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1 Introduction

In this paper we discuss the weighted polynomial interpolation of continuous functions
on [0, +00), which are (r — 1)-times differentiable at O and can increase with order
@) (exﬁ/z) , B > 1/2, for x — oo.

The case B = 1 has been treated in [1,5,15,20,22,24-26], where the Authors
considered Lagrange polynomials based on Laguerre zeros (see also [8]). Here we
choose as a tool the orthonormal system { p;, (w) },, in (0, 4-00) related to a generalized
Laguerre weight of the form w(x) = x%~*"_ From the numerical point of view, we
observe that the weight w is nonclassical in general and, for the construction of the
orthonormal system in the case B # 1, we can use the procedure introduced in [2]
(see also [16]).

The presence of the derivatives of the function in O leads in a natural way to
the construction of Lagrange—Hermite polynomial £,, ,(w, f) based at the zeros of
the polynomial p,,(w), 0 as a multiple node and another additional node. Applying
the operator £, - (w) to a suitable finite section of the function f, we obtain a new
interpolation process, that we will denote by £}, ,(w). This new operator is not a
projector into the set of all polynomials of degree at most m + r, Py,,, but on a
special subset P, . C Py, that can replace the space Py, in the sense we are
going to show. Thus the projector £}, , (w) can be profitably used in quadrature rules
and in the numerical treatment of Boundary Value Problems on (0, oo) (see, e.g.,
[6,27]).

We estimate the error of the process in weighted L? and uniform metric and compare
it with the order of convergence of the best weighted polynomial approximation (that
can be found in [21]). The error estimates are sharp for the considered classes of
functions. All the results of this paper are new and cover the ones in the literature.

The paper is structured as follows. In Sect. 2 we recall some basic facts and give
some preliminary results, in Sect. 3 we will state our main results and in Sect. 4 we
will prove them.

2 Preliminary results

In the sequel C will stand for a positive constant that can assume different values in
each formula and we shall write C # C(a, b, ...) when C is independent of a, b, . . ..
Furthermore A ~ B will mean that if A and B are positive quantities depending
on some parameters, then there exists a positive constant C independent of these
parameters such that (A/B)*! < C. Finally, we denote by P,, the set of all algebraic
polynomials of degree at most m.

In order to introduce some interpolation processes we consider the weight

wx) =x% | x e (0, +00), @2.1)

witha > —1, B > %, and the corresponding sequence of orthonormal polynomials
{pm(w)}n, with positive leading coefficient y,,. The zeros xx = x;, x(w) of p,,(w),
m > 1, are located as follows
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Jam 2 c
< X1 <x2<--~<xm<am(1—T),
m m2/
where

2621 (B)

1/p
(4m + 20 + DHVE ~ ml/P
I"(2p) }

am = am(\/w) = |:

is the Mhaskar-Rakhmanov—Saff number related to the weight /w (see also [18,
19]). If B = 1 the nodes x; are the Laguerre zeros. Nevertheless, in general w is a
nonstandard weight and, for the computation of the zeros and the Christoffel numbers,
we may use the Mathematica package “OrthogonalPolynomials” introduced in [2].

For any continuous function in [0, +00), f € C°([0, +00)), and (r — 1)-times
differentiable at 0, briefly f € C9, r > 1, we define the Lagrange—Hermite polynomial
Lom.r(w, f) as follows

L r(w, fx) = fxx), k=1,...,m+1,
with x;,41 1= a;,, and
Lo, HPO) = fP0). j=0.1,....r =1,
where (@ = f. Here we used also an idea introduced by Szabados for Lagrange and

Hermite—Fejér interpolation, adding the additional node a,, (see [28]).
The polynomial £,, ,(w, f) can be written as

m+1 .
Lo, fo3) = D = bw, ) f ()
k=1 "k
=1 (i)
x f
+ (@ — X) pm(w, x) ;0 = ((am_—)pm(w)) 0), (22
where
G x) = — P lam =)
(x — x1) pp, (w, xg) (@m — Xk)
and
Cpi1(w, x) = M
Pm(wa am)

are the fundamental Lagrange polynomials. It is easily seen that

Em,r(w» P)=P, Pc ]Pm+h

@ Springer



238 G. Mastroianni et al.

and L, ,(w) is a projector from C? into Py, 4.

We are now going to introduce another Lagrange—Hermite type operator Ly, . (w),
modifying the operator L, , (w). To this end, forafixed 6 € (0, 1) and for a sufficiently
large m we define an index j = j(m, 0) such that

xXj = mkin{xk D Xx > Bapy}. 2.3)

Of course if m is small we let j = m. Hence we define the new Lagrange—Hermite
type polynomial as follows

J

L, fix) = 3 lw. ) £ ()

k=1 "k

E X f @)
+am —x)pm(w,x) p — (—) 0. 24
21 @ = pmw)

By this definition,

E:/l‘r(w’f’xk)zf(xk)’ k=1""’j7
Ly w, fix) =0, k=j+1,....m+1,

and
ci o w, HP0) = D0, i=01,....r—1
Moreover, we observe that £, . (w) does not preserve all the polynomials of degree

at most m + r, for example E;’,‘”(w, 1) #1.
Nevertheless, if we introduce the following set of polynomials

Py =10 €Puyr: Qxi) =0, i > j}.

then it is easy to show that for any f € C, L, . (w, f) € P, and for any Q €

P Lo (w, Q) = Q, therefore L}, . (w, f) is a projector from C? into Py ..
In order to show some approximation properties of the projectors defined above,
we are going to define some function spaces.

