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Abstract This paper characterizes the optimal collusion-proof mechanism in a two-
agent nonlinear pricing environment. Our model allows agents to have correlated types
and to reallocate their total purchases among themselves. We show that, under strongly
negative correlation, the coalition will, sometimes, be torn apart at no cost. Under
positive or weakly negative correlations, however, the threat of collusion forces the
principal to distort allocation away from the first-best level obtained without collusion.
We also show that, in contrast to the result of Laffont and Martimort (Econometrica
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68:309-342, 2000), when the correlation is almost perfectly positive, the possibility
of arbitrage prevents the principal from approaching the first-best efficiency.
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1 Introduction

A central topic of mechanism design theory concerns the ability of agents to earn infor-
mation rents. Both casual observation and economic intuition suggest that possession
of relevant private information confers a positive rent. However, this insight is at odds
with the finding of Crémer and McLean (henceforth CM) (1985, 1988). They show
that, in models having common priors supported on a fixed finite number of types, the
set of priors which admit full surplus extraction (FSE) is generic.

The analysis of CM has been challenged on several grounds: their conclusion is
not robust to the cases where the agents are risk averse or are protected by limited
liability (Roberts 1991; Demougin and Garvie 1991), or to the case with competition
among principals (Peters 2003). Heifetz and Neeman (2006) show that CM’s genericity
result hinges on their implicit common-knowledge assumption that each agent has a
fixed finite number of types. FSE is generically impossible in both a geometric and
a measure-theoretical sense when convex combination of priors is allowed. Another
major critique towards CM comes from its vulnerability to collusion among agents.
The intuition is simple. In the FSE mechanism, payments to and from agents depend
on the reports of other agents. The agents have strong incentives to collude, especially
in nearly independent environments where these payments are very large.

Collusion is a widespread and noxious phenomenon in reality. Typically, it imposes
severe limits on what can be achieved by the mechanism designer, and thus it is gener-
ally regarded as a factor that reduces the principal’s payoff in addition to asymmetric
information. The pioneering work that studies collusion in principal-multiagent setting
is due to Laffont and Martimort (hereafter LM) (1997, 2000). They offer a tractable
modeling framework for analyzing the role of colluders’ information asymmetry in
collusion-proof mechanism design. A difference is found for independent and corre-
lated types. In procurement/public good settings with two agents, they show that the
optimal outcome can be made collusion-proof at no cost to the principal if the agents’
types are independent (LM 1997), but if the types are correlated, preventing collusion
entails a strict cost to the principal (LM 2000). In a duopoly model, Pouyet (2002)
shows that under strongly negative correlation, the principal can prevent collusion at
no cost. But he does not consider the possibility of reallocation/arbitrage.

In LM’s procurement and public good settings, two agents may consume certain
amount of goods in a non-excludable way. As such, there is no need and it is techno-
logically impossible to divide the goods between them. However, in a private goods
setting, e.g., in monopoly pricing problem, buyers have incentives to reallocate their
total purchases obtained from the principal. Thus, the mechanism designer should
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make an optimal contractual response preventing the agents from (i) manipulating
their reports, (ii) exchanging side transfers, and (iii) conducting aurbitrage.l Jeon and
Menicucci (hereafter JM) (2005) extend LM’s model by incorporating arbitrage. They
show that collusion is preventable at no cost with uncorrelated types in a nonlinear
pricing model that allows collusive consumers to conduct reallocations on their initial
purchases. They do not, however, consider a more interesting case where agents’ types
are correlated.

Che and Kim (hereafter CK) (2006) advance on these fronts by developing a more
general method for collusion-proofing a mechanism. They show that agents’ collusion,
including both reporting manipulation and arbitrage, is harmless to the principal in
a broad class of circumstances. Any payoff the principal can attain in the absence of
collusion, including the second-best efficiency is attainable with uncorrelated types,
and the first-best efficiency is also attainable for cases with correlated types and more
than three agents.” Their analysis is quite general in terms of the number of colluders,
the distribution of types, and the production technology. They also allow collusion to
take place between a subgroup of agents rather than being pervasive. However, while
they give a satisfactory answer in a broad class of environments, they leave unanswered
an important question about whether collusion is harmless in the two-agent correlated-
type environment.> It is still unknown what outcome could be implemented in a two-
agent environment when types are correlated and arbitrage is allowed. We are trying
to fill this gap in the present paper.

Our results depart from and contribute to the existing literature in the following
aspects. Firstly, our two-agent result complements CK’s work and gives a more general
answer to the question whether or not collusion with both reports manipulation and
arbitrage is harmful.* Our findings are that collusion can sometimes be prevented at no
cost if correlation is strongly negative; but it always incurs a strict cost to the principal
if correlation is positive or weakly negative. From the perspective of rents extraction,
we extend CM’s work by showing that the FSE result is immune to collusion in the
environment with strongly negative correlation.

Secondly, we extend the result of LM (2000) by considering both arbitrage and
negative correlation. LM (2000) characterize the collusion-proof mechanism in pro-
curement/public good environments. It is unnecessary and impossible to split the goods
between consumers. In contrast, we discuss the private good problem. Consumers
could conduct arbitrage on their total purchases. Moreover, LM’s model considers
only positive correlation, while we consider negative correlation as well. We find that
a strongly negative correlation between agents may greatly facilitate the principal’s
fighting against collusion.

1A number of contributions, notably Mookherjee and Tsumagari (2004), Dequiedt (2007) and Pavlov
(2008), have noted that agents can coordinate not only on the way they play the grand mechanism, but also
on their participation decisions.

2 An additional requirement in their paper is that at least one agent has more than two types if n = 3.

3 In mechanism desi gn literature, the two-agent case is usually important and different from its multi-agent
counterpart. It usually needs a separate discussion. See Maskin (1999), Moore and Repullo (1990), Dutta
and Sen (1991), Danilov (1992) and Sjostrom (1991), among many others, for detailed discussion.

4 Admittedly, our result does not cover all possible cases, so it is still not a full characterization.
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Lastly, we also extend the work of JM (2005). They consider information manipu-
lation and arbitrage with only independent types. We extend their model to correlated
environments, which is obvious more practically applicable. Their result could be
regarded as a special case of ours when the correlation approaches zero.

The rest of this paper is organized as follows. Section 2 describes the economic envi-
ronment studied and reviews as a benchmark the optimal pricing mechanism without
collusion. Section 3 characterizes the coalitional incentive and no-arbitrage constraints
which must be satisfied by an optimal weakly collusion-proof mechanism. Section 4
describes the collusion-proof implementation of the first-best allocation under strongly
negative correlation. Section 5 characterizes the optimal collusion-proof mechanism
with weak (both negative and positive) correlations. Section 6 discusses the case with
an almost perfectly positive correlation. Section 7 gives conclusions.

2 The model
2.1 Preferences, information, and mechanisms

A monopolistic seller can produce any amount of homogeneous goods at a constant
marginal cost ¢ and sells the goods to two buyers whose consumptions are ¢;,i €
{1, 2}. Buyer i obtains utility 6; V(g;) — t; from consuming ¢; units of goods and
paying #; units of money to the seller. V' (-) is an increasing concave function with
VO0) = 0,V(x) > 0,V"(x) < 0,Vx > 0, and satisfies the Inada conditions:
limy_ 1 o0 V/(x) =0, lim, o V/(x) = +00. A consumer privately observes his own
type ; € ® = {0, 0y}, with A@ = 0y — 6. The probabilities p(6;, 62) of each
state (01, 6,) € ©% are common knowledge prior beliefs. For simplicity, we write
prr = pOL,0L), prn = pUL,0n) = pOu.0L), pre = pOn,0n). We also
denote by p = prrLpHH — p%  the degree of correlation between the agents’ types.

The monopolistic seller designs a grand sale mechanism M to maximize her
expected profit. Considering the Revelation Principle, we can restrict our attention to a
direct revelation mechanism which maps any pair of reports (é} , é\z) into a combination
of consumptions and payments: M = {ql(éz, é\z), qz(éI, 9’5), tl(éI, 9’5), tz(é;, 93)},
V(é}, é;) € ©2.5 We assume that buyers are ex ante identical, for notational sim-

5 Note that p € [—1/4,1/4], p attains its maximum at pyg = 0, pyyg = prp = 1/2; it attains its
minimum at prg = 1/2, pyg = prr = 0. We refer these extreme cases, respectively, as perfectly
positive and negative correlations.

