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Abstract
Based on the upper limit theorem of limit analysis and the Hoek-Brown failure criterion and considering the adverse influence 
of the seepage force, we established a stability analysis method of analyzing the water-resistant rock mass of a karst tunnel 
face, developed a critical safety thickness criterion for water inrush caused by the instability of the tunnel face, and conducted 
a sensitivity analysis of the main influencing parameters. We defined the safety coefficient (k) of the tunnel face’s resistance 
to water-inrush instability during the tunnel excavation process and analyzed the dynamic evolution characteristics of the 
tunnel face’s stability during the tunnel construction according to the safety coefficient. We used the method introduced in 
this paper to calculate the safe thickness of the water-resistant rock mass of the Xiema tunnel face in the first horizontal line 
of the Chongqing Expressway where it is adjacent to karst cavity 268. We compared these results with the calculation results 
of a method that did not consider the adverse influence of the karst water seepage force. The results showed that the safety 
thickness of the water-resistant rock mass calculated using the method proposed in this paper more accurately conformed to 
the actual situation of the project, which can more effectively ensure the construction safety of the tunnel segment adjacent to 
the anterior, concealed, high-pressure, water-rich karst cavity. The results of this study hold great significance for improving 
the predictability and targeted prevention of water-inrush disasters in karst tunnels.

Keywords Karst tunnel · Water-resistant rock mass of the tunnel face · Stability · Upper limit analysis · Hoek-Brown failure 
criterion · Seepage force

Introduction

About 15% of the Earth’s topography is karst landforms 
(China Railway Eryuan Engineering Group CO. LTD 1984; 
Wang 2004), which are located in China, Russia, the USA, 
Germany, France, India, South Africa, the Balkan Peninsula, 
and other countries and regions. China has a vast territory, 
and karst topography is present throughout the country. 
Southwestern China has the largest contiguous area and the 

most strongly developed karst in the world (Li et al. 2017). 
In the areas with strong karst development, the limestone-
dominated rock masses are corroded, eroded, and replenished 
by groundwater, and karst structures such as water-rich karst 
cavities and underground rivers are formed. In tunnel engi-
neering, when the excavation is at a certain thickness in front 
of a high-pressure, water-rich karst cavity behind the tunnel 
face, if the construction is not stopped or measures such as 
pre-reinforcement are not taken, the combined effects of the 
hydraulic pressure and the excavation disturbance likely will 
cause the water-resistant rock mass of the tunnel face to col-
lapse, resulting in a water-inrush disaster (Guo et al. 2017). 
Therefore, a sufficient safety thickness should be reserved to 
ensure the stability of the water-resistant rock mass of the 
tunnel face when constructing tunnels in high-risk, water-rich 
karst areas (Zhou et al. 2021).

At present, relevant experts and scholars have conducted a 
series of beneficial studies of the safety thickness of the water-
resistant rock masses of the karst tunnel faces, and they have 
made positive progress. In combination with specific projects, 
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Gan et al. (2007) proposed a reasonable range of safety thick-
nesses for the rock wall of the karst tunnel face considering 
factors such as excavation relaxation, karst water-bearing fis-
sure expansion, and ground stress, but the stability criterion 
was not given. Based on the theories of rock hydraulics and 
fracture mechanics, Li et al. (2010) analyzed the water rock-
interaction mechanism of karst tunnels and the mechanical 
control of karst water on the stability of the surrounding rock, 
and they derived a semi-analytical solution expression for the 
minimum rock stratum water-resisting thickness of the tun-
nel face. Sun and Liu (2011) established a folding catastrophe 
model for the water-inrush instability of a tunnel face, and they 
derived an equation for the minimum safety thickness accord-
ing to the catastrophe characteristics of water inrush resulting 
from tunnel face instability. Guo and Qiao (2012) analyzed the 
fracture propagation mechanism after the rock mass of the tun-
nel face became unstable under high-pressure karst water from 
the perspective of fracture mechanics, and they established an 
equation for the safety thickness of the rock mass of the tunnel 
face based on the critical hydraulic pressure. Peng and Liu 
(2015) used numerical simulations to analyze the mechanism 
of unstable water inrush in tunnels and to provide the safety 
thickness of water-resistant rock masses of karst tunnel faces 
for different hydraulic pressures and different surrounding rock 
grades. Based on model tests, Jiang et al. (2017) provided the 
minimum safety thickness for a water-resistant rock mass 
under different conditions and analyzed the influence of the 
law of ground pressure and karst hydraulic pressure on the 
stability of the tunnel face. To study the instability mecha-
nism of the water-resistant rock mass of a tunnel face, Huang 
et al. (2019) established an attribute identification model for 
the safety thickness risk assessment of a water-resistant rock 
mass. Most of these described studies were based on the tradi-
tional elastic-plastic mechanical method, which uses the stress-
strain method to describe the deformation and failure processes 
of a water-resistant rock mass and to establish the strength 
theory, but this does not conform to the actual situation of the 
rock mass. In fact, the failure of the water-resistant rock mass 
of a karst tunnel face is an instability phenomenon driven by 
energy, and its essence is the process of energy dissipation and 
release. Only by judging the stability of the water-resistant rock 
mass from the perspective of an energy balance can the stabil-
ity of the water-resistant rock mass of the karst tunnel face be 
truly determined (Sun et al. 2021).

In recent years, the limit analysis method has been used 
widely to study the tunnel stability problem in karst areas 
because of its strict theoretical basis, clear calculation 
process, and accurate calculation results. Yang and Zhang 
(2016) used the upper-bound theorem in the limit analy-
sis theory and the variational principle to study the failure 
mode of the water-resistant rock mass of a tunnel face with 
an anterior, concealed, water-rich karst cavity, and they 
developed a stability criterion for the water-resistant rock 

