curvilinear precision) If | € span{yi, y»}, then for any c1, c2 € R

Zn: c1y1 (Xe+i) + c2v2 (Xg+i)
n

i (x) + eya(x) = ) [

k

:| Nin (). (20)

i=1

Proof If 1 € span{yi, y»}, then 1 € m,_1(y1,%2) s0 y1, 2 € 7Tn_’(_7/1»y_2|_)- More-
over the polar forms of the functions yi(x) and y»(x) are i and
n

u Hence this result follows from the dual functional property of B-

n
spline curves and the linearity of the polar forms. O

Theorem 11 Let xj 1 = Xp42 = - -+ = Xk4n. Then the B-spline curve interpolates
the control point Py.

Proof Suppose that x;4+1 = Xgy2 = -+ = Xk4, and consider the B-spline segment
Sk+n over the knot interval [xk,, Xk4+n+1]. Then by dual functional property the initial
control point of this segment is

P = $kn (V1 (kg1)s V2 ke 1))y -+ o (V1 Kkan) s V2 (Xkgn)))
= Skn (V1 Ckan)s V2 Kkean))s - - V1 Kkan) s V2 (Kkgn)))
= Sk+n (Xk+n)~

m}

We close with a recurrence for the derivatives of the B-spline basis functions. But first
we need some preliminary results.

Theorem 12 (Recurrence for the polar form of the B-spline basis functions) Let i 5
denote the polar form of the B-spline basis function Ny . Then

Mk (1), v2u1), ..., (Y1 (un), y2(un)))

d(ve, u1)
= @) G (@), 22 s (1), v2 ()
d Xk, Xi4n)

d N n ~
A Yt ) 5 (), ), s ), () 2T)
d(Xk+1s Xk+n+1)
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Proof By the recursive evaluation algorithm for polar forms (6), the polar form of a
B-spline curve G € o, (y1, y2) with control points {P]Q} satisfies

g((i(u1), o)), - .., (Y1(un), y2(un)))
= > Pliiia((r1(1), v2@1), ... (11 (un), y2(n)))

= > Pliiitia-1((n @), y2w2)), ... (11 (), y2(un))), (28)

where
Pl d(uy, Xiyn+1) po d(Xit1,u1) 0
T d i, Xignr) ' d i, Xigngn) !
Now setting Pl.0 = §; x gives (27). O

Consider the recursive evaluation algorithm (6) for the polar form of a function
G € m,(y1, y2). What happens if we modify the recurrence by differentiating the
recurrence at level r = 1 with respect to #1 and do not change the recurrence for the
subsequent levels r > 27 In this case the coefficients in the first level of the algorithm
turn into the solutions of the system

d 0
a(y1(xk+1), 2 (xk+1)) + b1 kgnt1)s V2 Kkgns1)) = (—)/1 (1), —)/2(141)) .

ouy duy
(29)
Hence the function l;(’)‘ that emerges at the apex of the modified algorithm is
~ d 0
bour, ....up) =g || m——v1(w1), —»2(u1) ), (Y1 (m2), v2(u2)), ...,
8u1 3141
(71 (un), V2(un))) . (30)
Setting u; = x, fori =1, ..., nin (30) gives
b(x, ... x) = g((¥{(X), 3 (X)), (1 (x), y2 ()" ). €Y
Theorem 13

A N = n [( d M) Newo1(x)

dx dx d(xXg, Xpin)

+ ( d M) Nk+1,n_1<x)] (32)

dx d(Xg41, Xkgns1)

Proof This result follows immediately from (27), (31) and (4). O
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