6 One may argue that allowing a stochastic grand mechanism would increase the efficiency of prin-
cipal. If the utility function is of general form, U;(6;, g;,t;), and quantities g; is chosen among a
discrete set, Q = {Q1, ..., Qn}, allowing randomization/convexification does make some differences.
But, remember that in our model U; (6;, g;,t;) = 6;V(q;) — t; (6; and V(g;) are multiplicatively sep-
arable, 0; V(g;) and ¢; are additively separable), and Q = [0, co) is a continuum, the stochastic grand
mechanism makes no substantial difference. We assume that the grand mechanism M is stochastic, i.e.,
M = ((gi. ;) : ©% - A(X) x R)?_,, where X = [0,al, a is a sufficiently large number. A(X)
denotes the set of all probability measures supported on X'. Agent 6;’s expected payoff when he reports
6;, his opponent reports 0_; is 2971_ pO;,6_;) UX 0; V(x)dq;,0_i)(x) — 1; (6;, 64)] Under stochas-
tic grand mechanism, all expressions in our paper are the same except that V(g; (6;, 6—;)) is replaced
by fX V(x)dg;(6;,0_;)(x). Given V(0) = 0, V(+00) = o0, there exists a unique x;“(Q,',G,,-)
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plicity, we focus on anonymous mechanism in which the consumption and payment
of a buyer depend only on the reports and not on his identity.” Then we denote
by #; for k,I € {H, L} the tax paid by an agent whose report is 6 and the other
agent’s report is 6;, and gi; is defined analogously, the rent obtained by agent
is denoted by my = O V(qu) — t. Let @ = (e, qLu. gL, gun) € RY
t = (Lo, tog, tHL. tHH) € R* and wt = (mp ., TLH, THL, THH) € R* denote,
respectively, the vectors of quantities, transfers and rents.

2.2 Coalition formation

Applying the methodology of LM (1997, 2000), we model the buyers’ coalition forma-
tion by a side-contract, denoted by S, offered by a benevolent uninformed third party,
whose aim is to maximize the total payoff of agents. The maximizing problem is subject
to the buyers’ incentive compatibility and participation constraints written with respect
to the utility they obtain when the grand mechanism M is played non-cooperatively.
We study a collusive arrangement that allows the agents (i) to collectively manipulate
their reports to the principal and to exchange transfers in a budget-balanced way, and
(i) to reallocate quantities assigned by the grand contract. The timing of the overall
game of contract offer and coalition formation is the following:

e Stage 1 Buyers learn their respective “types” 6;,i = 1, 2.

e Stage 2 The seller proposes a grand sale mechanism M. If any buyer vetoes it,
all buyers get their reservation utility normalized exogenously at zero and the
following stages do not occur.

e Stage 3 The third party proposes a side mechanism S to the buyers. If anyone
refuses this side mechanism, M is played non-cooperatively. If both buyers accept
S, they report their types to the third party who enforces manipulation of report
into M, and commits to enforce the corresponding side transfers and reallocation
within the coalition.

e Stage 4 Reports are sent into the grand mechanism. Quantities and payments
specified in M are enforced. Quantities reallocation and side transfers specified in
S, if any, are implemented.

Formally, a side mechanism S takes the following form:
S= [¢(él,9~2),x1(9~1,9~2, $). X201, 02, ). y1(61.62), yz(él,éz)} V(1. 60,) € ©.

g; is buyer i’s report to the third party. ¢ (-) is the report manipulation function which
maps any pair of reports (61, 62) submitted by the buyers to the third-party into a pair of

Footnote 6 continued

satisfying V(xi* :,0-) = [ x V(x)dq; (9, 0_;)(x). Therefore, choosing an optimal random allocation
(a probability measure) g; (6;, 6_;)(x) is equivalent to choosing a deterministic function xi* 6;,0_;).

7 We make this anonymous/symmetric assumption for tractability reasons following the conventions of
LM (2000) and JM (2005). Absent this, the principal possess more flexibilities and then achieves a surplus
at least as much as under the symmetric assumption. In this sense, our main result in Proposition 3 that FSE
is achievable is robust since it is obtained in the worst case for the principal.
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reports to the principal. To convexify the third-party’s feasible set, stochastic manip-
ulations are allowed. Let ¢ € ©72 denote an outcome of ¢(-). Then, ¢ (-) spec1ﬁes
the probability p? (4, 6, ¢) in which the third party, after receiving reports 61, 62),
requires the buyers to report é to the principal. When p? (01,65, ) is a degenerated
lottery that assigns probability one to some ¢ € O, we get a deterministic manip-
ulation. y; (0, 62) denotes the monetary transfer from the third party to buyer i. y;
does not need to depend on ¢ because of quasi linearity of a buyer’s payoff in money.
xi (01, 92 ®) represents the quantity of goods buyer i receives from the third party
when ¢ is reported to the seller and (6}, 6,) are reported to the third party. Such a real-
location rule maximizes the buyers’ joint surplus subject to the total amount of goods
being allocated to them by an incentive compatible grand mechanism.® Since the third
party is neither a source of goods nor money, we assume that a side mechanism should
satisfy the ex post budget-balance constraints for the reallocation of goods and for the
side transfers, respectively

2 2
> xi(01,02,¢) =0and Y yi(61,02) =0,¥(01,6)) € © and ¥ € O,
i=1 i=1

Let UM (8;) denote the expected payoff of 6; in truthful equilibrium of M. The side
mechanism must guarantee to an agent a utility level at least as large as what he
expects from playing non-cooperatively the grand mechanism and then getting a utility
UM @;).

2.3 The optimal grand-mechanism without coalition

We consider, as a benchmark, the optimal grand-mechanism without side-contracting.
Absent collusion, a mechanism M = (, q) is feasible if it is individually rational,

BIRy: primpr + prumie =0, (D
BIRy: prumyr + puuman 2 0; (2)
and incentive compatible,
BICp: primpr + pLHTLH 2 PLLTHL
+pLaHE — AO[pLLV(guL) + pLuV(gur)], (3)
BICy: pLuTtHL + PHHTHH 2 PLHTLL + PHHTLH
+AO[pLaVgrL) + puaV(qLu)l @

8 Here we implicitly assume that buyers could only reallocate their goods for at most what they receive from
the seller, i.e., x; (01, 02, ¢) + i (¢) > 0,V € ®2,¥(H;, 6) € ©2,Vi = 1, 2. For cases when both types
have positive virtual valuations, x; (01, 62, @) +q; (¢) > 0,i = 1, 2 are guaranteed by the Inada conditions
V(0) = +o0, V(4+00) = 0. For case with very small py i and thus the low-type’s virtual valuation is
nonpositive, i.e., 07 — pggeA0/pr g < 0, a corner solution x1 (07, g, ¢) + q1(¢) = 0 may arise.
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Let M = {(, q)|subject to (1) to (4)} be the set of all feasible mechanisms. We rep-
resent the principal’s payoff as II(mw, q) = 2) . >, pu [6xV (qr1) — cqu — il -
Let V = {V e RY|V = I(r,q), (x,q) € M)} denote the set of all imple-
mentable payoffs for the principal. Of special interest is the highest implementable
payoff ITS8 (p) = sup V, which is represented as a function of probability distribution
P = (pLL, prn) and is referred to as noncollusive optimal or the second-best payoff.

Obviously, in the complete information case, the seller could implement the first-
best payoff 78 (p) = 23", >, pu [OkV(qISB) — cq,le], where g/} is given by
oV’ (q,SB ) =c,Vk,l € {H, L}. CM’s FSE result shows that under incomplete infor-
mation, the first-best payoff is still achievable (i.e., IS8 (p) = MFB(p)) if p # 0.
They show that there is a vector of rents &, so that (i, qF B ) satisfies all BICs and
binding BI Rs. Representing w7 i and wg by 71 and wgy g from BI Rs written with
equalities, then substituting these expressions into BICs written with q = q*® yields

THHP
BICy: + AO(pLy + pLL)V (q,ﬁ%) >0, 3)
PLH
TLLP
BICH: —% = A0(pun + pw)V (aff) = 0. ©)
LH

We denote by M*(p) = {(nLL, wun) € R2|subject to BIC) and BIC},} the
reduced feasible region, within which the first-best (FSE) result is achieved. It is
easy to find that the first-best outcome is implementable if and only if p 7 0, because
M*(p) # @ for p # 0 and M*(p) = @ if p = 0.