mass of the tunnel face based on the minimum thickness. 
Yang et al. (2017a, b) adopted the limit analysis theory to 
study the factors influencing the stability of a water-resistant 
rock mass between a tunnel and a karst cave below it, and 
they derived the analytical solutions of the critical value 
and maximum value of the collapse thickness of the water-
resistant rock mass. To study the instability and collapse 
of a water-resistant rock mass between a tunnel and a karst 
cave below it, Huang et al. (2017) used the limit analysis 
theory to derive the analytical expression for the collapsed 
surface and obtained the equation for the minimum safe 
thickness of the water-resistant rock mass. These described 
studies used limit analysis methods to analyze the stability 
of karst tunnel, water-resistant rock masses, but they did not 
consider the adverse influence of the karst water seepage 
force on the water-resistant rock mass. In the water-rich 
karst area, the seepage effect of groundwater will aggravate 
the instability and collapse of the water-resistant rock mass 
of the tunnel face, and many serious engineering problems 
are also caused by seepage. Therefore, in the construction 
of karst tunnel, the influence of groundwater seepage force 
cannot be ignored, and it is more consistent with the actual 
situation of the project to consider the seepage force to ana-
lyze the stability of the water-resistant rock mass of the tun-
nel face. On the basis of the upper-bound theorem of limit 
analysis and the Hoek-Brown failure criterion, in this study, 
we established a method of determining the stability of the 
water-resistant rock mass of a karst tunnel face consider-
ing the adverse influence of the seepage force, developed 
the critical safe thickness criterion for face instability and 
water inrush, and conducted a sensitivity analysis of the 
main parameters affecting the safety thickness of the water-
resistant rock mass. To define the safety coefficient (k) of 
the tunnel face’s resistance to water-inrush instability during 
the tunnel excavation process and to analyze the dynamic 
evolution characteristics of the tunnel face’s stability dur-
ing tunnel construction based on the safety coefficient, we 
took the Xiema tunnel of the first horizontal line of the 
Chongqing Expressway as an example for an engineering 
application to verify the rationality and practicability of the 
method proposed in this paper. The research results are of 
great significance to the early warning and prevention of 
water-inrush disasters in karst tunnel faces.

Basic principles

Upper limit theorem of the limit analysis 
considering the seepage force

The limit analysis theory includes the upper limit theorem 
and the lower limit theorem. Its notable characteristic is that 
the actual failure load can be calculated using this theory 
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regardless of how complex the geometric shape and loading 
conditions of the structure are. Therefore, this theory plays 
an important role in solving engineering stability problems 
(Yang et al. 2017a, b). The upper limit theorem and the 
lower limit theorem have their own scope of application. 
Compared with the lower limit theorem, the upper limit 
theorem considers the constitutive relationship of rock and 
soil in an ideal way, and the calculation results are more true 
and accurate. Therefore, the upper limit theorem is more 
suitable for the stability analysis of rock and soil, and its 
basic expression is as follows (Chen 2013): If the assumed 
maneuvers’ allowable velocity field satisfies the displace-
ment boundary conditions, the load determined by equat-
ing the internal energy dissipation rate to the external work 
rate must be greater than or equal to the actual load in the 
limit state. In this paper, we used the upper limit theorem 
to analyze the stability and critical safety thickness of the 
water-resistant rock mass of a tunnel face in a water-rich 
karst area. When considering the influence of the seepage 
force on the stability of the tunnel face, the seepage force 
is regarded as the external force acting on the rock and the 
soil skeleton. Therefore, the mathematical expression of the 
upper limit theorem is

where D 
(
�̇�ij
)
 is the internal energy dissipation rate of the 

plastic strain rate vector; Ti and Fi are the area force and 
volume force, respectively; vi is the velocity vector in the 
maneuvering velocity field; S and Ω are the surface area 
and volume of the research object, respectively; and fs is 
the seepage force. The theorem needs to satisfy three basic 
assumptions: (1) the rock mass is an ideal elastic-plastic 
material; (2) it satisfies the small deformation critical failure 
criterion; and (3) it obeys the associated flow rule.

Hoek‑Brown nonlinear failure criterion

Rock and soil are friction materials, which mainly exhibit shear 
failure. The linear Mohr-Coulomb failure criterion (M-C cri-
terion) is usually used to characterize the shear strength of 
geotechnical materials in the engineering field. The actual rela-
tionship between the shear stress τn and the normal stress σn 
is nonlinear, however, and linear failure is only a special case. 
Since Hoek and Brown proposed the Hoek-Brown nonlinear 
failure criterion in 1980 (Hoek and Brown 1980a, b), their 
criterion has been widely used by scholars in the industry, and 
the Hoek-Brown failure criterion has been demonstrated to be 
an appropriate yield function for evaluating the strength and 
stability of rock masses in karst regions (Huang et al. 2017).

(1)�Ω

D
(
�̇�ij
)
dΩ ≥ �S

TividS + �Ω

FividΩ + �Ω

fsvidΩ, (i = 1, ⋅ ⋅ ⋅, n; j = 1, ⋅ ⋅ ⋅, n)

The two classical expressions of the Hoek-Brown fail-
ure criterion (H-B criterion) (Hoek and Brown 1997) are 
expressed (1) using the large principal stress and the small 
principal stress, and (2) using the normal stress and the shear 
stress. It is necessary to calculate the internal energy dissipa-
tion rate of the rock mass in the upper limit analysis of the 
stability of the water-resistant rock mass of a karst tunnel 
face, and the normal stress and shear stress parameters of the 
unit body should be considered when calculating the internal 
energy dissipation. Thus, it is convenient to use the second 
form of the Hoek-Brown failure criterion. Its mathematical 
expression is as follows (Lyu et al. 2020):

where τn and σn are the normal stress and shear stress, 
respectively, and the parameters A and B are dimension-
less material constants that can be obtained through triaxial 
compression tests. When B = 1, the H-B criterion becomes 
the M-C linear yield criterion; σci is the uniaxial compressive 
strength of the intact rock; and σtm is the tensile strength of 
the rock mass.

Critical safety thickness and criterion 
for unstable water inrush 
of the water‑resistant rock mass of a tunnel 
face

In this paper, we combined the limit analysis and the vari-
ational principle (Fraldi and Guarracino 2009) to study the 
stability and critical safety thickness of the water-resistant 
rock mass of a karst tunnel face. By means of an upper-
bound theorem and mathematical method, this method can 
be used to obtain the analytical expression for the discon-
tinuity equation, which has the outstanding advantage of 
having no prior assumptions about the separation curve of 
the failure mode. In addition, it can be used to determine 
the failure range of the rock mass. The basic ideas used to 
calculate the critical safety thickness of the water-resistant 
rock mass of a tunnel face are as follows (Li and Yang 2018):

1. We used the boundary separation curve to establish the 
plane failure mode.

2. We calculated the internal energy dissipation power and 
the external force power on the velocity discontinuity 
surface based on the upper limit theorem and established 
the objective function.

