Bulletin of Engineering Geology and the Environment (2020) 79:5569-5584
https://doi.org/10.1007/510064-020-01869-w

ORIGINAL PAPER m

Check for
updates

A four-element fractional creep model of weakly cemented soft rock
Jiashun Liu"?@® - Hongwen Jing? - Bo Meng? - Laigui Wang? - Jianjun Yang' - Xuefeng Zhang'

Received: 24 November 2019 / Accepted: 27 May 2020 / Published online: 13 July 2020
© Springer-Verlag GmbH Germany, part of Springer Nature 2020

Abstract

The creep model is the main form used to describe the creep behavior of weakly cemented soft rock (WCSR). To investigate the
creep behavior of weakly cemented soft rock, multi-stage loading creep tests were performed by using GDS HPTAS creep
triaxial apparatus. The creep curves, creep rates, and creep failure modes of weakly cemented soft rock under different water
contents were obtained. A novel four-element fractional-order creep model to describe the three-stage creep behavior of weakly
cemented soft rock was proposed using the Abel dashpot basing on the creep test results and fractional calculus theory. The
formula of this model was developed according to the H-Fox special function. The trust-region method was used to obtain the
model parameters, and the parameters were optimized using the ant colony optimization approach. The creep curves of weakly
cemented soft rock under different water contents were calculated and compared with the experimental results, verifying the
superiority of the four-element fractional-order creep model in describing the creep characteristics of weakly cemented soft rock.
The calculated results were also in good agreement with the experimental results, which confirms that the four-element fractional
order creep model can accurately reflect the complete creep behavior of weakly cemented soft rock.

Keywords Weakly cemented softrock - Fractional-order calculus - Four-element fractional order creep model - GDS creep triaxial
apparatus - Creep curve

Abbreviations p Density

w Water content 1) Pheromone volatilization

I Gamma function D Differential symbols

1 Integral symbols §&L,6 Viscosity coefficient of the Abel dashpot
« Fractional order Ey, E; Elastic moduli of the Hooke body

O Stress threshold M M Viscosity coefficients of the Newton body
o Stress of the Hooke body € Strain of the Hooke body

0> Stress of the Abel dashpot € Strain of the Abel dashpot

03 Stress of the plastic €3 Strain of the plastic element

Oc Uniaxial compressive strength 09 Deviator stress

€a Axial strain o Radial strain

Atf(Tomanovic)  Error of the creep model I6) Basic parameter
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Many engineering problems, such as the uneven settlement of

College of Civil Engineering, Liaoning Technical University, foundations, the deformation of underground structures, and

Fuxin 123000, Liaoning, People’s Republic of China casing damage, are caused by the strong creep behavior of
2 State Key Laboratory for Geomechanics and Deep Underground weakly c.emented soft rock (WCSR) (Xu and Chen 2013;
Engineering, China University of Mining & Technology, Xu and Jiang 2017). The weakly cemented soft rock shows
Xuzhou 221116, Jiangsu, People’s Republic of China significant rheological characteristics under long-term loading
3 School of Mechanics and Engineering, Liaoning Technical and exposure to water (Roedder and Bassett 1981; Sun and
University, Fuxin 123000, Liaoning, People’s Republic of China Wang 2000). The physicochemical interaction between water
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and rock not only reduces the friction angle and cohesion of
WCSR but alters the mineral composition and microstructure
of the rock, thereby aggravating crack initiation and propaga-
tion (Jiang et al. 2014; Matthess 1988). These changes lead to
deterioration of the strength and rigidity of WCSR, which can
result in engineering disasters.

The effect of the water content on the mechanical properties
of rock is a particularly prominent topic among researchers.
Chenevert (1970) studied the decrease in strength experienced
by mudstone through water absorption; Ajalloeian and
Lashkaripour (2000) utilized the exponential relationship be-
tween mudstone strength and water content to predict the uni-
axial compressive strength at different water contents. Isik
(2010) concluded that even a very small increase in the water
content can cause considerable loss of the uniaxial compressive
strength of gypsum. Shi et al. (2016) studied rock strength data
at various water contents and demonstrated that sand-stone
strength and water content have a negative exponential relation-
ship. In addition, research has also shown that the water content
has a significant effect on the creep behavior of rock (Hong
et al. 2015; Wei et al. 2018). A series of shear creep tests on
the weak structural plane of sandstone at different water con-
tents has also been conducted (Li et al. 2008). Huang and Liu
(2011) studied the effect of changes in the moisture content on
the creep properties of siltite and proposed a mathematical
relationship between the creep modulus and moisture content.
Liu et al. (2015) analyzed the creep properties of rock with
different moisture contents and the relationship between the
moisture content and creep mechanical properties. The research
results showed that the ratio of the creep strain and instanta-
neous strain, the initial, steady, and ultimate accelerated creep
rates increased, while the long-term strength of the red bed
mudstone decreased with an increase in the water content (Ju
et al. 2016). The creep test result of loess show that the creep
strain increases with an increase of moisture content and de-
creases with an increase in confining pressure (Tang et al.
2020). In general, water content and stress are important factors
affecting rock creep characteristics (Deng et al. 2016; Feng
et al. 2020; Yang et al. 2007; Zhang et al. 2013). Therefore, it
is necessary to consider the effect of the water content condi-
tions on the creep behavior of weakly cemented soft rock.

