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Abstract

In this paper, we investigate whether efficiency and strategy-proofness of allocation
mechanisms defined on a “local” preference set imply dictatorship. Although there is
an extensive literature on the characterization of efficient and strategy-proof allocation
mechanisms defined on the whole preference set, little attention has been given to a
local characterization even in two-agent economies. This paper presents three results.
First, we point out that locally efficient, strategy-proof, and nondictatorial alloca-
tion mechanisms exists even in two-agent economies, when boundary allocations can
be efficient. Second, excluding such exceptional cases, we show that in economies
where the number of goods equals or exceeds the number of agents, any efficient and
strategy-proof allocation mechanism defined on any local preference domain is alter-
nately dictatorial, that is, it always allocates the total amount of goods to some single
agent, even if the receivers vary. Third, we clarify that the local characterization is
generally an open question even with allocation conditions such as the minimum con-
sumption guarantee, and show that efficiency and strategy-proofness are incompatible
with allocation conditions when all agents have the same local preference set.
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1 Introduction

Following the seminal work of Hurwicz (1972), the manipulability and efficiency of
allocation mechanisms in pure exchange economies have been studied intensively.
In particular, many studies have been stimulated by the work of Zhou (1991), who
established that any Pareto-efficient and strategy-proof allocation mechanism is dic-
tatorial in exchange economies with two agents having classical (i.e., continuous,
strictly monotonic, and strictly convex) preferences. Although the dictatorship result
has been strengthened and extended in various directions, little attention has been
paid to local characterization. Hence, in this paper, we aim to investigate this issue,
responding to the following research question: Does the dictatorship result hold if
an allocation mechanism is efficient and strategy-proof only on a local preference
domain? To ask the question positively, does local efficiency and strategy-proofness
of allocation mechanisms allow a nondictatorial allocation? This would be a natural
question to ask not only from a theoretical perspective but also from a practical per-
spective because it is quite likely that a planner will have some information about the
agents’ preferences, which allows him/her to narrow the focus to a local preference
set rather than the whole preference set.

Zhou’s (1991) dictatorship result in two-agent economies has been strengthened
by being proven in the domain of restricted preferences. See Schummer (1997), Ju
(2003), Hashimoto (2008), and Momi (2013a).! Note that these studies restricted the
types of preferences, and we will narrow the domain of classical preferences to a
neighborhood of a given preference in this paper.

First, we emphasize that there exist Pareto-efficient, strategy-proof, and nondicta-
torial allocation mechanisms defined on a local preference domain even in the case
of two-agent economies.” This is in sharp contrast to the abovementioned dictator-
ship result on the whole preference domain. In an economy with two agents and
two goods, consider allocation where one agent’s consumption is on the boundary of
the agent’s consumption set. For many reasonable preferences, the allocation will be
Pareto efficient despite an inequality of marginal rates of substitution. The mechanism
that always assigns this allocation is strategy-proof and nondictatorial. Furthermore, it
is locally efficient because the allocation keeps being Pareto efficient for preferences
in a neighborhood. In the Appendix, we provide an illustration of such an example.
Although the example should be noted as a positive result, it is exceptional in that it
ignores what Pareto efficiency usually imposes on allocation mechanisms, that is, the
equality of the marginal rates of substitution of goods among agents. To exclude such
cases, we assume that the upper contour set of preferences at any positive consumption
is a strictly convex set included in the interior of the consumption set.

Recently, the dictatorship result of Zhou (1991) has been extended to many-agent
economies. As pointed out by Satterthwaite and Sonnenschein (1981) and Kato and
Ohseto (2002), there exist Pareto-efficient, strategy-proof, and nondictatorial allo-
cation mechanisms in many-agent economies, but these are typically alternating

1 However, Nicolo (2004) showed a Pareto-efficient, strategy-proof, and nondictatorial mechanism in the
domain of Leontief preferences.

2 Tierney (2019) showed the possibility result with quasilinear preferences.
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dictatorships. Momi (2017) proved the alternating dictatorship result in many-agent
economies under the condition that the number of goods equals or exceeds the number
of agents, and subsequently proved the result without such a condition (Momi 2020).

In this paper, we extend Momi’s (2017) approach and show that if the number
of goods equals or exceeds the number of agents, any Pareto-efficient and strategy-
proof allocation mechanism defined on any local preference domain is alternately
dictatorial. We leave examining the issue without the condition on the numbers of
agents and goods to future research.

It is important to note that we cannot directly extend the previous studies on the
whole preference set to the local characterization problem. The difficulty is that most
studies have used specific, carefully constructed preference profiles in their proofs, and
an arbitrarily given local preference set would not include such a specific preference
profile. In particular, most of the abovementioned studies of two-agent economies used
a preference profile where both agents have the same preference. Although Hashimoto
(2008) and Momi (2013a) proved the local characterization in two-agent economies
with Cobb-Douglas preferences, an arbitrarily given local preference set of classical
preferences might not include any Cobb—Douglas preferences.> Replacing the Cobb-
Douglas preferences used in Momi (2017) with preferences in an arbitrarily given
preference set is one of the difficulties we overcome in this paper, as we will discuss
later. We cannot apply the approach of Momi (2020) for the same reason. In the proof,
Momi (2020) replaced all but two of the agents’ preferences with a common prefer-
ence, and such replacements are not possible in an arbitrarily given local preference
set. If a local preference set includes such a specific preference profile, a local char-
acterization result might be obtained as a straight extension. We will observe this in
establishing the local incompatibility of Pareto efficiency and strategy-proofness of
allocation mechanisms when agents’ individual local preference sets are the same.

Hurwicz (1972) originally proved that, in two-agent economies, Pareto-efficient
and strategy-proof allocation mechanisms are incompatible with the individual ratio-
nality condition, where agents possess their initial endowments and a mechanism is
assumed to allocate consumption that benefits all agents. The incompatibility result
has been extended to many-agent economies with various welfare lower bound (WLB)
condiitions. Serizawa (2002) showed the incompatibility with the individual rationality
condition. Serizawa and Weymark (2003) showed the incompatibility with a minimum
consumption guarantee condition, where the consumption of each agent is assumed to
be away from zero with some minimum distance. Momi (2013b) relaxed the minimum
consumption guarantee condition to a simple positive consumption condition, where
a mechanism is assumed to allocate positive consumption to all agents.* Again, the
proofs of these papers relied on a preference profile where all agents have the same
preference, which would not be included in an arbitrarily given local preference set.
Therefore, it is an open question whether such incompatibility results hold locally.
In this paper, we extend Momi’s (2013b) proof and show that Pareto efficiency and

3 In fact, Cobb-Douglas preferences are topologically negligible.

4 Barbera and Jackson (1995) discarded Pareto efficiency and characterized strategy-proof mechanisms
that satisfied the individual rationality condition. Refer to Goswami et al. (2014) for an incompatibility
result when preferences are quasilinear.
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strategy-proofness are incompatible with the positive consumption condition when all
agents have the same local preference set

Note that the alternating dictatorship, where one agent receives all goods and the
others receive zero consumption, violates the WLB conditions. Therefore, the alternat-
ing dictatorship result in this paper establishes the incompatibility of Pareto efficiency
and strategy-proofness with the WLB conditions for any local preference set when the
number of agents does not exceed the number of goods. However, it remains an open
question whether a Pareto-efficient and strategy-proof allocation mechanism defined
on an arbitrarily given local preference set can be compatible with the WLB conditions
when the number of agents exceeds the number of goods.

The remainder of the paper is organized as follows. Section 2 describes the model
and results. Section 3 reviews the approach by Momi (2017) and explains the difficulty
that we face when a mechanism is defined only locally. Section4 presents some tech-
nical results. Sections 5 and 6 provide the proofs of the main results. The Appendix
contains an example of the positive result and the proofs of all lemmas and corollaries
from Sects.4 and 5.

2 Model and results

We consider an economy with N agents, indexed by N = {1, ..., N}, where N > 2,
and L goods, indexed by L = {1, ..., L}, where L > 2. The consumption set for each
agent is R%. A consumption bundle for agent i € Nis a vector x' = (x{,...,x}) €
Ri. The total endowment of goods for the economy is Q@ = (21, ..., Q1) € ]Ri L. An
allocation is a vector X = (xl, o xN ) € ]RiN . Thus, the set of feasible allocations
for the economy with N agents and L goods is X = {X € RiN DD ieN xl < Q}

A preference R is a complete, reflexive, and transitive binary relation on Ri. The
corresponding strict preference Pr and indifference /g are defined in the usual way.
Given a preference R and a consumption bundle x € RZ, the upper contour set of
Ratx is UC(x; R) = {x’ € R} : x’Rx}, and the lower contour set of R at x is
LC(x; R) = {x" e RL : xRx'}. We use I(x; R) = {x’ € R% : x'Igx} to denote the
indifference set of R at x, and P(x; R) = {x’ € R% : x'Pgrx} denotes the strictly
preferred set of R at x.

A preference R is continuous if UC (x; R) and LC(x; R) are both closed for any
x € RE. A preference R is strictly convex on R% | if UC(x; R) is a strictly convex set
in R forany x € Ri - Apreference R is monotonic if, for any x and x” in RE x > x'
implies that x Rx’.> A preference R is strictly monotonic on Ri o if, for any x and x’
in RJLF +» X > x" implies that x Prx’. Therefore, if R is continuous, strictly convex on
R% ., and strictly monotonic on R% |, then UC(x; R) C RL, forany x € RL, and
the boundary B]RfL is an indifference set. Note that the definition of strict convexity
differs slightly from that of Zhou (1991), where UC (x; R), x € Ri 4 might have
an intersection with the boundary. As mentioned in the introduction, a mechanism
that assigns a boundary allocation could be locally Pareto efficient, strategy-proof and

5 For vectors x and x” in R, x > x/ denotes that x; > x/ forany [ € Land x # x'.
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nondictatorial. Therefore, the assumption that keeps the upper contour sets away from
the boundary is crucial in this paper.

A preference R is homothetic if, for any x and x" in RY and any t > 0, xRx’
implies that (zx)R(zx"). A preference R is smooth if for any x € Ri . there exists
a unique vector p € S¥7! = {x € RL || x |= 1} such that p is the normal of a
supporting hyperplane to UC(x; R) at x. We call the vector p the gradient vector of
R at x, and write p = p(R, x). Note that if R is smooth, strictly convex on Ri 4>and
strictly monotonic on R{; ., then the gradient vector is positive in the positive orthant:
p(R.x)e St =[x eRl, ol x ||= 1]} forany x e RL .