(2)

�n = A�ci

(
�n − �tm

�ci

)B{
A,B ∈ (0,1), �ci ≥ 0, �tm ≥ 0

}
,
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3. We used the variational principle to calculate the objec-
tive function’s extreme value and derive the analytical 
expression for the separation line equation.

4. Under the condition that the water-resistant rock mass 
is in a critical stable equilibrium state, we calculated its 
critical safe thickness.

Failure mode of water inrush due to the instability 
of the water‑resistant rock mass of a tunnel face

To establish the stability analysis method for the water-
resistant rock mass of a tunnel face and to determine the 
instability water-inrush criterion based on the critical safety 
thickness, in this paper, we established the failure mode of 
the water-resistant rock mass (Fig. 1) according to the model 
of Fraldi and Guarracino (2009).

In Fig. 1, H is the height of the excavated tunnel sec-
tion; w is the separation layer thickness when the water-
resistant rock mass is broken; S is the safety thickness 
of the water-resistant rock mass, which is an unknown 
quantity to be determined according to the limit analysis 
theory; fs is the seepage force on the rock mass; p is the 
karst cavity pressure, which is equal to the hydrostatic 
pressure pw; and L is the effective range of the karst cav-
ity pressure. In addition, it is assumed that the karst cav-
ity pressure is uniformly distributed perpendicular to the 
surface of the water-resistant rock mass, and the stress 
surface is simplified into a plane, that is, the dotted line in 
Fig. 1a coincides with the x-axis.

As shown in Fig. 1, the water-resistant rock mass of the 
tunnel face exhibits an overall squeezing failure mode at a 
speed v under various external forces, and the failure sur-
face is composed of two separation curves f(x) and f(−x), 
which are symmetric about the y-axis. To simplify the 
calculation, we selected the water-resistant rock mass in 
the positive direction of the x-axis as the research object. 
We established a local coordinate system s–n (Fig. 1b) 
on the micro-unit of the separation layer with the tangent 
and the outer normal as the positive directions. Thus, the 
algebraic relationship between the angle θ and f ′(x) is 
as follows:

Calculation of the critical safe thickness 
of the water‑resistant rock mass of a tunnel face

Objective function

To establish the objective function of the separation curve, we 
calculated the internal energy dissipation rate and the work 
power of the external force under the failure mode. In the pro-
cess of calculating the internal energy dissipation, all of the 
internal energy dissipation of the water-resistant rock mass 
occurred in the separation layer with a thickness of w. We took 
the micro-unit near the separation line as the research object, 
and the deformation mode of the separation layer is shown in 
Fig. 1b. The micro-unit moves from the dotted line (state 1) to 
the solid line (state 2) with speed v, and the separation layer 
exhibits shear deformation along the tangential direction and 
tensile deformation along the normal direction. Therefore, the 
energy dissipation rate of the micro-unit can be expressed as 
follows (Yang and Zhang 2016):

where l is the area of the corresponding separation layer, 
which has a value of w; �̇� and �̇� are the positive and tangen-
tial strain rates, respectively. According to the definition of 
strain rate and the trigonometric function, the mathematical 
expressions for �̇� and �̇�  are as follows (Yang et al. 2017a, b):

Before determining the stress-strain rate relationship 
according to the orthogonal law, we had to obtain the plas-
tic potential function of the material needs. On the basis of 

(3)

⎧
⎪⎨⎪⎩

sin � = f �(x)
�
1 + f �(x)

2
�− 1

2

cos � =
�
1 + f �(x)

2
�− 1

2

(4)D
(
�̇�ij
)
= l

(
𝜏n�̇� + 𝜎n�̇�

)

(5)

⎧⎪⎨⎪⎩

�̇� =
v

w

�
1 + f �(x)2

�− 1

2

�̇� = −
v

w
f �(x)

�
1 + f �(x)2

�− 1

2

Fig. 1  Failure mode of the 
water-resistant rock mass. (a) 
Failure mode. (b) Deformation 
mode of the separation layer

(a)

(b)
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the aforementioned basic theorem, in this paper, we used 
the H-B failure criterion and considered the influence of 
the correlation flow rule. This rule not only meets the basic 
assumption of the limit analysis but also ensures that the 
yield surface coincides with the plastic potential surface. 
Thus, the plastic potential function g(σn, τn) can be expressed 
by the yield function f(σn, τn) when the material yields, and 
its mathematical expression is

According to the orthogonal flow law, solving the deriva-
tive of the plastic potential function separately, the normal 
strain rate �̇� and �̇�  the tangential strain rate �̇� can also be 
expressed as

where λ is a scalar parameter. Equations (5) and (7) corre-
spond to each other, and the expression for the normal stress 
σn can be obtained by eliminating λ and w in simultaneous 
Eqs. (5) and (7).

By substituting Eqs. (2), (5), and (8) into Eq. (4), the internal 
energy dissipation rate of the micro-unit on the separation 
curve f(x) can be obtained, as follows:

According to the lateral area integration formula, Eq. (9) was 
integrated along the total separation line, and the internal 
energy dissipation rate of the water-resistant rock mass was 
obtained:

Then, we calculated the work power of the external force. 
Under this failure mode, the external load can be divided into 
the karst cavity pressure, the seepage force, and the rock mass 
gravity. The karst cavity pressure is the surface force, and the 
work power can be expressed as

(6)g
(
�n, �n

)
= f

(
�n, �n

)
= �n − A�ci

(
�n − �tm

�ci

)B

(7)

⎧⎪⎨⎪⎩

�̇� = 𝜆
𝜕g

𝜕𝜎n
= −𝜆AB

�
𝜎n−𝜎tm

𝜎ci

�B−1

�̇� = 𝜆
𝜕g

𝜕𝜏n
= 𝜆

(8)�n = �ci
[
ABf �(x)

] 1

1−B + �tm

(9)

D
(
�̇�ij
)
= l

(
𝜏
n
�̇� + 𝜎

n
�̇�
)
= v

[
1 + f �(x)2

]− 1

2

{
𝜎
tm

+ 𝜎
ci

(
1 − B−1

)[
ABf �(x)

] 1

1−B

}

(10)