2.1 Function spaces
Let us consider a weight of the form
u(x) = x"e ™2 x (0, +00), 2.5)

with 8 > % and the following weighted function spaces associated to u.
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For 1 < p < ooand y > —1/p, by L we denote the set of all measurable
functions f such that

+o0 1/p
Ifllpp = ||fM||p=(/0 Ifulp(x)dx) < 0.

For p = oo and y > 0, by a slight abuse of notation, we set

L®:=C,=1feC%0,400): lim f(x)u(x)=0¢},
x—0t

u

xX—> 400

and we equip this space with the norm

I fllzge ==l fulloo = sup | f()u(x)|.

x€(0,400)

Note that the Weierstrass theorem implies the limit conditions in the definition of C,,.
Subspaces of LP 1< p < 0o, are the Sobolev spaces, given by

Wl ={f eLl: f470 e ACO, +00), IfO'ul, <00}, T1=sez,

where AC (0, +00) denotes the set of all functions which are absolutely continuous
on every closed subset of (0, +00) and ¢(x) = /x. We equip these spaces with the
norm

1 e = IFull, + 1 £ ul,.

In order to define some further function spaces, we consider the s-th modulus of
smoothness of f € LI, 1 <p <o0,s > 1,

25(f,t = su H u‘ ,
ol Dy P SRR
where
- s
A, f0) =D (= 1) (l.)f (x + (s — Dhe(x)
i=0
is the forward finite difference of order s with variable step hg(x), ¢(x) = /x and

1
I, = [852h2,Ch™ =12 ], h > 0.
Let f € LY, 1 < p < oco. Then the following estimate

25(f Dup C sup B fOV0ull o1y, (2.6)

O<h<t
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240 G. Mastroianni et al.

holds with C # C(f, t), provided the norm on the right-hand side is finite (see [21]).
Using these moduli of smoothness we can define the Zygmund spaces as

23(f Dup

Zl(u)y=1{f €Ly :sup 7

<oo,s>k], 0<AeR,
t>0

with the norm

$25(f Du,p
||f||z”(u)—||f“||p+sug— s > A.
t>

Let us denote by

En(fu,p = Plnf If — Pm)u”p

m€

the error of best weighted polynomial approximation in LY, 1 < p < oo. Estimates
for the error of best weighted approximation have been proved in [21]. In particular it
has been shown that
lim E,(f)up,=0 VfelLl. 2.7
m—00

For our aims it is sufficient to recall the following weak Jackson inequality

Jam

2 u
En (f)up<c/ &dt (2.8)

that holds for any function f € L, 1 < p < oo.
In particular, if f € Z”, by (2.8) we deduce

A 08 "
En(fup =C (m ) sup o/ ;t) 2, 2.9)
m t>0 t
and by (2.6) we have
En(fup =C (“m_ ) IS0 ullp, (2.10)

foranyfeWsp,szlandlfpfoo.

We are now able to show an important property of the polynomials in P, . To
this end we need some further notation. We say that Py, is a polynomial of quasi best
approximation for f € L,’,’ ,1 < p < o0, if, for some C > 1,

ICf = Pu)ull, = CEM(fu,p-
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Moreover, we denote by

Epr(fup = le)f* 1(f = Qullp,

m,r

the error of best approximation by means of polynomials of 75, .. The relation between
Ep(f)u,p and Eji (f)u, p is established by the following Lemma.

Lemma 1 Let w, u be the weights defined in (2.1) and (2.5) witha > —1, > % and
uelP,1<p<oo. LetfelLland Py € Py one of its polynomial of quasi best

approximation, with
0
M=|—)m (2.11)
0+1

for a fixed 6 € (0, 1). Then we have

En (Pup S MSf = Ly (w, Pa)lully < CEM(Hup +e " fullp),  (2.12)
where C, ¢ are independent of m, r, f. Moreover, for s > 1, we get

Jam
a s 3 T Qs (f’ l) P
(—Vm) Ik, - (w, PP ull, <C e full, + /0 %dt

(2.13)

Using Lemma 1 and (2.7) it follows that the order of convergence of Ey, . (f)u,p is the
same as thatof Ey, ,(f)u, p. Therefore, U P,j‘“ isdense in LY. In the next Section we
will show the behaviour of the operators £,, (w) and E;‘L +(w) in different function
spaces.

3 Main results

The following results hold true in weighted uniform norm. In order to state it we need
a further definition. We say that a function is quasi increasing on [ if there exists a
constant C such that f(x) <Cf(y)forx <y, x,y e l.

Theorem 2 Let w and u be the previously defined weights, with y > 0 and o > —1.
For every f € C? NCy, r > 1, we have

i!

