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Abstract Discontinuity-controlled rock slope instability

analysis is a difficult problem in the field of geotechnical

engineering. Many random discontinuities existing in rock

masses will negatively influence rock slope stabilities. This

study is aimed to determine the failure angle (apparent

angle of the sliding surface in the direction of the cut face)

of potentially unstable blocks in discontinuity-controlled

rock slopes in Dalian, China. For this purpose, a detailed

discontinuity survey was conducted in seven exploratory

trenches and two outcrops. Possible failure modes of the

slope were predicted. Thus, according to theories of kine-

matics and probability statistics, it is possible to determine

the failure angle of potentially unstable blocks with a new

method that combines the results of Bayesian inference,

probabilistic kinematic analysis and stereographic projec-

tion. Bayes’ formula was used to estimate the scientific

value of the slope failure angle. A computer program called

KINEMATIC was written to perform probabilistic kine-

matic analysis. Stereographic projection was used to verify

the values obtained from the methods. Through the

methodology proposed in the study, the failure angle of

each excavation slope could be well calculated.

Keywords Discontinuity � Bayesian inference �
Probabilistic kinematic analysis � Stereographic
projection � Failure angle

Introduction

Rock masses usually contain features such as bedding

planes, faults, fissures, fractures, joints and other mechan-

ical defects, which, although formed from a wide range of

geological processes, possess the common characteristics

of low shear strength, negligible tensile strength and high

fluid conductivity compared with the surrounding rock

material (Priest 1993). It has always been a problem to

evaluate discontinuity-controlled rock slope instabilities in

the field of geotechnical engineering. Complex disconti-

nuities are widely distributed in rock masses, with uncer-

tain distributions. Discontinuities make a rock mass have

features of discontinuity, non-homogeneity and anisotropy

and have an important influence on the mechanical and

hydraulic behavior of the rock mass.

Kinematic analysis (Hoek and Bray 1981) can be used to

identify potentially unstable blocks (i.e., plane, wedge and

toppling failures), and it is vital for analyzing the stability

of blocks in a rock mass and must precede any subsequent

analysis (Lana and Gripp 2003). Probabilistic kinematic

analysis (Chen et al. 1995) assumes that each discontinuity

of each slope surface is randomly distributed, i.e., the

position of each discontinuity and its scale in a particular

rock mass can be found anywhere else in the rock mass.

The procedures of probabilistic kinematic analysis are as

follows (Zhang et al. 2013):

1. Determine the orientation of each discontinuity col-

lected from the rock outcrop.

2. Determine the dip direction of the fractured rock slope.

3. Consider that the critical slip surface extends along the

discontinuity surfaces, and determine the dip angle

range of the critical slip surface.

& Jianping Chen

chenjpwq@126.com

1 College of Construction Engineering, Jilin University,

Changchun 130026, China

123

Bull Eng Geol Environ (2017) 76:1249–1262

DOI 10.1007/s10064-016-0972-5

http://crossmark.crossref.org/dialog/?doi=10.1007/s10064-016-0972-5&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/s10064-016-0972-5&amp;domain=pdf


4. Consider that the critical slip surface extends along the

wedges (with each wedge composed of two disconti-

nuities), and determine the dip angle range of the

critical slip surface.

5. Compare step 3 with step 4, and determine the dip

angle of the final critical slip surface.

Kinematic analysis is the procedure for defining failure

mechanisms through the use of stereographic projection

methods. Since Panet (1969), the stereographic projection

technique has been used to determine failure modes in

numerous studies (Markland 1972; Goodman 1976;

Hocking 1976; Cruden 1978; Lucas 1980; Hoek and Bray

1981; Matherson 1988; Kincal 2014). For discontinuities of

well-developed rock slopes, there are several discontinuity

sets that dominantly control the failure of the rock mass. In

conventional stereographic projection, these discontinuity

sets, dip direction of the slope and other geometrical fea-

tures are used to plot on a stereographic projection net to

evaluate the dip and dip direction of slope and disconti-

nuities. However, there is a problem of the deterministic

analysis: only representative orientation values (dip/dip

direction) for identified discontinuity sets are considered

when using stereographic projection or kinematic analysis

(Admassu and Shakoor 2013). Thus, a new method, which

combines the results of Bayesian inference, probabilistic

kinematic analysis and stereographic projection, was

proposed.