ẆD = ∫Ω

D
(
�̇�ij
)
dΩ = ∫

H∕2

L∕2

{
𝜎tm + 𝜎ci

(
1 − B−1

)[
ABf �(x)

] 1

1−B

}
vdx

(11)ẆPw
= ∫ S

TividS =
1

2
pvL =

1

2
pwvL

The gravity of the rock mass is the volume force, and it is 
always perpendicular to the movement direction of the rock 
mass. Therefore, throughout the failure process, the work done 
by gravity is equal to 0, that is,

The seepage of water occurs in the pores of the water-resist-
ant rock mass. Under the action of the water head difference, 
the groundwater flows through the pores of the water-resistant 
rock mass. Generally, the horizontal component of the tunnel 
face seepage force is far greater than the vertical component, 
so we considered only the influence of the horizontal com-
ponent of the seepage force on the stability of the tunnel face 
(Lee and Nam 2001). The seepage force of the rock and soil 
mass per unit volume along the streamline direction is

where �w is the volumetric weight of the groundwater; i is the 
hydraulic gradient; Δh is the water head difference; and S is 
the seepage length, that is, the safety thickness of the water-
resistant rock mass. For a rock and soil mass with volume V, 
the seepage force along the streamline direction is

Therefore, the power of the work done by the internal seep-
age force of water-resistant rock mass is

By substituting Eqs. (10), (11), (12), and (15) into Eq. (1), 
the objective function, including the separation curve f(x), 
is obtained.

where

(12)Ẇ𝛾 = ∫ Ω

FividΩ = 0

(13)fs = �wi = �w
Δh

S

(14)Fs = �wiV = fsV

(15)Ẇfs
= ∫ Ω

fsvidΩ = ∫
H∕2

L∕2

𝛾wif (x)vdx

(16)

�
[
f (x), x, f �(x)

]
=∫

H∕2

L∕2

{
�tm + �ci

(
1 − B−1

)[
ABf �(x)

] 1

1−B

}
vdx

−
1

2
pwvL − ∫

H∕2

L∕2

�wif (x)vdx

=∫
H∕2

L∕2

�
[
f (x), x, f �(x)

]
vdx +

1

2
�tmv(H − L)

−
1

2
pwvL

(17)�
[
f (x), x, f �(x)

]
= �ci

(
1 − B−1

)[
ABf �(x)

] 1

1−B − �wif (x)
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Separation curve equation

According to the basic definition of the upper limit theorem, 
the separation curve f(x) determined by Eq. (16) is a series of 
upper limit solutions, which are greater than or equal to the 
real value. The optimal upper-bound solution can be obtained 
by optimizing the objective function. As evident from Eqs. 
(16) and (17), the extreme value of the objective function ξ is 
completely determined by the function φ. Therefore, solving 
for the extreme value of ξ also solves for the extreme value of 
φ. According to the variational principle, it can be transformed 
into a Euler equation, so that the extreme value problem can be 
transformed to solve the definite solution of the Euler equation 
under the boundary conditions. The Euler equation of φ is

According to the form of Eq. (18), the function φ is simpli-
fied respectively.

Equations (19) and (21) are substituted into Eq. (18), and 
after sorting and simplifying, the following equation is 
obtained:

By solving this second-order differential equation, the 
expression for the separation curve f(x) can be obtained:

where C1 and C2 are undetermined constants. According to 
the mechanical boundary conditions, the micro-unit located 
at the interface between the separation curve and the water-
filled karst cavity was selected for the mechanical analysis, as 
shown in Fig. 2.

The mechanical equilibrium equation was established in the 
vertical direction. After deriving and simplifying the equation, 
the mathematical expression for the shear stress τyx is

(18)
��

�f (x)
−

d

dx

[
��

�f �(x)

]
= 0

(19)
��

�f (x)
= −�wi

(20)��

�f �(x)
= −

�ci(AB)
1

1−B

B
f �(x)

B

1−B

(21)d

dx

[
��

�f �(x)

]
= −

�ci(AB)
1

1−B

1 − B
f �(x)

2B−1

1−B f ��(x)

(22)f ��(x)
2B−1

1−B f ��(x) =
�wi(1 − B)

�ci(AB)
1

1−B

(23)f (x) = A
−

1

B

(
�wi

�ci

) 1−B

B
(
x −

C1

�wi

) 1

B

+ C2

According to the assumption that the karst cavity pressure 
is uniform and is vertically distributed, there is no shear stress 
on the surface of the karst cavity, so τyx is 0 at (x = L/2, y = 0). 
It can be concluded that

According to the geometric relationship of the failure 
modes in Fig. 1a, it is known that

With the simultaneous Eqs. (23), (25), and (26), the value 
of C2 can be obtained as 0. Therefore, the expression for f(x) 
can be simplified to

Taking the separation curve as a generatrix rotating 
around the y-axis, the expression for the discontinuous 
surface formed by the failure of the water-resistant rock 
mass can be obtained:

(24)�yx =
�nsin2�

2
− �ncos2�

(25)C1 =
�wiL

2

(26)f
(
x =

L

2

)
= 0

(27)f (x) = A
−

1

B

(
�wi

�ci

) 1−B

B
(
x −

L

2

) 1

B

(28)f (x, z) = A
−

1

B

�
�wi

�ci

� 1−B

B
�√

x2 + z2 −
L

2

� 1

B

τyx

pw

)b()a(

y

x

σn

σs=0

Fig. 2  Mechanical analysis of the micro-unit. a Located at the sepa-
ration curve. b Located at the junction between the separation curve 
and the water-filled karst cavity
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Critical safety thickness of a water‑resistant rock mass

According to the geometric relationship between the fail-
ure mode in Fig. 1a and the expression for the separation 
curve f(x), the following equation can be obtained:

By substituting the hydraulic gradient i = Δh/S and 
Δh = pw/γw into Eq. (29), the expression for the critical 
safety thickness of the water-resistant rock mass based on 
the Hoek-Brown failure criterion can simplified to

where the parameter L is an unknown number. In this case, 
the critical safe thickness of the water-resistant rock mass 
can be calculated according to the principle of virtual work 
in the limit analysis theory. Because the internal energy dis-
sipation rate is equal to the power done by the external force, 
�
[
f (x), x, f �(x)

]
= 0 is known. Therefore,

and Eq. (31) simplifies to

When the basic parameters are determined, the effec-
tive action range L of the cavity pressure can be obtained 
using simultaneous Eqs. (30) and (32). Thus, the critical 
safety thickness of the water-resistant rock mass conform-
ing to the Hoek-Brown failure criterion can be obtained 
by substituting L into Eq. (30).