3 The third party’s optimization program

In this section, we study formally the third party’s optimization problem and derive
the coalitional incentive and no-arbitrage constraints which must be satisfied by an
optimal collusion-proof grand mechanism.

The third-party’s optimal problem is given by:

1 2
P o e (01’%:6 @2’) (61.62) [U O +U (92)]
subject to:
Ulen =Y p@i1e0 3 - P66, 9 [0V (xi (6.0,.9) +ai ()
9j€@ (;e@z

+yi(6;,0;) — t; ((5)]

forany 6; € ® andi, j = 1,2 withi # j;

(B1CS):U'@) > U@ 160
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184 D. Meng et al.

where

U@ 160 =Y p@i1e0 D p?@. 05,8 [0V (xi (8.6,.8) +ai (4))

0;€0 $ece?

+yi(6;,0) — t; (fl;)]

for any (Qi,éi) e ®%andi, j = 1,2 withi # j;
(BIRiS):Ui(Qi) > UM @)
forany 6; € ® andi =1, 2;

2
(BB :y): Y yi(01,62) =0
i=1

2 5
(BB :x): ) xi(61,62,¢) =0

i=1
for any (01, 62) € ©2 and any $ € 02,

Definition 1 A side mechanism S is coalition-interim-efficient with respect to an
incentive-compatible grand mechanism M providing a reservation utility UM (9)? if
and only if it solves the above program [Pr].

Let 8 = {¢(-) = Id(-), x1(:) = x2(-) = 0, y1(-) = y»(-) = 0} denote the null
contract that implements no manipulation of reports, no reallocation of quantities, and
no side transfers. A weakly collusion-proof mechanism is such that the third party’s
optimal response to it is to offer a null side mechanism.

Definition 2 An incentive-compatible grand mechanism M is weakly collusion-proof
if and only if it is a truthtelling direct mechanism and the null side mechanism S is
coalition-interim-efficient with respect to M.

Proposition 1 (Weak collusion-proofness principle, WCP) Any Bayesian perfect
equilibrium of the two-stage game of grand and side contract offer M o S can be
achieved by a weakly collusion-proof mechanism.

Proof The proof is a straightforward adaptation of the proof of Proposition 3 of LM
(2000) and hence is omitted. O

9 Following LM (2000), we assume that, if buyer i vetoes S, then the other buyer still has prior beliefs about
0; . Therefore, if we denote by U M (6;) the expected payoff of a 6; agent in the truthful equilibrium of M,
then his reservation utility upon rejection of S is still U M (6;) [see LM (2000) for more general analysis].
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According to the WCP, to characterize the optimal weakly collusion-proof mecha-
nism, it suffices to add the coalitional incentive constraints (C/Cs) and no-arbitrage
constraint (NAC), under which the third party’s best response is to offer a null side
contract, to the principal’s optimization problem. Our next proposition characterizes
these additional constraints.

Proposition 2 A symmetric Bayesian incentive compatible grand mechanism M is
weakly collusion-proof if and only if there exists € € [0, 1) such that:

e The following coalitional incentive constraints are satisfied:'"

CICLp a2y 2 g+ +2h(€)AOV (qrr) — 8(qLu +qHL, €)
HHEAOV (qLH)
_puHEAYVGLH) 7)
PLH
CIC L, uH: 7L 2 T — AOV(gan) — h(€)AO[V(gun) — V(grr)] (8)
CICrg,rr:mrn +7HL = 2np +8Q2qrL, €)

eNO
+ P2y (qum) — 2h() MOV (qL1) )
PLH
eNO
CIC L au:7LH +7HL 2 2ngn — fQquH, €) + %V(QLH)
(10)
CIChH,LH:2tgH 2 aL + 7L + f(qLH + qHL, €)
eNO
_paneAd a
PLH
ClChup,rLr:man 2w + A0V (qLr) (12)
where
AB
Flx,€) =205V (’i> —  max [<9L - p’”’—€> Vix) + GHV(xz)],
2 x1,x220,x1 +x2=x PLH
pHH6A9
glx,e) = max 0 — — | V(x1) + 0V (x2)
x1,x220,x1+x2=x PLH
—21[6, — AOh(e)] V (;) ,
2
€
he) = — LS
PLLPLH + p€

o The following no-arbitrage constraint is satisfied:

NAC : qrug = ¢1(qrr +quL). quL = ¢2(gLH + qHL), (13)

10" Since our attention is restricted to the symmetric/anonymous grand mechanism, coalitions H L and L H
are identical, so we don’t need to consider constraints C/Cp g g or CICyHL 1H-
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where

PHHEAD

(p1(x), p2(x)) = arg max [<9L
PLH

) V(x1) +0n V(Xz)]
x1,%220,x1+x2=x
is the optimal splitting rule within a heterogenous coalition.
e [fe > 0, the Oy type’s Bayesian incentive compatibility constraint BICy (4) is
binding.

Proof See “Appendix”. O

The coalitional incentive constraints prevent the third party from manipulating the
agents’ reports. For instance, CI/Cry g requires that a (61, 61) coalition prefers
truthtelling to reporting (6r,0y). Each coalitional incentive constraint takes into
account the possibility of reallocation: if both agents report the same types to the
third party, each of them receives half of the total quantities available; otherwise, the
total quantities are reallocated so as to maximize the coalitional total payoff evaluated
at (Oy,0L — ppueA8/pry). The symmetric assumptions g1 (6k, k) = q2(6k, 6k),
for all k € {H, L} imply that there is no reallocation within homogenous (i.e., LL or
H H) coalitions. In heterogeneous (i.e., L H) coalitions, however, the third party has an
incentive to reallocate the goods bought from the seller unless NAC is satisfied. There-
fore, the optimal weakly collusion proof mechanism maximizes the seller’s expected
payoff subject to constraints BICs, BIRs, CICs and NAC [(1)—(4), (7)—(13)].

The variable € in coalitional incentive constraints can be interpreted as a transac-
tion cost of side contracting due to asymmetric information. If the 6y type’s incentive
compatibility constraint is binding in the third party’s program, the principal has flex-
ibility in choosing e, since S° is optimal for the third party if and only if it satisfies
conditions C/Cs and NAC for at least one € € [0, 1). An agent usually cannot fully
trust and share his private information with his collusive partners, then the third party
has to face the same incentive problem faced by the principal and thus a frictional
transaction cost arises within their coalition. This transaction cost is a major imped-
iment to collusive efficiency. The principal, although can not necessarily implement
the first-best allocation, is able to exploit the agents’ divergence and mutual distrust to
increase the transaction cost of side contracting and thus tear apart their coalition. In
constraints (7)—(13), true valuations are replaced by virtual valuations. For high-type,
the virtual and true valuations are the same, i.e., 9}1 = 6y ; whereas for low-type, the
virtual valuation is lower: 6] | = 6, — p? €A0/(pLLpLH + pe) in a homogeneous
(L L) coalition and 92’2 =0; — pyy€A0/pry in a heterogeneous (L H) coalition.

Given LM’s result that collusion incurs efficiency loss for positive correlation and
JM’s result that collusion is preventable at no cost for independent types, a natural
question to explore is what would happen if we allow for negative correlation.

4 The case with strongly negative correlation

In this section, we will show that the principal can implement the first-best allocation
under strongly negative correlation. For the first-best allocations ¢ f g and g II;? to be
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resistant to arbitrage, the principal needs to set € = 0.!! Also, both BIR; and BIRy
need to be binding, since no information rent can accrue to either type. We thus obtain
g = —pLi7rL/pLy and tgp = —pypmwr g/ pry from binding BI Rs, then the
remaining constraints evaluated at q = q” 2 reduce to the following conditions.

