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Abstract
A series of one-dimensional compression tests up to 60 MPa were conducted to study the compression behavior and particle 
breakage for carbonate sand and quartz sand in different locations. The results show that at high stress, particle breakage is 
the main factor of compression, and the carbonate sand from South China Sea is the most compressible and easily crushed 
for its angular particle shape, smaller single particle strength, and higher calcium carbonate content. A relationship between 
applied stress and plastic work considering particle breakage was established by taking Hardin’s relative breakage index 
Br as an intermediate variable, and a compression model is developed which could describe the compression deformation 
caused by crushing. At the same time, the proposed model is also applicable to the whole compression process, and it could 
well describe the results of test in this paper and in previous studies.
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Introduction

Carbonate sand is a sediment composed of calcium carbon-
ate or other insoluble substances. It is primarily distributed 
in tropical continental shelves and coastlines or sub-tropical 
regions (Holmes 1978). In recent years, the carbonate sand 
is widely used as foundation of buildings and roads or con-
struction materials. Due to carbonate sand presents char-
acteristics of high void ratio, irregular particle shape and 
high crushability (Semple 1988; Brandes 2011; Zhou et al. 
2019), particle breakage significantly affects the deforma-
tion characteristics of carbonate sand which gives rise to a 
series of problems to foundation stability and engineering 
safety. Therefore, the compression caused by crushability 
of carbonate sand has been under active investigations by 
many researchers and engineers (McDowell 2002; Kikumoto 
et al. 2010; Al Hattamleh et al. 2013; Xiao et al. 2017; Lin 
et al. 2020).

In one dimensional compression, particle breakage is the 
main internal factor contributing to the reduction of volume. 
In order to investigate the influence of particle breakage on 
one dimensional compression, De Souza and Roberts (1958) 
first defined a yield point and stated that beyond which the 
particle breakage becomes significant through loading a high 
stress of 138 MPa. Later studies confirmed that the com-
pression mechanism before and after the yield point could 
be considered as particle rearrangement and particle crush-
ing, respectively (Roberts 1965; Hardin 1985; Coop 1990; 
Hagerty et al. 1993; McDowell and Bolton 1998; Chuhan 
et al. 2003; Wils et al. 2015). Moreover, Nakata et al. (2001) 
related the statistics of individual particle crushing with the 
compression line curvature, providing a more convincible 
understanding about the nature of compression for crushable 
soils. Xiao et al. (2017) established the empirical correla-
tions between the Hardin’s relative breakage index Br with 
the changes in stress, strain, and input energy based on one-
dimensional compression tests.

For crushable sand, such as carbonate sand, it is funda-
mental to have an understanding of the impact of particle 
breakage on soil compression behavior, which is expected 
to evaluate the foundation settlement accurately, especially 
when the soils are subjected to high stresses. Some of the 
existing compression models could be used to simulate the 
compressibility at high stress levels.
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yielding and S1D is a constant at this stage; after yielding, S1D 
varies with stress and should be determined by extra six 
parameters pertaining to soil crushability.

Pestana and Whittle (1995) developed an elaborated 
elasto-plastic model with four parameters through assum-
ing that the tangent bulk modulus as the function of cur-
rent void ratio (e) and effective stress ( �′

v
 ), which suc-

cessfully predicted the loading and unloading compression 
behavior.

Meidani et al. (2017) made an assumption of active and 
inactive void ratios whose decrease are induced by particle 
rearrangement and crushing respectively, and proposed a 
two-parameter model based on the linear relation between 
“de/dσ'v” and “e,” the model performs well when ��

v
 < 8 MPa 

for calcareous sands. Nevertheless, it is still a problem worth 
studying to consider the impact of particle crushing on soil 
compression, especially under high pressure.

In this paper, based on one-dimensional compression tests 
under 60 MPa for the carbonate sand and quartz sand, the 
yield stress “σb” at yield point (De Souza and Roberts 1958) 
of different sand is determined. For the post-yield loading 
stage, i.e., σ′v > σb, taking Br as the intermediate variable, a 
compression model considering particle breakage is estab-
lished. Experimental results show that the model is also 
applicable to the case where σ′v < σb.

Materials and test procedure

Sample preparation

The carbonate sands tested in this paper are from South 
China Sea (SC) and Arabian Gulf (AG). In addition, a type 
of quartz sand (QZ) obtained from Tianjin, China is pre-
pared for contrast. Figure 1 shows the scanning electron 
micrograph (SEM) of these sands. It can be seen that the 
sand particles of SC are most angular and contain a large 
amount of intraparticle voids. By contrast, the particles of 
AG are sub-angular with smooth surfaces, and the shape of 
the particles of QZ are similar to that of SC.