Creep behavior is one of the most important mechanical
properties of rock, and creep modeling is the main characteri-
zation technique for this property (Duan et al. 2013; Hou et al.
2019; Lietal. 2013; Wu et al. 2014, 2015). Thus, to establish a
reasonable creep model, a quantitative description of the influ-
ence of creep effects, strain rate, and stress relaxation on the
strength and deformation characteristics of WCSR is necessary.
In recent decades, numerous creep models have been proposed
to simulate the behavior of rock creep (e.g., the Maxwell,
Kelvin, and Nishihara models) (Chen et al. 2015; Ofoegbu
et al. 2017; Tomanovic 2006). At present, creep constitutive
models for WCSR mainly include empirical models, element
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models, and the viscoelastic—plastic mechanical model (Zhou
etal. 2011, 2013; Liao et al. 2016; Liu et al. 2016; Metzler and
Nonnenmacher 2003). As such, the element combination
models, which have strong theoretical properties, a strict me-
chanics deduction process, and parameters with clear physical
meaning, have been widely employed to study the creep char-
acteristics of geotechnical materials. However, accelerated
creep has not yet been well described by the integral order
component model. Fractional calculus theory can be employed
to study the differential of any order and can describe the creep
behavior of geotechnical materials in addition to the evolution
of structural characteristics (Arikoglu 2014; Heymans and
Bauwens 1994; Papoulia et al. 2010; Pu et al. 2018).
Fractional calculus has been considered as one of the best tools
for modeling the physical responses of materials owing to its
flexibility. Moreover, many creep models have been
established. For example, Yuan (2014) proposed a creep model
to describe the creep damage characteristics of mudstone using
fractional calculus theory, while Tang et al. (2017) proposed a
new four-element rock creep model based on the variable-order
fractional derivative and continuum damage mechanics. In
addition, Chen et al. (2014) proposed a fractional-order theo-
logical model to describe the creep behavior of fractured mud-
stone based on the fractional calculus and three-parameter theo-
logical models, while Li established a fractional derivative of
the Burgers model based on strain energy theory, where the
model parameters were obtained using the particle swarm op-
timization method (Li et al. 2018). Furthermore, Zhang
established a new three-element nonlinear stress relaxation
model for Nanning expansive soils based on fractional calculus
theory (Zhang et al. 2014).

However, despite the recent improvements in creep models
of geotechnical materials, the majority of universal models
cannot fully describe the accelerated creep characteristics of
soft rock, and the relationship between creep properties and
experimental conditions remains unclear (Bouras et al. 2018;
Xu and Jiang 2017; Zhou et al. 2013). Thus, we herein report
our study involving multi-stage loading creep tests of weakly
cemented soft rock under different water content conditions.
A novel four-element fractional-order creep model was devel-
oped using the Abel dashpot instead of the Kelvin clay pot
element, in addition to taking the plastic element instead of the
elastic element. The model parameters of the four-element
creep model were obtained using the trust-region method.
Finally, the reliability of the four-element model was verified.

Creep tests and results analysis
Rock samples

The rock samples employed in the multi-stage loading creep
tests were taken from the Jurassic mudstone strata in the main
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inclined shaft of the Honggingliang Coal Mine, in Erdos City,
Inner Mongolia. The rock sample density (p) was 2.41 g/cn’,
and the natural water content (w) was 7.9%.

X-Ray diffraction measurements showed that the mineral
composition of the rock samples was as follows: quartz,
31.6%; montmorillonite, 18.9%:; albite, 15.9%; illite, 15.4%;
and kaolinite, 18.2%. It should be noted that the hydrophilic
viscous minerals present in the rock (i.e., montmorillonite,
illite, and kaolinite) are responsible for the facile disintegra-
tion of soft rock in water. This rock adopts a block structure
exhibiting porosity cementation and belongs to the group of
medium expansive WCSR.

The rock was prepared in cylindrical samples, which diam-
eter () is 50 mm and height (%) is 100 mm, using a YBZS-
100 rock coring machine and cutting apparatus according to
test procedures reported by the ISRCSC. Four groups of
WCSR samples with water contents of 0% (dry state), 7.9%
(natural state), 14.5%, and 21.6% (saturated state) were pre-
pared using drying and natural immersion methods, as appro-
priate. The processed samples exhibited good integrity.

Creep test scheme

The multi-stage loading creep tests of the WCSR samples
were performed using the GDS HPTAS creep triaxial appara-
tus, which is shown in Fig. 1. The axial loaded value of the
apparatus can reach 250 kN, and its lowest loading rate is
0.01 mm/min. This apparatus can be employed for stress or
strain control tests.

The uniaxial compressive strength (o) obtained from the
uniaxial compression test was used as the loading basis for the
creep tests, where the confining pressure was 6 MPa, and the
maximum loading stress was about 0.7¢, times the uniaxial
strength.

The majority of the creep tests performed showed that the
geotechnical materials exhibited a memory effect for the
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loading history. According to the principle of linear superpo-
sition, the creep curves of WCSR under different stress levels
and water contents can be obtained. Therefore, multi-stage
loading creep tests of the WCSR were performed. The creep
experiment was divided into three stages: (1) The advanced
loading module was used to apply the confining pressure and
axial pressure at a loading rate of 0.05 MPa/s until a pressure
of 6 MPa was reached, which was a preset value set according
to the actual working environment of weakly cement soft
rock. The specimen was in an initial isotropic stress state after
confining pressure loading (Su et al. 2019). (2) A loading rate
of 0.1 MPa/s was then employed until the deviator stress
reached the predicted value while the confining pressure was
kept constant. (3) Multi-stage loading creep tests of the
WCSR were performed and a loading time of 50 h was
employed for each stage. When the creep rate became less
than or equal to 0.01 mm/min (i.e., a stable creep stage), the
subsequent level of load was stopped. The test was stopped
when the deformation rate exceeded 0.05%h ™" of the accel-
erated creep stage. All of the creep test data were recorded
during the test and the multi-stage loading scheme are outlined
in Table 1.