Let R denote the set of preferences that are continuous, strictly convex on R{; 1
strictly monotonic on Ri +» smooth, and homothetic. A preference profile is an
N-tuple R = (R',...,RY) € RN. We write the subprofile obtained by remov-
ing R from R as R~/ = (Rl, ., RTL Ri+1,...,RN) and write the profile
(R',...,R=L, R, R ... RN) as (R, R™"). We also write R™""/} to denote
the subprofile obtained by removing R’ and R/ from R.

A social choice function f : RY — X assigns a feasible allocation to each
preference profile in R . For a preference profile R € R”, the outcome chosen can
be writtenas f(R) = (f' (R),..., f¥ (R)), where f(R) is the consumption bundle
allocated to agent i by f. We let B C R" be a subset of R". In this paper, we deal
with a case where a social choice function is defined on B, or it satisfies desirable
properties only on 5.

The following theree deficinitons are standard.

Definition 1 A social choice function f : RN — Xis strategy-proof on B C RN
if ff(R)R'f'(R",R™") forany i € N, any R € B, and any R’ € R such that
(R,R7) e B.

Definition 2 A social choice function f : RY — X is Pareto efficient on B ¢ RY if
f(R) is Pareto efficient for any R € B.

Definition3 A social choice function f : RN — X is dictatorial on B if there exists
i € Nsuch that f/(R) = Q forany R € B.

We say that a social choice function is alternately dictatorial if it always allocates
the total endowment to some single agent though not always the same agent. Note that
under an alternately dictatorial social choice function, the identity of the receiver of
the total endowment may vary depending on preference profiles.

Definition 4 A social choice function f : RY — X is alternately dictatorial on
B c RV if, for any R € B, there exists ig € N such that f’R(R) = Q.

Taking the same approach as previous studies, including Serizawa (2002) and Momi
(2013b), we follow Kannai (1970) and introduce the Kannai metric into R to discuss
continuity. For x € R_I; \ 0, we use [x] to denote the ray starting from the origin and
passing through x: [x] = {y e RE : y = 1x,1 > 0}. We define 1= (1,..., 1) € RE
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so that [1] denotes the principal diagonal of RJLr. Using these definitions, the Kannai
metric d(R, R’) for continuous and monotonic preferences R and R’ is defined as

d(R.R') = max I 1(x; R)(M[A]—I(x; R) AT |
xeRE I+l x |12

’

where || - || denotes the Euclid norm in R%. With the Kannai metric, R is a metric
space. See Kannai (1970) for details.6

We write B.(R) C R to denote the open ball of preferences in R, with center R
and radius € > 0: B.(R) = {R eR:d(R,R) < e}. For a preference profile R =
(R', ..., RN), we write B¢ (R) to denote the product set of B (R'),i = 1,..., N:
B.R) =TI_ Bc (R") = Bc (R') x -+ x Bc (RV).

We often write B’ C R to denote an open ball of agent i’s preferences without a
specified center or radius and B = I1 lN: | B! to denote the product of such open balls
over agents.

We define various open balls in a similar manner. For example, we write B.(p) C
Si;l to denote the open ball set of price vectors p: B.(p) = {p € S_Lhi] Np—prl<
e}. We write B:(¥) C RL to denote the open ball set of L-dimensional vectors y:
Be() ={y eR":| y =7 lI<e}.

Our main result is as follows.

Theorem 1 Assume that L > N. If a social choice function f : RN — X is Pareto
efficient and strategy-proof on a product set of open balls B = l'IlN= | B, then fis
alternately dictatorial on B.

Alternating dictatorship violates the individual rationality condition of Serizawa
(2002), the minimum consumption guarantee condition of Serizawa and Weymark
(2003), and the positive consumption condition of Momi (2013b). Therefore, the
incompatibility of the Pareto-efficient and strategy-proof mechanism with these WLB
conditions is ensured by this theorem for the case where L > N. If we assume
that all agents have the same local preference sets, we can show the incompatibility
without the condition on the numbers of agents and goods. In this paper, we prove the
incompatibility with the positive consumption condition.

Theorem 2 If a social choice function f : RN — X is Fareto efficient and strategy-
proof on a product set of open balls B = l'IlNlel, where B' = B for all i, then there
exist some j and R’ € B such that f/(R’) = 0.

3 Preliminary results
Momi (2017) proved the alternating dictatorship result for a social choice function f

defined on the whole domain RY; when L > N, any Pareto-efficient and strategy-
proof social choice function f : RY — X is alternately dictatorial. In this section,

6 See Hildenbrand (1974) and Grodal (1974) for further information on the topology of this space.
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referring to this result, we explain the difficulties faced in the case of local preference
domains.

We consider a social choice function f that is Pareto efficient and strategy-proof
on a product set of open balls B = HN Bi

As in Momi (2017), we define the 0pt10n set as follows. For agent i, when the
other agents’ preferences R7eB =TI Hg,Bf are fixed, we define the option set,
G'(R™") c RL, as the union of the agent’s consumption bundles given by f over

his/her preferences in B':
¢ (k)= U r(r.R7).
RieBi

The key feature of the option set is that, because of the strategy-proofness on B,
P (R",R™") should be the most preferred consumption bundle in G’ (R™) with
respect to R' € B'.

Because the boundary of the consumption set BRQ is an indifference set of each
agent’s preferences, each agent’s consumption assigned by a Pareto-efﬁcient social
choice function f is not on the boundary except for the origin.” Then, because of the
Pareto efficiency, at least one agent i has positive consumption f(R) € RL T and
the agent’s gradient vector at the consumption is well defined and p (R’, f (R)) €
Sijrl. The Pareto efficiency also implies that all agents who are assigned positive
consumption have the same gradient vector. We call the gradient vector the price
vector at the allocation and write p(R, f). Thus, the price vector p(R, f) € st i Vis
well defined for the economy even if the gradient vector of an agent who is assigned
zero consumption is not well defined.

On the other hand, for a preference R € R and a prlce vector p € St~ i + , we define
the consumption-direction vector g(R, p) € S JI; 1 as the normalized consumption
vector where the gradient vector of R is p. It should be noted that the consumption-
direction vector is well defined because the preference is homothetic and strictly
convex in ]Ri - The proof of the next lemma is provided in the Appendix.

Lemmal For R € Rand p € S++ , the consumption-direction vector g(R, p) €
S i +1 is uniquely determined. Furthermore, g(-, p) is a continuous function.

Thus, g (Ri, PR, f )) is agent i’s consumption-direction vector at the preference
profile R under f. Note that this is well defined even for an agent who is assigned zero
consumption. To simplify notation, we write g'(R, f) = g (R', p(R, f)). Agent i’s
consumption f*(R) assigned by f should be on the ray [¢' (R, f)], and we can write
SRy =l fTR) I g R, f). .

Momi (2017) focused on a preference profile R € B where the consumption-
direction vectors are independent. The role of this independence should be clear.
Because consumption vectors fi(l_{), i = 1,...,N, are on the rays [gi(R, f)],
i =1,..., N, respectively, and they sum to the total endowment €2, the consump-
tion vectors should be determined uniquely if the consumption-direction vectors are

7 See Momi (2017, p. 1275) for the proof.
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Fig.1 The option set

independent. Momi (2017) showed that in a neighborhood of f! (R), where the
consumption-direction vectors are independent at R, the option set G'(R™) is the
L — 1-dimensional smooth surface of a strictly convex set, as drawn in Fig. 1(i).

The role of this strict convexity and smoothness is clear. If the option set satisfies
such properties, f! (Ri, R ) which is the most preferred consumption bundle in the
option set with respect to R', is a continuous function of R’. Based on these topological
properties of the option set, we can prove the following proposition. See Momi (2017,

Proposition 6) for the proof.

Proposition 1 Suppose that f is a social choice function that is Pareto efficient and
strategy-proof on a product set of open balls B = l'IlNlei. Ifg'R, f),i=1,...,N,
are independent at a preference profile R = (Rl, ce RN) € B, then f'(R) € {0, Q}
foranyi € N.

This proposition ensures the alternating dictatorship at a preference profile where
the consumption-direction vectors are independent. If the consumption-direction vec-
tors are independent at a preference profile, independence holds for a preference profile
in a neighborhood because of the continuity of f, and the alternating dictatorship also
holds in the neighborhood. However, in general, it is difficult to know whether the inde-
pendence of the consumption-direction vectors holds for a given preference profile. It
depends not only on the preference profile R but also on the price vector p(R, f) deter-
mined by the social choice function f, the behavior of which is unknown. Without the
independence of the consumption directions, the option set might not be either strictly
convex or smooth, and hence f might not even be a continuous function. Figure 1 (ii)
depicts an example of such an option set.

A key to overcome this difficulty is that there exists a preference profile R* € RV
that ensures the independence of the consumption-direction for any price vector. Momi
(2017) constructed such a preference profile R* using Cobb—Douglas utility functions.
Then, through preference exchanges between two preference profiles, the alternating
dictatorship result at R* was extended to any preference profile.

However, in a small local domain B, we cannot expect the existence of such a
preference profile that ensures the independence of the consumption-direction vectors
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for any price vectors. This is the difficulty that we face in this paper. In an arbitrarily
given domain B, we have to find a preference profile that satisfies the condition of
Proposition 1.

4 Technical results

As mentioned in the previous section, we must deal with the case where g’ (R, f),
i = 1,..., N, are dependent. In the next section, starting from such a preference
profile, we construct a preference profile in any neighborhood where the independence
of the consumption-direction vectors holds. In this section, we present some technical
results that we use for the proof. Throughout this section, we assume that the social
choice function f is Pareto efficient and strategy-proof on a product set B and we deal
with preference profiles in B, although we do not repeat them in each lemma. Proofs
of all lemmas and corollaries are provided in the Appendix.

For a preference R € R and a consumption bundle x € R%, a preference R is called
a Maskin monotonic transformation (MMT, hereafter) of R at x if ¥ € UC(x; R) and
X # x implies that ¥ Pgx.® It is well known that if an agent receives x at a preference
profile R, strategy-proofness implies that this agent receives the same consumption
bundle x when his/her preference is subject to an MMT at x. Note that R and R share
the same price vector at x. As shown in Momi (2013b, Lemma 4), for a preference
R € R and a consumption bundle x € Ri ., there exists a preference that is an MMT
of R at x in any neighborhood of R.