The chemical components of the sands are studied by 
energy-dispersive X-ray spectrometry (EDS), as shown in 
Table 1, the calcium carbonate content  (CaCO3) for sample 
SC, AG, QZ are 91.85%, 80.93%, and 4.73%, respectively. 
The predominant chemical compositions in the quartz sand 
are silica  (SiO2), with the value of 86.6%.

Five kinds of oven-dried specimens were prepared and 
tested, and the particle size distributions (PSD) are shown in 
Fig. 2. According to ASTM (2017), the tested specimens are 

all poorly graded. SC1 and SC2 were carbonate sands from 
South China Sea with different medium grain sizes of 0.4, 
0.15 mm; AG4 represented the carbonate sand from Arabian 
Gulf; SC3, which was graded identically with AG4, was 
made of the carbonate sand from South China Sea; QZ5, the 
quartz sand with the same PSD as that of SC1, was prepared 
for contrast with SC1.

The physical and single particle mechanical proper-
ties indexes of the tested materials are reported in Table 2 
(ASTM 2014; ASTM 2016a; ASTM 2016b; ASTM C136 
2019). Single particle crushing tests were carried out 
for 1–2-mm diameter selected from three kinds of sand. 
For each kind of sand, 30 particles are investigated, with 
reference to Nakata et al. (1999), McDowell and Amon 
(2000) and Xiao et al. (2020). The single particle strength 
σ is obtained according to the method proposed by Jaeger 
(1967),

where F is the value of the maximum peak loading measured 
in the single particle crushing test. d is the distance between 
the platens at the start of the single particle crushing test. 
Taking the average value of 30 particles as the single particle 
strength σ.

As seen in Table 2, the largest single particle strength 
is quartz sand, followed by Arabian Gulf sand, and South 
China Sea carbonate sand. In addition, the values of Mohs 
hardness are cited from Mohs (1825).

Since this test mainly studies the impact of particle crush-
ing on compression, the tested sands in this study were air 
dried sands. The tested specimens were 61.8 mm in diameter 
and 20 mm in height. Each specimen was designed to com-
press at Dr = 45%, 60%, and 75% prepared by the tapping 
method of Ladd (1978). Air dried sand was divided into two 
layers, the solid mass for each layer mL at a given relative 
density Dr is calculated as:

where ρd is the dry density of specimen at given relative 
density; ρdmax , ρdmin are the maximum and minimum dry 
density, respectively; V is the volume of specimen.

Then, each layer was placed into the mold lined with 
0.3-mm-thick rubber membrane through a zero-drop-height 
funnel. To ensure the uniformity of specimen, the first layer 
is compacted to a lower density, of which the height is 
designed as 10 ~ 11.5 mm, then the second layer is placed 
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and compacted to the height of 20 mm. The target height of 
each layer was achieved by tapping the mold with a rubber 
hammer. The actual relative densities used in tests and fol-
lowing analyses are illustrated in Table 3.

Test procedure

A series of one-dimensional compression tests were carried 
out by the high pressure oedometer located in the Institute of 
Geotechnical Engineering, Tianjin University and performed 
according to ASTM (1996). The tests were conducted on 
the specimens of SC1, SC2, SC3, AG4, and QZ5 at three 
initial relative densities about 45%, 60%, and 75% to the  
target vertical effective stress of 60 MPa to get the compres-
sion properties of soils.

To investigate the particle crushing with increasing 
stress, additional tests were conducted on the specimens 
with the initial relative density of 60%. In these tests, six 
terminated stress levels of 2.0, 4.0, 6.0, 10, 20, and 40 MPa 
were applied, whose test series number are SC1-2, SC2-2, 

Fig. 1  Scanning electron microscopy (100 ×) of tested sands: a) carbonate sand of South China Sea, b carbonate sand of Arabian Gulf, and c 
quartz sand

Table 1  Chemical components of test samples

Specimen name Mass percentage, %

CaCO3 Al2O3 Fe2O3 MnO SiO2

SC1 91.85 0.9876 2.995 0.0286 4.13
SC2
SC3
AG4 80.93 2.54 2.844 0.0895 13.59
QZ5 4.73 6.108 2.564 - 86.6
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SC3-2, AG4-2, and QZ5-2. After each test, specimens were 
poured out carefully and followed by particle sieving for 
the analysis of PSD. Table 3 presents a summary of all the 
tests conducted.