Bayesian statistics was introduced to analyze the data

to obtain a more accurate calculation of the slope failure

angle. The method of Bayesian inference is used to infer

the slope failure angle based on prior information,

sample information and posterior information. Prior

information includes, but is not limited to, maps and

surveys, local experience, visual observations, and

published reports and studies. Sample information is

from field investigation, sampling or tests. Posterior

information is a result of comprehensive analysis of

prior information and sample information. Through the

Bayesian formula, the slope failure angle can be infer-

red from posterior information. A Bayesian approach is

developed in this article that provides a probabilistic

framework to integrate prior information and sample

information and to provide a probabilistic characteriza-

tion of slope failure angles using a limited number of

discontinuities. It can be seen that prior information is

fully utilized in Bayesian statistics, and this is different

from classical statistics. In recent years, numerous

studies (Ditlevsen et al. 2000; Christian 2004; Wang

et al. 2010; Chiu et al. 2012; Papaioannou and Straub

2012; Cao and Wang 2014; Wang et al. 2014) have

been performed using Bayesian statistics in the field of

geotechnical engineering with good results.

In this study, a case study of discontinuity-controlled

rock slopes at the Southeast Dalian Port, China, was used

to illustrate the proposed approach. Through comprehen-

sive comparison of Bayesian estimation, probabilistic

kinematic analysis and stereographic projection, the failure

angle of potentially unstable blocks of the planned exca-

vation slopes can be calculated. Thus, the calculated values

can provide some help for the final design, e.g., limit

equilibrium analysis, etc.

Problem statement

Kinematic analysis has been used to analyze the structural

condition of unfavorably oriented discontinuities using the

stereographic projection method. In this analysis, the ori-

entation of a discontinuity is compared with the slope

orientation and friction angle by plotting the orientation of

a discontinuity onto a stereonet or a Schmidt net. This

stereonet-based kinematic analysis assumes that a tightly

clustered orientation of the discontinuities exists. However,

the orientation of discontinuities measured in the field is

often scattered. Such variations cannot be included in tra-

ditional kinematic analysis, and the mean orientation of a

discontinuity is used, which creates uncertainties. It is

obvious that the discontinuity set represented by a mean

value of the discontinuity orientation in a group could well

reflect the general condition of the discontinuities. How-

ever, they could not well represent those discontinuities

that deviate far from the mean value of all the disconti-

nuities in a group, namely, some singular points on the

stereonet. The singular points that might have an influence

on the rock mass would be neglected. Thus, many com-

binations of these discontinuities are not shown in the final

results. This is a problem of the deterministic analysis.

Alternatively, probabilistic kinematic analysis considers all

the discontinuities and their intersections. Recently,

Admassu and Shakoor (2013) developed the computer

program DIPANALYST for quantitative kinematic analy-

sis; Zhang et al. (2013) determined the critical slip surface

via probabilistic kinematic analysis, and Park et al. (2015)

applied GIS-based probabilistic kinematic analysis to the

spatially distributed steep rock slopes. The above-men-

tioned probabilistic kinematic analysis always requires

many discontinuities surveyed in the field. However,

actually, it is not easy to perform the survey of disconti-

nuity for its time-consuming recording process, and

sometimes the site environment is not suitable for the

investigation of discontinuity. Thus, only a limited number

of discontinuities can be obtained from field investigation,

and on the other hand, a reasonable result is needed. To

overcome this problem, a more effective and scientific

method that combines the results of Bayesian inference,
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probabilistic kinematic analysis and stereographic projec-

tion was proposed. This method will be illustrated in the

methodology section. Through this method, some mean-

ingful results can be obtained. According to the authors’

opinion, these results offer a good complement to the

problems mentioned above when using the stereographic

projection technique and kinematic analysis.

Characteristics of the study area

The planned excavation slopes are located in the Southeast

Dalian Port, Dalian City, China. The planned construction

area is approximately 200 m in length from north to south

and approximately 180 m in width from east to west,

covering an area of approximately 36,000 m2 (Fig. 1). The

natural slope is gentle, with a gradient of 15� and a dip

direction of approximately 0� N. The slope reaches ele-

vations of 33 m on the southern slope and 17 m on the

northern slope. It is approximately 1 km from the north

slope to the seaside. According to the engineering

requirements, the slope would be excavated steeply at an

angle of 76� or more. The main lithological unit distributed

in the studied area is Epiproterozoic Sinian, moderately

highly weathered slate. Clay, gravel and miscellaneous fill

are also found covering the slates. However, their thick-

nesses are uneven. The main colors of the slates are yel-

low-brown and gray-brown. The slates are predominated

by clay minerals. Crystalloblastic fabric and slaty cleavage

are characteristics of the slates. The thickness of the slate

layer is approximately 2-5 mm, with a maximum thickness

of 20 mm. The slope is cut by joints and fractures. These

discontinuities are highly developed. Because the compo-

sition of the protolith is different, a phenomenon of soft

and hard interbedded rock can be seen in Fig. 2. The weak

interlayer has a poor weathering resistance. Its thickness is

4–10 cm, with a maximum of 20 cm. The hard interlayer

has a strong weathering resistance, with a thickness of

2–25 cm.