Because f'(R) is the most preferred consumption bundle in G’ (R‘i ) with respect
to R' € B!, the upper contour set UC ( fiR); R ) intersects with the option set
G' (R™") at f/(R). As mentioned in the previous section, this might not be a unique
intersection, and then f* (-, R™') might not be a continuous function of R'. Therefore,
we define F (R; G' (R™")) as the intersection between the upper contour set of R’
at f(R) and the option set: F (R'; G' (R™)) = UC (f'(R); R))(G' (R™). Itis
clear from the definition that f'(R) € F (R’; G' (R™")) and F (R'; G' (R™")) C
I(f'(R); RY).

The next lemma implies that if R is close to R!, then any element of
F(R";G' (R™")) is close to F (R'; G' (R™)). For a set A C RE, we let Bs(A)

denote the union of open balls with radius § and center x € A: Bs(A) = |, e Bs(x).

Lemma2 For any § > 0, there exists € > 0 such that if R € B, (Ri), then
F(R"; G'(R™)) C Bs(F(R'; G'(R™))).

If the consumption f!(R) is the unique intersection between the upper contour set
and the option set, that is, if fi (R) = F (Ri; G! (R_i)), then as R converges to
Ri, F! (Ri/; G! (R_i)) converges to fi (R) as in Lemma 2. Then, the consumption
P (R, R™"), whichisin F' (R"; G' (R™")), also converges to f*(R), and hence the
social choice function f* (-, R™") is continuous at R'.

8 Note that these are usually called strict MMTs, whereas standard MMTS require only X Rx.
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We write p (R'; G' (R™7)) to denote the set of gradient vectors at consump-
tion bundles in F (R'; G' (R™)): p (R'; G' (R™)) = {p(R,x) € S5;' 1 x €
F (R'; G' (R7"))}. It is clear from the definition that p(R, f) = p (R', f/(R)) €

p (R'; G'(R™)) when fi(R) e RL .

When R’ is an MMT of R’ at fi(R), we have fi(R) = f! (R‘ ’i) =

F(R’ G'(R™")). Therefore, F(R"; G'(R™")) is in a neighborhood of f%(R) and
p(R"; G/(R™)) is in a neighborhood of p(R, f) when R" is close to R'. The next
lemma considers the case where the other agents’ preferences change.

Lemma 3 Suppose that Rlisan MMT of R! atg?i and the gradient vector _at)?i is p. For
any &' > 0, there exists ¢' > 0 such that if f'(R',R™") # 0 and p((R',R™"), f) €
By (p) for some R™, then p(R'; G'*(R™")) C By (p).

Lemma 3 implies that if R’ is an MMT of R’ at ' with price vector p, and if
p((R', R, f)issufficiently close to p, then p(ﬁi : G'(R™1))iscloseto p, and hence
p((R',R™), f) is close to p. In other words, the lemma implies that if £/ (R, R™)
is sufficiently close to the ray [%'], then F(R'; G'(R™")), the intersection between the
upper contour set of R’ and the option set, is close to [ii], and hence f! (RT,R™) is
close to [)E’]

The next lemma implies that if the consumption-direction vectors are independent
among some agents, then the independence holds after slight changes in their prefer-
ences and the price vector. Furthermore, if the total endowments are assigned among
the agents, then the positive consumption receivers remain such receivers after the
changes.

Lemma4 Suppose that gi (l_{, f), i=1,...,K, where K < N, are independent at

R = (Iél, ceey RN). There exist scalars € > 0 and € > 0 satisfying the following

properties.

(1) g (Ri, ) i = 1,...,K, are independent for any R' € Bz (Ri) and p €
B: (p (R, ). - _

(2) Let R = (Rl, ceey RN) be another preference profile. If f/ (R) = f/R)=0

forj>=K+1 pR,f)eB:(p(R, f)),and R' € B¢ (R"), i =1,..., K, then
f*(R) > 0 implies that f'(R) > 0, foranyi =1,..., K

In the proof of the theorem, we change the agents’ preferences slightly and increase
the number of agents whose consumption-direction vectors are independent. In the
process, we have to change the preferences of an agent who receives positive consump-
tion. When agent i’s consumption is positive, we exchange the agent’s preference R’
with a preference in a neighborhood of an MMT of R’ at the consumption. Then, the
price changes only slightly, as shown in Lemma 2.

The next lemma shows that if the consumption-direction vectors are independent
among some agents who are not assigned zero consumption or the total consumption,
then we can change their preferences slightly such that another agent receives neither
zero nor the total consumption and the price vector is sufficiently close to the original
price vector.
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Lemma5 Suppose that gi (R, f), i = 1,...,K, where K < N, are indepen-
dent and fi (I_{) ¢ {0,Q} foranyi = 1,...,K, at R = (Rl,...,RN). For
any € > and ¢ > 0, there exist (Rl,...,RK) € B (Rl) X --+ X Be (RK) and
j > K + 1 such thatp((Rl,...,RK,RK“,...,RN),f) € Bs(p(l_l,f)) and
FI(RY, ...,RE,REFT . RN) ¢ {0, Q).

The next corollary is an immediate consequence of Lemma 5.

Corollary 1 Suppose that g'(R, f), i = 1,..., K, where K < N, are independent
and fI(R) ¢ {0,Q} foranyi = 1,...,K, at R = (R',..., R"). There exists
Jj = K + 1 such that for any € > 0 and ¢ > 0, some (Rl,...,RK) € B¢ (ﬁl) X

- X B (RK) satisﬁesp((Rl,...,RK,RK“,...,RN),f) € B, (p(R, f)) and
FI(RY, ...,RE,REFL . RN) ¢ {0, Q).

The next lemma relaxes the condition of Lemma 5. If the consumption-direction
vectors are independent among some agents and one of them is assigned neither zero
nor the total consumption, then we can find a slight change in their preferences such
that another agent receives positive consumption and the price vector is sufficiently
close to the original price vector.

Lemma 6 Suppose that gi (R, f), i = 1,...,K, where K < N, are indepen-
dent and f! (R) ¢ {0,Q) for some i < K at R = (Iél,...,IéN). For any
€ > 0and ¢ > 0, there exists (R',...,RX) € B.(R') x -+ x B<(RX) and
j > K + 1 such lhalp((Rl,...,RK,EK+],...,I§N),f) € Bg(p(l_{,f)) and
FI(RY, ...,RE,REFL . RN) ¢ {0, Q).

Finally, the next corollary is to Lemma 6 as Corollary 1 is to Lemma 5.

Corollary 2 Suppose that g' (R, f), i =1,...,K, where K < N, are independent
and fi (I_() ¢ {0, Q} for some i < K at R = (Rl,...,RN). There exists j >
K + 1 such that for any € > 0 and ¢ > 0, some (Rl,...,RK) € B¢ (Rl) X

- % B (EK) satisﬁesp((Rl,..., RX RKA+L ...,IéN) , f) € B, (p (R, f)) and
f7(RY, ..., RE REFL . RN) ¢ {0, Q.

5 Proof of Theorem 1

We first explain how we use constant elasticity substitution (CES) utility functions
to achieve the independence of the consumption-direction vectors and then prove the
theorem. All proofs of the lemmas are in the Appendix. In this section, we consider
preferences represented by CES utility functions. Note that the indifference curve
of CES utility functions intersects with the boundary of the consumption set, and
hence the preferences are not elements of R. It should not cause a confusion that we
sometimes extend definitions in Sect.2 to such preferences.

Assume that a preference profile (R!, ..., RY) € R" and a price vector j € S _Ir_ n
are given. We write g' = g(R’, p) to denote agent i’s consumption-direction vector
for the price p and the preference R'.
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(1) CES utility function: We explain the CES utility function that we use. Let
Ug,p : ]Ri — R denote the CES utility function with parameters p < 1 and ¢ =

L—1,
(@y,...,ap) € Sy,

Ua p(X1, - x) = (@1 (x)? + -+ +ar(x1)?) /" (1)

Abusing notation, we let U, , denote not only the utility function but also the prefer-
ence represented by the utility function. It is straightforward to calculate the gradient
vector of the utility function Uy, , at a consumption bundle x € RJLF and to observe

that it is parallel to (o (x)?~ !, ..., oz (x2)?").? Thatis,
U, _ _
L) | (ea )Gy @)

where y || z denotes that vectors y € RX and z € R are parallel. Therefore, we
can calculate the parameter « of the CES utility function such that the gradient vector
of the represented preference at a given consumption bundle x equals p € S_]r_ L by
solving

(0™ an )™ ) 1 3

with respect to « for fixed p, x, and p. In addition, we can calculate the consumption-
direction vector of a given CES utility function for a price p € Si 4 by solving (3)
with respect to x for fixed values of «, p and p.

We set o as the parameter such that the gradient vector at g’ is parallel to p:
1 i

dx .
p at g'. Note that o' thus depends on p.

It is well known that the CES utility function defined by (1) converges to a Leontief
utility function as p — —o0. Therefore, with a sufficiently small p, in a neighborhood

of g', any consumption bundle except g’ itself in the upper contour set of Uyi , at

2 (g") | p.' Then, the preferences Ui , and R’ have the same gradient vector

g' is strictly preferred to g’ with respect to R. We fix p such that Uyi , satisfies this

property forany i = 1, ..., N. We write the CES utility function as U’ with the fixed
p and the o' determined by the p, as in the previous paragraph.

As mentioned above, for a given price vector p = (py, ..., pL), the consumption-
direction vector g (U h p) es f__T_l of the CES preference is determined by

¢(U'.p)1 ((pl/ai)”(p_” . (pL/ai)l/(p_l)> , @

9 The gradient vector of a utility function should not be confused with the gradient vector of a preference that

we defined in Sect. 2. Whereas dlg‘;"’ (x) is the gradient vector of the utility function Uy, p, its normalization
is the gradient vector of the preference Uy, , represented by the utility function.

10 1 fact, of is obtained as the normalization of al . PL ) .

i p—1> Y p—1
(&) (5)
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by solving (3) with respect to x. Therefore, the consumption-direction vectors
among agents are independent for any price p € Si;l if and only if the vectors

((l/a’i)l/(p_l) e, (1/a2)1/(p_1)),i =1,..., L, are independent.