Results and discussion

One‑dimensional compression behavior

The experimental ��

v
− �v curves for tested specimens with 

different relative densities, subjected to the elevated vertical 
effective stress of 60 MPa, are shown in Fig. 3a, c, and e. All 
the trend lines represent that volumetric strain increases with 
an increase of �′

v
 , and at a given stress, the volumetric strain 

is less for each specimen with higher initial relative density. 
The corresponding e − log�

�

v curves are plotted in Fig. 3b, 

d, and f. Notably, it could be found that the e − log�
�

v curves 
for each specimen with different initial relative densities 
converge into a unique line, which is called the limiting 
compression curve (LCC) by Pestana and Whittle (1995), 
indicating that the effect of initial relative density on com-
pression is eliminated at relatively high stresses.

Different characteristics of sands from different 
locations

Figure 3a and b compare the compression behavior for speci-
mens SC1 and SC2, of which the medium grain sizes are 
0.4 mm and 0.15 mm, respectively. From ��

v
− �v curves, 

the produced volumetric strain of SC2 is less than that of 
SC1 at a given �′

v no matter what the initial relative density 
is. This phenomenon could be explained by more preexist-
ing fissures and crystal imperfections in larger grain size 

Fig. 2  Original particle size dis-
tributions of tested specimens

Table 2  Physical and mechanical properties of tested samples

* The values are referenced from Mohs (1825)

Specimen name Specific 
gravity, 
Gs

Medium grain 
size, d50 (mm)

Uniformity 
coefficient, 
Cu 

Curvature 
coefficient, 
Cc

ρdmax (kg/m3) ρdmin (kg/m3) Mohs 
hard-
ness*

Single particle 
strength (1–2 mm) 
(MPa)

SC1 2.79 0.40 3.20 1.10 1.523 1.205 3 15.3
SC2 2.79 0.15 3.15 1.20 1.853 1.393
SC3 2.79 0.13 3.35 1.08 1.569 1.234
AG4 2.79 0.13 3.35 1.08 1.806 1.522 17.9
QZ5 2.65 0.40 3.20 1.10 1.863 1.541 7 22.5
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Table 3  Test settings and results

The tests are numbered according to the initial relative density and target vertical effective stress. For example, test SC1-2–60 indicates the spec-
imen SC1 with the second kind of initial medium; relative density was subjected to the terminal vertical effective stress of 60 MPa

Specimen name Test series Dr (%) Terminated stress 
σ΄v (MPa)

Relative breakage 
index, Br (%)

Total input work, 
Wp (MPa)

Yield stress σb 
(MPa)

Wp1 (MPa)

SC1 SC1-1–60 48 60 37.27 8.428 2.2 0.055
SC1-2–60 57 60 36.93 8.539 2.4 0.060
SC1-3–60 79 60 35.97 7.668 3.5 0.093
SC1-2–2 57 2 2.81 0.043 - -
SC1-2–4 56 4 5.03 0.140 - -
SC1-2–6 57 6 6.34 0.269 - -
SC1-2–10 57 10 9.37 0.680 - -
SC1-2–20 56 20 18.10 1.962 - -
SC1-2–40 58 40 29.48 5.234 - -

SC2 SC2-1–60 49 60 19.57 6.912 6.0 0.221
SC2-2–60 60 60 19.89 6.240 6.7 0.249
SC2-3–60 72 60 22.00 7.642 7.1 0.261
SC2-2–2 60 2 1.91 0.024 - -
SC2-2–4 61 4 3.68 0.107 - -
SC2-2–6 60 6 4.23 0.205 - -
SC2-2–10 60 10 5.80 0.533 - -
SC2-2–20 59 20 8.99 1.462 - -
SC2-2–40 60 40 15.60 3.651 - -

SC3 SC3-1–60 38 60 24.94 8.619 3.5 0.086
SC3-2–60 53 60 21.47 7.712 3.8 0.096
SC3-3–60 79 60 21.37 8.582 6.0 0.068
SC3-2–2 54 2 1.19 0.040 - -
SC3-2–4 54 4 3.29 0.109 - -
SC3-2–6 55 6 4.81 0.214 - -
SC3-2–10 53 10 6.19 0.523 - -
SC3-2–20 54 20 8.73 1.686 - -
SC3-2–40 53 40 15.77 4.818 - -

AG4 AG4-1–60 46 60 16.95 6.620 13.0 0.411
AG4-2–60 60 60 16.80 6.358 14.1 0.488
AG4-3–60 71 60 16.57 6.427 14.6 0.438
AG4-2–2 60 2 1.07 0.008 - -
AG4-2–4 61 4 1.54 0.069 - -
AG4-2–6 60 6 2.01 0.137 - -
AG4-2–10 61 10 3.06 0.317 - -
AG4-2–20 60 20 7.03 0.976 - -
AG4-2–40 61 40 14.35 3.278 - -