Criterion for water inrush due to the unstable 
water‑resistant rock mass of a tunnel face

When a high-pressure water-rich karst cavity develops in 
front of a karst tunnel face and the tunnel excavation is 
advanced to within a certain distance from the anterior, 
concealed karst cavity, the excavation should be stopped 
immediately, and the construction plan should be changed 
or corresponding engineering measures should be taken 
to ensure the safety of the construction personnel and 
to prevent damage to the equipment (Xu et al. 2020; Li 
et al. 2021). According to the previous analysis, when 
the tunnel construction is stopped, the distance between 
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the tunnel face and the anterior, concealed karst cavity is 
the critical safety thickness Scr of the water-resistant rock 
mass of the karst tunnel face. Assuming that the distance 
between the karst tunnel face and the anterior concealed 
karst cavity is Sp, the criterion for water inrush resulting 
from an unstable water-resistant rock mass of a karst tun-
nel face based on the critical safety thickness is as follows 
(Guo et al. 2019):

Parameter sensitivity analysis

The calculation parameters have different degrees of 
influence on the failure range of the water-resistant rock 
mass, and the sensitivity analysis of the parameters holds 
great engineering significance to the field design and con-
struction process (Yang and Long 2015). On the basis of 
the previous theoretical equation, the main parameters 
affecting the safety thickness of the water-resistant rock 
mass of a tunnel face are the compressive strength σci and 
tensile strength σtm of the water-resistant rock mass, the 
karst water pressure pw, the tunnel section’s height H, and 
parameters A and B. We analyzed the influences of the 
changes in these parameters on the safety thickness of the 
water-resistant rock mass.

Compressive strength σci

The compressive strength σci of the water-resistant rock 
mass was 30–70 MPa, and the tensile strength σtm was 
1/40 of the compressive strength. The karst water pressure 
was 1.0 MPa; the tunnel section’s height was 10 m; and 
parameters A and B were 0.4 and 0.7, respectively. The 
calculation results for the safety thickness are presented 
in Table 1.

To more clearly determine how the safety thickness 
of the water-resistant rock mass changes with increas-
ing compressive strength, we combined the typical data 
in Table 1 with the separation curve and the separation 
surface equation, and drew the failure shape and damage 
range of the water-resistant rock mass as two-dimensional 
(2D) and three-dimensional (3D) model diagrams (Fig. 3).

As shown in Table 1 and Fig. 3, when the compressive 
strength increased step by step from 30 to 70 MPa, the 
safety thickness of the water-resistant rock mass gradu-
ally decreased from 3.87 to 1.61 m, that is, the safety 
thickness decreased as the compressive strength of the 

(33)Sp ≥ Scr
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water-resistant rock mass increased. The greater the com-
pressive strength of the water-resistant rock mass, to a 
certain extent, the better the quality of the rock mass; and 
the higher the quality of the water-resistant rock mass, the 
smaller the required safety thickness of the water-resistant 
rock mass of the tunnel face, which was consistent with the 
actual situations of the engineering projects.

Tensile strength σtm

We set the compressive strength σci of the water-resistant 
rock mass at 20 MPa and calculated the tensile strength σtm 
as 3.5/100 to 5/100 of the compressive strength. The karst 
water pressure was 1.0 MPa; the tunnel section’s height was 
10 m, and parameters A and B were 0.4 and 0.7, respectively. 
The calculation results for the safety thickness are presented 
in Table 2.

The influence of the tensile strength on the failure shape 
and damage range of the water-resistant rock mass is shown 
in Fig. 4.

As shown in Table  2 and Fig.  4, when the tensile 
strength of the rock mass decreased from 1.0 to 0.7 MPa, 
the safety thickness of the water-resistant rock mass 
increased from 3.61 to 4.59 m. In other words, the safety 
thickness increased as the tensile strength of the water-
resistant rock mass decreased. Similar to the compressive 
strength, the smaller the tensile strength of the water-
resistant rock mass, to a certain extent, the worse the 
quality of the rock mass; and the lower the quality of the 
water-resistant rock mass, the larger the required safety 
thickness of the water-resistant rock mass of the tunnel 
face, which was consistent with the actual situations of 
the engineering projects.

Karst water pressure pw

In this paper, we found the karst water pressure pw to have 
two effects on the water-resistant rock mass of the tun-
nel face: a pushing effect and a drag effect. At present, 
there is no unified regulation as to how the karst water 

Table 1  Safety thickness of the 
water-resistant rock mass for 
different compressive strengths

σci (MPa) σtm (MPa) pw (MPa) H (m) A B L/2 (m) Scr (m)

30 0.75 1.0 10 0.4 0.7 0.70 3.87
40 1.0 1.0 10 0.4 0.7 1.46 2.93
50 1.25 1.0 10 0.4 0.7 1.99 2.33
60 1.5 1.0 10 0.4 0.7 2.38 1.92
70 1.75 1.0 10 0.4 0.7 2.69 1.61

(b) 3D model(a) 2D model
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pressure should be classified, but scholars in the engi-
neering industry generally agree on the following divi-
sions (Huang 2018). Water pressures of 0.015–0.5 MPa 
are defined as common ordinary water pressures of a tun-
nel; water pressures of 0.5–1.0 MPa are common medium 
water pressures; water pressures of 1.05–1.5 MPa are com-
mon high-water pressures; water pressures of 1.5–5 MPa 
are uncommon high-water pressures; and water pressures 
of greater than 5 MPa are rare high-water pressures. The 
karst water pressure plays an important role in determining 
the safety thickness of the water-resistant rock mass. In 
this study, we calculated the karst water pressure pw to be 
1.5–3.5 MPa. The compressive strength σci of the water-
resistant rock mass was 30 MPa; the tensile strength σtm 
was 2.2 MPa; the tunnel section’s height was 10 m; and 
parameters A and B were 0.5 and 0.8, respectively. The 
calculation results for the safety thickness are presented 
in Table 3.