THHP

BIC[ (L, THH) = + A0 (pru+prLr)V (qHH) 0, (14

7TLL/0
BICy(mrL, mHH) =
PLH

=80 (i + p) V (aff) 20, (19)
CICiL,iu(mrr.may) = (1 — pyr) 7L

+PHHTHH + PLHE (6]51{ +4qfE, 0) >0, (16)

CIC L, g (L, THH) =gy — L — AOV (45%) <0, a7
CICLyrr(rir, wun) = (1 — puw)wir + punmun + prugqif, 0)
<0, (18)
CICLy un (L, tun) = promer + (1 — pL)mun — pru f(2qns, 0)
<0, (19)
ClCyp, L1 (mLL, THy) = Tgg — 7L — AOV (qLL) >0, (20)
ClCypg, (L, muE) = promrr + (1 — PLL)ﬂHH
_PLHf(qLH +qHL,0) 2D

We denote by M(p) = {(rrr, mam) € R |subject t0: (14) 1o (21)} the set of
rent vectors which could support the first-best quantities gf B 1t follows directly
that the first-best outcome is achievable if and only if M(p) # ©@. In Fig. 1,
the points within parallelogram ABCD satisfy adjacent coalitional conditions
CICHH.LH,.CICLH 1L, CICLg uy and CICLL,LH.12 The coordinates of points

! Remember that 0, V/(¢FB) = 05V’ (q5B) = ¢ and NAC: (0, — puueAd/pLu)V (qLu) =
OuV'(qHL)-

12 Yf1ocal coalitional constraints hold, then the global coalitional constraints C/Cpy, gy and CICyy 1L
are automatically satisfied:

FqFB +qE8.0)+g2qfE.0)

CIChu.LL(T M) = 5 — 20V (afP)
f(ZqLFf,O);Lg(ZqLL,O) AoV By =0

CICLL,HH(ﬂvaT[gH) g(qLH +qH€ (;)-i-f(Zq AR A@V(qHH)
_ feafl. 0>;g<2q B0 sov (gf) =0

These two inequalities follow from the monotonicity of functions f(x,0), g(x, 0), conditions ¢ LF f <
[qLH + qHL]/Z < q and the identity f(x,0) + g(x,0) = 2A0V (x/2).
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BICy i

CICLL. uH
CICLu,LL ——
CICL . ) (Aﬂm ui/j; HAPHE)V ('1‘"") _ AOprupr n+m )V (q‘jﬁ))
BIC CICum,LL
1
-
e E A
¢asible region _\:ix]pi H . T
w5, K L
I v CICLunH
CICuHLH
Fig. 1 Collusion-proof implementation of the first-best allocation
A to D are given as follows:!
FB
4 (1 —pr)g (2958, 0) + pun f (455 +4FE.0)
TrL =~ B <0,
FB
4 _ preg(2q7f.0)+ (A = pun) f (af; + a1 0)
Ty = > 0;
2
FB FB
B (1= pre)g (2g1£.0) + pun f (2955, 0)
T == <0,
2
FB
B PLL8 (2qLL7 )+(1 —pHH)S (2‘]1-1[.1’ 0) 0:
Ty = 3 > 0;
FB
c PHHf(quH, )+(1_pLL)g(qHL +qLH,O)
2
13 Again, from the monotonicity of f(x, 0), g(x, 0) and inequalities g f 1{9 < g f g ] /2 < q H H’

C

A

B D B D A B
we have 7, < min{r;, .7/} < max{n;, .77} < 7w, and whpy < mm{nHH,nHH} <

B D C
max{wy . Ty} <Tgy-
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¢ —pur)f(2a}%5.0)+ prrg(ahs +aff.0)
THH = ) > 0;

D (1 —pro)g (aff +aft,0) + pun f (aft +ai - 0)
TrL = — > <0,

D preg (afB +qlB.0)+ (= pun) f (aff +4f5.0)
Ty = 3 > 0.

To guarantee the nonemptiness of M (p), the intersection O of lines BICy and BICy,
must lie within the union of the grey and the red regions, that is:

AO(pru + pro)piuV (qh5
Ty =— F (@ir1) > Thy (22)
AO(pru + pum)pLaVigll)
nl = . LLZ > nf), (23)
CICHH,LH(HLOL, ﬂgy) = PLL”LOL + (1 - PLL)NgH
—peufaih +apg. 0 =0, (24)
CIC L tn(nP 7wy = — pum)nl, + punniy
+PLHE (qf]f +aqrh 0) > 0. (25)

To characterize the first-best implementation, we start with the following lemmas.

Lemma 1 IfZAQV(qff) < g(qu + qfllz, 0), then the first-best outcome is achiev-
able for distributions (prr, pun) € F = {(x,y) € [0, 1]2|,0(x, y) < p*(x, )}
ifZAGV(quB) > max{g(qLFg + C]Zﬁ, 0), f(2q5%, 0)}, we have F = O, then the
first-best outcome is unachievable for any feasible distribution, where

l—x—y 2
p(x,y) =xy— )

—AO(1 —x 4+ y)(1 —x — y)V(gFB)
2[(1=08ary + azis O + 3f Qagy, O]

pr(x,y) =

Proof See “Appendix”. O

The following lemma shows that the ranking between g(qLF g + qgﬁ, 0) and
fQ2q flg 0) depends on the agents’ risk attitude.

Lemma 2 g(q{f} +qg€, 0) < (resp. =, >)f(2q5€,, 0) if the absolute risk aversion
rqa(x) = —=V"(x)/V'(x) is increasing (resp. constant, decreasing) in x.

Proof See “Appendix”. O

The proofin “Appendix” shows that g (¢} B+q55, 0)/f 2q 55, 0) = V(z*(£,601))/

V(Z*(€,0n)) for some & € (01, Op), where 2*(61, 02) = Qrgmax (o 4 | gy 01
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V() + 92V(q1§z + g*(02) — z) and ¢*(0) = argmax, [0V (¢) — cq]. So, the com-
parison between g(g 1{7 5 +q 1’;{, 0) and f(2¢q 15%’ 0) depends on the monotonicity of
function z* (&, 6;) with respect to 6;. For fixed &, an increase of agent 2’s valuation
has two opposite effects on agent 1’s allocation z*: he will capture a smaller share of
the total quantities when facing a more efficient opponent (rivalry effect); but at the
same time, the total size of cake to be divided between them, i.e., g Z?I + g*(62), will
increase (expansion effect). The net outcome hinges on the trade-off between these
two counteracting effects.

With increasing absolute risk aversion, agents is inclined to take less risk as they
become wealthier. This requires a more egalitarian resource distribution among them
to reduce inequality and risk. The expansion effect outweighs the rivalry effect as the
opponent’s valuation increases. So, dz* (&, 62)/96> > 0 and thus g(g f 5 +q ZE, 0) <
fQ2q g%, 0). The arguments for constant and decreasing absolute risk aversions are
analogous.

The above Lemma 1 provides a sufficient condition for 7 # &, and also a necessary
condition for F # &. Lemma 2 gives a condition under which these two conditions
coincide. As an immediate corollary of Lemmas 1 and 2, we obtain the following
result.

Proposition 3 [fthe agent’s preference exhibits nonincreasing absolute risk aversion,
the first-best allocation is implementable for probability distributions with strongly
negative correlation, i.e., (prr, pun) € F if and only if g(qu + qglz,O) >
200V (qfP).14

The result of this proposition could be depicted by Fig. 2 in (prr, prH) Space.
Letting X and Y denote, respectively, the intercepts of curve p(prr, puH) =
p*(pLL, prg) with the horizontal and vertical axes, we have

v — 8Yin +anr0) =280V (qrp)

g(qfE +qkE.0)

v _ 2[gtaif; +af; 0 =286V ([ )]

[saf B +afF.0) + 280V [ E) - Fafh. 0] | [g(q[f, +apz: 0 + 2A9V(qf£>]
+4£(2gEB . 0) [g(qF B + qB.0) — 240V (gFB)] /a5, 0)

Since g(g { f} +gq flﬁ 0)— f(2q I’;?] 0) > 0 whenever r,(x) is nonincreasing, we can
find easily that if g (g LF g + gfli, 0) >2A0V(q f f ), both X and Y are nonnegative and
region F (the red region in Fig. 2) is nonempty, so the first-best allocation is achievable
for distributions (prr, pur) € F.1f g(qf B + g58.0) < 240V (g} ), both X and

14 Since p*(x, y) itself depends on probabilities (x, y), so some readers may argue that it is imprecise
to interpret p(x,y) < p*(x,y) as a condition of strongly negative correlation. Please note that curve
o(x,y) = p*(x,y) is not parallel to but is sandwiched by two contours p(x, y) = p; and p(x, y) = pp,
for some p; < p;, < 0. Region {(x, y) € [0, l]zlp(x, y) < p*(x, )} lies in a region of strongly negative
correlation {(x, y) € [0, 1]2| p(x,y) < pp}; and it contains a region of even stronger negative correlation
{(x,y) € [0, 1]2|p(x, y) < pr}. In this sense, we term the case with p(x,y) < p*(x,y) as “strongly
negative correlation”. The authors appreciate one referee for reminding us of this point.