QZ5 QZ5-1–60 33 60 14.60 6.549 12.8 0.477
QZ5-2–60 60 60 14.17 6.309 17.7 0.664
QZ5-3–60 71 60 13.75 5.213 18.4 0.758
QZ5-2–2 60 2 0.85 0.016 - -
QZ5-2–4 59 4 1.11 0.039 - -
QZ5-2–6 60 6 1.62 0.074 - -
QZ5-2–10 61 10 4.14 0.215 - -
QZ5-2–20 60 20 6.09 0.889 - -
QZ5-2–40 60 40 11.28 3.310 - -
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Fig. 3  One-dimensional compression behavior for five specimens: (a), (c), (e) volumetric strain versus vertical effective stress curves; (b), (d), 
(f) void ratio versus vertical effective stress curves
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particles, so it could be easily crushed (Zhang et al. 1990; 
Chuhan et al. 2003).

Comparisons are made between specimens SC3 and 
AG4 with the same grading curve (Fig. 3c, d), which are 
both the carbonate sand based on the classification system 
in Clark and Walker (1977), but located in different marine 
areas of South China Sea and Arabian Gulf, respectively. 
It was obvious that during the whole loading process, the 
volumetric strain of SC3 is larger than that of AG4 no matter 
what the initial relative density is. When the stress increases 
to 60 MPa, the highest total volumetric strain of SC3 com-
pressed at three initial relative densities up to 40%, and that 
of AG4 is 27%, indicating that the carbonate sand of South 
China Sea would experience more deformation and be easily 
compressed than the carbonate sand of Arabian Gulf. The dif-
ferences may come from different calcium carbonate content, 
different particle angularity, and single particle strength.

In addition, comparisons between SC1 and QZ5 are 
showed in Fig. 3e and f. It could be found that the increas-
ing of εv with �′

v is obviously faster in carbonate sand than 
in quartz sand, and the maximum final volumetric strain of 
QZ5 is 27%, which is much smaller than that of SC1 up to 
44%. Moreover, from the e − log�

�

v curves, the void ratio of 
QZ5 decreases much slowly before 10 MPa than that of SC1, 
which further validates that carbonate sand has higher com-
pressibility than that of quartz sand due to the large amount 
of particle breakage, which is validated later in this paper.

Yield stress determined from the e − log�
�

v
 plot

The “yield point” defined by De Souza and Roberts (1958) 
was determined as the point of maximum curvature in the 
e − log�

�

v curves. The yield points in tests are shown in 
Fig. 3 (marked as red star symbols), and the corresponding 
yield stresses �b are listed in Table 3.

Figure 4 shows the relationship between the yield stress 
�b with respect to the initial relative density for each sand 
specimen. Apparently, a strong positive linear relation could 
be observed between the two variables, that is, the particle 
crushing initiates at a much lower stress in loose sand than in 
dense sand. This can be explained by the fact that the coor-
dination number increases with increasing relative densities. 
Particles are imposed on smaller average contact stress for 
the large amount of particle contacts in a denser configura-
tion, which results in the ability of resisting particle crushing 
intensifies (Hendron Jr 1963; Coop and Lee 1992; Mesri and 
Vardhanabhuti 2009).

Moreover, the figure shows that the carbonate sands from 
South China Sea have the lower yield stresses, and the yield 
stresses of QZ5 and AG4 are obviously higher than those of 
carbonate sand specimens SC1 and SC3, though they have 
the same PSDs. Combining the analysis of compression 
behavior in Fig. 3, it could be found that a low yield stress 
is significative of high compressibility.

Fig. 4  Linear correlation 
between the yield stress and 
initial relative density for five 
specimens. ( pr is the refer-
ence pressure with the value of 
1 MPa)
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Particle size distributions and particle crushing

After tests, the PSD curves are plotted in Fig. 5 to determine 
the particle breakage. In this study, the relatively breakage 
index Br proposed by Hardin (1985) was used to assess par-
ticle breakage. Br is defined as,

where Bp is the breakage potential, which is determined 
by the area between the initial gradation curve, and the 
vertical line representing the lower limit of particle size 
d = 0.074 mm; Bt is the total breakage, equal to the area 
between the initial and final gradation curves (Fig. 6).