~ We modify the CES preferences if the independence does not hold. With a parameter
8" > 0 and a vector 7' € RL, we define

i Ao-D) V=D
g (6.2) = ((1/e) s (1/04) 587,

foreachi = 1, ..., N. The next lemma shows that even if the vectors ( (l/cx’i)l/(p_l) ,
el (l/oziL)l/(pil) ), i =1,..., N, are dependent, we can find the direction vectors
7', i =1,..., N, with slight changes 8/ < § to the directions in which the vectors

B’ (8'.2"),i =1,..., N, are independent.

Lemma7 There exist 8§ > Qand 7' e RE, i =1, ... ) N,_such that ﬂi((Si, ), i =
1,..., N, are positive and independent with any 0 < §' <§,i =1,..., N.

We fix Zf, i=1,....N, and 8 that satisfy Lemma 7. For each 0 < 8/ < §, we
calculate ' = (P{, ..., 7, ) by solving

((l/j;li)l/(p_l) L (1/%)1/(0—1)) _ ﬂi (51" Zi) 7 (5)

and define y* = (y{,...,y}) as the normalization of p’: y' = P’/ || p' |. Note
therefore that y' depends on §'. '
We define the CES utility function U,,; with y* as the parameter by

. : 1/p
U, = (Vf )P+ +yy (u)”)

Then, for the preferences in, i = 1,..., N, the consumption-direction vectors
i\1/(p—1)
) 90 (pL/

g (U),f, p), i =1,..., N, each of which is parallel to ((Pl/)/f
yi)l/ (p_l)), are independent for any p as long as 0 < 8’ < §. The independence of

the consumption-direction vectors holds for preference profiles in a neighborhood of
(Uyl e, UVN). Formally, this is stated in the next lemma.

Lemma8 Let P C Sij_l be a compact price set. There exist functions € (0,8 —
Riy, i = 1,..., N, such that for each §' € (0,48], g (R’, p), i =1,...,N, are
independent for any p € P and any R’ € Be[(gi) (in).

(2) Preference construction: Although the CES utility functions satisfy the inde-
pendence of the consumption-direction vectors for any price, they are not in a
neighborhood of the original preferences R, i = 1,..., N. We construct a pref-
erence that is close to R’ and is represented by U, in a neighborhood of g'. See
Momi (2017) for more details of the preference construction.
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T

Fig.2 The prefrence construction

Figure 2 depicts the preferences R’ and U,i. We let t > 0 be a sufficiently
small parameter and define C as the set of consumption bundles x that are con-
nected to g in UC (g'; U,i) (\LC (g" +tp; R'). That is, C is the crescent-shaped
set in Fig. 2 between the indifference sets / (gi; in) and / (g" +tp; Ri). The indif-
ference set of the CES preference U, intersects the boundary of the consumption
set, whereas that of R’ is away from the boundary. Therefore, they intersect again,
although this is not depicted in Fig.2, and the crescent-shaped set C is not equal to
UC (U, )NLC (3 +1p; R').

We define

AL () = co (c Juc (g" +tp; R’))

where co(Y) denotes the convex p_ull of asubset Y C RE. Therefore, this is the convex
hull of the upper contour set of R at g' + 7 p added to the crescent-shaped set C. The
set C depends on the CES utility function U,,i, and U,,; depends on the parameter §'.

Because this parameter plays a role, we write it explicitly as A’, (¢).

As the convex set Ag, (1) is not strictly convex, it cannot be an upper contour set of
a preference in R. To modify A%, (¢) into a strictly convex set, we prepare a strictly
convex set as follows. Setting the parameter 1 = 1 in C, we let C denote the set of
consumption bundles x that are connected to g in UC (g'; U,i) ( LC (8" + p: R').
That is, C is the crescent-shaped set between the indifference sets / (g" ; in) and
1 (" + p; R') analogous to C. We define

b =clJ(ve(g:uy) e (8 + 5 R))
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Note that D' is a strictly convex set; it does not intersect the boundary of the con-
sumption set, but its surface is not smooth. To make its surface smooth, we let Dy;

denote the union of closed balls with a sufficiently small radius ¢ included in D'
ngf =U B.chi Be- See Momi (2017, Lemm? 6) for the proof Fhat this makes a
smooth surface. We explicitly write the index &' as in the case of A; (7).

Using Dé,- , we modify A’ (¢) into a strictly convex set. We let s > 0 be a sufficiently
small parameter and define

By = |J {a -9 (a4 N Lw) +s ((905) 1)},

xept

where L(x) is the half line starting from x and extending in the direction of the vector
p:L(x)={y e RF|ly=x+1p,1 = 0}.Notethatfors > 0, B;i (, s) is the boundary
of a strictly convex set.'! We let Rgi’[’s € R denote the preference that has B!, (z, s)
as its indifference set.

Note that, aslongas > 0, the boundaries of Ail- (1), Dii (1),and Bii (t, s) coincide in
a neighborhood of g’, which is defined by the indifference set of the CES preference.
That is, the indifference set of Ré,-yw equals to that of U, in a neighborhood of
g'. Hence, Réi,;,s inherits the properties of U,,i. In particular, independence of the
consumption-direction vectors holds for prices in a neighborhood of p. In addition,

note that, fors > 0 and ¢ > 0, Ré’s ,» where 8' = 0, is an MMT of R’ at g'.

Lemma9 For any € > 0, there exist values of s > 0, t > 0, §>0,i=1,...,N,
and & > 0 satisfying the following properties.

(1) R, €Be(R'),i=1,...,N, forany0 <8 <&
?2) g (Rg,-”,p>, i = 1,...,N, are independent for any 0 < 8" < &' and any
p € B:(p).

The independence of the consumption-direction vectors holds for preferences in
neighborhoods of R}, , S,i =1,...,N.

Lemma 10 Fixs > O andt > 0. There exist &€ > 0 and functions € :(0,8] - Ryy,
i=1,...,N, suchthat g (R’, p), i=1,...,N, are independent for any p € Bz(p)

and any R' € Bei(ai) (R(lsi,z,s>’ i=1,...,N.

Combining the preference construction with the results in the previous section, we
prove the theorem. In the proof, we repeatedly find an agent who receives neither zero
consumption nor the total consumption when increasing the number of agents whose
consumption-direction vectors are independent. Then, finally, we make all agents have
independent consumption-direction vectors, which contradicts Proposition 1.

11 See Momi (2017, Lemma 5) for the proof.
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Proof of Theorem 1 We let L > N and the social choice function f be Pareto efficient
and strategy-proof on B = 1'[,1.\’: I B'. We suppose that an agent j has neither zero nor
the total consumption, f J(R) ¢ {0, 2}, at a preference profile R = (Rl, ... RN ) €
B, and we show a contradiction. If g (R, f).i = 1,..., N, are independent, this
immediately contradicts Proposition 1. We consider the case where these consumption-
direction vectors are dependent.

We write p and g’ to denote the price vector and agent i’s consumption-direction
vector at R, respectively: p = p (R, f) and g' = g’ (R, f) =g (Ri, p (R, f))

Here, we summarize our preparation for the proof. We fix a scalar € > 0 such
that B¢ (R') C B',foranyi = 1,...,N.For R', g',i = 1,...,N, and p, we

have prepared the preferences Rii e i=1,..., N. By Lemma 9, we have s, ¢, s,
i=1,..., N, and ¢ such that h

RgitSeBg<I§i>,i=l,...,N, for any 0 < §' < &, )
and

g (Rg,- rg? p) ,i=1,..., N, are independent for any 0 < st < 5
and any p € B;(p). @)
Furthermore, by Lemma 10, we have € and el (0, S] — Ry4,i=1,...,N,such

that
g (R’, p) ,i=1,..., N, are independent for any R' € Bei(‘gi) (R(lsi,z,x)

and p € Bz(p). )
We set & sufficiently small such that & < &. we also set the function ei_ such that its
value is sufficiently small and Béi((g,-)(R(’S,- . ) € Be (R’) for any 0 < §' < §'. From
now on, parameters other than & are fixed and we write Réi = Ré, e Figure 3 depicts
the neighborhoods of R’ and p. We will replace each preference R’ with Réi and then

find a new preference in B, (5) (Rg,-) while keeping the price vector in Bz(p) so that
the independence of the consumption vectors will be ensured by (8).

For the operation to keep the price vector in Bz(p), we prepare a function ¢ as
follows. Foreachi = 1,..., N, Ry, (thatis R{; where §' = 0) is an MMT of R’ at g'.
Applying Lemma 3 to these preferences, we have a positive function ¢’ : &’ > @' (&)
foreachi =1, ..., N, which maps &’ to ¢’ in Lemma 3:

it /' (R, R7) £ 0and p (R R, f) € By (),
then p (Ré; G' (R_‘>) C By(p)forany R and &’ > 0. 9)

We select a positive function ¢ such that ¢ (¢') < min {(51 (&), ....9N (¢), &'} for
any &’. We write ¢ = ¢ o - - - 0 ¢ to denote the k-times operation of ¢.
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Fig.3 Neighborhoods of R, Réi, and p

Without loss of generality, we assume that f! (I_{) ¢ {0, }. Starting from this
agent, we will increase the number of agents whose consumption-direction vectors
are independent in the following steps, and finally reach a situation contradicting
Proposition 1.

Step 1:  First, we modify agent 1’s preference for the later steps and show that there
exists another agent who receives neither zero consumption nor the total consumption.

Replacing R! with R1 of any parameter 0 < 8! < 8!, we have f! < SI,R_i) ¢
{0, €2} because of the strategy-proofness of f, and there exists another agent receiving
neither zero consumption nor the total consumption because of the Pareto efficiency

of f.

Although the identity of the receiver might vary as 8! changes, there exists an
agent j > 2 such that for any 8!, there exists 8!/ < §' satisfying f/ ( 17 R‘i) ¢
{0, 2}. If there exists no such agent, then for each j > 2 there exists 8} such that for

any 8! < 5, ff( 1. '*f) € {0, ). Then, for 8! < min {8}, ..., 8}, we have
fi ( 1R ) € {0, Q) forany j > 2. This contradicts that £ ( 1, '—") ¢ {0, Q)

for any parameter §'.
Without loss of generality, we assume that agent 2 is such an agent. We let A! =

{8 |f2 ( e _’) ¢ {0, Q}} denote the set of 8! such that agent 2’s consumption is

not zero at (R;l,

R‘1>. We consider §' in Al

I8! in Al is sufficiently small, then p ( st G'(R ( )) can be arbitrarily close to p
because f! (R) = f! (R}, R™")is the unique intersection between UC (f! (R); R})
and G' (R ( ) Hence, F (R;l, G! (R‘l)) converges to f! (Ré,l_l_i) as 8! - 0
as shown in Lemma 2. We take a value of 8! that is sufficiently small so that

<R;l’ G (R_l)) C B¢(N*l)(§)(ﬁ). O
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Step 2: Second, we modify agent 2’s preference, and then apply Corollary 2 to find
another agent j > 3 who receives neither zero consumption nor the total consumption.
Keeping in mind that agent 2 now receives neither zero nor the total con-

sumption at the preference profile (R(%1 , R‘l), we replace R? with Rg. Note that
st

profile is in Byv-1)z) (). Also note that V=1 (&) < 2 (pV =2 (&)) by the defini-

tions of ¢ and ¢’ . Therefore, we have p ((R;l, R?, l_l_{l'z}) , f) € quz(qb(zvfz)(é))(ﬁ),

and hence, p (Rg; G? (R;l, R’{I'Z}» C Byw-2 (5 (p) by (9).