In the field, bedrocks are exposed in the northeast and

southwest of the study area, and discontinuities are very

well developed in the rock mass. There are a few meters of

fill soil at the surface in the northwest and southeast of the

study area. The geological structure of the rock mass is

complex with developed discontinuities. Thus, it is com-

mon to see some small-scale geological phenomena, such

Fig. 1 Location map of the study area
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as joints, fissures, faults, folds, and so on (Fig. 3). As can

be seen in Fig. 3a, the formation of the kink bands is early

and beds are overturned; Fig. 3b shows that the fault cuts

through soft and hard interbedded rock. The fault is about

10 cm wide and 2.5 m long. The faulted zone is broken and

filled with mud. There are clear dislocations on both sides

of the fault. The rock strata mainly steeply dip to the south,

i.e., bedding surfaces steeply dip into slope face. The

phenomena of folding are widespread. These phenomena

could lead to a variety of orientations. Thus, the orienta-

tions of rock strata have high variability in the area. The

dip direction of the bedding surface in the study area

appears overturned and partly dips to the north.

Properties of the discontinuities

Properties of the discontinuities include the discontinuity

dip/dip direction, discontinuity type, trace length, spacing,

filling, weathering and so on to survey these properties; a

total of nine outcrops were investigated in the study area in

2012 (Fig. 4). Seven of them were exploratory trenches

excavated in the study area. The other two were natural

outcrops near the northeast of the area. All the disconti-

nuities were measured from these outcrops. Because the

stratigraphic age in the study area is quite old and the strata

have experienced several tectonic regimes, the disconti-

nuities in the study area display the law of random distri-

bution. Thus, each outcrop was regarded as a sampling

window. Through the 9 sampling windows, a total of 1007

discontinuities were measured. For example, discontinuity

information on the south exploratory trench, including the

terminal point coordinate, the dip and dip direction, were

collected using a rectangular sampling window with

dimensions of 14.6 m in length and 1.8 m in height

(Fig. 5). In addition to the orientation of the discontinuity,

other properties, such as the type, spacing, persistency,

aperture, filling, shape, weathering and water condition

characteristics of the discontinuities, were described during

the window sampling. Because probabilistic kinematic

analysis is mainly concerned with discontinuity dip and dip

direction, details relevant to other properties will not be

given in the study. However, to illustrate the problem, the

discontinuity properties of the south exploratory trench are

summarized in Table 1.

The orientations of discontinuity were represented by a

hybrid method discovered by Chen (1995). This method is

a combination of the right-hand rule, traditional rose dia-

gram of a strike and equal-area lower-hemisphere net. The

so-called right-hand rule is a method used to determine the

strike of a discontinuity. When a person faces one side of a

strike line, the direction of his or her right hand is always

the same as the dip direction of a discontinuity. Thus, the

orientation of any discontinuity can be represented

uniquely by the strike and dip angle. The right-hand rule

can determine the strike of discontinuity in all quadrants,

which complements the absent quadrants in the traditional

Fig. 2 Soft and hard interbedded rock

Fig. 3 Some small-scale geological phenomena found in the study area: a kink bands; b fault and fold
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rose diagram of the strike (usually NE and NW quadrants).

The theory of the hybrid method used in Figs. 6 and 7 is

that: (1) a lower hemisphere equal area projection is used

for the analysis; (2) from the center of a circle to the edge,

the dip angle of discontinuity ranges from 0� to 90�; (3) a
modified traditional rose diagram of the strike determined

by the right-hand rule is used. According to the authors’

opinion, the method is more convenient and useful in

stress-field analysis of rock masses and more detailed in

stability analyses of discontinuity-controlled rock masses

(Chen et al. 2005). Through the investigation of nine out-

crops, the measured discontinuity data were processed in

rose and polar diagrams using the hybrid method (Fig. 6).

Figure 6 shows that there is a common developmental

characteristic of the random discontinuities existing in the

study area. That is, the poles projected on the equal-area

lower-hemisphere net have the characteristic of a random

distribution. Many poles of discontinuities are distributed

not only in the high dip angle area but also in the low dip

angle area. Thus, it is difficult to conclude the develop-

mental characteristic of these areas. However, the forma-

tion of most discontinuities is affected by tectogenesis.