Analysis of creep test results
Creep deformation

The soft rock samples were found to exhibit obvious creep
behavior characteristics during the various creep tests, but no
significant brittle failure was observed. The results of the axial
strain and radial strain under different deviator stresses and
water contents were obtained, as shown in Fig. 2.

The results show that the deformation of WCSR increases
with the load time. The total deformation includes instanta-
neous deformation and creep deformation. However, the creep
curves present in different forms with different water content
and deviator stress. More specifically, attenuation creep and
constant rate creep behavior were observed when the deviator
stress (o) was relatively small, and accelerated creep behavior
occurred only for larger deviator stress (o) values. In addi-
tion, the creep curves of WCSR indicate typical creep charac-
teristics, including attenuation creep, constant rate creep, and
accelerated creep. An increase in the deviator stress leads to

Table 1 Multi-stage loading scheme employed for the rheology tests

Water contents w (%) Deviator stress (MPa)

0.0 5.0,8.0,11.0, 13.0, 14.5
7.9 3.0,5.0,7.0,9.0,10.5
14.5 2.0,4.0,6.0,8.0

21.6 2.0,4.0,6.0
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Fig. 2 Creep test results. (a) w=0%; (b) w=7.9%; (¢) w=14.5%; (d) w=21.6%

damage and destruction of the internal structure of the soft
rock specimen, thereby increasing the creep deformation. A
higher deviator stress will lead to the rock sample reaching a
steady state or accelerated state more rapidly.

Figure 2 also shows that accelerated creep behavior occurs
when the water content (w) is 0% and the deviator stress (o) is
14.5 MPa. More specifically, We also note that the deviator
stress (o) which correspond to the occurrence of accelerated
creep were 10.5, 8.0, and 6.0 MPa when the water content was
7.9%, 14.5%, and 21.6%, respectively. Therefore, the water
content has a significant effect on the creep behavior of
WCSR. This occurs mainly due to the presence of expansive
minerals, such as montmorillonite, illite, and kaolinite, which
expand through water absorption with increasing water con-
tent. This also reduces the bonding structure potential between
particles and increases the damage to the rock mass.
Furthermore, the lubrication caused by the water film leads
to a decrease in the internal friction structure potential of the
rock, which in turn reduces the friction strength between the
rock structures and causes a transition from steady-state creep
to unsteady creep, until accelerated creep occurs.

The radial creep curves were found to be similar to the axial
creep curves. More specifically, the radial creep was negative
due to the lateral expansion deformation of the soft rock
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specimen. In addition, the radial creep deformation was sig-
nificantly smaller than the axial creep deformation because the
confining pressure effectively limited the lateral deformation.

Creep rate

The creep rate is an important index that reflects the behavior
of creep curves. The creep rate can be obtained according to
the first derivation of the creep test results, as shown in Fig. 3.

Figure 3 shows that the creep rate curve shows two forms.
More specifically, each steady-state creep rate curves include
a steeply descending stage and stationary holding stage, while
except these two stages, each unsteady creep rate curves also
include the sharply increasing stage. However, the creep rate
curves fluctuate to some extent due to the differences between
samples caused by the inhomogeneity of the geomaterial
components.

The initial creep rate and steady creep rate are important for
the creep properties of weakly cement soft rock. Therefore, the
initial creep rate and steady creep rate under different water
content conditions can be obtained according to creep rate
curves of Fig. 3, as shown in Fig. 4.

Figure 4 shows that the creep rate is significantly affected
by water content and deviator stress. Figure 4a shows that the
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Fig. 3 Creep rate curves. (a) w=0%; (b) w="7.9%; (¢) w=14.5%; (d) w=21.6%

axial initial creep rate increases with deviator stress and water
content increase. However, influence of water content on the
radial initial creep rate curves is not consistent. For example,
when water content is 14.5%, the radial initial creep rate is
0.0325, 0.0445, 0.0695, and 0.11125%h", corresponding to
deviator stress is 2, 4, 6, and 8 MPa of water, respectively.
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Fig. 4 Creep rate curves: (a) initial creep rate, (b) steady creep rate

Nevertheless,when water content is 7.9%, the radial initial
creep rate is 0.05438, 0.09493, 0.11152, 0.14793, and
0.18435%h", corresponding to deviator stress is 3, 5, 7, 9
and 10.5 MPa, respectively. This indicates that the radial ini-
tial creep rate of water content (7.9%) is larger than that of
water content (14.5%). In addition, the other experimental
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results are consistent with the viewpoint that the initial creep
rate increases with the increase of water content and deviator
stress.

We also note that the axial initial creep rate is larger than
radial initial creep rate when water content is larger than
14.5%. At the same time, the axial initial creep rate is consid-
erably close to the radial initial creep rate when water content
is smaller than 7.9% (natural water content). This can be ex-
plained as that the internal structure of rock mass is softened
and the strength is weakened seriously with higher water con-
tent, while the radial initial creep rate is restrained by confin-
ing pressure in the initial stage.