2y =1 @) 2i
[ £ o, rul, =C [(1ogm>||fu||oo + (@) S O (ﬂ) ,
m P m
(3.1)
where C # C(m, f), if and only if

+

IA
<
+
~
IA

(3.2)

N R
B~
DR
+
IR
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242 G. Mastroianni et al.

Moreover, under the assumptions (3.2), if ’ f (i)’ is quasi increasing on [0, oy, ], with
Uy =am/m2andi =0,1,...,r — 1, we get

r—1
ILf = Lo w. H]u|,, < Clogm)Emsr(fuco + o((@) ) 3.3)

where C # C(m, f) and the constant in “O” is independent of m.

Therefore, in weighted spaces of continuous functions, the behaviour of the operators
{Em,r (w)}m is comparable with similar interpolation processes based on Jacobi zeros
on bounded intervals (see, e.g., [15,17]).

We emphasize that if » and y are given, then, in order to approximate a function f,
we can always choose some « such that the Lagrange—Hermite polynomial converges
with the order of the best polynomial approximation times the extra factor log m. In
fact, we can rewrite (3.2) as follows

5 1
2r+2y — - <a <2r+2y ——.
r—+2y 7= o <2r+12y >
Moreover, since the Lebesgue constants related to the processes {C;‘;l, (W)}, are
bounded by the ones related to {L,, ,(w)}m, by Theorem 2 and Lemma 1, we deduce
the following error estimate for the “truncated” process.

Corollary 3 Let 6 € (0, 1). Under the assumptions of Theorem 2, for every [ €
C?, r > 1, for m sufficiently large (say m > mq) we have

r—1
|7 = 25, o ]l < Clogm)En (s ”m*")((ﬁf_’") )

where M given by (2.11), C # C(m, f) and the constant in “O” is independent of m.

In weighted L”-spaces the behaviour of {Em,r (w)}m is not optimal, while for the
new process {L}, . (w)} ~we can state the following

Theorem 4 Letu € LP,1 < p < ocoand0 € (0, 1) be fixed. Then, for every function
f e C?, r > 1, we have

1/p

J
|25 o Pyul, ~ | 22 Al ful? o)
k=1

2y+1/p) =1 26) 2i
+ (M) Z lf '(0)| (\/@) G.4)

!
m = i! m
if and only if
a+l 1 n Ol+5 1 3.5)
-+ -—=< r<—+4-—-— .
2Ty, 21T,
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where the constants in “~” depend on 6 and are independent of m and f.

If the function f e LI fulfills the additional assumption

25(f. Du.p

T € L'o, 1] (3.6)

for some s > 1, then f is continuous in (0, +00) (see [21]). Moreover, using the same
arguments as in [22], we obtain

1/p Jam
T 824 (f Dup

J 1/p
am

Hence, if f € LY fulfills (3.6) and is (r — 1)-times differentiable at 0, the bound (3.4)
becomes

N R e )
am m s Hu,
125w, Pul, < Ilfullp+( - ) /0 gy dr

2y+1/p) =1 £6) 2i
L (Vn S OO (VA
m = i! m

where C depends on 6 € (0, 1) (fixed) and is independent of m and f. Note that if
f € Py, (3.7) becomes an equivalence.

Theorem 5 Under the assumptions (3.5), let f € L N C? satisfy (3.6) for some s > r
and |f(’)| be quasi increasing on [0, oy, ], with o, = am/m2 andi =0,1,...,r—1.
Then, for m > mg, we have

Vam

/ I/p m $25(f, Dy - r—1
||[f_£j”r(w,f)]u||pfc(ﬂ) / Mdﬂr(’)((‘/“ )
, m o .

(+1/p

(3.8)
where C depends on 6 and is independent of m and f, the constant in “O” is inde-
pendent of m.

In particular, under the assumptions of Theorem 5, if f € Zf w),l/p<ir=<r-—1,
the error estimate (3.8) becomes

ILf = . D], = 0(({;—’"))

where the constant in O is independent of m and f, that is the order of the best
approximation in Z f (u) [see (2.9)].
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244 G. Mastroianni et al.

Analogously, if f € WP ), s < r — 1, from Theorem 5 we get

ILf = Lo r(w, Hlull, =0 ((@) ) ;

where the constant in O is independent of m and f [see (2.10)]. While, for f € W/ (),
the following corollary holds.

Corolla}'y 6 Under the assumptions (3.5), let f € WrFw) N C9, 1 < p < o0, such
that |f(’)| is quasi increasing on [0, o], oy = am/mz, fori=0,1,...,r — 1l and
m sufficiently large (say m > mg). Then we have

|M;Aw43wpschuwp+(%?)nfmwmu} 3.9

and

I =L w. D]ul, =€ [ (@) IO ull, + e"’”||fu||p] (3.10)

where C, ¢ depend on 0 and are independent of m and f.
Finally, the following remark is of some interest.

Remark 7 The behaviours of the two interpolation processes {L, (w)}, and
{5, (W)} are essentially equivalent in weighted uniform norm. Nevertheless, the
“truncated” process {L}, . (w)},, has the advantage of dropping ¢ m terms, ¢ < 1. This
turns out to be useful in the numerical treatment of functional equations, since the
dimension of the matrices obtained from the discretization of operators are strongly
reduced with an evident computational saving.