The relative breakage index Br determined from the grad-
ing curves in Fig. 5 is listed in Table 3. Figure 5a (1–5) 
shows the PSD before and after 60 MPa applied under dif-
ferent initial relative density. It could be found that the initial 
relative density has almost no effect on the amount of broken 
particles at the end of the test, which is different with that 
at low stress levels proposed by Xiao et al. (2017). This 
fact demonstrates that the effect of initial relative density 
on compression will be reduced and eventually eliminated 
when subjected to high stresses. In addition, at 60 MPa, the 
relative breakage index Br of SC1 is the largest, reaching 
36%, significantly higher than that of SC2 (Br = 18%) and 
SC3 (Br = 21%), which are both carbonate sand from South 
China sea but with smaller medium grain size; the relative 
breakage index Br of AG4 is 16.5%, smaller than that of 
same graded specimen SC3 (Br = 21%). For the relative 
breakage index Br of QZ5, it is much smaller (Br = 14%) 
than that of the same graded specimen SC1(Br = 36%). It is 
because that carbonate sand has more angular particle shape, 
smaller single particle strength, and higher calcium carbon-
ate content, which are recognized as the internal factors that 
lead to the high crushability of carbonate sand (Nakata et al. 
2001; Wang et al. 2021).

The evolutions of PSD for test series of SC1-2, SC2-2, 
SC3-2, AG4-2, and QZ5-2 with the relative density about 
60% are shown in Fig. 5b (1–5). For each given specimen, 
the PSD curves appear a gradual change deviating from the 
initial grading curve, indicating that particle breakage extent 
intensifies as the stress increases.

The relationship between Br and vertical effective stress 
�

′

v
 is shown in Fig. 7. It could be found that the curve of 

specimen SC1 lies high alone departing from other curves 
since its Br is much larger than that of other specimens at 
each given stress, implying the great particle crushability 
of SC1. From the enlarged graph, it can be seen that at low 
stress levels, the trend lines of SC1, SC2, and SC3 are con-
vex upward which are different from that of AG4 and QZ5, 
this might be due to that the carbonate sand from South 

(4)Br =
Bt

Bp

China Sea would experience significant particle crushing 
even at the low stress compared to the Arabian Gulf’s sand 
and quartz sand.

Many people have studied the evolution of Br with the 
changes in applied stress subjected to one-dimensional com-
pression or isotropic compression, the fitting form including 
power-law, inverse-exponential law, and hyperbolical func-
tion (Yan and Shi 2014; Mun and McCartney 2017; Xiao 
et al. 2017). The inverse-exponential form is used in this 
paper:

where � and � are material coefficients As ��

v
→ ∞ , then 

Br → � . It means that a limit state of particle breakage 
exists, which is consistent with the discussion of break-
age mechanics in Einav (2007). For the parameter � , when 
� → 0 , then Br → 0 . It means that when particles do not 
break, the Br of soil tends to 0. The fitting curves (dashed 
lines) for each specimen are plotted in Fig. 7, and the values 
of � and � are listed in Table 4 with good R2 value varying 
from 0.9759 to 0.9987.

From Figs. 3 and 7, it could be found that the more par-
ticle breakage is subjected, the greater the compressibility 
of soil, which can be explained by the fact that the initially 
compression in sand is limited due to grain-scale frictional 
slip, rotation, and sliding. But if the effective stress is high 
enough, crushing of the particles becomes prominent, which 
could generate large relative motions between sand particles, 
consequently result in large deformation (e.g., De Souza and 
Roberts 1958; Hagerty et al. 1993; Chuhan et al. 2003; Al 
Hattamleh et al. 2010).

A compression model for crushable sand

Derivation of the compression model for post‑yield 
stage

The plastic work is considered as a comprehensive index 
that incorporates the material characteristics including grain 
size distribution, grain strength, and particle shape, as well 
as the stress level (Yu 2017). The relationship between the 
plastic work and particle breakage is concerned by many 
people. Miura and Sukeo (1979) proposed an S-type model 
to describe the increasing trend of surface area with the plas-
tic work per unit volume for triaxial test; Lade et al. (1996) 
derived a new crushing parameter B10 and correlated it with 
the total input energy per unit volume in a hyperbolic model; 
Wu et al.(1997) discovered a unique correlation between 
the relative breakage index Br and the plastic work based on 
the triaxial tests for artificial calcareous sands, regardless of 
the test conditions and stress paths; moreover, Xiao and Liu 

(5)Br = �
[

1 − exp(−��
�

�
)
]
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Fig. 5  Evolutions of particle size distribution (a): with different initial relative densities at the high stress up to 60 MPa; (b): with increasing 
stress at the medium relative density
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(2017) defined a breakage factor pertain to d50 for rockfill 
materials during triaxial loading and made a correlation with 
the plastic work in an exponential function.

During one dimensional compression, the incremental 
plastic work per unit volume is defined as:

where �v and �ve are the total volumetric strain and elas-
tic volumetric strain and �′

v
 is the vertical effective stress. 