@ Springer



Two-agent collusion-proof implementation with correlation. .. 191

1.0F,

0.8F

0.6F

PHH

0.4+

0.2F

0.0t

PLL

Fig. 2 Regions of probability distributions for nonincreasing absolute risk aversion

Y are negative, so region F vanishes, the first-best allocation is thus unachievable for
any feasible distribution (prr, prH).

For utility with constant absolute risk aversion V(x) = 1 — ¢™"¥, expression
g(qfB +qkB.0) > 200V (¢fB) is equivalent to

6 2 2 0
H ) (2 1)+ = (2 —1) >0
01, OLr OLr Oy

For utility with decreasing absolute risk aversion V(x) = )il:: ,8(q LF g +q gﬁ, 0) >

2A60V (g LF f ) is equivalent to

o \e | 6 o \e] " oL\ (6L
1+ (£ L QI L ) 5 Y (2 >o(1- 22 ) (2
9H 9[1 9H 9H GH
The region of parameters for the first-best implementation in these two cases can be
depicted by the following Fig. 3.

Expression o(pLL, pun) = p*(pLL, pHp) is equivalent to

5

|
1—prr _PHH)2 _ _EAQ (1 - ﬁ) (I = pLL — pHAH)

2 2 0
AQ—?’(l—,/ﬁ)

PLLPHH — <
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0.8 0.8
0.6 0.6
6 r

0.4

0.2

0.0

0.0 0.2 04 06 08 0 0.0 02 04 06 08 10

o oL

(a) (IH))

Fig. 3 The parameter regions of g(qLFg + qglz 0) > 2A9V(qff) for nonincreasing r,(x). a V(x) =
l—e™ bV(x)=

xl-o
1-a

for V(x) =1 — e™"*; and is equivalent to

1= prr — pun\
2
1-a

—0 =) (%) © A= pro = pum)(1 = pri + prn)
(1—prr) [(1 + (g_f,)l>a _ a (g_g)} [1 + (g_f[);}l—a
+pHH [2‘* - [1 + (3—;);]&} 21—

for V(x) = x'7%/(1 — «). Figure 4a (resp. Fig. 4b) depicts the contours of p = p*
for different values of ¢/r (resp. @) in (pLr, prH) space with particular values 0y =
6,0r = 2. It is easy to see that the larger is ¢/r (resp. the smaller is «), the larger is
region JF, and thus the more likely will the first-best allocation be obtained.

The economic intuition behind Proposition 3 could be explained as follows. With
correlated types, an agent’s report contains additional information about the other
agent’s valuation. The mechanism designer could exploit this statistical interdepen-
dence to cross-check agents’ reports, thereby inducing each agent to reveal his type
truthfully without leaving any informational rent to him. Naturally, such a mecha-
nism is not ex-post budget-balanced. The uninformed mechanism designer plays the
important role of a budget-breaker. She collects transfers from the agents in some
states of the world, and may also have to pay them in some other states. Figure 5a, b
illustrate the penalties and rewards in setups with respective negative and positive
correlations. The horizontal axis displays the first, and the vertical axis the sec-
ond component of a vector. When p < (resp. >)0, (prLu, pun) is flatter (resp.
steeper) than (prr, pry). Vectors (mpr, mpp)(resp.(myr, Ty y)) is perpendicular
to (prr, pLu)(resp.(pLu, paH)) to guarantee that a L-type (resp. H-type) agent

PLLPHH — (

2
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1.0 1.0

0.8 0.8

0.6 0.6

I

I

Q
0.4 0.4
0.2 0.2
0.0 0.0

(b)

Fig. 4 Contours of p(prr, prg) = P (pLL, pag) Withfyg = 6,0 =2.aV(x) =1—¢",b

o

1—
Vo) ==

(PLL, L) yeo 45
45
/ . (prL;pru) -

T eviin, aovighi)

(AOVLaER). AV (aFF)

(7rLL7 TLH )

D). -0V (T,

(pLE, PHE) (TaL, THH) ‘\'(pLL,pLH)

(80V(afP), ~20V ().

(WHL, 7THH)

(TLL, mLm)

(a) (b)

Fig. 5 Full surplus extraction for correlated types. a Negative correlation, b positive correlation

will only get a zero expected rent. With negative (resp. positive) correlation, in order
to elicit truth-telling, the principal needs to impose a penalty (resp. reward) on the
agents if they both announce low types (i.e., mp; < (resp. >)0). Geometrically,
(L, T ) lies to the northwest of point A in Fig. 5a, whereas it lies to the southeast
of point A in Fig. 5b.

The determination of 7 7, is the outcome of two opposing forces. First, the principal
is inclined to impose a penalty on the agents when they both report 9y, to prevent their
collective downward manipulations since 7z 7, is on the right-hand sides of CICprp, 1.1,
and CICpgpy, 1. Second, the principal may also have incentive to impose a reward in
the same state to prevent collective upward manipulations since 7y 7, is also on the left-
hand sidesof CICrr g and CICry pm. Asinthe standard nonlinear pricing model,
in order to receive information rent from the principal/seller, agents may inherently
be more willing to underreport than to overreport their valuations. So, the principal is
more pressured by the task of preventing downward misreport than that of preventing
upward misreport. As a result, the principal will impose a punishment rather than a
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Tun wn
CICLLun CICLLun

CICLiLL CICLiLL BICy

CICLL,L1 CICLLL)

BIC,
BIC, <- :') CICLL

CTCuu.LL

=€ e
C T C T

1 m
< !

) -y
i THn

e ) L e ) L

CICLunn m CICLuun

m v

CICuii.Lu CICuuL1

() (b)

Fig. 6 Cases in which the first-best allocation is not achievable. a p < 0 and close enough to zero,b p > 0

reward on agents when they both report low-types (7r; < 7 LAL < 0). Nevertheless,
this punishment is up to the extent that the upward coalitional constraints C/Crr L H
and CICr g gy are binding, i.e., mpp > nfL. Analogously, a moderate reward when
both agents report Oy (i.e., gy € [nf_‘,H, ngH] C [0, 400)) is required to deter
them from collective manipulations.

We now come to the individual incentive constraints. With a positive correlation,
the high-type agent’s individual incentive constraint B Cy requires the principal to
reward both agents when they report consistent messages (67, 01.) (see Fig. 5b). As
stated above, the coalitional constraints, however, requires a punishment in the same
state,i.e.,mpp < nfL < 0. This conflict between individual and coalitional constraints
therefore prevents the principal from achieving the first-best allocation. Will the first-
best allocation always be achievable for cases with negative correlation? The answer
is no. As the negative correlation becomes weaker, the informativeness of one agent’s
report on the other’s type becomes smaller. The ex post penalty and award necessary
to implement the first-best allocation are both extremely large. In Fig. 5a, as the angle
between (prr, pru) and (prL, prH) becomes smaller and smaller, point A goes
to infinity in the north-west direction. But, conditions C/Crr g and CICru mH
together will impose a limited liability restriction on the agents which requires a finite
upper bound of the level of penalty, i.e., 71 > nfL. The conflict between individual
and coalitional incentive constraints thus prevents the first-best outcome from being
achieved for weakly negative correlation. Geometrically, since the area ABC D lies
within the north-west quadrant, so M (p) = @ for eigher p > 0 or p < 0 but close
enough to zero (see Fig. 6).