On the other hand, the two operators behave in a completely different way in
weighted L?P-norm. In fact, the equivalence (3.4) of Theorem 4 is not true for the
“nontruncated” operator {L,, (W)} .

Moreover, all the constants in Corollary 3, Theorems 4 and 5 are independent of
m and f, but depend on 6. For instance, the constant in the upper bound of (3.4) is
@ ((l — 0)_3/4) for & — 1 and so 0 cannot assume value 1.

We refer to Sect. 4 for more details.

4 Proofs

First of all we recall some weighted polynomial inequalities with the weight u defined
in (2.5) which will be used in the sequel (see [21]).

Letl < p <ooanda, = ay(u) ~ m'/P . For any P, € P, the restricted range
inequalities

a
| Patilly < CIPuttlir,ye In = [e 5 an). (“.1)
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and
| Ppullp, 8 >0, 4.2)

hold with C # C(m, P,,) and ¢ # c(m, P,,). Moreover, we recall the Bernstein and
Markov inequalities

| Pmte|l Lra,, (1+5).+00) < Ce

m
P/ <C— P, s = s 43
| Pypully < Mll witllp,  @(x) = Vx (4.3)
and

2

, m
IPyully < C—|Pnullp, (4.4)

am

where C # C(m, P,,) in both cases. Finally, for I < p < oo, we will need the
following Nikolskii inequality

1
m>\?
| Prulloc <C (a—) | Pnullp, C #C(m, Py). (4.5)

m

We also need some estimates for the polynomials of the orthonormal system
{pm (W) }nen, where w is the weight defined in (2.1). The generalized Laguerre weight
w is a nonstandard weight and the estimates for the related orthogonal polynomials
can be deduced by [7,11,12,21,22].

The estimate (which can be deduced from [9], see also [19,21])

a1
am)f"’l _if 4 am lx — x4l
w,x)| (x + — e 2 Ja, —x ~ 4.6
P, )l (x+ 5 Jlam =214 —35 ~ 20 46)

holds with x € [0, +00) and x4 a zero closest to x. From (4.6) it follows that

[ pm(w, X))\ wx)v/x(@n, —x) <C, x € L. “4.7)

Moreover, the following proposition will be useful.

Proposition 8 Ler w be the weight defined by (2.1) and { pm (w)}, its related ortho-
normal system. Then we have

ats
meﬁN~(nl) L 4.8)
Jam)  Yam
2k
mﬁwMMEC(ﬁ;) | pm(w, 0], (4.9)
and

AN c(-Z 1 4.10
_— 0] < , .
Qmw) O) = (wa) (0. 0)] “10)

where C and the constant in “ ~" are independent of m.
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246 G. Mastroianni et al.

Proof Equivalence (4.8) easily follows from (4.6) for x = 0.
In order to prove (4.9) we set

() = (x+ )%%e—% iy — x| + —
8 m 23

Then, using (4.4) with u replaced by g, by (4.6), we obtain

P (w x)|<C( n )k |2 )2 oo <c( m )2k !
T \Wan) 1@l Jan) Tgol

Hence, for x = 0, by (4.8), we get

1

2k
m
Py (w. 0)] <€ p SC(@) |Pm(w. 0)]-
m ) V4 am

Finally, let us show (4.10) by induction. For k = 1, by (4.9) we have

' | Pl (w, 0)] m \? 1
() ©l = easr =() oo
Pm(w) | pm (w, 0)] Vam ) | pm(w, 0)]

For k > 1, from the identity

(=)

k

1 ® k 1 \% )
” 0) = 0)p% (w, 0) =0
(pm<w)” (w)) © ;(z‘)(pm(u») Opu™" w0

1

it follows that
k—1

1 (k) k 1 (@) )
— 0)pm(w,0) = 0 ! 0
(pm(w)) ©Opm e, 0) g(; (l) (Pm(w)) ( )p . 0)

Then, using the induction hypothesis and (4.9), we obtain

LoA®
[pm(w, 0)] ( ) 0| =
Pm (W)

k—1

1 \®
0)p%=D(w, 0
> () (o) e

(2

which completes the proof. O

Furthermore, the following relation will be useful (see [10,21])

1
| (W, X1 [v/w (xg)

a
~ Axkﬁ/xk\4/|am — %+~ (4.11)
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2
By (4.6) and (4.11) if x € [(%) ,am] we have

247

v—%-1 e \3/4
u(x)MEC(x) o (“m x) A% x). (@12)
u(xi) Xk am — Xk lx — x|

Moreover, if x4 is a node closest to x, we get (see [4])

e LZACIE) oy (4.13)
u(xq)

Proof of Lemma 1 We are going to prove (2.12) only for p < oo, since the case
p = oo is simpler.
Let Py € Py, with M = L Om

0+1

J, be a polynomial of quasi best approximation for
f € LL. So we can write

Epr(Dup = |[f = Ly r(w, Pa)]u] .