In general, the magnitude of elastic volumetric strain is so 
small compared to the total volumetric strain that can be 
neglected for dry granular soils, especially when subjected 
to significant particle crushing. Therefore, Eq. (6) can be 
simplified as:

(6)dWp = �
�

v
d�� − �

�

v
d��e

The total volumetric strain �� could be divided into two 
components, termed as ��1 and ��2 , which are produced 
before and after yielding mainly resulted from particle 
movements to adjust particles position and particle break-
age, respectively. It means,

Combining the terms ��1 and ��2 with Eq. (7), the corre-
sponding plastic work Wp1 and Wp2 can be obtained, which 
represent the plastic works inputted before and after the 
yield stress, see Fig. 8. It could be expressed as,

(7)dWp = �
�

v
d��

(8)�v = �v1 + �v2, �v1�
[

0, �b ), �v2�
[

�b , �c)

Fig. 5  (continued)
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(9)Wp = Wp1 +Wp2

(10)Wp1 = ∫
�b

0

�
�

v
d�v1 in which �b is the volumetric strain at the yield stress �b.

Because Wp2 is the plastic work mainly for particle 
breakage, there could be a relationship between the particle 

(11)Wp2 = ∫
�c

�b

�
�

v
d�v2

Fig. 6  Definition of relative 
breakage index Br (Hardin 
1985)

Fig. 7  Variations of the relative 
breakage index with increas-
ing terminated stress for five 
specimens
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breakage Br and Wp2 . In this paper, the model proposed by 
Wu et al. (1997) is used,

It could be written as

where � , � are parameters.
Figure 9 shows the relationship between the relative 

breakage index Br and the corresponding plastic work Wp2 
for five specimens whose relative density is about 60%. 
From the figure it could be found that the proposed model 
can better express the relationship between them. The value 
of � , � are listed in Table 4. The coefficient � reflects the rate 
of increase and therefore represents the crushability of tested 

(12)Br = �(Wp2)
�

(13)Wp2 = F(Br) = (
Br

�
)

1

�

specimens, that is, the more crushable the specimen is, the 
larger value of � would be obtained.

Substitute Eq. (5) into Eq. (13), the relationship between 
Wp2 and �′

v
 can be induced through making the relative 

breakage index Br as the transitional variable.

where A =
(

�

�

)
1

�, B = � , Γ =
1

�
 , the values of A, B, Γ are 

listed in Table 4. Although Br does not show up, this equa-
tion reflects the energy used for particle breakage at a given 
vertical effective stress.

Figure 10 shows the evolution of the plastic work Wp2 
with the vertical effective stress �′

v
 at three initial relative 

(14)
Wp2 =

(

�

�

)
1

�
[

1 − exp(−��
�

�
)
]

1

�

= A
[

1 − exp(−��
�

�
)
]Γ
, �

�

v
≥ �b

Table 4  Values of parameters Function Parameter SC1 SC2 SC3 AG4 QZ5

Br = �
[

1 − exp(−��
�

v
)
]

   α 49.92 26.90 30.33 30.76 20.89
� 0.0224 0.0213 0.0196 0.0138 0.0190
R2 0.9987 0.9817 0.9775 0.9759 0.9911

Br = �
(

Wp2
)�   � 13.20 8.96 8.55 9.48 8.88

� 0.483 0.443 0.416 0.339 0.264
R2 0.9970 0.9911 0.9591 0.9751 0.9979

Wp = A
[

1 − exp(−��
�

v
)
]Γ   A 15.71 11.96 20.98 32.20 25.54

B 0.0224 0.0213 0.0196 0.0138 0.019
г 2.070 2.257 2.404 2.950 3.788

Fig. 8  Schematic diagram of the 
calculation of the plastic work

89   Page 12 of 23 Bulletin of Engineering Geology and the Environment (2022) 81: 89



1 3

densities for five specimens. All the regression parameters 
R2 exceed 0.99, illustrating that Eq. (14) gives an excellent 
fitting to the experimental results.

Meanwhile, for one dimensional compression, the incre-
mental volumetric strain d� is expressed by the incremental 
void space as

in which e0 is the initial void ratio. At the same time, the void 
ratio e for loading can be written as a function of the vertical 
effective stress �′

v

then the incremental volumetric strain can be given by

Introducing Eqs. (14) and (17) into Eq. (11) yields

then taking the derivative of the vertical effective stress on 
both sizes of the equation, follows:

(15)d� = −
de

1 + e0

(16)e = f
(

�
�

v

)

(17)d� = −
f
�(

�
�

v

)

1 + e0
d�

�

v

(18)

A
[

1 − exp
(

−𝛽𝜎
�

v

)]Γ
= Wp2 = −

1

1 + e0∫
𝜎
�

v

𝜎b

𝜎
�

v
f
�(

𝜎
�

v

)

d𝜎
�

v
, 𝜎

�

v
> 𝜎b

e0 is the initial void ratio. A, B, Γ are model parameters. 
To this end, Eq. (19) can well describe the change of void 
ratio by particle breakage.