This suggests the discontinuities were influenced by some

type of stress field, and they had grouping characteristics to

some degree.

Through general representation of the discontinuity strike

of the right-hand rule, a general characteristic and tendency

result of random discontinuities could be achieved in the

study area. However, the method could not clearly distin-

guish a representative attitude for a set of discontinuities.

Thus, it is necessary to identify discontinuity sets in eachFig. 4 Sketch map of outcrops

1.8m

0 2 4 6 8 10 12 14m

120°

Joint trace lines

Fig. 5 The measured joint trace

map of the sampling window in

the south exploratory trench

Table 1 General characteristics of the discontinuities investigated in the south exploratory trench

Discontinuity features Explanation

Discontinuity set 1 2 3

Total number of

discontinuities

13 30 45

Mean dip direction (�) 100.2 4.2 18.8

Mean dip angle (�) 73.8 69.2 25.4

Discontinuity type Joints and fissures Joints, fissures and bedding planes Joints and fissures

Trace length(m) Max 0.4, min 0, mean 0.15 Max 1.35, min 0.25, mean 0.7 Max 1.15, min 0.07, mean 0.34

Spacing (m) Large joints: above 1; small joints:

below 1; mean: 0.95

Large joints: above 1; small joints:

below 1; mean: 1.13

Large joints: above 1; small joints:

below 1; mean: 3.29

Aperture(mm) Max: 5; general wide:\3 Max: 1; general wide:\2 Max: 3; general wide:\2

Discontinuity surface

description

Generally straight and smooth Generally straight and smooth Generally straight and smooth

Filling Weathering mud Weathering mud and detritus Weathering mud, detritus and

fragments

Weathering Slight weathering Slight weathering Slight weathering

Water condition Dry Dry Dry
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sampling window. A method proposed by Shanley and

Mahtab (1975, 1976) was employed in this study. The

grouping result (Table 1; Fig. 7) of the orientation data of

discontinuity in the south exploratory trench was processed

using a program written by Chen (1995).

Methodology

With the structural geology conditions mentioned above,

the failure modes of the discontinuity-controlled rock slope

in the study are mainly plane, wedge and toppling failures.

As explained by Hoek and Bray (1981), the kinematic

conditions for discontinuity-controlled rock slope instabil-

ities are shown in Fig. 8.

After determining failure modes, probabilistic kinematic

analysis is used to determine the angle of the failure sur-

face. Before this analysis, two assumptions should be made

in the calculation: (1) Each discontinuity is randomly dis-

tributed in each excavation slope; (2) every discontinuity

could have an influence on the stability of the excavation

slopes.

Based on the above ideas, each discontinuity and com-

bination of every two discontinuities must be analyzed in

Fig. 6 Rose and polar diagrams using the right hand rule: a south

exploratory trench; b west exploratory trench; c west exploratory

trench 2; d east exploratory trench; e supplementary exploratory

trench 1; f supplementary exploratory trench 2; g north exploratory

trench; h north outcrop 1; i north outcrop 2
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turn. This procedure was realized by the KINEMATIC

computer program. The detailed procedures are shown as a

flow chart in Fig. 9. The functions of the program are as

follows: (1) The program can consider several parameters

of the rock excavation slope (e.g., strike, dip direction and

dip of the slope). (2) The program can consider mechanical

parameters (e.g., c and /) of the rock discontinuity. (3) For

any single discontinuity, it can consider the influence of

slope strike and discontinuity mechanical parameters

simultaneously and automatically predetermine the poten-

tial of plane failure. Meanwhile, the dip and dip direction

of the failure surface could be determined. (4) For all the

discontinuities, the program can analyze potential wedge

failure combined by every two discontinuities automati-

cally. The trend and plunge of the intersections formed by

the two discontinuities can be determined.

For the calculation mentioned above, design values,

including the strike and dip angle, were used to represent

the actual conditions of the excavation slope. The dip of the

designed excavation slope is assumed to be 76�. Based on

the results of the field work, the values of mechanical

parameters of rock discontinuity are determined to be

small. / (internal friction angle) is defined as 27�, and c

(cohesion) is temporarily defined as 0.

Through field investigation, a total of 88 discontinuities

identified in the south exploratory trench were used to

evaluate kinematic instabilities of the south excavation

slope. By completing the KINEMATIC program, the sta-

tistical characteristics of the dip and dip direction of the

potential unstable blocks analyzed by KINEMATIC are

shown in Tables 2 and 3.