Then, we replace R3 with R;z. As 8% — 0,any elementin F(Rgz; G2(R§, JRT2Y)
converges to a consumption bundle in F(Rj; G*(R;,, R™!1:2!)) as shown in Lemma

p ( Rl.G!l (1_{—1)> C Byw-n ) (p) implies that the price vector at the preference

2. Then, any price vector in p <R2 G? (R;l, I_(_{l’Z})) converges to a price vector

52
in p (Rz; G? (R;1 , R‘“’”)). Therefore, we set 82 to be sufficiently small such that

)4 (Rgz; G? (R;l , I_{_{l'z})) C B¢(N—2)(é)(ﬁ). Of course, this implies that the price

vector at the preference profile (R;l, R, R‘{1’2}> is in Bywv-2 (D).
We can apply Corollary 2 to agents 1 and 2 because the price vector in

Byw-2z(p) C Bz(p) implies the independence of the consumption-direction vec-

tors of R;l and Rgz at the preference profile (R ;1 , Rgz, R—{ll}) as in (8). Corollary 2

implies the existence of a preference subprofile (R(ll), R(Zl)) arbitrarily close to

(R ;1 , R§2> such that the price vector is arbitrarily close to p and another agent j > 3
receives neither zero consumption nor the total consumption at the preference profile

(RY. RE, R0,

We set €, i = 1,2 to be sufficiently small such that € < €' (§') and apply
Corollary 2. Without loss of generality, we asume agent 3 is the receiver of positive
consumption. As a result, we have (R(ll), R(zl)) € Bz (R(;l) x Bz (R§2> such that
the price vector is in Byw-2) (p) and agent 3 receives neither zero nor the total

consumption at the preference profile (R(ll), R(21), R—{LZ})_ O

Step 3: In this step, we modify agent 3’s preference, and then apply Corollary 2 to
find another agent j > 4 who receives neither zero nor the total consumption.

Because agent 3 now receives neither zero consumption nor the total consump-
tion, we replace R3 with RS. By (9), we have p (Rg; G3 (R(ll), R(zl), 1_{’“’2‘3})) C
Byw-3(z(P), as we observed for agent 2.

We replace Rg with R§3, where &3 is sufficiently small such that

p (R§3; G3 (R(ll), R, 1_1_{1*2’3})) C Bywv-3)(P), as we observed for agent 2.
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We can apply Corollary 2 to agents 1,2, and 3 because R(ll) € Bz (R;l) -
Bagy (RL). R € Ba(R:) © Bagy (R:). and p((Rl. R, R,
R’“’m}), f ) € B¢<N_3>(§) (p) C Bz(p) implies the independence of the consumption-
direction vectors of R(ll), R(zl), and R§3 at the preference profile (R(I]), R(zl), R§’3,
R—{1~2s3}), as in (8).

Corollary 2 implies the existence of a preference subprofile (R (12), R(22), R(32)> arbi-

trarily close to (Rl R? R§3

(1> 1y

)4 <(R(11), R(zl), R§3, R_{1’2'3}> , f) and another agent j > 4 receives neither zero

) such that the price vector is arbitrarily close to

nor the total consumption at the preference profile (R(lz), R(22), R(32), R—{1,2,3}>.

We set € sufficiently small such that €3 < €3 (83) and apply Corollary 2. With-
out loss of generality, we assume that agent 4 receives neither zero consumption
nor the total consumption. As a result, we have (R(12), R(zz), R?2)> € B:i (R;,) X

Bz (R§2> x Bz <R§3> such that the price vector is in Byw-3 ) (p) and agent 4

receives neither zero conusmption nor the total consumption at the preference profile
1 2 3 p—{1,2,3}

(R REy. Ry RE12Y), o

Step 4: We modify agent 4’s preference and then apply Corollary 2 to find another

agent j > 5 who receives neither zero consumption nor the total consumption.

We replace R* with R;ﬂ, where 8% is sufficiently small such that p<R§4; G* (R(lz),

R(ZZ), R(32), R‘“"'”‘”)) C Byw-4)(P). Applying Corollary 2 to agents 1, ..., 4,

we obtain a preference subprofile (R(13), R Rzg)) € Ba (R;l) X +++ X Bz (R§4)

where &* satisfies €4 < €4 (84) such that the price vector is in Byw-4 ) (p) and an
agent j > 5 receives neither zero nor the total consumption at the preference profile
1 4 p—{l,...4)
(Rl RE) R : o
We repeat this process. Finally, in Step N — 1, we have a preference pro-
file (Rly o). RIS in Ber (RL) x - x Bower (RN, where &, i =
1,...,N—1,satisfiesé’ < €’ (8') such that the price vector is in By ) (p) and agent N
receives neither zero consumption nor the total consumption at the preference profile
(R(lN_z), Cey R(l\/]vﬂz)v IéN). Replacing RN with Ré\f\, where 8V is sufficiently small,
we still have the price vector in Bz (p) and agent N receives neither zero consumption

nor the total consumption at the preference profile (R(1 N2y Rg\,__lz), R(‘;\f\,)
As in (8), the consumption-direction vectors g’ (RéN—z)’ p),i =1,...,N—1,and

g (Ré\;,, p) are independent at the price vector p = p (R(lez), e, Rgv_fz), Ré\,fv)
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I(z; R)(]

(i)

Fig.4 Proof of Proposition2

because RéN—2) € B;i (Ré,.), i=1,...,N —1,and p € Bz(p). This contradicts

Proposition 1. o

6 Proof of Theorem 2

To prove the theorem, we reconstruct Momi’s (2013b) proof in a local preference set.
Proposition2 in Momi (2013b), which plays a key role in the proof, implies that if
two preferences, R and Ié, and two consumption bundles, x and X, are as drawn in
Fig.3, then there exists a preference R that is an MMT of R at x and of R at X. We
reconstruct this proposition in a local preference set. We show that if R and R are
sufficiently close, then R can be selected to be close to R and R.

Proposition 2 For any R, R e R, and any x, X € Ri+’ ifxeP (I(x; R)N[X]; R)

then there exists a preference _Ié € R, that is an MMT of R at x and of R at x.
Furthermore, we can select a R that is arbitrarily close to R and R if R and R are
sufficiently close.

Proof The first statement is proved by Momi (2013b), so we need only show the second
statement. Also note that as shown by Momi (2013b), the general case drawn in Fig. 4
(i) turns into Fig.4 (ii), which is the case we have to consider.

We let R denote the homothetic, monotonic, and continuous preference whose

indifference set is defined by 9 (U Cx;R)UC (i; 15)) It is clear that, following

the construction of R in Momi (2013b), we can constructa R arbitrarily close to R with
respect to the Kannai metric. It is clear from the definition of the Kannai metric that
the distance between R and R or between R and R is less than the distance between
R and R. Therefore, as R and R are closer, we can select R closer to R and R. O

We can follow the proof by Momi (2013b) using preferences in the local set B
to show the incompatibility of Pareto efficiency, strategy-proofness and the positive
consumption on the local preference set.
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Fig.5 Proof of Theorem 2

Ofl

Proof of Theorem 2 We suppose that f is a Pareto-efficient and strategy-proof social
choice function on B = MY | B" where B! = B satisfying f'(R) > 0 for any i and
any R € B, and show a contradiction.

When all agents have the same preference, all agents should be allocated positive
portions of : fi(R) = AQ withsome 0 < A/ < 1forR = (R,...,R). We pick
two different preferences R and R in B that are sufficiently close, and consider the

allocations given by f atR = (R, ..., R) and R = (1% e, R).

We let A(x; R) denote the set of consumption bundles x’ such that Q — x’ is
indifferent to 2 — x with respect to R

A(x: R) = {x’ e RE|(Q — x)IR(2 — x)}

and we let AT(x; R) = {x’ € RL|(Q—x)Pr(Q —x")}, which is the upper-
right part of the consumption set partitioned by A(x; R) and let A7 (x; R) =
{x/ € R_I;|(Q —x)PRr(Q2 — x)}, which is the lower-left part.

Without loss of generality, we assume that f1(R) < f! (R). See the Edgeworth box
described in Fig. 5, where the consumption of agent 1 is measured from the lower-
left vertex and the sum of the consumptions of the other agents is measured from
the upper-right vertex. We pick x! € A ( frR); R) in the neighborhood of f! (R)

so that x! is in A (f1 (f{) ; R)_ and x! is not parallel to Q. Next, let x’ be the
intersection of A (f1 R); R) and the segment [)El, Q] and pick ileA (f1 R); R)

in the neighborhood of x” so that ' € A (x'; R .
As we observed in Proposition 1 of Momi (2013b), agent 1’s consumption should
be on A ( f ! (R); R) (resp. A ( f 1 (ﬁ) ; R)) when other agents’ preferences are R

(resp. R) and agent 1’s preference is changed. Let R and R be agent 1’s preferences
in B such that /! (R, R™") = & and /' (R, R™") = &'. When &' is sufficiently

close to f L(R), we can select such a R in B. When x! is sufficiently close to f L(R),

@ Springer



812 T. Momi

x' is sufficiently close to f 1 (ﬁ) and hence £! is sufficiently close to f 1(Ii). Then,

we can select such a R in B. y
We let R € B be a preference that is an MMT of R at @ — %! and of R at

Q — x!. Observe that our choice of x' and £! ensures the condition in Proposition 2:

Q-—xler (I Q- RrR)N[Q-x"]: ﬁ). Furthermore, because R and R are

sufficiently close, we can select such a R in B.
The following discussion is the same as that in Momi (2013b). We observe that the
consumption allocated to agent 1 should not be changed when the preferences of agents

other than agent 1 are changed to R from the profile (R, R_l) or from (Ii’ ﬁ_l).
Because f is Pareto efficient and allocates positive consumption, at the profile
(R, R’]), agent | receives x! and each of the other agents i = 2,..., N, receives
a positive portion of @ — x': A7 (2 —%'),i = 2,..., N, where 0 < 1’ < I and
ZlN: , &' = 1. Note that because we have chosen a ! that is not parallel to 2, the
vectors X! and  — x! are independent. Now, let us change agent 2’s preference to R
from R. We write the new profile as (ﬁ, Ié, R-{1.2) ) where agent 1’s preference is R,

agent 2’s is R and the other agents’ preferences are R.