Taking SC2 (Dr = 60%) as an example, Fig. 11 shows the 
relationship between the total plastic work Wp and �′

v
 , the red 

star in this figure represents the yield point. The dashed line 
in the figure uses the model of Eq. (14) (the same as that 
in Fig. 10b). A, B, Γ are consistent with the values listed in 
Table 4. It can be seen that when 𝜎′

v
> 𝜎b , a good match can 

be obtained. But in the range of �′

v
≤ �b , the fitted value is 

significantly higher than the tested value, for the reason that 
the effect of crushing is taken into account in Eq. (14), which 
overestimates the plastic work without crushing.

The compression model for whole stage

It can be seen from the above analysis that the compres-
sion deformation caused by particle crushing can be better 
described by plastic work using Br as an intermediate vari-
able. Considering that the compression deformation caused 
by particle position adjustment can also be expressed by 
plastic work ( Wp1 ), therefore the form of Eq. (14) is also used 
to describe the Wp − �

�

v
 curve in the whole range of stress, 

(19)

de

d𝜎
�

v

= f
�(

𝜎
�

v

)

= −ABΓ
1 + e0

𝜎
�

v

exp
(

−B𝜎
�

v

)

[

1 − exp
(

−B𝜎
�

v

)]Γ−1
, 𝜎

�

v
> 𝜎b

Fig. 9  Relationship between 
the relative breakage index and 
the plastic work Wp2 for five 
specimens
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and the parameters are obtained by data fitting method. The 
fitting results are shown in Fig. 12. As can be seen from the 
figure, a good fitting can be obtained with all the coefficients 
R2 exceed 0.999 (Table 5).

Herein, the three parameters are rewritten as At, Bt, Γt  from 
data fitting for Wp − �

�

v
 to distinguish from the corresponding 

parameters A, B, Γ from breakage evaluation for Wp2 − �
�

v
 

curves. To this end, it could be convincible to give the com-
pression model for the whole stress range of validity, as

(20)

de

d𝜎
�

v

= −AtBtΓt

1 + e0

𝜎
�

v

exp
(

−Bt𝜎
�

v

)[

1 − exp
(

−Bt𝜎
�

v

)]Γt−1
, 𝜎

�

v
> 0

From which, it has only three parameters pertaining to 
sand properties and can be numerically integrated from the 
initial loading condition ( �′

v
→ 0 , e0 ), eluding the extra pro-

cedure to identify the yielding point on each compression 
curves. In addition, it could be observed that as ��

v
→ ∞ , the 

extreme condition induce the same result of de
d�

′

v

→ 0 , implic-
itly reflecting the existence of asymptotic void ratios at 
extremely high stresses.

The one dimensional compression lines described by 
Eq. (20) with the three model parameters listed in Table 5 
are compared to experimental results for the five tested spec-
imens at three initial relative densities in semi-logarithmic 

Fig. 10  Evolution of the Wp2 with the vertical effective stress at three initial relative densities for five specimens
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space. As can be seen in Fig. 13, the model lines agree very 
well with the experimental data.

In addition, 8 groups of sands presented in previous litera-
tures are used to verify the proposed model, see Fig. 14. It could 
be found that all the model curves have a good match with 
the data points, regardless of the mineral, grain size, gradation, 
initial density, single particle strength, showing a flexibility of 
the proposed model in capturing the compression behavior for a 
wide range of sands. The physical characteristics of sands used 
and model parameters are summarized in Table 6.

Discussion of the model parameters

In this paper, Br is used as an intermediate variable to estab-
lish a compression model considering particle breakage, 
i.e., Eq. (19) for post-yield stage. In this equation, the three 
parameters A, B, Γ can be derived from the breakage behav-
ior of soil directly, i.e., the parameters are from the relation-
ship of Br-�

′

v
 and Br-Wp2.

Figure 15 illustrates the rationality of this method by 
taking SC1-2 as an example. The blue line represents the 

relationship between e and log�′

v
 obtained by the proposed 

method with the data from 𝜎�

v
< 20 MPa . The red line shows 

the relationship between e and log�′

v
 obtained by data fit-

ting method with the data from 𝜎�

v
< 20 MPa . It can be 

seen that the compression behavior of 𝜎�

v
< 20 MPa can be 

well described by the proposed method and the data fit-
ting method. But there is a big gap between the predicted 
results and the test results when 𝜎�

v
> 20 MPa for data fitting 

method when the test data were absent for fitting. How-
ever, the relationship between e and log�′

v
 obtained from 

the evaluation of particle breakage behavior have a good 
performance to predict the compression behavior of soil 
when �′

v
 > 20 MPa.