Ifg(gi B +qk8,0) <240V (qfP), then even under perfectly negative correlation
(.e., prr = pun = 0, p = —1/4), the minimum penalty imposed on the agents
for their “consistent” announcements will exceed their maximum liability imposed
by the upward adjacent coalitional incentive compatibility constraints CICry pH
and CICp 1y . ie. —AOV(gfE) < nf, = —g(qfE + qf%.0)/2. The first-
best allocation is thus unattainable. Notice that, the question about the necessary
and sufficient condition for the first-best implementation is still open because a grey
interval (g(qf 5 + ¢f%.0), max{g(q[E + qf5.0), fQ2q}%. 0)}] of 200V (¢]F)
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1.0

0.8

0.6

PHH

0.4

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
PLL PLL

(a) (b)
Fig. 7 V() = [y e di 0y = 40,c = 1.aF # 0,6, = 39, gqfB +qbB.0) =039 <

200V(qfE) =079 < fqhB.00 = 15750 F = 2.6, = 20.g(qfF +q55.0) = 7.86 <
200V (qF By =15.63 < f(2955,.0) = 1571

exists for the case with increasing absolute risk aversion. Within this interval, the
nonemptiness of F is inconclusive. Figure 7 provides two examples, both with
gqfE + qkB.0) < 200V(gfP) < f(2¢kE.,0), in Fig. 7a F # @, in Fig. Tb
F=0.1

In a related paper, Pouyet (2002) gets a similar conclusion that the first-best out-
come is achievable under strongly negative correlation. However, his model does not
consider the possibility of arbitrage, so it does not fit into our problem. To facilitate the
comparison, we now apply Pouyet’s method to a nonlinear pricing model.'® Absent
arbitrage, for the first-best allocation to be implementable, the principal will choose
a parameter € € [0, 1) and a vector of rents (7wr, TL g, THL, THH) to satisfy the
following conditions:'”

CICLL pn:2mrL > iy + 7w — MOV (qhB) — Abh(e) [V(q,’;}?) - V(fo)]

2
15 Notice that in this example, function V(x) = g e dt is increasing and concave, the first order
condition remains valid provided that 65 > 67 > c though the Inada condition V (0) = +oo0 fails to hold.

16 He considers a regulation problem of a duopoly under incomplete information.
17 Since there is no arbitrage, g(x] + x7, €) in expressions (7)—(12) is replaced by

OV x) + (9L Vi(x2) — (6L —h(e)A0) [V (x1) + V(x2)],

pHHEAG)
PLH
and f(x1 + x3, €) is replaced by

AO
O [V (x1) + V)] — [eva) + (eL - M) wm} .
PLH
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CICLL Hu:7TLL 2 THH — AOV (qf,%) — h(e)AO[V (qf,‘,i,) Vigf By
CICLu L TLn +mpL = 2mp — AOV (g L)
CICLHHH : TLH +TTHL 2 ZJTHH—AQ‘/(qHH)

~PIHESL Y (o) = vaath]

CICuu.Ln:2myy > L + 7oy + A0V (gE D)
CICup.rL: T > 7L + A0V (qfB)

Pouyet (2002) shows that if the correlation is strongly negative, i.e., o+ prr pra <0,
then there exists a€* € (0, 1) such that pe*+ prr prg = 0. The principal will choose
€ close enough to but strictly less than €* to make % (¢) infinitely large. With this choice,
CICpp .y and CICyLy pH can be arbitrarily satisfied. Then, the principal recovers
some degrees of freedom. and uses them to make both participation constraints binding
and to ensure that all the other constraints are satisfied. In our setup, however, for the
first-best allocation to meet the NAC condition, the principal needs to set € = 0. She
is thus deprived of any flexibility of choosing €. In this sense, though literally similar,
our result is different from and is more striking than his.

In the following section, we will discuss the cases with weak correlations, where
collusion is still detrimental to the principal.

5 The cases with weak correlations

When the first-best outcome is not implementable, the standard techniques of imple-
mentation theory suggest us to focus on the cases in which BICy and BIR} are
binding. The difficulty, as usual, is to determine the binding coalitional constraints. To
simplify the system of constraints, it is useful to give the following implementability
conditions.

Lemma 3 For weak correlation (p is close enough to but is not zero), the schedule
of weakly collusion-proof implementable consumptions satisfies the following mono-
tonicity conditions:

qLH T q9HL

M]:qr1L < >

S YHH; (26)

conversely, if these inequalities hold, the local coalitional incentive constraints
CICLL,LH (7) and CICLH,HH (10) [or CICLH,LL (9) and CICHH,LH (1 1)] are bind-
ing, then all the remaining coalitional incentive constraints are indeed satisfied.

Proof See “Appendix”. O

Given this result, we could focus in the sequel only on the 6;, agent’s individual
rationality constraint (1); the 6y agent’s Bayesian incentive constraint (4); the adjacent
coalitional incentive constraints (9), (11) or (7), (10); no-arbitrage constraint (13) and
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the implementability condition (26). Then we can simplify the principal’s problem as
the following program [ng ] or [PgP ].

max Il(m,
{m.q,e€[0,1)} . q)

[PCP] - subject to:
BIR,,BICy,CICrL 1, CICLHu HH, NAC, M
[(D, @, (D), (10), (13), (26)],
{n,ql?elgf%,n}n(n’ v

[PEP] . subject to:
BIR,,BICy,CICHu, LH, CICLH’LL,NAC, M
[(D, ®), 9), (D), (13), (26)] .

Next, we present a geometric argument to show that [PEP ] and [P¢”] correspond
to, respectively, the cases with weakly positive and negative correlations. Get-
ting mpp = —mwrrprr/prm and wyp = [AOpuuV (qru) + AOpruV (qrr) —
muapHHl/PLE — p7LL/p3y from BICy and BIR; written with equalities then
inserting them into the remaining constraints yields:

TLLP
BIRy (L. HH) = ApuuV(qru) + A0pruV(grL) — i >0 27

BIC, (tp 1. THH) = pLHAS I:P%HV(C]HH) - PHHPLLV(QLH)]

+A0p? ypLL IV guL) — VL)l + pprumun + ppromrn =0 (28)
CIC’LL,LH(ﬂLb THH) = PLHPHHTHH o+ pLu(l — pu)lrpL

+P%HE(CIHL +4LH€)

—AO(1 = puupLEVLE) — A6p? 411 + 211V (qLL) = 0 (29)

CICy ppTLL, THH) = 7LL — THE + A0V (gaw) [he) + 1]
—AOV(qrp)h(e) =2 0 (30)

C[C}‘H,LL(”LLs THH) = PLHPHHTHH o+ pLa(l — pup)lrrL

+8(Q2qLL.€) PLy

—A0( = puupLEY (GLE) — AOp? 41 +2h()]V (qrr) <O (31)
CIC/LH’HH(”LL’ wyH) equivppg(l — prp)mwpgy + (0 + PLEPLL)TLL

P2y fQCaun. € — A0 — ) puupLuV (L) — A0p? 4V (gLr) <O

(32)
CICyy 11 (TLL THH) =7 —7LL — A0V (qrL) =0 (33)
CIC}”I,LH(HLL, mya) =pLH (L —prp)mygp + (0 + pLapLi)mLL
—P%Hf (GHL +9LH€)
—prEpLE(— AV (GLE) — PL A8V (L) =0 (34)

The feasible set M () = {(mr, muy) € R?|subject to (27) to (34)} can be depicted
by the shaded area A’ B’C’ D’ in Fig. 8. When p is negative and close sufficiently to zero,
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Fig. 8 The case with weak correlations.a p < 0,b p > 0

the feasible region lies to the right of line BI Ry and is under line B/ Cy .'8 To minimize
expected information rent conceded to the high-type agent, the principal needs to
choose the leftest point C’, where adjacent upward coalitional constraints CICprr g
and CICpy, gy are binding. When p is weakly positive, however, the feasible region
A'B’'C’ D' lies to the left of line BI Ry . For the purpose of reducing information rent,
the principal will obviously choose the rightest point A" at the optimum, implying
binding adjacent downward coalitional constraints C/Cyy g and CICry 1.