Given that R is an MMT of R at © — x', this is also the case at agent 2’s consump-
tion. Therefore agent 2’s consumption should not be changed and nor should his/her
gradient vector. Because of the Pareto efficiency, all agents’ gradient vectors at their
consumptions should be the same. Hence, all agents have the same gradient vector at
both profiles (R, R’l) and (R, Ié, R’{1’2}>. Because the preferences are homothetic,
the equality of the gradient vectors implies that agents’ consumptions at both profiles
should be parallel. That is, at the new profile, agent 1’s consumption is parallel to
x! and the other agents’ consumptions are parallel to  — x'. Because of the Pareto
efficiency, the consumptions at the new profile should sum up to the total endowment
Q. Then, agent 1’s consumption should remain x'.

By applying the discussion repeatedly until all preferences except agent 1’s are

changed to Ié, we finally obtain that fl (R, ﬁ_l) = x!, where R = (Ié, e, Ié) IS
RN—1. The discussions are the same for the profile (ﬁ, ﬁ_l> and we obtain
7R =5

Remember our choice of £! and x!. From the construction, x is strictly preferred to
x! with respect to any preference for agent 1 and X! can be chosen arbitrarily close to x'.

Therefore X ! could have been chosen to be preferred to x ' with respect to agent 1°s pref-
erence R. This violates the strategy-proofness of f. This ends the proof of Theorem 2.0

7 Concluding remarks
In this paper, we focused on the local characterization of Pareto-efficient and strategy-

proof social choice functions. We proved that Pareto-efficiency and strategy-proofness
of a social choice function defined in a local preference set imply alternating dictator-
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ship if the number of goods equals or exceeds the number of agents. In addition, we
proved that Pareto efficiency and strategy-proofness of a social choice function defined
in a local preference set are incompatible with the positive consumption condition if
agents’ individual preference sets are the same,.

We comment on open questions left for future research. The most interesting
question is whether local Pareto efficiency and strategy-proofness of a social choice
function imply alternating dictatorship without the condition on the numbers of agents
and goods. Although Momi (2020) proved the result on the whole preference domain,
it seems difficult to extend the proof to the case of a local preference domain because
Momi’s proof changes all agents’ preferences, except for those of two agents, to a
common preference. Reflecting on the proof, the question may become slightly easier
if all agents have the same local preference set. Without the condition on the numbers
of agents and goods, it is also an open question whether Pareto-efficient and strategy-
proof social choice functions defined on an arbitrarily given local preference set are
incompatible with allocation conditions, such as the rationality, minimum consump-
tion guarantee, and positive consumption conditions.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

A Appendix
A.1 An example

Consider an economy with two agentsi = 1, 2, andtwo goods! = 1, 2. Let U’ (x1, x2)
be agent i’s utility function defined on the consumption set Ri as

1 1
U (x1,%0) = (x1 + D2 (x2)2,

2 3 1
U~ (x1,x2) = (x1)% (x2)% .

We identify utility functions and the preferences represented by the utility functions.
Let 2 = (2, 2) be the total endowment of the economy and define the allocation
X = ()El,)EZ) where ! = (0,1) and ¥2 = (2, 1). Each agent’s marginal rate of
substitution (MRS) at the consumption bundle ' is calculated as

MRS! — aul au! .
- 0x1 " 0x2 |z S
MRrs? - 202 007 3
Coaxy x| 2
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Fig.6 Edgeworth Box of the 1
example

Figure 6 illustrates the Edgeworth box of this economy where the consumption of
agent 1 is measured from the lower-left vertex and agent 2’s is measured from the
upper-right vertex. The figure depicts the allocation X and each agent’s indifference
set I (¥,U") = {x € R% : U'(x) = U’ (")}, which is the set of consumption
indifferent to X’ with respect to U’ on the possible allocation set X. Observe that X,
that is on the boundary of X, is Pareto efficient even though the MRSs are not equal
between agents 1 and 2.

Consider a social choice function f that always allocates X for any preferences.
It is clear that f is strategy-proof and nondictatorial. It is also clear that for prefer-
ence profiles in a neighborhood of (U Ly 2), the allocation X remains Pareto efficient
because the inequality MRS! < MRS? holds.

Although the agent 1’s preference represented by U! is not homothetic, it can be
modified to be so without affecting the result. We pick up the indifference set of U'!
at x! and construct a new homothetic preference by scaling this indifference set.

A.2 Proofs of lemmas and corollaries

ProofofLemma 1 Let R € R and p € Sij_l be given. We pick up a consumption
bundle x € Rf_ . and the corresponding indifference set I = I (x, R). Itis clear from
the strict convexity of R that the consumption bundle x” € I on the indifference set
where the gradient vectoris p: p(R, x") = p, is determined uniquely. Furthermore, by
the homotheticity of R, the gradient vectors are the same on any consumption bundles
on a ray starting from the origin. In particular, the gradient vector at a consumption
bundle x € Ri 4 is p if and only if x is on the ray [x']. Therefore, the consumption-
direction vector g(R, p) € Si;], which is the normalization of these consumption
bundles, is uniquely determined as ﬁ

To prove the continuity, we fix R € R and p € Si;l. We want to show that
for any € > 0, there exists a 6 > 0 such that if R satisfies d(R, R) < §, then
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Fig.7 Continuity of the consumption-direction vector

|l g(R, p) — g(R, p) |l< €, where d(-, -) is the Kannai metric and || - || is the Euclid
norm in RE.

In contrast, we suppose that there exists an € > 0 such that for any 6 > 0 there
exists some R satisfying d (R, R) < 8, and || g(R, p) — g (R, p) ||= €, and show a
contradiction.

We suppose that a sufficiently small § and R satisfy the condition. We fix a hyper-
plane H parallel to p= as in Fig.7. O

We define a as the intersection between [g (R, p)] and H, b as the intersection
between [g(R, p)] and H, b’ as the intersection between [g(R, p)] and I (a; R), cas
the intersection between [1] and I (b; R), and ¢’ as the intersection between [1] and
I (a; R). We define e as the intersection between I (a; R) and I(b; R), and ¢ as the
intersection between / (b; R) and [1].

Because g(R, p) is away from g (ﬁ, p) by at least the distance €, b’ is away from
b by some distance, which we write as €’: | ' — b ||= €. Note that, because the
preferences are homothetic, || ¢/ — ¢’ |I:|| ¢ |l=| 8" — b |:|| b’ ||. Therefore, |
¢ —c = He/' ) )

We consider the Kannai metric between R and R: d (R,R) = max, RL
I11(x: R) N—1(x;R) O

1+ )12
Letting e be the x in the definition of the Kannai metric, we have

I 1(e; YN =1 (e; R)OML N [le—c |
I+ |l e |? St e

d(R,R) >
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Letting b be the x in the definition of the Kannai metric, we have

J(RR) = I 1k; YO =1 (b; RO le—c” |
)= 1+ || b |? TR EN

The condition d (R, R) < & with a sufficiently small § implies that || ¢ — ¢’ | <
(1+ I e ||2)8 and | c — " |< (1+ Il b ||2) 8, that is, both ¢’ and ¢” are sufficiently
close to ¢. However, this contradicts to that ¢’ and ¢” have the distance || ¢’ — ¢” ||=

J
He’ between them. O

Proofof Lemma 2 We fix § arbitrarily. We let {e,}°° , be a decreasing sequence of
scalars converging to 0: €, < €, forn > n’ and ¢, — 0 as n — 0o. We assume that

G' (R’i)> satisfying

for any n, there efxist‘some? Rén) € B, (R") and x(y) € F (Rén);

X(n) & Bs (F (R’; G' (R")), and we show a contradiction.
Because x(n) [, f* (R;‘n>, R ) Rl f' (R), we have x(,) € UC ( R R;’n)).

Because x(;) € G'(R™'), it should not be preferred over f'(R) with respect

to R', that is, x; € LC(f"(R);R'). Therefore, xfn) is in the intersection

UC (f R R, ) VLC (£ (R): R'). Asn — o0, we have Rf, — R',and hence
this intersection converges to some set in the indifference set / (f "(R); R )

Note that {xs }_ has a convergent subsequence {x(,)} -, where n; < ny for
k > k" because the set of feasible allocations is compact. We let X = limy_, o0 X(n;)
denote the limit. Thus, we have £ € I (f' (R); R).

Because x(,,) € G' (R™), we have £ € G/(R™), where G’ (R~) is the closure
of G' (R™"). This implies £ € G’ (R™"), as proved by Momi (2017, Lemma 3).

Thus, we have £ € F (R';G'(R™)) and this contradicts that x(,) ¢
Bs (F (R'; G' (R™"))). o
Proof of Lemma 3 We fix &’ arbitrarily. We suppose that for any ¢’, there exists R~
such that 7 (R, R™) # 0, p ((R",R™), f) € By(p), and p (1%1'; G' (R—")) ¢
B./(p), and we show a contradiction.