At the same time, the form of the compression model 
(Eq. 19) can also be extended to the whole loading range 
(0–60 MPa in this study) whose model parameters (At, Bt, 
Γt) need to be obtained by data fitting. To this end, the 
model proposed (Eq. 20) in this study can better describe 
the test results, but its accuracy in predicting the compress-
ibility of soil beyond the test range needs to be further 
confirmed.

Fig. 11  Evolution of the total 
plastic work Wp with vertical 
effective stress (SC2-2)
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Fig. 12  Evolution of the total plastic work Wp with the vertical effective stress at three initial relative densities for five specimens

Table 5  Summary of input 
parameters for the tested 
specimens in this paper

Sample name Test series Dr (%) Initial void ratio e0 Model parameters R2

At Bt Γt

SC1 SC1-1–60 48 1.0832 24.81 0.0123 1.6588 0.9999
SC1-2–60 57 1.0411 22.74 0.0141 1.7405 0.9999
SC1-3–60 79 0.9322 19.97 0.0147 1.7978 0.9999

SC2 SC2-1–60 49 0.7570 34.73 0.0076 1.6477 0.9999
SC2-2–60 61 0.7037 43.35 0.0059 1.5842 0.9999
SC2-3–60 72 0.6466 35.87 0.0085 1.7275 0.9999

SC3 SC3-1–60 38 1.0758 33.10 0.0103 1.7457 0.9999
SC3-2–60 53 1.0065 15.38 0.0208 2.0330 0.9999
SC3-3–60 79 0.8764 20.15 0.0205 2.4660 0.9999

AG4 AG4-160 46 0.6993 124.83 0.0037 1.8062 0.9999
AG4-2–60 60 0.6600 119.41 0.0036 1.7980 0.9999
AG4-3–60 71 0.6283 161.83 0.0029 1.8225 0.9999

QZ5 QZ5-1–60 33 0.6224 32.92 0.0096 1.9497 0.9999
QZ5-2–60 60 0.5411 21.93 0.0148 2.3429 0.9999
QZ5-3–60 71 0.5088 19.33 0.0125 2.0545 0.9999
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Fig. 13  Predicted one-dimensional compression lines using Eq. (20) and the experimental data for five specimens at three initial relative densi-
ties: (a) SC1; (b) SC2; (c) SC3; (d) AG4; (e) QZ5
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Fig. 14  Predicted compression lines using Eq. (20) and experimental data for different types of crushable sand
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Fig. 14  (continued)
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Conclusions

This paper investigates the compression behavior and par-
ticle breakage for carbonate sands from South China Sea, 
Arabian Gulf, and quartz sand from Tianjin, China by con-
ducting a series of one dimensional compression tests. The 
following conclusions could be inferred from the results:

1. At high stress levels, the effect of initial relative den-
sities on compression and particle breakage decreased 
and eventually eliminated, which can be verified by the 
converging e − log

�

v curves and roughly the same parti-
cle breakage extent of each specimen with three initial 
relative densities.

2. Compared to the quartz sand, carbonate sand is more 
compressible and easier to crush, which could be attrib-
uted to its angular particle shape, lower single particle 
strength and higher calcium carbonate content. At the 
same time, the more particle breakage are subjected, the 
greater the compressibility of the sand, because of large 
relative motions between sand particles resulting in large 
deformation.

3. The yield points for five specimens at each given relative 
density show that the relation between the yield stress 
with respect to the relative density is positively linear. 
In addition, the results show that the low yield stress is 
significative of high compressibility.

4. In order to consider the effect of particle breakage on soil 
compression, the relationship between Wp2 and �

′

� was 

established by taking Br as an intermediate variable, then 
the relationship between void ratio e and �′

�
 was further 

obtained. This model has a good performance in predict-
ing the compression deformation caused by crushing. It 
also shows that there is a close relationship between the 
compression deformation of sand and the plastic work.

5. For the compression deformation caused by the adjust-
ment of particle position can also be characterized by 
plastic work, thus the above model further be extended 
to the whole compression process, that is, the same 
model form is adopted to describe the soil deformation 
in the whole compression process. By obtaining the 
model parameters with data fitting method, satisfying 
results are obtained for the available experimental data 
in this paper and from other literatures. But its accuracy 
in predicting the compressibility of soil beyond the test 
range needs to be further confirmed.

Funding This work was supported by the National Natural Science 
Foundation of China (Grant Nos. 42072294 and 51890911).
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