Since
2l (w, x)x"
[,j‘n’,(w, Py, x) = PM(x) — Z TPM(xk) (4.14)
k=j+1 k

then, letting v" (x) = x”, we get

2 (w)v'u
E;;r up <CE u,p+ —— (P
A (Pup < CEM(Pup k;} o Gy e (P () ,,

By (4.1) the second summand on the right-hand side is dominated by

m
1 [Lr(w, x)|v" (x)u(x)
Cayl” | PrrullLoofga, +00) SUP Z TR
xely k=j+1 V' (X ) U (X

and, using (4.12) and (4.13), we have

ek (w, ) |0 (x)u(x) .
XSEII,),, k;&-l v (xp)u(xg) =Cm’, 4.15)
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248 G. Mastroianni et al.

for some t > 0. Moreover, by (4.2) and (4.5), we obtain

C (w)v'u
1
> (Pyw) () | < CmTan] P | Pagiel| L6y, +00)

v (xp)u(x
i v u ) ,

< CmTayPe™" | Pyullos
r+; —cm
<Cm "re” | Pyullp
< Ce_c’"||fu||p. (4.16)

Let us now prove (2.13). By (4.14) we have

S
A a
( m’") L5, (w, Py) ¢ ull,

(s)

Jam\?® Jam\’ L e (w)r”
< (7’”) ||P,$)<ofu||,,+(7m) > Pyu(x) | ¢'u
k

v (x,
=j+1 (k)

p

For the first term on the right-hand side we use the following estimate (see [21])
Jam\’ an/m Q25 (f.1)
(—’") 123 ¢ ully sc/ S C “L dr.
m 0

While, for the second term on the right-hand side, using s times the Bernstein inequality
(4.3) and (4.16), we obtain

(s)
( am) Z LGy Py (xx) oull <C Z be(wl Py (xi)u
k

m v (x v (x,
LS S VO
b4

p
<Ce™ | fullp.
Hence we get (2.13). O

We recall the following estimate, concerning the distance Axj; between two con-
secutive zeros (see [10,21]):

1

\/am — Xi + amm_z/3

(4.17)

am
AXp = X1 — Xk ~ o V%

where the constants in “~” are independent of m and k. We remark that from (4.17),
with j given by (2.3), it follows that

Axg ~ Y e k=1,2,... ).

m
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Lagrange—Hermite interpolation on the real semiaxis 249
Now, letting
r=1 . 2i
~ S0 (am
on(f) =2 (4.18)
i=0
and
r—1 X f (@)
A(x) = (am —x)pm(w, x) D — (—) 0), (4.19)
b ; i1 \ @ — ) pm(w)
we can state the following proposition.
Proposition 9 With the notation (4.18) and (4.19), we have
2y
Ja
[Aulloc =C (Tm) om(f), C#Cm, [), (4.20)
if and only if
a+1< L+ <a+5 421
-+ - r<—-4-. .
2 TaSVTIETY
Moreover, for p > 1, we get
~—\ 2(v+1/p)
a
IAull sc( m’”) om(f), C#Clm, f), (4.22)
if and only if
o 1 1 o 5 1
—4+-—-—=< <—4-—-—. 4.23
5t p_y+r_2+4 P (4.23)
Proof We first prove (4.20). Recalling (4.19), we may write
r—1 |D |
A@uC] < > b, (4.24)
i=0

where _ . _
bi = l[(am — ) pm(w, Juv' oo, v'(x) = x'

and

(@)
D;| = 0
Dl ‘((am - )Pm(w)) ( )‘

Z( )f(”)(O) (;)(i_m |
=0 n (am - ')pm(wa )
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By (4.10) and (4.11) we get

1 (i—n)
— 0
((am =) Pm(w, ')) O|=

N 1 NG
(e )0
/R 2(i—n—j)

[pm(w, 0)] N (@n)/ 1\ fam

C 1 m2\' "
-
am| pm(w, 0)| \ am am

C( m )21 2n 1
~Am llm|Pm(Uh0)|.

IA

Then we have

c i m \2i-2
Di| < ——M— ™ ( ) . 4.25
P = om0, 0)] Z( )'f O\ 29

On the other hand, by (4.1), (3.2) and (4.8), we get

bi < Cmax | w(x) p (w, x) (am X)x =3
x€ly
< Cmax |(a, — x)%xi"”’_%_%
x€ly
2i+2y—a—1 2i42y
< Clam)} (”’Z’”) ~ ap, (VIZ’") |pm(w, 0)].  (4.26)

Combining (4.25) and (4.26) in (4.24), we obtain

o= (4 )2y Zl ;i Z( )ir o (@)Qn
= ( )21/ ig(’ — 4 DY) (\/m—)zn (n)l_l'

i=0 n=0
_ r(r) () ()1
= ( ) nZ(‘; - f"(0)|§(l—n+1)+ 2

( am)”’ £ )] (@)2

v! m

. r—1 1
since 377 (1)~
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Let us now show (4.22). Recalling (4.24), we have
I @m — ) pm uv' [, < Cll(@m — ) pm (W)’ || Loz,
= ClIVWpm (W) (@m — W'V 72| Lr(1,)

3 a4, _a_1
< Cliam — )T 27 % oy

2i+2y—a—t+2
3 Aa r
< Clam)? (—’”)
m

2i+42y+2
am P
=C( " ) am|pm(wa0)|

where we have applied (4.1), (4.6), (4.8), taking also into account the assumption
(4.23). Then recalling (4.25), we deduce (4.22).