Figure 4b shows that the steady creep rate increases with
water content and deviator stress increase, which indicates that
a higher water content and deviator stress will enhance the
occurrence of creep deformation. The axial steady creep rate
is always larger than the radial steady creep rate. The axial
steady creep rate ranges from 0.00132%-h ™" to 0.04227%h "
and the radial steady creep rate ranges from 0.00017%h™" to
0.0181%h™". This indicates that the axial creep deformation is
more intense than the radial creep deformation. The failure
mode of the weakly cemented soft rock specimen had also
been shown to be dominated by longitudinal crack generation,
expansion, and penetration. Therefore, it is necessary to pay
particular attention to the creep deformation corresponding to
the direction of the major principal stress to avoid deformation
failure as part of the long-term stability evaluation process of
underground engineering.

Instantaneous deformation and creep deformation

The creep test curves of the WCSR include instantaneous de-
formation and creep deformation. It should be noted that in-
stantaneous deformation is an important index for the modulus
characteristics of rock samples and the creep deformation is
mainly employed to measure the long-term stability of under-
ground engineering surrounding rock. The initial deformation
values, which were obtained at the time when the deviator
stress was just constant, were taken as the instantaneous defor-
mation. The creep deformation was obtained by differentiating
the instantaneous deformation with respect to the total defor-
mation at the end of the creep tests. The instantaneous defor-
mation and the creep deformation under different water content
and deviator stress conditions are shown in Table 2. The strain
ratio in Table 2 refers to the ratio of the instantaneous strain to
the creep strain of the WCSR under this level of load.

Table 2 shows that the instantaneous deformation and
creep deformation increases with an increase in the deviator
stress and water content. The ratio of the axial instantaneous
deformation to the creep deformation is approximately 0.01—
0.15, while the ratio of the radial deformation to the creep
deformation is approximately 0.09-0.92. This indicates that
the creep deformation of WCSR is dominant. The ratio is
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larger when the deviator stress is lower and the creep curves
indicate long-term steady creep. The ratio of the radial instan-
taneous deformation to the creep deformation is larger than
that of the axial deformation. This result can be accounted for
by the expansion deformation of WCSR specimens under the
combined actions of an applied load and a specific water con-
tent. Moreover, as the degree of expansion deformation de-
creases gradually with time, more time is required to complete
the expansion deformation process. This part of the deforma-
tion process plays an important role in the creep test; however,
the expansion deformation of soft rock cannot be removed
from the test data.

In addition, the ratio of the axial instantaneous deformation
to the radial instantaneous deformation is approximately
0.35-1.11, while the creep ratio is approximately 1.94-5.54.
This can be explained by the fact that instantaneous deforma-
tion occurred in the initial loading stage, radial expansion
deformation occurred rapidly, and axial deformation was lim-
ited. In addition, the axial creep deformation increased with
increasing loading time in the creep stage, but radial creep
deformation was limited due to the confining pressure effect.

Long-term strength

Long-term strength is an important index for evaluating the
long-term stability of underground engineering structures and
estimating whether accelerated creep occurs. Stress—strain iso-
chronous curves are the main method used to determine the
long-term strength of rock. However, it is difficult to describe
the regularity of the inflection point of stress—strain isochronous
curves accurately, which results in a certain amount of uncer-
tainty when determining the long-term strength. The operation
of this method is also complex when there are many data. The
reciprocal of the steady creep rate method was used to determine
the long-term strength of weakly cemented soft rock in this study
according to Wang et al. (2018). Two linear functions were used
to fit the curve between the reciprocal of the steady creep rate
and the deviator stress when the stress was high and low, respec-
tively. The intersection of the two fit curves was taken as the
long-term strength of the soft rock. The long-term strength re-
sults are shown in Fig. 5, where Fig. 5a was obtained by using
the reciprocal of the axial steady creep rate and Fig. 5b was
obtained by using the reciprocal of the radial steady creep rate.

Figure 5 shows that the long-term strength of the rock
decreases with an increase of the water content. The long-
term strengths of the rock were 8.402, 5.241, 4.381, and
4 MPa via the reciprocal of the axial steady creep rate, and
8.052,5.614, 4.105, and 4 MPa via the reciprocal of the radial
steady creep rate when the water content was 0%, 7.9%,
14.5%, and 21.6%, respectively. However, the long-term
strength difference between the axial and radial creep rates is
insignificant. Therefore, the average values were taken to de-
scribe the relationship between the long-term strength and
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Table 2  Instantaneous strain and creep strain
Water content Deviator stress Axial strain Radial strain
(%) (MPa)
Instantaneous strain Creep strain Strain Instantaneous strain Creep strain Strain
(%) (%) ratio (%) (%) ratio
0 5 0.014 0.093 0.151 —-0.017 -0.023 0.739
8 0.017 0.237 0.072 —0.028 -0.073 0.384
11 0.021 0.503 0.042 —0.034 —0.130 0.262
13 0.029 0.921 0.031 —0.044 -0.294 0.15
14.5 0.043 1.594 0.027 —0.061 -0474 0.129
7.9 3 0.014 0.113 0.124 —0.020 —0.026 0.769
5 0.018 0.311 0.058 —0.030 —0.065 0.462
7 0.021 0.582 0.036 —-0.039 —0.180 0.217
9 0.024 0.949 0.022 —0.052 -0.328 0.159
10.5 0.026 1.876 0.014 —0.062 —0.634 0.098
14.5 2 0.012 0.133 0.143 —-0.022 -0.024 0.917
4 0.019 0.327 0.037 —-0.029 -0.167 0.174
6 0.039 0.777 0.05 —0.035 -0.375 0.093
8 0.055 1.372 0.04 —0.058 —0.655 0.089
21.6 2 0.014 0.178 0.079 —-0.037 —0.057 0.649
4 0.021 0.599 0.032 —0.06 —0.308 0.195
6 0.032 2.156 0.015 -0.075 -0.559 0.134

water content of the weakly cemented soft rock, as shown in
Fig. 6.