Proposition 4 Assuming that the correlation p is negative and close enough to zero,
0 — puuAO/pLE > 0'°, then €* = 1 is the principal’s optimal choice. The optimal
weakly collusion-proof mechanism entails:

e a monotonic schedule of consumptions represented as functions of p: quP (p) <
Sh®) + a5k ©)1/2 < 5% () given by:

OHpLH 00V’ (92(2quH))
<—) V'(guu) + =c, (35)

P+ PLH P+ pLH

_ pHHAY /
W (00 — 22252 ) v/ (qLm)
pUL=PLL PigAf / (9LHAYHL
, - (9 - pLLLI7HLH+p> 4 ( 2 )

OnV'(quL) — =c

2pLa(p+ pLH)
(36)

18 Notice that, though the slopes of lines representing C/Cs change with distributions (pr 1, pg ), for
weak correlation CICpy g, CI1Cp g 11 haslarger absolute slope than CICp g g, CICH g 1 g since

p+peud—pun)  p+pruprr . 200+ pLm)

= > 0.
PLHPHH peH(—prr)  par(l—prr)

19 This condition is imposed to avoid the tedious computation in corner solutions. If it fails, then ¢ (x) =
0, p2(x) = x, Vx. Wemusthave gy y = 0, then the monotonicity condition takes the formg; ; < gpp/2 <
qm . this condition is very difficult to pass the ex-post check.
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HHAO
(eL = p—) V'(qLu)
PLH

(9L - ””LM) V'(qLu)

(1 ) PLH
pU = PLL p%HAG / (qQLH9HL
- (QL T PLLPLH*P |4 ( 2 )
=c 37
2pLu(p + pLu)
AOp?
0, — —— L) i) =c. (38)
P+ PLLPLH

o the consumptions exhibit a two- way distortion away from the first-best levels:
a5 @) > qbk 7). q T®) > aff®.af @) <afbw). a5 ®) < aff @)

° avectorofrentsn € ]R4 suchthatBIRL, BICq, CICLL LH,CICLH g are
binding.

Proof See “Appendix”. O

Figure 8a provides a geometric interpretation of results in this proposition. The rents
leave to the agent can be measured by the distance between point C’ and line BI Ry .
So for the purpose of minimizing information rents, it is optimal for the principal to
move C’ leftward and shift BI Ry rightward. The coordinates of points A’ and C’ are
given as follows:

pLH [ paH f(quL +qLu,€) — (1 — prr) f 2qLL, €) ]
—2A0ppg (1 —€)V (qru) + A0(prLu + pur)V (qLL)

= 2(pL + 0)
[[,0 —(par — V) prul f (qur +qru.€) — (prapre +p) f 2qLL, 6)]
A +2A0 [—prr (pan + prr) V (qie) + (1 — €)punpruV (qru)]
HH 2(pLu +p)
|:PHH 24001 =€)V (qrn) — f Cquu, €)1 — (1 — prr) 8 (qurL + qLH., 6)]
o ~2h() (pLe — 1) AV (qLL) +2A6pLrV (qLL)
LL 2(pLu +p)
[ [(I = pun) pru + Pl f Qquu,€)+ (pLaprr +p) g (quL +qLH €) ]
2C —2h(€)AOV (qrL) (prupLL + ) +280pLH (1 —€)puuV (gLu) + pLuV (qrL)]
rH 2(pLu +p)

The sign of BnLL/aqLL and BnLL/aqLH are ambiguous, but for a weak cor-
relation they are largely outweighed by 0BIRy/dqrr = AQpLHV (gLL)/p
and 0BIRy/dqry = ANOprupuuV’ (qLH)/,o, which are both negatlve Also,
0BIRy/dqyr = 0BIRy/dquy = O, anLL/aqHL < 0 and BnLL/BqHH < 0.
So it requires downward distortions for g7 1 and g7y and upward distortions for gz,
and qHH-

To make things more transparent, we give a numerical example. Suppose that
Vix) = xl_"‘/(l —w),0y = 4,01 = 2. The regions where the optimal mechanisms
are characterized by Proposition 4 (S) (see “Appendix” for the detailed description of
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S) and Proposition 3 (F) are depicted in Fig. 9 for different values of «. F vanishes
for large « (Fig. 9c, d).

Things are quite different for weakly positive correlation. We analyze this situation
in the following proposition.

Proposition 5 If the correlation p is positive and close sufficiently to zero, 0 —
puuAO/pry > 0, then the optimal weakly collusion-proof mechanism MCF (p)
entails:

e ane* € (0, 1) and a monotonic schedule of consumptions: qLCf (p) < [qch p) +
a1 P)1/2 < a7 () given by

ol = prp)V(e1R2qrr)) — Vigru)l

+ AeH)V/ =0 39
o+ pLm) (€)V(qLH) (39)
|:9LPLH — pHHAO O ] Vi)
p+pLH (p+pLE)PLL
U= pL)0uV (92Q2q1L)) _ . (40)

pLL(p+ pLH)
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*
|:9L _ pgPHH(PE + PLH)] VL)
(0 +pLH)PLH
PpPHHOH [V’(iqLH;qHL )—V/(QHL):|
2 +
_ Gfﬁ'?ffm%m =c, 1)
+a(€%) (,JL"HLH) V" (qLr)
, PPHHOH [V’ (%) - V/(QHL)] . 00
OnV (gHL) — +A(€") ViqHL) =c,
2pru(p+ pLH) PLH
(42)
OuV'(qun) = ¢ (43)
where nonnegative parameter
A=Y pyn . ppHHeH(V/(qHL;qLH)*V/(qHL)>
PLH+P PLH 2(pLH+P)

Ale™) =

2
_ Ab¢*pun 1 _ AOpuu(pLatpe) | yn
(60 — 22521 ) V7 (quig) + 0 |01, — ALHELLLLD | Y1 (g, )

is the Lagrangian multiplier of NAC written with € = €*;

e the consumptions except qu are distorted away from their respective first-best
levels: qiy () = afij®). afy; @) < af i ®). a5 ®) < aifi®).aff @) <
ar )

e avector of rents 7P € R* suchthat BICy, BIR;, CICuu,Lu,CICLy, 1L are
binding.

Proof See “Appendix”. O

At this point, it is worth pausing to discuss how positive correlation differs from
its negative counterpart in its influence on the principal’s choice of transaction cost.
Notice that two effects jointly determine the optimal €*. On the one hand, the traditional
efficiency versus rent extraction tradeoff calls for a larger downward distortion of g1 g
than that of ¢z relative to their respective first-best levels.?’ So, in order to meet
NAC, the principal needs to set a larger €* to discriminate H-type from L-type. On
the other hand, € also enters directly into the expected information rent Ex through
the binding coalitional constraints. Expressions (94) and (95) in “Appendix” show that
the coalitional constraints are tightened as € decreases (resp. increases) for negative
(resp. positive) correlation, since

JdEr —p 2(1 — pLL)}é/(é)AG [V(QLL) —vy (CIHL;“]LH)] .
- P2 ALY (@i —V (91 Car )] <
de 2(p+ pLu) + 1

20 As shown in expressions of Ex [(94) and (95) for respective cases with weakly negative and
weakly positive correlations in the “Appendix”], if p < 0,qpp affects terms Bgrcy. BciC y yu

and /SCICLL,LH"]HL affects only 'BCICLL,LH; if p > 0, qp g affects terms 'BBICH’/SCICLH,LL and
BciCyy Ly 4HL affects only Bercy, - Both cases require a larger distortion of g iy than gy,
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forp < 0 (resp. 0Em /de = [p(1 —pLL) puuAO] [V (qLy) — V(e1Rqr)]/[2pLu
(p+ pra)] > 0for p > 0). For negative correlation, these two effects are aligned, so
the principal chooses €* = 1 at the optimum.2! For positive correlation, however, the
determination of €* hinges on the comparison between two opposite effects, the trade-
off is optimally resolved by setting € strictly below 1. The smaller is the correlation
p, the weaker is the second effect, and hence the larger is €*. In the degenerate case
of no correlation, the second effect disappears, we would have €* = 1.22

Figure 8b give a geometric explanation to the above proposition. The principal
needs to move point A’ rightward and shift B/ Ry leftward to minimize information
rents. This requires a downward distortion for g;,7 g7 g and gg 1, but no distortion for
qup since it affects neither 7 If‘i nor BIRy.

For positive correlation, both individual and coalitional incentive constraints are
binding for downward manipulation, the efficiency versus rent extraction trade-off
calls for a downward distortions of g1, gr g and ggr, but no distortion for gy g,
this is the standard “no distortion at the top” result. For negative correlation, however,
the individual incentive constraint is binding for a downward manipulation while the
coalitional incentive constraints are binding for upward manipulations. Hence, an issue
similar to countervailing incentives arises and this calls for two-way distortions for
quantities: gy and gy are distorted upward, whereas gy and gy are distorted
downward compared to their respective first-best levels.??

As correlation vanishes, it is easy to find from (35) to (43) that

limg&” (p) = lim g ;" (p) = q;" (p = 0) = g% (0 = 0). k.1 € {H, L},
P10 pl0
where qkSlB (p = 0) are given as follows
PHHAO PHHAO
<9L - —) V'(qrr) = (9L ——— | V'(qLn)
PLH PLH
=0uV'(gur) =0V '(gun) = c.