The necessity of the conditions (4.21) and (4.23) can be proved using standard
arguments (see [22]). We omit the details. O

Proof of Theorem 2 Let us first prove that conditions (3.2) imply inequality (3.1).
Recalling (2.2) and Proposition 9, it remains to prove that

m+1

14
Z (x )x . x)f(xk)u(Xk)

<C(logm) max |fu|(x,
xk u(xy)

Letx € I, = [c”;—”ﬁ am] and x4 be a zero closest to x. By using (4.7), (4.11) and
(4.13), we get

m+1
b4
Z () AW I )

u(x)
X r+y—%—£ a — x %
m
< C | 1pnw, OWwEVean -5 > (_) ( - )
ktdmt1 VK am — Xk
Axy (w, x) | x" ulx)
1| = [ Fule.
|x — x| Pm(w, am) | al, u(am) 1<1< el
. o r+y—%—1
By (4.6) the last summand on the right-hand side is bounded by (ﬁ) and

so the whole right-hand side is dominated by
1

_a_1 3
Lz ) )
Xk am — Xk ) |x — xi

k#d,m+1

X\ s
+1+ (—) max | ful(x;).
1<i<m+1

@ Springer



252 G. Mastroianni et al.

Therefore, if the parameters r, y and « fulfill the assumptions (3.2), the sum on the
right-hand side is bounded by C(log m) and the last term is bounded by 1.

Let us now prove that inequality (3.1) implies conditions (3.2). To this aim, for any
f € C,, consider the piecewise linear function f; defined as follows

D0 =0, P=0,1,...,r—1,
fix) = = f (x| sgn{p,, (w, xx)} #0, forl <xx <2, 4.27)
Silxx) =0, otherwise.

By (3.1) we have

Clogm) max |fiul(xi) = ILmrw. f)ulloo = ILm,r(w. fO)ullL>o.1).  (4.28)

where, for x € [0, 1] and x; € [1, 2],

X" pm(w, )| f1u](xe) (am—x) u(x)

xp | pp(w, x )| (x — x) \am — xx ) ulxy)

Lo r(w, fi, Dux) =— >

1<x;<2
_ Z X" pm(w, x)| ful(xx) (am—x) u(x)

xp | pp(w, xi)llx — xx| \am —xx ) u(xp)’

1<x;<2

since x —x; < 0. Now, if x € [0, 1]and x; € [1, 2], then |x — xx| < 2 and % ~ 1.
Hence, setting

A(x) = p(w, x)\/w(x)vx (am — x)

and using (4.11), we get

a1 Axg| ful(x)
1Cmr (. foullieion = CHAVTY "2 0 oo D === (4.29)
1<y <2 X, rTaTa

Combining (4.28) and (4.29), we obtain

Axi| ful(xr)

~ a 1
AV YT 1o < C(logm) max_|ful(x;
|| lexton D, — =g = Clogm) max | ful(x)

r
1<xp<2 xk

with C # C(m, f), whence letting b; = | fu|(x;) and [|b |5, = 1r<11g§2bi, we have

AXxp by

~ _e_1
| A" Y7274 Loopo. 1y Z .
lkagzxk

< C(ogm), C#C(m, [)
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and then
= pgy—2_L Axg
AV Y3 gy sup D0 ————rdi < Cllogm). € #C(m. f).
Id =11 Son 7772
Hence we get
a1 Axy
1AV =374 |01y D ———— < C(logm).
rtyY—273%
lgkaZ.Xk

Obviously the sum on the left-hand side is ~ 1. Moreover, by (4.6), we have

~ ppy—2_1 =~ (An\ y4,_2_1 (dp am rty=5$-3
AV 72T Loy 2 A5 ) VTTT2TE () [~ | — .
[0,1] m2 m2 m2

So, from
+ _a_ 1
(“_m)’ "7 Clogm)

it follows that r +y > § + A—IL.
In order to prove the necessity of the other inequality in (3.2), we introduce the
piecewise linear function f, defined as

£20) =0, i=0,1,....r—1,
PG =1 f )l sgn{p, (w, xp)}, for 0 <xx <1, (4.30)
folxx) =0, otherwise.

Using similar arguments we obtain

~ _e_1 Axy
1AV =274 ooy D ———— < C(logm).
O<xr <l x;—i_y_j_z

. e a1 . .
Now, the sum on the left-hand side is ~ f xll x77Y+2%3 dx, while the norm is bounded.
So, from

1
a A.Xk
x_r_y+7+%dx<c — < C(ogm
/xl - Z rdy—%-1 ( & )

O<xp <l xk 274

we deduce r +y < 7 + fT and the first part of the theorem follows.
Let us now prove (3.3). Since |f(i)| is quasi increasing on [0, o], with i €
{0,1,...,r —1}and o, = am/mz, we have

an” | fOO) = can |£O (%) < cal | O

)Loo[aTm,otm].
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Recalling a formula in [3, p.15], it follows that

i+ . —14 -
an” | FOO)| = Caly 1f lixgeg g +Canm 7 | £V

Loo[al%’am]

r—1
a _ _
SC”fu”Loc[am’am]—‘rC(\/ M) Hf(r 1)(pr 1”” . .
m Lm[Tm’am]