Figure 5 illustrates the negative exponential function
relationship between the long-term strength and the water
content.

Fractional order creep model
Fractional calculus theory

Fractional calculus is derived from the development of the
traditional integral calculus theory, and it is able to describe
the derivatives or integrals of arbitrary order (Chen et al. 2014;
Liao et al. 2016). Fractional order calculus is defined in the
form of an integral. The most well-known forms include the
Riemann—Liouville fractional differential operator and the
Caputo operator (Zhang et al. 2014).

In this case, the Riemann—Liouville definition of the calcu-
lus operator was employed, as shown in Eq. (1):

t>a)

(n—I1<a < nm,

The Riemann—Liouville fractional integral operator is
shown in Eq. (2):

f(T)dt

12’ f(t> = —-[a (t_T)lﬂx )

(¢ >0,t>a) (2)

where I'(c) is the Gamma function, I'(x) = [;* e dfRe(x) > 0;
D and I are differential and integral symbols, respectively; # is
the upper limit of the integral; and « is the fractional order.

Fractional derivative Abel dashpot

The stress versus strain characteristics of the geotechnical ma-
terials between an ideal rigid body and an ideal fluid body can
be expressed in the fractional differential form of the Abel
dashpot, as shown in Fig. 7 (Zhou et al. 2011).

The stress versus strain relationship of the Abel dashpot
can be calculated according to Eq. (3):

d%e(z)

o) =5 G)

where £ is the viscosity coefficient of the Abel dashpot and «
is the fractional order. Equation (3) can be reduced to Hooke’s
elastic law when « is 0 and similarly to Newton’s fluid law
when « is 1. The Abel dashpot can describe stress versus
strain characteristics between ideal elastic and fluid materials.
The deviator stress o(f) was considered to have a constant
value in the creep constitutive model. The creep constitutive
equation of the Abel dashpot can be obtained using the
Riemann-Liouville fractional differential operator theory, as
shown in Eq. (4):
(o)} *

e(t) :?m 4)
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Fig. 5 Long-term strength of rock determined with the reciprocal of steady creep rate: (a) axial; (b) radial

The creep curves for different fractional orders («) can then
be obtained as shown in Fig. 8 through the dimensionless
treatment of Eq. (4).

Figure 8 shows that for an « value between 0 and 1
(Fig. 8a), the stress versus strain curves gradually increase,
although the growth rate slows gradually, which describes
the steady-state creep characteristics of the geomaterials. In
addition, the growth rate of the creep curves increases signif-
icantly when « is greater than 1 (Fig. 8b), which in turn de-
scribes the accelerated creep characteristics.

The creep rate of the Abel dashpot can be obtained from the
derivation of Eq. (4), as shown in Eq. (5):

Oop «&- 11

Equation (5) is a descending function when « is between 0
and 1, i.e., the strain rate decreases continuously during the

9~
ks = Axial
i ® Radial
=
s
ST $=3.60+4.63exp(-0.12x)
] (R=0.992)
[0
%6
g
8
25r
Q
—
4
1 . 1 . [ T | ) | ) .
0 3 6 9 12 15 18 21
Water content (%)

Fig. 6 Long-term strength with water content
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creep process, thereby describing the attenuation creep char-
acteristics of the rock materials. In contrast, Eq. (5) is an in-
creasing function when « is greater than or equal to 1, which
describes the accelerated creep characteristics. We can trans-
form Eq. (5) into Eq. (6) when « is 1:

£(0) = 3 (6

This equation indicates that the strain rate of Eq. (4) is
constant when « is 1, thereby describing the equal velocity
creep characteristics of the geomaterials.

Similarly, we assume that £(¢) is a constant value () in the
stress relaxation constitutive model, and so the stress relaxa-
tion equation of the Abel dashpot is given by.

t_OC
o(t) = &g m (7)

As such, the stress relaxation curves for different v values
can be obtained by the dimensionless treatment of Eq. (7), as
shown in Fig. 9.

As shown in Fig. 9, when « is less than 1, the stress de-
creases gradually over time. The reduction rate of the stress
relaxation is larger in the initial stages, prior to becoming
relatively stable at a later point. Thus, the relaxation is en-
hanced with increasing «. It is therefore evident that the
Abel dashpot can clearly describe the nonlinear relaxation
process of the geomaterials.

<, a

g

Fig. 7 Abel dashpot
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Fig. 8 Creep strain curves of Abel dashpot. (a) a<1; (b) a>1
Fractional-order creep model

The creep theory of soft rock has been thoroughly studied with
common creep models including the Burgers model, Bingham
model, and Nishihara model, the latter of which is widely used
in the creep model research of geomaterials (see Fig. 10).

The creep formula of the Nishihara model can be defined
according to Egs. (8, 9) and (10):

_E
—— 1+~ (1=t X
e(t) E +E1 ( e ) (0 < oy) (8)
o o B, 00y
—_ —(1—e m - > S
=5 T ( ¢ ) ot oz ©)

where E and E are the elastic moduli of the Hooke body, 7,
and 1), are the viscosity coefficients of the Newton body, and
o 1s the stress threshold for accelerated creep.

According to Fig. 10 and Egs. (8) and (9), the Nishihara
model can be used to describe the instantaneous elastic strain,
stress relaxation, constant-rate creep, and residual elasticity.

Nondimensionalization strain

1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4
0.2
0.0

1 | 1 | 1 | |
30 40 50 60 70 80 90 100
Time (h)

0 10 20

However, it is unable to describe the accelerated creep prop-
erties of soft rock accurately. So many studies have increas-
ingly focused on improving the creep constitutive model (Cao
et al. 2002; Tomanovic 2006; Xu and Chen 2013).