As shown in Tables 2 and 3, the data of potential

unstable blocks caused by wedge and plane failure are

quite limited in number. Thus, it is necessary to analyze

these data for a better understanding of their statistical

characteristics (Cao 2010; Yu 2011).

Bayes’ formula is used to estimate the slope failure

angles analyzed by the probabilistic kinematic method.

Bayesian statistics is a hierarchy with the most sophisticated

model in statistical ideology. Any unknown parameter in an

object function can be treated as a random variable. Previous

experience is used as prior information. The unknown

parameter is described by the prior distribution. Because

prior information and sample information of the parameter

are unified by Bayes’ formula, Bayesian estimation has

greater precision (Zhang and Chen 1995; Li 1984). The most

important feature of Bayesian statistics is that the concept of

prior information is introduced during the process of statis-

tical inference. Using Bayes’ formula, the slope failure angle

can be estimated. The details of each step and its associated

equations are summarized in what follows:

1. Obtain the slope failure angle data of the south trench

(sample information) and the slope failure angle data

of two supplementary trenches (prior information)

using KINEMATIC;

2. Identify the optimum probability distribution functions

(PDFs) (distribution forms) of slope failure angle data

of the south trench and the supplementary trenches

using GODFIT;

3. Obtain correlation parameters such as l and r2, and
determine conditional probability distribution (CPD)

(based on formula 1) such as formula 3 based on the

optimum PDFs (take normal distribution as an

example);

4. Determine the posterior distribution (based on for-

mula 2) such as formula 6, which was determined by

formula 3, 4 and 5 (take normal distribution as an

example);

5. Determine evaluated value (expectation, i.e., slope

failure angle) such as formula 7 (take normal distri-

bution as an example).

This method makes the calculation result better reflect a

prior understanding of the slope failure angle. Thus, it is

more scientific and comprehensive for estimating slope

stability.

Fig. 7 Diagrams of the discontinuity sets investigated in the south exploratory trench: a set 1; b set 2; c set 3
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The specific method is to treat the unknown parameter h
in the general distribution density (or probability density)

f x; hð Þ as a possible value of a random variable (or random

vector) H. In the field of the Bayesian method, the value of

parameter h is usually used in the condition of h = H.

Thus, the usual probability density will be treated as the

CPD (Box and Tiao 1973; Gong 2006), as shown in

formula 1:

fxjH xjhð Þ ¼ f xjhð Þ ¼ f x; hð Þ ð1Þ

When the value of parameter h is set asH, it has to show

the distribution of H. Before sampling, the distribution of

(a)

(b)

(c)

Fig. 8 Kinematic conditions for discontinuity-controlled rock slope instabilities: a plane failure; b wedge failure; c toppling failures (after Hoek

and Bray 1981; Aksoy and Ercanoglu 2007)
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the unknown parameter can be set based on simple initial

prior knowledge. This refers to the prior distribution of H.

The distribution density (or probability function) of H is

denoted as p hð Þ. After sampling, based on the under-

standing of the probabilistic rule of the samples, through

the calculation of Bayes’ formula, the prior distribution of

the parameter is revised to the conditional distribution,

which matches the samples. The conditional distribution is

called a posterior distribution of H, also known as the

Bayesian distribution. From Bayes’ formula, the posterior

Input discontinuity dip (i to n)/dip direction (i to n), slope dip/dip direction, 
joint’s friction angle, where n is number of data

If discontinuity dip direction (i) is within 
20 degrees with slope dip direction AND 
discontinuity dip (i) is less than apparent 
slope angle AND discontinuity dip (i) is 

greater than friction angle, i=1, i=i+1

If discontinuity dip direction (i) is within 
170 - 190 degrees with slope dip 

direction AND if (90 – discontinuity dip
(i)  + friction angle < slope angle, i=1, 

i=i+1

Calculate discontinuity intersection 
trend/plunge between dip direction (i)/
dip (i) and dip direction (i+1)/dip (i+1), 

i=1, i=i+1

If discontinuity intersection trend is not 
opposite slope dip direction AND 

discontinuity intersection plunge is less 
than apparent slope angle AND 

discontinuity intersection plunge is 
greater than friction angle 

If i=n, output slope failure angles for the 
possibility of single plane sliding

If i=n, output slope failure angles for the 
possibility of toppling

If i=n-1, output slope failure angles for 
the possibility of wedge sliding

Fig. 9 Flow chart for the procedure performed in KINEMATIC software

Table 2 Kinetic features of the potential unstable rock blocks in the south exploratory trench