The influence of the karst water pressure on the failure 
shape and damage range of the water-resistant rock mass is 
shown in Fig. 5.

As shown in Table 3 and Fig. 5, when the karst water 
pressure increased step by step from 1.5 to 3.5 MPa, 
the safety thickness of the water-resistant rock mass 
gradually increased from 2.88 to 6.06 m, that is, the 
safety thickness increased with increasing karst water 
pressure. As the karst water pressure pw increased, the 
pushing and drag effects on the water-resistant rock 
mass increased, and thus, the degree of damage done 
to the water-resistant rock mass significantly increased. 
Therefore, the safety thickness of the water-resistant 
rock mass must be increased to ensure the safety of the 
construction site.

Tunnel excavation section height H

The size of the tunnel excavation section directly affected 
the difficulty of the construction process, and the excava-
tion height had an important influence on the self-stability 
of the water-resistant rock mass of the tunnel face. In this 
paper, we set the height of the excavated section of the 
tunnel as 11–15 m for the calculations. The compressive 

Table 2  Safety thickness of the 
water-resistant rock mass for 
different tensile strengths

σci (MPa) σtm (MPa) pw (MPa) H (m) A B L/2 (m) Scr (m)

20 1.0 1.0 10 0.4 0.7 1.46 3.61
20 0.93 1.0 10 0.4 0.7 1.27 3.80
20 0.85 1.0 10 0.4 0.7 1.04 4.04
20 0.78 1.0 10 0.4 0.7 0.80 4.28
20 0.7 1.0 10 0.4 0.7 0.50 4.59

(a) 2D model (b) 3D model
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strength σci of the water-resistant rock mass was 30 MPa; 
the tensile strength σtm was 0.75 MPa; the karst water pres-
sure was 1.0 MPa; and parameters A and B were 0.4 and 
0.7, respectively. The calculation results for the safety 
thickness are presented in Table 4.

The influence of the tunnel excavation section’s height 
on the failure shape and damage range of the water-resist-
ant rock mass is shown in Fig. 6.

As shown in Table 4 and Fig. 6, when the tunnel excava-
tion section’s height increased from 11 to 15 m, the safety 
thickness of the water-resistant rock mass increased from 
4.26 to 5.81 m, that is, the safety thickness increased with 
increasing tunnel excavation height. Therefore, the larger 
the section height of the tunnel, the worse the self-stability 
of the water-resistant rock mass. In this case, a sufficient 
rock mass thickness should be reserved to ensure the safety 
of the construction process.

Parameter A

Parameter A is a scale parameter that controls the shear 
strength of the water-resistant rock mass (Yang et al. 2017a, 
b), and its value ranges from 0 to 1. For the calculations in 
this paper, we set the value of A to 0.5–0.9. The compressive 
strength σci of the water-resistant rock mass was 30 MPa; the 
tensile strength σtm was 0.75 MPa; the karst water pressure 
was 1.0 MPa; the tunnel section height was 10 m; and param-
eter B was 0.8. The calculation results of safety thickness are 
shown in Table 5.

The influence of parameter A on the failure shape and 
damage range of the water-resistant rock mass is shown in 
Fig. 7.

As shown in Table 5 and Fig. 7, when the value of 
parameter A increased from 0.5 to 0.9, the safety thick-
ness of the water-resistant rock mass decreased from 

Table 3  Safety thickness of the 
water-resistant rock mass for 
different karst water pressures

σci (MPa) σtm (MPa) pw (MPa) H (m) A B L/2 (m) Scr (m)

30 2.2 1.5 10 0.5 0.8 2.38 2.88
30 2.2 2.0 10 0.5 0.8 1.76 3.77
30 2.2 2.5 10 0.5 0.8 1.22 4.59
30 2.2 3.0 10 0.5 0.8 0.75 5.36
30 2.2 3.5 10 0.5 0.8 0.34 6.06

(a) 2D model (b) 3D model
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4.24 to 2.36 m, that is, the safety thickness decreased 
as the value of parameter A increased. According to the 
equation for the critical safety thickness of the water-
resistant rock mass of a tunnel face derived in this paper, 
the safety thickness was inversely proportional to param-
eter A. When the value of parameter A increased, the 
safe thickness of the water-resistant rock mass decreased 
accordingly.

Parameter B

Parameter B is the control parameter of the Mohr intensity 
envelope’s curvature, and its value ranges from 0 to 1. The 
curvature radius of shear stress was smaller than the radius 
of the tangential Mohr circle when B < 0.5, so the value of 
parameter B should be greater than or equal to 0.5 (Yang 
et al. 2017a, b). For the calculations in this paper, we set the 
value of B to 0.5–0.9. The compressive strength σci of the 
water-resistant rock mass was 30 MPa; the tensile strength 
σtm was 0.75 MPa; the karst water pressure was 1.0 MPa; 
the tunnel section’s height was 10 m; and parameter A was 

0.5. The calculation results for the safety thickness are pre-
sented in Table 6.

The influence of parameter B on the failure shape and 
damage range of the water-resistant rock mass is shown in 
Fig. 8.

As shown in Table  6 and Fig.  8, when parameter B 
increased from 0.5 to 0.9, the safety thickness of the water-
resistant rock mass increased from 1.69 to 5.82 m, that is, 
the safety thickness increased as the value of parameter B 
increased. According to the equation for the critical safety 
thickness of the water-resistant rock mass of a tunnel face 
derived in this paper, the safety thickness was directly pro-
portional to parameter B. When the value of the parameter B 
increased, the safe thickness of the water-resistant rock mass 
increased accordingly.

To sum up, the safety thickness decreased as the com-
pressive strength, the tensile strength of the water-resistant 
rock mass, and parameter A increased, and it increased as 
the karst water pressure, the tunnel excavation height, 
and parameter B increased. Comparing the influence of 
the changes of various parameters on the safety thickness 

Table 4  Safety thickness of 
the water-resistant rock mass 
for different excavation section 
heights

σci (MPa) σtm (MPa) pw (MPa) H (m) A B L/2 (m) Scr (m)

30 0.75 1.0 11 0.4 0.7 0.77 4.26
30 0.75 1.0 12 0.4 0.7 0.84 4.64
30 0.75 1.0 13 0.4 0.7 0.91 5.03
30 0.75 1.0 14 0.4 0.7 0.97 5.43
30 0.75 1.0 15 0.4 0.7 1.04 5.81
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of the water-resistant rock mass, the change of tensile 
strength has the weakest influence on the safety thickness, 
that is, the sensitivity of this parameter is poor, while the 
change of parameter B has the most significant influence 
on the safety thickness, indicating that the sensitivity of the 
parameter is strong.