Fractional calculus theory has been increasingly applied in
studies of the constitutive modeling of geomaterials. Thus, we
herein proposed a four-element fractional-order constitutive
model of WCSR based on fractional calculus theory and the
Abel dashpot, as shown in Fig. 11.

In addition, the Hooke body was employed to describe the
instantaneous deformation of soft rock, while the Abel dash-
pot was used to describe the stress versus strain characteristics
between ideal elastic and ideal fluid geomaterials (c; < 1). In
addition, the Abel dashpot, which is parallel to the plastic
body, was used to characterize the accelerated creep charac-
teristics of soft rock when the deviator stress exceeded the
stress threshold (a, > 1).

Thus, the fractional-order creep constitutive model of the
four elements (see Fig. 10) can be deduced as follows accord-
ing to the series and parallel rules of the element model. In Eq.
(10), oy is the deviator stress and ¢, is the strain of the Hooke

1.00 - body.
—m—q=02
= —o—q=04 _ %o
\ —A—0=0.6 2 _E1 (10)
075 m _
< . . —v—a=038
% A In addition,e, is the strain of the Abel dashpot, and can be
= ]
2 \ s expressed as follows:
5050 @ L .
g |
3 %
é A .. E27 &) Os
© ...
& 0.25 LN ©%000000, AW —
I \v aa,, Mtnansass o ANN—] . —
vv AAAAAAAAAA‘AAAAAAAAAAAAAAAAAAAA o E e 7—‘ _rl g
0.00 L L TV VY VY YYYYYYYYYYYYYYYTY TSy e v Y YT e b
0 5 10 15 20 25 30 35 40 45 50 1 1
Time (h) m & (&

Fig. 9 Stress relaxation curves

Fig. 10 Nishihara model
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5 2 In particular, when \ = o, we have
£ < ]X} RL pr 1y RL 0 ¢ :
. G, DMRLDS(0) <DL 1) (19)
- -
AIW\/ So,
r— t
O_S_/ d((y;+(y,) (O—g( ))
RL nyov 1
D & | & | & - D ‘e5(t) = e (20)
Fig. 11 Modified fractional-order model I;LD;’253(1) _ ﬂ;gi (t) _ U(t)—as (21)
e &
d()(] [
52() :ﬂ (11) Thus
dr 3]
RLpym l) _ 1 RLDwz (t) + IRLD(UtﬁOu) (t)( <])f <
Furthermore, o3 and &5 are the stress and strain of the par- a D e(t) = E, ! 7 & ! TN\ =1)10TT0=05
allel combined model of the plastic element and Abel dashpot. (22)
The constitutive model can therefore be represented by Eq. | R 1
(12): Rpee(t) =— Dio(t) +— D o(t)
E, & (23)
5%120 og < Oy J(t) s (0(15],042 > I)fOI‘O'()EO'S
d“e3(t) oo (12) &
= 7 00205
dre &

where £ and &, are the viscosity coefficients of the attenuation
and accelerated creep of the Abel dashpot, and a; and «, are
the fractional orders of the creep model, where a; <1 and o,
> 1.

Assuming that the a,-order derivative exists for a continu-
ous function f{f), Riemann—Liouville fractional calculus can
satisfy the following properties:

wDIE(0) + (1)) =& DE()+Df'g(1) (13)

The combined model formula can therefore be expressed as
follows:

RDMe(t) =RDMey (1) +5DM ey (t) oy <1 for g < o
(14)

§LD;‘25(1) :I;LDj“g] (1) + DM ey (1) + 8D e3(¢) (o <1, a5 > 1) forop >0
(15)

According to Egs. (10), (11), and (14), we can deduce the
following:

. 1 d*o ()
I;LDz}lal(t):E_l dro (16)
1 do(t
() = 5-S20 (17)

Assuming that the fractional derivative function %
DX Pr (¢) exists, it has the following properties:

&'DIRLD, [ (1) =MD Pf (1) (A > 0,5 > 0) (18)
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(1) Creep equation

The H-Fox function is then introduced to obtain the creep
model and relaxation expression.

Assuming o(f) = 0oH(?), then Eq. (22) can be transformed
as follows:

= UORL (IR & ogRL a;TT
D, €:E_ D,’H(t)—ﬁ-f— DY H (t)(a; <1)foroy < o
1 I
(24)
~a RL ~ RL ~
D, e =227 peafi(e) + 20 pleten F(r) (25)
£ &
H(1)-
+M(a151’a2 > I)for oy>o;
3]
Taking Egs. (24, 25) for the fractional Laplace transform:
« 00 a-1 00 o
SH = ™ ™ 26
£ 3 (26)
o 90 a,-1 00 a,+a;—1 00805
s 2 — — 2 _|__s 2 1 + 27
E, & s&, 27)

Subsequently, taking the inverse Laplace transform of Egs.
(26) and (27), the four-element fractional order model can be
expressed as follows:

1 1 tocl | [0~
2P0 +o;) [0

B (o)) Got“'
Er &

(1 <1)forog < osfor g0 < 05

, 1
e(1) i 1] () (28)
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_0p , Opt™ 1 o [0, 1]
e(1) TE g 2 [F(l +oc1)t |[0, 1] (e, oc)}

[Uofgs}taz R 1 o) (07 1)
160 )

(11,0 > 1) for op>05
(29)

where the special function is defined by the Mellin-Barnes
integral as follows:

(ap, xp)
(ba, q)

_ 1 [T5-1T (12 +a8) T3, T (bj=Bs)

270 [T T (105 + Bys) [T T (oj—xjs)

(ala (Xl)

m,n
Hp,q Z| (bl’ (xl)

2ds (30)

(2) Relaxation equation

Assuming € = gyH(?), then Eq. (22) can be transformed as
follows:
~® 1 kL 1 RL (cztay)
D, egH(t) =— DV“o+— Do (31)
Ey &
Taking the Laplace transform of Eq. (31), we obtain:

(1 | .
0 = 0'(E—1s°‘2 +gsa2+a') (32)

The creep equation, H-fox special function, and Laplace
inverse transform were used to obtain the relaxation functions
as follows:

B g 1 oy 10,1]
ol = Ey+ & e [F(l_al)t |[07 1] (_04704)}80
a1 <1 forog < oy
(33)
_ E\&t ™ ) 1 —ar1 10, 1]
o0 =+ ZH M iy 0] (o)
E\&t ™ 1 0y 10,1] (34)
* 61 + EZ 2 |:F(1_a2)t ‘ [07 1] (7O‘va):|80

ar<l,a; >1 for 09=0%

Equation (33, 34) is the stress—strain relationship of the
four-element fractional model under stress relaxation
conditions.

The aforementioned fractional-order constitutive model
can then be employed to describe the characteristics of instan-
taneous deformation, steady-state creep, accelerated creep,
and stress relaxation of WCSR.

Parameter solution and verification of the fractional
creep model

Model parameter solution

The ant colony algorithm (ACA) is a swarm intelligence al-
gorithm with good robustness that characterizes positive feed-
back and allows for a parallel search. The parameters of the
four-element fractional creep constitutive model are regarded
as a group of optimization problems. Therefore, the ant colony
optimization algorithm is employed to search the optimal ob-
jective function value to obtain the appropriate combination
parameter values.

The specific algorithm steps are shown in Fig. 12 (Yao
et al. 2016; Zhuang et al. 2011).

In Fig. 12, X={E|, &, oy, &, ay} are the creep model
parameters that are randomly assigned to each ant. Range of
parameters are E;€[0,1000], £,€[0,200], &<[10°,10°],
a1€[0,1], and a»€[1,20]. At(P) is the error of the creep model,
(is the basic parameter, and 3= 3. “Error” represents the error
index function, where Error(i) = {5?(1’)—&(1’)} *and £](i) is
the calculated value of the deformation using the creep model
equations, Egs. (28) and (29).ei) is the test results. “Blndex”
is the ant with the largest pheromone, § is the pheromone
volatilization factor, K=0.1. “Echo” represents the current
evolutionary algebra of the ant colony, and “Echo,,,” repre-
sents the largest evolutionary algebra of the ant colony, where
Echop,,y is 100.

We assume the ant number (m) is 30 and calculate e Toli),
i=1,2,...,m. The calculated results are arranged in ascending
order as T(j), wherej = 1,2,..., m. The dynamic transfer factor
can be calculated as Eq. (35).

2 Ech
Po =1 (§m>, Echo < < Czomax>

=t l .
Po =1 2m7 eise

A local search is performed if p(i) < py, otherwise a global
search is performed. In this way, a better solution will obtain at
the beginning, and the search will avoid falling into a local
optimum during the search process.

Then, the pheromone of the creep model parameters is
update and the largest pheromone is saved. The error value
is calculated according to the error model. Then the process
returns to the parameter initialization to carry out the iteration
cycle. The search ends when the number of iterations reaches
the initial setting. The optimization creep model parameters
are obtained from the best ants.

The parameters of the Nishihara model and four-element
fractional creep constitutive model were obtained by using the
above method, as shown in Tables 3 and 4.

(35)
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Fig. 12 The flow chart of
procedure of ACA
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Model verification

Substituting the aforementioned model parameters into Egs.
(28) and (29), the calculated values of the model could be
compared with the experimental results, as shown in Fig. 13.

As shown in Fig. 13, the tests were performed in the stable
creep stage, and the Nishihara model and four-element frac-
tional-order creep model give higher values than those obtain-
ed in the tests. In addition, the correlation coefficients are
satisfactory (i.e., R*> 0.85); however, a higher value was ob-
tained for the fractional creep model correlation coefficient
(i.e., R*>0.93). As such, both models can reasonably describe
the steady-state creep characteristics of WCSR. However, the
Nishihara model cannot describe the accelerated creep char-
acteristics of the specimen, as a large error was obtained in this
case (correlation coefficient R*>0.93). Moreover, the calcu-
lation results obtained using this model suggests a trend of
constant velocity growth, which is inconsistent with the trend
of an accelerated creep rate increase. We also found that the
four-element fractional creep model can reasonably describe
the instantaneous deformation, decay rheology, constant ve-
locity rheology, and accelerated rheology of WCSR, in

@ Springer
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particular when describing the accelerated creep curves with
R*=0.924-0.991. These results therefore indicate that the
four-element fractional creep model proposed herein can rea-
sonably reflect the creep variation of weakly cemented soft
rock.