Potential sliding plane Potential sliding wedge

Dip dir. (�) Frequency (%) Dip angle (�) Frequency (%) Trend (�) Frequency (%) Plunge (�) Frequency (%)

341–345 11.11 25–30 5.56 270–290 13.65 25–30 6.86

345–350 16.67 30–35 11.11 290–310 5.9 30–35 28.49

350–355 11.11 35–40 22.24 310–330 4.9 35–40 12.49

355–360 5.56 40–45 27.80 330–350 11.95 40–45 11.06

0–5 5.56 45–50 16.67 350–10 26.7 45–50 11.43

5–10 16.67 50–55 11.11 10–30 14.55 50–55 12.14

10–15 11.11 55–60 5.56 30–50 5.55 55–60 6.75

15–20 11.11 – – 50–70 4.75 60–65 4.17

20–25 11.11 – – 70–90 12.05 65–70 3.58

Dip/dip direction (trend/plunge) is the true dip/dip direction

Table 3 Statistical table of the possible failure mode and failure angle in south trenching

Dip direction of slope (�) Failure mode Potential unstable

block number

Orientation of potential sliding surface Slope failure angle (�)

Mean dip direction (�) Mean dip angle (�)

1 Wedge failure 342 17.41 45.87 44.68

Plane failure 18 6.42 42.69 42.56
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distribution p hjx1; x2; . . .; xnð Þ can be calculated by

formula 2:

p hjx1; x2. . .xnð Þ ¼ p hð Þ
Qn

i¼1 f ðxi; hÞ
r p hð Þ

Qn
i¼1 f ðxi; hÞdh

ð2Þ

Through the investigation of the discontinuities in the

field and the probabilistic kinematic analyses by the pro-

gram, a group of south-sloping failure angles is obtained.

Bayesian estimation of the slope failure angle could be

obtained using Bayes’ formula. As mentioned above, the

advantage of Bayes’ formula is that it considers prior

information. Thus, it is important to select prior informa-

tion. In a certain area, the tectonism, components and

environmental evolution of rock masses are similar.

Because the rock lithology in the study area is slate, it is

considered that the discontinuities investigated in each

trench are integrally related. Meanwhile, the strike of each

trench should be considered, i.e., using prior information

concerning whether the trenches should have a similar

strike. Thus, the prior information includes the failure

angles of the two supplementary exploratory trenches

excavated in the middle of the natural slope, and the

sample information includes the failure angles of the south

exploratory trench near the south slope. Therefore, the

GODFIT computer program was written to study these

data. The function of the program is to identify which PDF

is optimal for analyzing the statistical characteristics of the

data and calculate the correlation parameters. The optimum

PDF is evaluated by the Kolmogorov-Smirnov goodness-

of-fit test (Chen et al. 1996; Han et al. 2015). The K-S test

is a nonparametric test whose statistical procedure does not

rely on assumptions about the form of the distribution of

populations. In this study, the K-S test was adopted to

examine whether the difference between the mentioned

distributions (normal or log-normal) of the measured trace

length and sample data is significant. The K-S value was

used to examine the distance between the distribution of

the measured trace length and the sample data. The degree

of freedom (DOF) is the number of values in the final

calculation of a statistic that are free to vary. In the study,

DOF refers to the number of sample groups divided by

GODFIT automatically, and it has an influence on the K-S

value.

Through the analysis of dip angles of 342 possible

sliding wedges (sample information) in the south trench, a

log-normal function is identified as the optimum PDF to fit

the distribution characteristic of the dip angle data, as

shown in Fig. 10a. In addition, through the analysis of the

dip angles of a total of 3637 wedges (prior information) in

the supplementary trench, a log-normal function is also the

optimum PDF to fit the distribution characteristic of the dip

angle data, as shown in Fig. 10b. For possible sliding

planes, normal function is the optimum PDF to fit the

distribution characteristic of the dip angle data in both the

south trench (sample information) and the supplementary

trench (prior information), as shown in Fig. 10c, d,

respectively. The corresponding parameters are shown in

Table 4.