Dynamic evolution analysis of stability 
of the water‑resistant rock mass of a tunnel 
face

On the basis of the internal energy dissipation rate and 
the power of the work done by the external forces on the 
water-resistant rock mass of the tunnel face, in this paper, 
we defined the safety coefficient (k) of the instability of 
the water-resistant rock mass of the tunnel face during 
the tunnel excavation process. We used this coefficient 
to analyze the dynamic evolution process of the stability 
of the water-resistant rock mass of a karst tunnel face. 
Based on the preceding analysis, when the internal energy 
dissipation rate of a system was greater than or equal to 
the power of the work done by the external forces on the 

system, the system was in a stable state. Therefore, the 
safety coefficient k is

where ẆD is the internal energy dissipation rate of the 
rock mass reserved for the purpose of outburst preven-
tion, and ẆE is the power of the work done by the external 
forces on the rock mass retained for the purpose of out-
burst prevention. We selected corresponding parameters 
(i.e., σci = 100 MPa, σtm = 5 MPa, pw = 1.0 MPa, H = 10 m, 
A = 0.2, and B = 0.9) to calculate the dissipated internal 
energy, the work done by the external forces, and the 
safety factors of water-resistant rock masses of differ-
ent thicknesses. The calculation results are presented in 
Table 7.

According to the calculation results, the dynamic evolu-
tion process of the stability of the water-resistant rock mass 
of the tunnel face is plotted, as shown in Fig. 9.

As shown in Table 7 and Fig. 9, as the excavation of 
the tunnel progressed, the distance between the tunnel 
face and the rock wall of the anterior concealed karst cave 

(34)k =
ẆD

ẆE

≥ 1

Table 5  Safety thickness of the 
water-resistant rock mass for 
different values of parameter A 

σci (MPa) σtm (MPa) pw (MPa) H (m) A B L/2 (m) Scr (m)

30 0.75 1.0 10 0.5 0.8 0.81 4.24
30 0.75 1.0 10 0.6 0.8 0.81 3.54
30 0.75 1.0 10 0.7 0.8 0.81 3.03
30 0.75 1.0 10 0.8 0.8 0.81 2.65
30 0.75 1.0 10 0.9 0.8 0.81 2.36
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decreased (i.e., the thickness of the water-resistant rock 
mass decreased), the energy dissipation inside the water-
resistant rock mass decreased, the work done by the exter-
nal forces increased, the corresponding safety coefficient k 
gradually decreased, and the stability of the water-resistant 
rock mass of the tunnel face became worse. When the tun-
nel excavation reached the point at which the thickness of 
the water-resistant rock mass was 3 m, the safety coefficient 
was k = 1.04. In this case, the water-resistant rock mass was 
close to the critical instability state, so the construction 
must continue with care. When the construction reached 
the point at which the thickness of the water-resistant rock 
mass was 2 m, the work done by the external forces on the 
water-resistant rock mass increased to 4666.67 J, which 
was greater than its dissipative internal energy (3117.04 J), 
and the safety coefficient was k = 0.67. Under these circum-
stances, the water-resistant rock mass of the tunnel face 
was destroyed, and a water-inrush disaster would occur 
(Fig. 9g).

When the dissipative internal energy of the water-resist-
ant rock mass of the tunnel face was reduced to 4522.04 J, 
and the work done to the external forces increased to 
4521.65 J, the two curves intersected. That is, the internal 
energy dissipation rate of the water-resistant rock mass 
was equal to the power of the work done by the external 
forces, and the safety coefficient was k = 1 (Fig. 9h). At 
this time, the water-resistant rock mass transitions from a 
safe stable state to a critical instability state. The water-
resistant rock mass’s thickness (S = 2.87 m) was the criti-
cal safety thickness Scr of the water-resistant rock mass of 
the tunnel face. Therefore, during the tunnel construction 
process, when the water-resistant rock mass appears obvi-
ous water seepage and rock collapse phenomenon, that is, 
the safety coefficient is very close to 1 or equal to 1. The 
excavation should be stopped immediately at this time, 
and engineering reinforcement measures should be taken 
to ensure the safety of the construction site. In conclu-
sion, the actual distance Sp between the tunnel face and 

Table 6  Safety thickness of the 
water-resistant rock mass for 
different values of parameter B 

σci (MPa) σtm (MPa) pw (MPa) H (m) A B L/2 (m) Scr (m)

30 0.75 1.0 10 0.5 0.5 0.38 1.69
30 0.75 1.0 10 0.5 0.6 0.56 2.29
30 0.75 1.0 10 0.5 0.7 0.70 3.10
30 0.75 1.0 10 0.5 0.8 0.81 4.24
30 0.75 1.0 10 0.5 0.9 0.91 5.82
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the rock wall of the anterior concealed karst cavity should 
be greater than or equal to the critical safety thickness 
Scr of the water-resistant rock mass to avoid the risk of a 
water-inrush disaster.

Engineering application

The entrance of the Xiema tunnel of the first horizontal 
line of the Chongqing Expressway is located in Qiaobao, 
Wenfeng Village, Xiema Town, Beibei District, Chongqing, 
China, and the tunnel’s exit is located in Nianzigang, Sanxi 
Village, Caijiagang Town, Beibei District. The Xiema tunnel 
is one of the most important municipal tunnels in Chong-
qing, China, and the geographic location of the tunnel is 
shown in Fig. 10. The total length of the Xiema tunnel is 
about 4200 m, and the maximum burial depth of the tunnel’s 
roof is about 392 m, which makes it a deeply buried, extra-
long tunnel. The tunnel was designed as a separate two-hole 
one-way three-lane tunnel with a linear tunnel body plane 
and a distance of 26.23–64.11 m between the two holes. 
The Xiema tunnel has a span of about 14.5 m and a height 
of about 9.6 m, and it passes through the Zhongliang Moun-
tain area. In this area, the lithology mainly includes lime-
stone, dolomite, argillaceous rock, and sandstone. There is 
abundant groundwater, well-developed karst fissures, and 
complex geological structures, and geological disasters 
such as water inrush often occur. The geological cross sec-
tion of the tunnel is shown in Fig. 11 (Li et al. 2019; Yang 
et al. 2019). The geological exploration report shows that 
the right line (YK8 + 988 to YK9 + 371) of the tunnel is 
located in a karst development area, and there are many 
sinkholes and corrosion depressions on the surface. The 
saturated uniaxial compressive strength of the limestone 
is 34.36 MPa, the tensile strength is 0.888 MPa, and the 
integrity coefficient is 0.68. This information is relatively 
complete, so it is comprehensively defined as grade III sur-
rounding rock. The groundwater activity state involves large 
amounts of gushing water and water jets, and the water pres-
sure is 1.24 MPa. On August 29, 2015, a water-inrush event 