2

Hence (3.1) becomes

r—1
| Lonr (w, frul,, < Clogm)| fullo + o((%) )

Letting Pp+r € Pp4 be the polynomial of best approximation for f € C,, it follows
that

ILf = Lomr . O]l = [[f = Por = Lonr (w, f = Puir)]u
r—1
< C(IOgm)Em—l-r(f)u,oo + O((%) ),

ie. (3.3). o

In order to prove Theorem 4 we recall some known results concerning the Hilbert
transform H (f, t). The Hilbert transform related to the interval (0, a) is defined as

follows
“f) d
— dx,
X —1

H(f, 1) = te€0,a), a >0,

where the integral is understood in the Cauchy principal value sense. Letting v” (x) =
xPand 1 < p < o0, the bound

ICHAV ILro,1y < CILfvPllLro,ny, C # C(f), 4.31)

holds for any f such that fv” € L?(0, a) if and only if —% <p<l-— % (see [23]).
The following lemma, that can be found in [21] (see also [8]), will be also useful
in the proof of Theorem 4.

Lemma 10 Let 0 < 6 < 1, j be given by (2.3), u € L, 1 < p < 0o and Axy =
Xi+1 — Xk Then, for an arbitrary polynomial P € Py, (where | is a fixed integer),
there exists 0 € (0, 1) such that

j e_am
ZAxk|Pu|p(xk) < C/ |Pu|?(x)dx, (4.32)

k=1 *1

with C # C(m, f).
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We want to emphasize that the first Marcinkiewicz inequality (4.32) does not hold if
the sum on the left-hand side is extended to all the zeros of p,,(w),i.e.k=1,...,m
(see [13,14]).

Proof of Theorem 4 Taking into account Proposition 9 it remains to estimate the L/, -
norm of the first term in (2.4). Letting v" (x) = x” and

Pm(w, x) (am — x)
(x — x) Pl (W, xg) (@ — xk)

J
Ly (w, f.x) = > b, x) f(x), w,x) =

k=1
this term can be rewritten as v" L, ( , ) So, using (4.1), we have
V'L (w, ir) ull < C|v'L; ( )
v LP (L)

_ - f

=C sup x"Ly \w, =, x u(x)g(x)dx
lliglg=11J 1 x

=: sup [I"(g)l, (4.33)

lgllg=1
where [, = [c amm=2, am] and

J

l
r) = /1 o3 D g dx

k=1 X
_ ZJ: f Geu () / (@n = ) pun (W D)X gu(x) |
= P (W, xi) (am — xi)u(xp) Xy X — Xk

By using (4.11), we have

J
F(o)] SCZ AXkIfMI(Xk)u

k=1 (a — xk)ix

X — Xk

/ (am —X)pm(w,X)X’g(X)u(x)d ’
X

A ful ()
— 3/4 Z

r+—7——
am k=1 X, v

/ (am —X)pm(w,x)xrg(X)u(X)d ‘
X .
In

X — X

Denoting by G (x;) the integral on the right-hand side and using the Holder inequality,
we get

1/p 1/q

IT(9)] < 3/4 Z Axel ful? (x) ZAxk

am k=1

G (x)
e Try—aj2-1/4

(4.34)
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For any polynomial 0 < Q € P, with [ a fixed integer, we can write

G (xx)

_ [ @n =) pw(w, X) Q) = (am — x5) P (W, i) Q (i) X" g (X)u(x) dx
I X — X Q)

and G (¢) is a polynomial of degree m + Im. Thus, using Lemma 10, we have
1/q

<,

Tom

q l/q
dr ,
where 0 < 6 < 6 < 1 and I, = lc amm~2, Oa,,). Then we obtain

q 1/q
B < (/ dt)
1
q 1/q
+(/ (v A g — ) p(w, t)Q(t)/ K@ dt)
I; n

G (xx)
r+y 0t/2 1/4

G(t)
prEvEr Yy

Z AXxp

t7r7y+a/2+1/4/ (am—x)pm(w,x)xr(gu)(x)d
I”'l

X —1

Om
om I, - Z)Q()C)
B+ By (435)

Let us estimate the term Bp. By (4.7) we have

|;4v(x)| = | pm(w, )\ wx)vVx(a, —x) <C, x €.
1

Moreover, under the assumptions (3.5), t_r_y+%+% € L9and V571 ¢ L?, we
can apply (4.31), obtaining
q 1/q
dt)

By < /
In
3

< CanllgllLa,)- (4.36)

sr-v g+l / (an =) A8 i g
X —1

3~ q 1/q
<c (/ \(am - x)ZA(t)g(r)\ dr)
I"l

In order to estimate B, we can construct a polynomial Q € P;, such that Q(x) ~
x"u(x) for x € I,. So, using (4.7), we have

Y2 A (G ) (w, D O(0)| < Capl
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Then, by (4.31), we get

BzSCagﬂ(/ / EACOICTIN
I, 11, & —10)0(x)

So, taking into account (4.36), (4.37) and (4.35), it follows that

(1.

and combining this last inequality with (4.34) and (4.33), the first term in (2.4) is
bounded by

q 1/q
3/4
dr) <Ca)*lglroq,y. (437

G(1)

q 1/q
ca3l
Tty —a/2—1/4 dl) < Cap llglliLa,)

1/p

J
C| D Axkl ful” (x)

k=1

Therefore, recalling (4.22), we have that (3.5) implies (3.4).