Because p (Iéi; G! (R_i)> is not included in B, (p), there exists ! € F
(Ri; G! (R_i)) such that p (Iéi; )?i) ¢ B.(p). Because p (12”'; )Ei) = p,
P (Ri; & ) ¢ By (p) implies that the ray [£] is away from the ray [X']. Formally,
we measure the distance between rays by the distance between their intersections with

S f_:_l that is, we define the distance between two rays [y] and [z], where y, z € Ri 1
by the distance between y/ || y ||and z/ || z ||-

Note that, even if &' is different from f i (Ié’ R ), they are indifferent with

respect to R'. Therefore, we have £ R’ f' (R', R™') because of strategy-proofness.
Conversely, because £ € G’ (R™"), we have f' (R, R™") R'%'. Thus, we have

# e LC(f (RLRT): RYNUC (f (RLRT); RY).

@ Springer



Locally efficient and strategy-proof... 817

By taking a sufficiently small value of ¢', we have p ((R',R™"), f) arbitrarily
close to p. Then, the ray [f (R', R™")] is arbitrarily close to [x']. Then, for any
x e LC (fi (Ri, R_’)‘ )ﬂ ucC (f’ (R’ _’) i),theray [x]is arbitrarily close

to the ray [x'], and hence, the ray [£'] should be arbitrarily close to [X']. This is a
contradiction. m|

Proof of Lemma 4 Note that g' (R, f) = g (R, p(R, f)).i = 1,..., K, and they
are independent. As p — p (R, f), we have g (Ri p) — g (R, p (R, f)). There-
fore, there exists &’ such that g (R’ ), i .., K, are independent for any
peBs(p(R, f)) where B, (p (R, f)) denotes the closure of By (p (R, f)).
Foreach p € B, ( (R. f)). g (R, p) — g (R', p) as R" — R'.Therefore, there
exists €, such that g (R, p), i = 1,..., K, are independent for any R’ € B, (R'),

i =1,..., K. We define € as the minimum of €, as p moves over Bz(p(R, f)):
;. _ . , , P
€ =min - m (&7 €p. It_l? clear that €” and &’ satisfy Lemma 4 (1). )

We consider R' € Be (R'),i =1,..., K, and p(R, f) € By (p (R, f)). Then,
gi(R, ,i= 1, LK, are independent. .

Note that f/(R) = f/(R) =0 for j > K + 1, means that Zlel fY(R) = Q and
Y ff(R)=9 , i}

We define &', i = 1,...,K, as fi(R) = a'g'(R, f). Because f’( ) €
[gi R, f)].i =1,....K, and g ( . f),i = 1,...,K, are independent, these
a'sare a unlque solution of Z o g (_ )

Because g’ .(RL f) =g (R’ p(R, f)) and g’ (R, f)_; g (Rl, g(R, f)), g' R, f)
converges to g’ (R, f) as R" and p(R, f) converge to R' and p (R f). respectively
Therefore the scalars o (R, f),i = 1, ..., K satisfying Zl o' (R, 'R, ) =

€2, are determined uniquely and o (R, f ) converges to &', foranyi = 1,..., K, as
g (R, f) converges to g' (R f) i =1, , K. Then, f R) = o (R, f)g (R, D)
converges to f* (R) i =1, , K. Thus f (R) > 0 implies that f R)>0 O

Proof of Lemma 5 We select € and ¢ arbitrarily. If £/ ( ) # 0 for some j > K + 1,
the lemma holds. Therefore, we suppose that f/ ( ) =0forany j > K + 1. We
let ¢ > 0and & > 0 be scalars that support Lemma 4 with respect to R. We define
€ = = min{e, €} and ¢ = min{e, £}. Note that, because of Lemma 4, at any R such
that R' € B; (R) i=1,...,K,and p(R, f) € B; (p(R f)) if f/(R) = 0 for
j > K+ 1,then f'(R),i = 1, ..., K, are all positive and independent.

Welet R € B; (Ri) be an MMT of R at f! (I_{) foreachi =1,..., K.
Case 1 We consider the case where some agent j > K + 1 receives positive con-
sumption after replacements of R* with R’ for some agents i = 1,..., K, that is,
fI(RY ...,RE,REFL . RN) # Oforsome j > K+ 1and R’ € {Ié",léi},
i=1,...,K

Without loss of generality, by relabeling the consumer indexes if necessary, we
assume that fj (ﬁl, e, 1@5’ IéSH, A RN) # 0 for some j > K + 1 where S is
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the smallest number of agents whose preference R’ should be replaced with R so that
some agent j > K + 1 has positive consumption.

We show that the lemma holds at the preference profile (Iél, R Iés, Iég“, el

EN). It is clear that the preference subprofile (Iél, L RS RS, IéK) is in
B (R 1) XX Be (RK ) All we have to show is that the price vector at the preference

profile is in B, (p (R, f))
From the definition of S, we have f/ (R], L RSTURS . RN) = 0 for any

j > K+ 1andany R € {Ri,ﬁi}, i = 1,...,8 — 1. Because the K agents,
i = 1,..., K, share the total endowment among them with the independent con-
sumption vectors, we have p ((Rl, ...,RSTURS ..., RN) , f) = p (R, fv) and
fi (Rl,...,Rg_l,]ég,...,IéN) = fi (I_{) foranyi = 1,..., K, and any Rl €
{Ri, Iéi},i =1,..., S‘—I.Inparticular,wehavefg (Iél, e, 1%3_1, RS, e, RN) =
fg (R) and p ((1%1 1@5—1’ Iég, e RN) , f) =p (R, f). Because Iés is an
MMT of RS at £ (R), we have p ((1%1 RS RSH . RN> , f) =p(R. f)
as desired.
Case 2 We consider the case where agent j > K + I receives zero consump-
tion after any replacement of R' with R' for any agents i = 1,..., K, that is,
fl (Rl, ..., RK REK+L . RN) = Oforany j > K+1andany R’ € {Ri, ﬁi},i =
1,...,K.Note that f (R',...,RK, RET! . RN) = f/(R) fori =1,...,K,
and p ((R',....RE, RETL __RN), f) = p(R, f) for any R’ € {Ié",léi},
i = 1,..., K, because these agents share the total endowment with independent
consumption vectors. B _ _ N
Starting from the preference profile R, we replace R* with R' and then replace R’
with a preference R' in a neighborhood of R' fori =1, ..., K.Ifnoagents j > K+1
have positive consumption, then we reach a situation contradicting Proposition 1.
This replacement of preferences should be done so that the independence of the

consumption vectors is maintained. For this purpose, we prepare a function ¢’ as
follows. For each i = 1,..., K, we consider a function ¢' : &' +— ¢’ (e’) that

maps ¢’ to ¢’ in Lemma 3 with respect to R’ and R'. Furthermore we define a func-
tion ¢' : & > ¢' (¢/) as ¢' (¢/) = min{¢' (¢),&’}. Then, of course, for any ¢
and any R~ if f/ (R, R™") # O and p (R, R™"), f) € By (p (R, f)). then
p (ﬁi; G (R‘i)) € B: (p (R, f)) because of Lemma 3.

Step 1 We replace R' with R'. This replacement does not change the price vector. We
let €! be a sufficiently small scalar such that B, (1%1) C Bz (R") and

P (Rl/; G! (R—l)) C Bgroopi ) (r (R, 1)) (10)
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for any RV e B, (12’1> Note that £!(R) is the unique intersection of

Uuc (fl (R); ﬁl) and G' (R™1). Therefore, if R" is sufficiently close to R!, then
£ (RY,R7") and p (RY; G' (R™")) are sufficiently close to f! (R) and p (R, f),
respectively, as discussed after Lemma 2. Thus, a value of €' satisfying the condition

exists.
The lemma holds if f/ (Rl’, R‘l) # 0 for some j > K + 1 with some

R" € B, (I%l). Therefore, we suppose that f/ (R, R™!) = 0 forany j > K + 1
and any R € B, (Iél) Then, f! (Rl’,l_{_l), i = 1,...,K, are all positive
and independent because R € B, (12’1> C Bz (R') and p((Rl/,l_{_l) L f) €
Byro..opr i) (P (R, f)) C Bz (p (R, £))- O

Step 2 We replace R? with R2. By (10) and Lemma 3, we have

p (1%2; G (Rl/’ R_{Lz}» C Byio..opk @) (p (R, f)) (i

forany R € B, (1%1> We let €2 be sufficiently small such that B, (Ié2> C B: (R’z)
and

p (K567 (RVRY)) € Byrongr (2 (R. 1)) (12

for any R? € B, (ﬁ2> and any RV € B (1%1) Note that a sufficiently small value

of €2 ensures (12) becausQ of (11).
The lemma holds if £/ (R", R, R™11:#)) +£ 0 for some j > K + I and some

(Rl/, R2’) € B, (ﬁl> X B <1§2>.Therefore,we suppose that f/ (Rl/, R?, R_{I’Z})
= 0 for any j > K + 1 and any (Rl/, RZ/) € B. <I§1> X Ba <1§2> Then
FH(RY, R, R7U2) i = 1,... K, are all positive and independent because

(RV. R¥) € Ba(R") x B (R?) < Ba(RY) x Be (R?) and p((RV, R¥, R112)),
f) € Byroopr ey (P (R. f)) C Bz (p (R, f)). o
Step 3 We replace R? with R3. By (12) and Lemma 3, we have

» (133; G? (Rl’, RY. R—{1,2,3}>> C Byioopk e (P (R, £))

for any (R, R”) € B, (ﬁl) x B2 (1%2) We let €3 be a sufficiently small scalar
such that B, (Ié3> C Bz (R®) and

p (R3/; G3 (Rl/’ RY. R—{1,2,3}>) C Byioopk e (P (R, £))
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for any RY € B (12’3> and any (RY, R?) € B, <1§1> X B (Iéz>

The lemma holds if £/ (RY,..., R¥,R™11:23}) £ 0 for some j > K + 1 and
some (RY,...,R¥) € B, (Iél) X -+ X B <ﬁ3> Therefore, we suppose that
f/ (Rl/,...,R3’,l_{_{1’2’3}) = 0 for any j > K + 1 and any (Rl/,...,R3’) €
B, (1%1) X - x B (1%3). Then, £ (R, ..., R¥ R-1:23)), i = 1,..., K all
remain positive and independent because (Rl’, ce R3’) € B; (Iél) X - X Bg (I%?’)

and p (RV, ..., RY. R-0:23) | 1) e B; (p (R. f)). o
We repeat these steps. Finally, we replace RX with RX and obtain

p(éK; Gk (Rl/’.“,kal/’ RE+L RN)) C B:(p (R, 1)),

forany (R, ..., RK=V) € B, (Iél> X -0 X Bk (ﬁK’l). We let €X be a suffi-
ciently small scalar such that B,k (IQK ) C B¢ (R¥) and

» (RK/; GK (R“, .. RE-V RE+L RN)) c B: (p(R. f)).

for any RX' € Bk (ﬁK> and any (R“,...,RK_I/) € B, (1@1) X oo X
Bk (ﬁK’1>. There should exist some preference profile (R",...,RK") €
B, <I§1> X -+ X Bk (ﬁk) C Be(R') x -+ x Be (RX) such that f/(RY, ...,