occurred when the right line of the tunnel was excavated 
to mileage marker number YK9 + 268. The volume of the 
instantaneous water inflow was about 7000  m3, and the total 
water output reached 4000  m3/d after it stabilized (Wang 
2018). Through advanced drilling, a water-bearing karst cave 
(i.e., karst cave 268) was identified behind the tunnel face. 
The location of this cave is shown in Fig. 11. Karst cave 
268 is mainly filled with karst water. A sketch of the section 
of the Xiema tunnel adjacent to karst cave 268 is shown in 
Fig. 12. We selected the corresponding Hoek-Brown failure 
criterion parameters (A = 0.3 and B = 0.7) to calculate the 
safety thickness of the water-resistant rock mass of the tun-
nel face (Hoek and Brown 1997; Yang and Zhang 2016).

We substituted various parameters into Eqs. (30) and 
(32) and used the method introduced in this paper to cal-
culate the safety thickness of the water-resistant rock mass 
of the tunnel face of the section of the Xiema tunnel adja-
cent to karst cavity 268. The result of the calculations was 
5.24 m. Using a method that did not consider the adverse 
influence of the karst water seepage force, the safety thick-
ness of the water-resistant rock mass of the tunnel face 
(Yang and Zhang 2016) was calculated to be 4.61 m. In the 
actual project, where the Xiema tunnel is adjacent to karst 
cavity 268, the range of the reserved safety thickness of the 
water-resistant rock mass of the tunnel face is 4.5–5.5 m, 
and the average safety thickness is 5 m. Thus, the value 
of the water-resistant safety thickness calculated consider-
ing the adverse influence of the karst water seepage force 
was closer to the actual reserved thickness of the water-
resistant rock mass of the tunnel face in the project. This 
indicated that the safety thickness was sufficient to ensure 
the safety of the tunnel where it was adjacent to karst cav-
ity 268. In summary, it was feasible to analyze the stability 
of the water-resistant rock mass of a tunnel face using the 
method introduced in this paper, and the seepage effect of 
the groundwater in karst areas had a significant influence 
on the stability of the water-resistant rock mass of a tunnel 
face. When tunnel construction is carried out in water-rich 
karst areas, the adverse influence of the karst water seepage 
force must be fully considered.

Table 7  The dissipated internal energy, the work done by the external force and the safety coefficient for different water-resistant rock mass 
thicknesses

Thickness of the water-resistant rock mass (m) 10 8 6 5 4 3 2 2.87

Dissipated internal energy (J) 15,682.99 12,565.9 9400.02 7865.91 6282.97 4700 3117.04 4522.04
Work done by the external force (J) 3333.31 3666.64 3999.97 4166.66 4333.32 4499.99 4666.67 4521.65
Safety coefficient k 4.7 3.43 2.35 1.89 1.45 1.04 0.67 1
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Fig. 9  The dynamic evolution 
process of stability of the water-
resistant rock mass of the tunnel 
face: a S = 10 m, b S = 8 m, c 
S = 6 m, d S = 5 m, e S = 4 m, f 
S = 3 m, g S = 2 m, h S = 2.87 m
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Fig. 10  Geographic location of 
the Xiema tunnel

Fig. 11  Geologic cross section 
of the Xiema tunnel and loca-
tion of karst cave 268
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Conclusions

1. On the basis of the upper-bound theorem of limit analy-
sis and the Hoek-Brown failure criterion and considering 
the adverse influence of the karst water seepage force, we 
derived an equation for the critical safety thickness of the 
water-resistant rock mass of a tunnel face from the per-
spective of energy dissipation; established a method of 
analyzing the stability of the water-resistant rock mass of a 
karst tunnel face; and developed the water-inrush instability 
criterion for the water-resistant rock mass of a tunnel face 
based on the critical safety thickness.

2. On the basis of the method to analyze the stability of the 
water-resistant rock mass of a karst tunnel face and con-
sidering the adverse influence of the seepage force, we 
conducted a sensitivity analysis of the main parameters 
affecting the stability of the water-resistant rock mass of 
the tunnel face. We determined that the safety thickness of 
the water-resistant rock mass of the tunnel face decreased 
as the compressive strength, tensile strength, and parameter 
A increased; and it increased as the karst water pressure, 
tunnel excavation height, and parameter B increased.

3. On the basis of the internal energy dissipation rate and the 
power of the work done by the external forces on the water-
resistant rock mass of the tunnel face, we defined the safety 
coefficient (k) of the tunnel face’s resistance to water-inrush 
instability during tunnel excavation. Using the safety coef-
ficient, we analyzed the dynamic evolution characteristics 
of the tunnel face’s stability during tunnel construction. 
We determined that as the tunnel excavation progressed, 
the energy dissipation inside the water-resistant rock mass 
decreased, the work done by the external forces increased, 

the value of k gradually decreased, and the stability of the 
water-resistant rock mass became worse.

4. Taking the Xiema tunnel project of the first horizontal line 
of the Chongqing Expressway as an example, this paper 
introduced a method to calculate the safety thickness of 
the water-resistant rock mass of the tunnel face where the 
tunnel is adjacent to karst cavity 268. We compared the 
result with the calculation results of a method that did not 
consider the adverse influence of the karst water seepage 
force. The results revealed that the thickness of the water-
resistant rock mass calculated by the method introduced 
in this paper was more consistent with the actual situation 
of the project. Thus, the proposed method better ensured 
the safety of tunnels constructed adjacent to anterior, con-
cealed, high-pressure, water-rich karst cavities.
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