In order to prove that (3.4) implies (3.5) we use arguments similar to those in the
proof of Theorem 4. Therefore, we are going to show only the main steps. Considering
the function f] as in (4.27) we can write

1/p

1L, -, fOUll poreanm-21 < 1L5 (. fOull, <C{ D Axlfiul’Ge) | .

1<xp<2

where [can,m™2,1] = [0,1] N I,,. Recalling the expression of E;‘n’,(w, f1,x) for
x € [camm™2, 1], with

A | = [ pm(w, X) Y wx)Vx (@ — x),

we obtain
1/p
a1 Axgl frul(xx)
|Av"TY 2 N Lriaym-2.1] Z ﬁfc Z Axg] frul? (xe)
1<q<2 X, YT 1<x<2
(4.38)
Now, to simplify the notation, we set
1/ 1/p
(Axk)
a = ————. b= (AP fud). bWy = D b
X, rTrTa 1<x<2

@ Springer



258 G. Mastroianni et al.

Hence (4.38) becomes

~ a1 by
[Av"™TY T2 4||L1’[camm*2,l] Z ak”b”* <C, C#Cm. 1)
l<xy<2 "= 7P
Taking the supremum on b, we get
1/q
e _a_ 1
HAY Y =5 3 e gm2y [ D, il ] <C.
1<x;<2

o

which implies r +y — 5 — le > —%, taking into account that, by (4.7), X(x)| <

C,x € [camzm 2, 1].
Analogously, considering the function f, defined in (4.30), we get

/g
e _a_ 1
1AV 2 %y [ DD lal?]  <C,
O<xr<l1
ie.
1/q
T o+ _a_ 1 AXk
AV =274 o1 2) z Fy—a2=1/hq <C,
O<xp <1l *k

whence —r —)/nt%—i—}t > —% thatisr +y — 5 —% <1l- %,Whichcompletes the

proof. O

Proof of Theorem 5 Since ‘f(i)‘ is quasiincreasing on [0, o, ], withi € {0, 1, ..., r—
1} and &, = a,,/m?, using the Holder inequality, we have

. . . . . ®m .
ap VTP ‘f(’)(O)‘ < Cap7HYP ‘f(’) (%m)‘ < Cabfwl/p*l/x ‘f(’)(x)‘dx
-
<Calt H (i) '
< Couw ™ |/ LP[ ]
Recalling a formula in [3, p.15], it follows that
. 1 . -1 _
a7 OO = Colh 1 Nrpeg g+ Com T | 100
2 Ym

7 r—1 B B
<C ||fu||Lp[o%’am] +C ( me) Hf(r l)(pr L,

Lp[uTm»am]
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So inequality (3.7) becomes

Vam.
A/ Am Ve Q(;(fv t)u,p
“E;;’r(uhf)bt“pfc ||ful|p+( " o Wdl

() e

m

(4.39)

LP[0,am]

Let Py € Py, with M = I;%J, be a polynomial of quasi best approximation for

f e Ll andset Q = L£* (w, Py). Hence, by (4.39), we get

m,r

Jan
A/Qm)l/p m Q(Z(f_ Qa[)u,p dr
0

I =L5, w, Hlully < C [ ICf=0)ull, + (7 e

()l -orrenn

m

LP[0,0t]

Now, to estimate the first summand at the right-hand side we can use (2.12) and (2.8).
For the second summand we note that

Q3(f = 0Dy = 3 Dy +1° | 090" \p
So, by (2.13), taking into account that

m 825(f, Du,p fan\ /P 5 25(f, Du,p

—_—dt < | — —1xi, dz,
0 t m 0 1+ /p

inequality (3.8) follows. O
Proof of Corollary 6 Proceeding as in the proof of Theorem 5, since | f (i)| is quasi
increasing on [0, o, ], withi € {0, 1,...,r — 1} and o, = am/m2, and f € er(u),
we get

e
a7 | FOO) = Coly 1 f Moo a1 + Con™ | £

o
LP[Z5 o]

Aam ' r) r
50||fu||Lp[a5n,am]+C(V ) e

(4.40)

m Lp[aTm,am] .

Hence, by (3.7), (2.6) and (4.40), we obtain (3.9).
Now, in order to prove (3.10), let Q = ﬁfn,r(w, Py), where Py € Py, with

M = {%J, is a polynomial of quasi best approximation for f € L!. By (3.9) we

have
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ILf = e o OIull, <CIS = Qull, + [ L5 (w. f = Q)
=Clf - Oull, + (M) [ rO9u] + (*/“_’") [0"¢'ul

m m P
Using Lemma 1, (2.10) and (2.6), we obtain (3.10). O
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