Because the fit functions of prior information and sam-

ple information of the wedges are log-normal functions, the

computational method is used to convert these functions

from log-normal distributions to normal distributions. If x

obeys a normal distribution, the CPD could be written as

formula 3. According to Bayesian theory, the unknown

parameter h in formula 3 is a possible value of the random

variable H, and the distribution of H is the prior distribu-

tion shown as formula 4. Thus, the joint density function

can be written as formula 5:

f xjhð Þ ¼ 1
ffiffiffiffiffiffi
2p

p
r0

exp � 1

2

x� h
r0

� �2
( )

ð3Þ

p hð Þ ¼ 1
ffiffiffiffiffiffi
2p

p
r
exp � 1

2

h� l
r

� �2
( )

ð4Þ

p hð Þf xjhð Þ ¼ 1

2pr0r
exp � 1

2

x� h
r0

� �2

� 1

2

h� l
r

� �2
( )

ð5Þ

In statistics, the process of adding samples is treated as

the revised cognitive process of the distribution of H. After

sampling, N samples (x1; x2; . . .; xn) are obtained, and

through mathematical deduction, the posterior distribution

of h is shown as formula 6. The mathematical expectation

of the posterior distribution is shown as formula 7.

p hjx1; x2; . . .; xnð Þ ¼ N

Pn

i¼1
xi

r2
0

þ l
r2

n
r2
0

þ 1
r2

;
1

r20
þ 1

r2

� ��1

2

6
4

3

7
5

¼ N l0; r02
� �

ð6Þ

E hjx1; x2; . . .; xnð Þ ¼ l0nr
2 þ lr20

nr2 þ r20
ð7Þ

Let y = lnx, y0 = lnh, if x obeys a log-normal distribution,

y obeys a normal distribution. In the form of a normal distri-

bution, the mean value l00 and variance r002 of the posterior

distribution can be written as formula 8, respectively:

l00 ¼ lr02 þ l0r2

r2 þ r02
r002 ¼ ðr0rÞ2

r2 þ r02
ð8Þ

It should be noted that parameters l, r2 and l0, r02 are

the mean value and the variance of f yjhð Þ and p y0ð Þ,
respectively. Thus, when prior information and sample

information are both in a log-normal distribution, the

mathematical expectation (Xia and Ma 2008) is concluded

as formula 9:
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E ¼ exp l00 þ 1

2
r002

� �

ð9Þ

Therefore, when the failure mode is wedge sliding,

because the slope failure angles of wedge sliding obey log-

normal distribution (Table 4), the Bayesian estimation of

the south-sloping failure angles can be calculated using

formula 8 and 9 according to the parameters in Tables 3

and 4; the results are listed in Table 5. Similarly, when the

failure mode of the south slope is plane sliding, 18

potential sliding planes of the south slope act as the sample

information, and 119 potential sliding planes of the sup-

plementary trenches act as the prior information. Through

the calculation of the GODFIT program, a normal distri-

bution is identified as the optimum PDF to fit the distri-

bution characteristics of the prior and sample information.

According to the parameters obtained from GODFIT (see

Table 4), through formula 7, Bayesian estimations of plane
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Fig. 10 Frequency histograms

for the south slope failure angle:

a sample information for wedge

failure; b prior information for

wedge failure; c sample

information for plane failure;

d prior information for plane

failue

Table 4 Test method, distribution form and related parameters of the slope failure angle in the south trench

Failure mode Function information Kolmogorov-Smirnov test Distribution form Correlation parameter

K-S value DOF

Wedge Prior function 0.043 12 Log-normal –

Wedge Sample function 0.028 12 Log-normal –

Wedge Prior function (conversion) 0.039 12 Normal l0 = 3.89 r02 = 0.33

Wedge Sample function (conversion) 0.036 12 Normal l = 3.71 r2 = 0.18

Plane Prior function 0.042 12 Normal l = 45.43 r2 = 77.66

Plane Sample function 0.039 12 Normal l0 = 42.56 r20 = 92.05

Correlation parameters of plane failure were used in formula 7; correlation parameters of wedge failure were used in formula 8 and 9
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failure angles can be obtained and are listed in Table 5. In

the same way, the Bayesian estimation of the other tren-

ches can be obtained.

According to the discontinuities and the grouping result

of the discontinuity sets (Table 1; Fig. 7) in the south

exploratory trench, the orientation of the slope face and the

discontinuity sets are plotted in the stereonet (Fig. 11).

Using the stereographic projection method, a potential

sliding wedge formed by set 1 and set 2 is found. The dip

direction of the intersection of the two sets is 45.36�, and
the dip angle of the intersection is 70.16�. Thus, through
the procedures to evaluate apparent dip from true dip

(Admassu and Shakoor 2013; Park and West 2001), the

failure angle of the excavation slope calculated by stereo-

graphic projection is 63.22�. Additionally, a group of

potential sliding planes controlled by set 2 is found, with a

failure angle of 69.17�.
Through comparative analyses of the results of the

Bayesian estimation, the probabilistic kinematic method

and stereographic projection, the failure angle of the south

slope is eventually determined (see Table 5; Fig. 12).