Conclusions

In this study, a series of triaxial creep tests were performed to
study the creep properties of weakly cemented soft rock.
Then, a four-element fractional creep constitutive model was
established basing on the fractional calculus theory. The main
conclusions are as follows:

1. Test results show that moisture content and deviator
stress have significant influence on creep behavior of weakly
cemented soft rock. The creep curves gradually change from
two-stage steady-state creep to three-stage unsteady-state
creep and accelerated creep occurs, eventually. The instanta-
neous deformation, creep deformation, axial initial creep rate,
and steady creep rate increase with the water content and
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Table 3  Parameters of Nishihara’s model

Samples w (%) oo (MPa) Axial strain Radial strain

E, (MPa) E,(MPa) n; (MPah) 7, (MPah) R>  E,(MPa) E,(MPa) 7 (MPah) 7, (MPah) R

R11 0 5 118.6 83.98 929.9 0.934 559.6 486.1 1267 0.885
R12 8 174.8 42.28 388.4 0.985 488.5 246.7 1691 0.989
R13 11 167.9 21.38 539.7 0.995 433.7 176.8 4408 0.984
R14 13 150.1 14.40 318.1 0.995 3274 64.0 3312 0.992
RI15 14.5 121.6 43.08 128.1 27.76 0.967 501.6 3225 4524 248.5 0.765
R21 79 3 68.4 39.65 371.7 0.944 285 259.4 825.6 0.852
R22 5 152.7 17.32 204.3 0.994  262.5 181.8 1048 0.990
R23 7 100.3 12.27 288.3 0986 197.3 92.14 2003 0.972
R24 9 156.2 9.36 193.3 0.995 207.2 34.01 2148 0.938
R25 10.5 1332 25.88 50.0 27.39 0961 3574 277.8 271.9 189.2 0.778
R31 145 2 359 23.89 227.7 0.928 181.5 172.0 854 0.992
R32 4 71.7 14.46 216.7 0.984 150.7 48.13 1465 0.980
R33 6 452 7.96 201.2 0991 1385 22.37 1236 0.990
R34 8 166.5 41.58 18.85 40.68 0.936 266.4 341.6 1325 175.2 0.807
R41 216 2 243 20.51 181.9 0.865 64.55 154.7 104.0 0.892
R42 4 28.7 8.95 106.2 0.962 84.46 20.6 363.1 0.986
R43 6 41.5 17.96 18.2 29.67 0.954 160.9 325.6 906.1 190 0.882

deviator stress increase, while the influence of water content deformation to instantaneous deformation also increases,
on the radial initial creep rate curves is not consistent. which indicates that the WCSR with water content perform

2. The total deformation increases with the water content ~ obvious creep characteristics under the action of long-term
and deviator stress increase. And the ratio of the creep  load. The long-term strength of weakly cemented soft rock

Table 4 Parameters of four-clement fractional-order model

Samples w 09 Axial strain Radial strain
(%)  (MPa)
E, o &1 [¢%] & R E, (&3] &1 (€5 & R
(MPa) (MPa-h*") (GPa-h*?) (MPa) (MPah!) (GPa-h*?)

RI11 0 5 530.1 0.232 138.9 0.990 552.9 0.088 683.2 0.948
RI12 8 819.5 0.300 110.2 0.972 964.9 0.229 485.3 0.939
RI13 11 207.2 0.502 167.9 0.998 625.2 0.488 130.7 0.998
R14 13 976.8 0.508 112.2 0.997 4774 0.634 124.0 0.998
RI15 14.5 1290 0.624 131.6 1028 5x%10° 0.974 7429 0.214 297 6.127 12x10* 0.924
R21 7.9 3 576.6 0.230 65.68 0.987 298 0.084 339.1 0.949
R22 5 575.3 0.393 73.86 0.968 454.3 0.160 261.6 0.985
R23 7 680.4 0.488 88.83 0.996 424.5 0.379 385.0 0.995
R24 9 759.7 0.533 80.95 0.993 274.5 0.692 9483 0.998
R25 10.5 801.0 0.529 59.81 8.758 1x10° 0.978 621.2 0.242 198.4 6236 1.13x10* 0954
R31 145 2 201.4 0.223 37.6 0.985 182.1 0.026 189.1 0.990
R32 4 520.8 0.378 56.76 0.991 298.3 0.477 356.6 0.995
R33 6 174.5 0.487 58.47 0.998 222.6 0.638 457.1 0.999
R34 8 214.5 0.368 41.72 5739 0.8x10° 0.999 477.6 0.284 158.7 6.567 1.02x10* 0977
R41 216 2 298.1 0.179 23.63 0971 105 0.145 1419 0.949
R42 4 129.7 0.27 20.73 0979 1314 0.581 289.2 0.995
R43 6 100.5 0.531 27.98 1031 1.0x10° 0.996 186 0.326 142 4929 0.79x10*  0.991
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Fig. 13 Test and model verification results. (a) w=0%; (b) w="7.9%; (¢) w=14.5%; (d) w=21.6%
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was obtained by using the reciprocal of steady creep rate
method. The long-term strength decreases with the increase
of water content and the relationship between long-term
strength and water content shows a good negative exponential
function.

3. A four-element fractional creep constitutive model of
weakly cement soft rock was proposed basing on fractional
calculus theory. The specific creep equation and relaxation
equation of the model were obtained by introducing the H-
Fox special function. The constructed model can describe the
steady creep, unsteady creep, and stress relaxation of soft
rock. In addition, it only contains only five parameters, which
could be easily acquired.

4. The model parameters were obtained by trust-region
method and optimized by the ant colony optimization algo-
rithm method. The parameters were taken into the four-
element fractional creep constitutive model to calculate the
creep deformation with different water and deviator stress
conditions. Comparison results show that the four-element
fractional creep constitutive model can accurately simulate
the steady and unsteady creep characteristics of weakly
cemented soft rock, especially for accelerated creep behavior.

These research results will be helpful for studying the sta-
bility of weakly cemented soft rock mine engineering.
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