RX/ RE+1 .. RN) # 0 for some j > K + 1. Otherwise, f(-,...,, RETI ...,
RN ) becomes a social choice function in the economy with K agentsi =1, ..., K,

that is Pareto efficient, strategy-proof, and nonalternately dictatorial on B, (ﬁl) X

<o X Bk (ﬁk ) with independent consumption directions. This contradicts Proposi-
tion 1. This ends the proof of Lemma 5. O

Proof of Corollary 1 Contrary to the statement of the corollary, we suppose that for
each j > K + 1 there exist €/ and &/ such that no (Iél,...,léK) € B,j (Iél) X
- % B_; (RX) satisfies p ((1%1, . RK RKHL RN) , f) € B,;(p(R, f)) and
FIRY, ... RE REHL . RY) ¢ {0,Q). We let € = min{eX+!, ... V] and
& = min {eX*1, ... &"}. Then, for these € and &, no (ﬁl, o I§K> € Bz (R') x

- X Bz (RK) satisfies p ((El, ..., RK RK+L RN> , f) € B:(p(R, f)) and
£ (Rl,...,RK,RKH,...,RN) ¢ {0, Q) forany j > K + 1. This contradicts

Lemma 5. O

Proof of Lemma 6 We select € and ¢ arbitrarily. If £/ (l_{) # Oforsome j > K +1, the
lemma holds. Therefore, we assume that f/ (I_{) =0 for j > K + 1. When an agent
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receives neither zero consumption nor the total consumption, there exists another agent
who also receives neither zero nor the total consumption. Without loss of generality,
by relabeling the consumer indexes if necessary, we assume that f* (I_{) ¢ {0, 2} for
i=1,...,M;and f'(R) = 0fori > M; + 1, where 2 < M; < K. Applying
Corollary 1 to agents who receive positive consumption repeatedly, we can increase
the number of agents who receive positive consumption. O

Step 1 We start from the preference profile R. We let € > 0 and & > 0 be scalars that
support Lemma 4 with respect to R. We define that € = min{e, €} and & = min{e, £}.
We apply Corollary 1 to agentsi = 1, ..., M. There exists j > M + 1 such that

for any € and &1, some (R(ll), e R%)l) € B¢, (R") x --- x B¢, (RM1) satisfies

p (Rl RO R RN) L ) € By (pR. ), (13)
and

SI(REy o U R RN ¢ (0, . (14)

If (14) holds with some agent j > K + 1, then the lemma holds. Therefore,
we assume that agent j > K + 1 has zero consumption at any preference profile

(R(ll), A R?{I)‘ RMi+1 RN). We set sufficiently small €; < € and &1 < &, and
wefix (Rl RY!) € Bo RV x- - B (RM1) o satisfy (13) and (14). Without
loss of generality, we assume that agents j = M1+1, ..., My, where M1 +1 < M, <
K, satisfies (14).

We can prove that agents i = 1,..., K have independent consumption vec-
tors and agents i = 1, ..., M have positive consumption at the preference profile
(R(ll), R R?{I)‘ ,RMHL RN). Remember Lemma 4 and our choice of the scalars

€1 and ;. First, g’ ((R RM1 RMi+1 ...,I§N>,f),i =1,..., K, are inde-

1
(1= (1)
pendentbecausegi (l_{, f),i =1,..., K,areindependent, Rél) € B, (Ri) C Bg(Ri),

i=1,..., M, andp((R(ll),...,R%;,RMIH’,..,RN),f) € B.,(p(R, f)) C

B:(p(R, f)). Furthermore fi(R(ll), o, Rf‘f;, RMi+1RNY £ 0 for any i =
1,..., M, because fi(l_{) # 0 fori = 1,..., M. Note that, as a result, agents
i =1,..., M have positive consumption at the preference profile. O

Step 2: Starting from the preference profile (R(ll), ...,R?{I)I,I?M'“, ..., RY),
where agents i = 1,..., M> have positive consumption, we conduct the same

operation as in Step 1. We let €; and &; be scalars such that they support

Lemma 4 with respect to (R(ll), o R?{I)l, RMi+1 RN) and satisfy B, (Rél)) c
Be(R') for i = 1,..., My, Bz (R") C Bc(R") fori = M; +1,...,K, and
[y - _
Bsy,(p(Rlyy. ... R RMHL L RY), f) C Bo(p(R, [)).
We apply Corollary 1 toagentsi = 1, ..., M. Thereexists j > M+1 such that for

any €, and &,, some (R(lz), e Rg)z) € BQ(R(II)) X e X BQ(R%)‘) x Be, (RM1F1) x
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-+ X Be, (RM2) satisfies

~ M. - —
p((R(12)7 L] R(z)za RM2+15 DR RN)? f) € BSz(p((R(ll)5 DR

R?{’)] 9 RM1+17 cee RN)! f))s
(15)

and
S (Rbys oo R R RY) ¢ (0, ). (16)

If (15) holds with some agent j > K + 1, then the lemma holds. Therefore,
we assume that agent j > K + 1 has zero consumption at any preference pro-

file (R(lz),..., Rg)z RM2+1 ...,RN). We set € < €] and &3 < &1, and we fix

(R(lz),...,Rg)z) € BQ(R(‘D) X +ee X Bez(Rf‘f;) X Be, (RM*1y x ... x B, (RM?)
to satisfy (15) and (16). Without loss of generality, we assume that agents j =
My +1,..., M3, where M> + 1 < M3 < K, satisfy (16).

We can prove that agents i = 1,..., K have independent consumption vec-
tors and agents i = 1, ..., M> have positive consumption at the preference profile
(R(lz), o Rgf, RM2+1 RN in a similar way to the previous step. As a result,
agents i = 1, ..., M3 have positive consumption at the preference profile. O

We repeat these steps. In each step, we have at least one additional agent who
receives positive consumption at the preference profile in the e-neighborhood of R,
where the price vector is in the e-neighborhood of p(R). Finally, some agent j > K +1
should receive positive consumption. This ends the proof of Lemma 6. O

Proof of Corollary 2 Contrary to the statement of the corollary, we suppose that for each
Jj = K + 1, there exist values of ¢/ and &/ such that no (1%1, ey I%K) € Bej(Rl) X

- x B (R¥) satisfies p((R', ..., RK, RK*1 ... RN), f) € B,;(p(R, f)) and
FI(RY, ..., RK,REHL . RN) ¢ {0,Q). We let ¢ = min{eXt!, ... M} and
& = min{eX*! ... &N}. Then, for these € and, no (R!,..., RX) € Bz(R") x

- x Bz(RK) satisfies p((R',..., RK, RKT1 .. RN), f) € B:(p(R, f)) and
FI(RY, ..., RK,RK+1 . RN) ¢ {0,Q} for any j > K + 1. This contradicts
Lemma 6. O

Proof of Lemma 7 We write a’ = ((1/a})V/ =D . (1/ai)!/P=D) First, we show
that the lemma holds whena',i = 1, ..., N,areindependent. Ifa',i = 1, ..., N, are
independent, ﬂi o, zi), i =1,..., N, are positive and independent with any vectors
Z,i=1,...,N,whené8',i=1,..., N,are sufficiently small.

When they are dependent, Zi,i =1, ..., N,canbeobtained as follows, for example.
Without loss of generality we assume that the vectors a', . .., a" span S-dimensional
space, where S < N andal, ..., a’ are independent. We set Zi=dfori=1,...,8.
We let (a] o...a’ ) denote the S-dimensional vector space spanned by al, ..., a%and
let (a', ..., a%)" denote the orthogonal complement space of (L — §)-dimensions,
Weselect7i,i = S+1,..., N, sothat they are independent vectors in (al, R aS)L.
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When §' is sufficiently small a’ + 87’ is positive for any i = 1, ..., N. Their inde-
pendence is clear from the construction. O

Proof of Lemma 8 In the proof of Lemma 7, we set 7' so that a’ 4+ 87z/,i =1,...N,
are independent. It is clear that any z' that is sufficiently close to 7' sustains the
independence, and Lemma 7 holds with 7! instead of Z!. That is, there exists a 7 such
that 8/ (8, z'),i =1, ..., N, are independent forany 0 < 8’ < § andany z' € B;(z'),
i=1,...,N.

For each 8’ and 7' € By (z'), we calculate 7;;" = (yzi,-l, cey )9;,-L) by solving
((A/paM =D Aypi YDy = 1@, 2 (17)
and define y L= (! STTREES yziiL) as the normalization of )?Zii: V;i / I 7/’ II. We

define the CES utility function U Vi with yzii as the parameter. Then, as in the case of
in, for any price p, the consumi)tion-direction vectors of nyi ,i=1,...,N, are
independent for any 0 < 8/ < & and any z' € B;(Z') because of the independence of

ﬁ(sivzi),iz'lv"'sN . . .
For each §' and p € P, we define G'(§', ¢, p) = UziEB_.(zi) g(in , p) as the
i 2l

set of the consumption-direction vectors of ini for p while z/ moves over B; (Z%).
Then, any vectors b e G (85, i, pi=1,. , N are independent as observed in
the previous paragraph. _ '

As R' — U,i, we have g(R', p) — g'(U,i, p). Therefore, for each p € P
and 0 < 8' < §, there exists an €’ (p, Si) such that if R' € BG;(WS;) (in), then
gi(Ri, p) € G! (Si, f, p). Finally, we define €l (Bi) = minycp ei(p, Si). O

Proofof Lemma9 When 8' = 0, R, ( is an MMT of R’ at g’ and R}, . — R’ as
t > 0ands — 0. We fix s andtsuchthatRét s € Be (Ri) foranyi =1,..., N.
Because R(ls' — Rf)t as 8" — 0, we select 8 such that Rl;. S € B, ( ) Then
i Lt,s N ) _ 8’
we have Ry, € Be (R’) forany 0 < §' < §'.
For any O < 8 < §, the consumption-direction vectors of R’ fs i=1,...,N,
are independent for prices in a neighborhood of p. That is, there exists an & such that
g (Rsi s p), =1,..., N, are independent for p € B, (p). O

Proof of Lemma 10 Let €' be the same as in Lemma 8. Because the preference R, s

coincides with the preference Ui in a neighborhood of g', we set & such that

g (Rg, s ) =g (in, p), i=1,...,N,for p € B (p). Then, Lemma 10 fol-
lows Lemma 8. O
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