Similarly, the failure angles of the other slopes can be

obtained.

As can be seen from Table 5 and Fig. 12, the values of

the failure angles of the probabilistic kinematic method and

Bayesian estimation are smaller than that of stereographic

projection because the two methods consider each dis-

continuity plane and their intersections, especially certain

planes in zones of lower concentrations. The values of the

failure angles of Bayesian estimation are intermediate

between the sample mean value and prior mean value of

the probabilistic kinematic method because Bayesian esti-

mation considers both sample information and prior

information of the discontinuities.

Conclusion and discussion

The study is performed to apply Bayesian inference, the

rules of kinematic analysis and stereographic projection to

discontinuity-controlled rock slope instabilities with a dif-

ferent approach to including all measured discontinuities

Table 5 Results of the failure angle of the south excavation slope calculated by the three methods

Location of slope face Failure mode Stereographic projection (�) Probabilistic kinematic analysis (�) Bayesian estimation (�)

Sample mean value Prior mean value

South excavation slope Plane 69.17 42.56 45.43 42.75

Wedge 63.22 44.68 47.72 46.14

Sample mean value of probabilistic kinematic analysis is the result of probabilistic kinematic analysis in south trench

Equal Angle             

Lower Hemisphere

EXPLANATIONS
total number of discontinuity set-1: 13

total number of discontinuity set-2: 30

total number of discontinuity set-3: 45

dip/dip direction of set-1: 74°/100°

dip/dip direction of set-2: 69°/4°

dip/dip direction of set-3: 25°/19°

internal friction angle: 27°

dip/dip direction of slope face: 76°/1°ϕ 27°

Potential wedge sliding 

Potential plane sliding 

Fig. 11 Stereographic projection of the discontinuities in the south trench
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on the outcrops, testing all possible orientations and

intersections of the planes with designed excavation slope

geometry. Through the analyses of potential unsta-

ble blocks caused by plane failure, wedge failure and

toppling failure, the failure angle of the south excavation

slope is obtained. Because the three methods use different

statistical methods, their results are also different.

The values of the failure angle of the probabilistic

kinematic method and Bayesian estimation are smaller than

that of stereographic projection (Fig. 12), because the

probabilistic kinematic method and Bayesian estimation

consider each discontinuity plane and their intersections,

especially certain planes in zones of lower concentrations

that can lead potential slides. The stereographic projection

values calculated through three discontinuity sets that were

represented by a mean value of the discontinuity orienta-

tion in each group could well reflect the general condition

of the discontinuities. However, they could not represent

those discontinuities that deviate far from the mean value

of all the discontinuities in a group well, namely, some

singular points on the stereonet. Those singular points that

would lead to potential slides are neglected. Thus, many

combinations of these discontinuities are not shown in the

final results.

Bayesian inference is introduced to estimate the slope

failure angle utilizing the results obtained from proba-

bilistic kinematic analysis. Through the calculation with

the GODFIT program, several types of PDFs could fit the

data of failure angles in each exploratory trench. Thus,

Bayes’ formula could be used for these data. The final

result of this method considers both sample information

and prior information. Thus, it is more scientific and

economical than classical statistics. However, it should be

noted that the selection of prior information is quite

important. Proper prior information could give a precise

value, but improper prior information would be misleading.

The probabilistic kinematic method requires analysis of

each discontinuity plane and their intersections in a sample

window. Thus, many meaningful analyses can be per-

formed from this method through the KINEMATIC pro-

gram, which considers the orientation and mechanical

parameters of the discontinuities and the three failure

modes. This method is more meticulous and complete than

traditional stereographic projection.

Traditional stereographic projection analyzes each dis-

continuity set. This method offers a general guidance for

kinematic analysis. However, a discontinuity set is usually

a mean value of the discontinuities in a group and does not

accurately represent discontinuities that deviate far from

the mean values of a given group.

In the authors’ opinion, in the field of geotechnical

engineering, especially for discontinuity-controlled rock

with characteristics of randomicity and variability, the

result of any single method cannot accurately represent

actual conditions. Stereographic projection is reliable in

general, probabilistic kinematic analysis is more

meticulous, and Bayesian estimation is more scientific.

The results of the three methods can be cross-

referenced.
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