Therefore, JM’s result that the principal can achieve her payoff without collusion in a
collusion-proof way for independent types could be regarded as a limit case of ours.>*

2 Although € belongs to [0, 1), we allow € to take the value equal to one since we are interested in the
supremum of the seller’s profit.

22 The working paper version of JM (2005) (available at: http://citeseerx.ist.psu.edu/viewdoc/download?
doi=10.1.1.202.5958&rep=rep1&type=pdf), gives a brief discussion of the determination of € for the case
of small and positive correlation (in page 22). We provide a more elaborate and formal analysis for this
problem. We appreciate one referee for reminding us this version of JM (2005).

23 See Lewis and Sappington (1989), Maggi and Rodriguez-Clare (1995) for detailed discussions of coun-
tervailing incentives problem.

24 M (2005) also extend their 2 x 2 result to n x 2 and 2 x 3 environments.
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6 The case of almost perfectly positive correlation

With an almost perfectly positive correlation (pr g is very close to zero, pr; and
pHH are both very close to 1/2), agents have very likely the same type, and p is
close to its supremum 1/4. Constraints C/Crpy gg (10)and CICyp g (11) implies
fQRquan.€) = f(La + quL,€), constraints CICrg,rr (9) and CICLp ru (7)
implies g(qry + qur.€) = g2qrr,€). We know that f(x, €) is always increas-
ing in x for any €, so we have gyy > (qLy + qur)/2. If g(x, €) is decreasing
in x, we have qr; > (qLg + quLr)/2. Things are different if g(x, €¢) is increas-
ing in x. On the one hand, the principal needs to set (q.g + qrr)/2 > qrr for
the contract to be implementable; on the other hand, she needs to set ¢qry and
gu1 as small as possible due to tradeoff between efficiency and rent extraction. To
see this, note first that the contributions of gy and gy to efficiency (i.e., term
pLE OV (qHL) —cquL +61V (qrLH) — cqru] in the principal’s payoff) is negligible
for small py z, but their contributions to the expected rent Ex is nonnegligible.?> The
intuition is quite simple. If there is only a small probability that agents have different
valuations, quantities in this state of nature have much smaller contribution to the
principal’s expected payoff than their aid to the agents to secure information rents.
The principal will shutdown production in this state at almost no cost. This tight-
ens constraint (gr. g + qgr)/2 > qrr and thus entails partial pooling consumptions:
quH = (qrH+qHL)/2 = qr 1. To simplify the analysis, we assume in this section that
the consumer’s utility functionis V (x) = xl’“/(l —a), o € [0, 1). We will show that,
with an almost perfect correlation, the principal will choose a parameter € such that
the virtual valuation of low-type is nonpositive, i.e., 92’2 =0, —punelA0/pry <0.
Then g(x, €) = max (o[ V (2) + 0] ,V(x — 2)] = 2[0, — h(e) A0V (x/2) =
[0y — 29O — h(e)AO)]V(x). If 6 > Z“HL, then g(x, €) is increasing in x; if
O < 2%(0L — A6), then g(x, €) is decreasing in x. The following two propositions
characterize the cases with increasing and decreasing g(x, €), respectively.

Proposition 6 With an almost perfectly positive correlation and 0y > 2“0, the
principal will choose an arbitrary €* in [0 pLu /(pauA6), 1], the optimal weakly
collusion-proof mechanism entails

e partial pooling quantities qHH = qHH’ qLH 0, qHL = ZqLL , with qLL given

by
20 + 217« 0
gCF = [max <0 PLL <( p+ PLH)PLHOH ‘o
(I = puH) (o +pLH)PLL
AO _ 1/a
_M) /cﬂ 44)
o+ PLH

e a vector of information rents/transfers such that constraints BICyg, BIR,
CICLH,LLy CICHH,LH; CICLL,LH and CICHH,LL are all binding.

25 In this section, we still have binding constraints BICy, BIR,,CICyy g, CICry L1, s0 Ex is
still given in (95). This will be verified later on in the proof of Proposition 6.
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Proof See “Appendix”. O

With an almost perfect correlation and binding constraints BICpy, BIR],
CICrm L and CICyhy, L H, there is only a negligible small probability that agents
have different types. For the purpose of reducing information rents conceded to the
agent, the principal optimally chooses g7y and gy, as small as possible. Meanwhile,
the monotonic implementability constraints gyy = (qry + qur)/2 = qrp still
need to be satisfied since functions f(x, €) and g(x, €) are both increasing in x when
O > 2%6r. As a result, the principal offers a less responsive contract to the reported
messages, i.e., gy = (L +qHL)/2 =qLL.

When a fixed amount 2¢; 1 is available to and is distributed in a L H coalition, the
NAC implies that the larger is €, the smaller share will be taken by the L agent, i.e.,
dqrp/de < 0. Notice that

9 d
ITBICH _ AGpHHV/(CILH)ﬂ <0,
de de
drcic prHAY
ML — ol (g1, €) — 20 (€)AOV (qrr) + ———V (qLH)
Jde PLH
HHEANO dqr
+ppT ZG V/(C]LH)
pHHGAQ dQLH
= pin ae i) <0
rcic paEAO pHHEAO dqry
HHLH __ fé(ZCILL, €) — = —V(qLy) — ————— V’(CILH)
e PLH PLH de
HHEANO dqrH
= —ppTZ—eV/(C]LH) > 0.

Orcicry . /0€+9rcicyy .y /9€ = 0, and the shadow costof CICpry, 1L (i.e., p(1 —
prL)/2(p+ prLm))islarger thanthatof CICyp Ly (ie., ppur/2(p+ pLu)). Hence,
to minimize the cost of these constraints, the principal needs to increase €. Meanwhile,
a larger € requires allocating more resources to the 6 -type agent, and less to the 0y -
type. So the expected revenue 2>, >, pxi [0k V (gr) — cqxi] increases with €. As a
result, the principal will increase € to the extend that the virtual valuation of low type
agent is non-positive, i.e., €* > (O pry)/(pau A0). Any positive amount of goods
initially allocated to the low-type agent will be reallocated to his high-type partner.
To avoid reallocation, the principal thus gives zero amount to low-type agent in state
Or,0m),1e.,qry =0.

The set of binding constraints could be depicted in Fig. 10, in which the feasible
region degenerates to line segment P Q, the coordinates of points P and Q are given
as follows:

P PiyfQqrr.€) — AOpry (pam + prw)V (qLL)

= (45)
Le P+ DpPLH
P pruf Qqrr.€) + A0prr (puu + prr) V (qrr)
Tyg = , (46)
P+ PLH
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BIRy
THH
BICy,

/.

p
CICyn,LL

4/

P
THH

R R S

Ty, 7r[I?L L
CICameny C1CLnnn

CICLLLu,CICLH LL

Fig. 10 The case with an almost perfect correlation and 6y > 2%6;,

o _ —2A0pru (paH + pLe) V (qLL) @7
LL 2(prLu +p) ’

[[/0 +pra(l = par)l f Qquu.€) — (o + preprr) f 2qLr, 6)]

[pLH (puHu +2pru) f Qqrr.€) — prupuua f 2quw, 6)]
0

+2A0pr1, (puu +pLu)V (qLL)
2(pLu +p)

(48)

Note that the lines representing coalitional constraints CICyp 11, CICHH LH.,
CICry,r1 and CICp, g all pass through the optimal point P. Together with
the presumed binding constraints B/Cy and BI Ry, we have that the set of bind-
ing constraints includes BICpy, BIRy,CIChyu.1r, CICuH LH, CICLy 11 and
CICLL,LH.

If the function g(x, €) is decreasing in x, the optimal contract requires a non-
monotonic schedule of consumptions gy > qrr > (g + qur)/2. The binding
constraints are then BICy, BIR;,CICpp 11 and CIChypy 1. To see this, we
can represent the relationships between CICs in Fig. 11. Area B'C’'D’E’F’ rep-
resents the feasible region. Notice that given binding CICyp g and CICLy 11
(at point A/), we have ECICHH,LL — rCIiCypyy, = THH — TLL — AOV(qrr) =
[f(gra + quL. €) + §2qrL, €)1/2 — [h(e) + 1]AOV(qrLr) < [f(2qLL.€) +
gQRqrr,€)1/2—[h(e) + 11A0V (qrr) = 0, A" is below line CICy g, 1; given bind-
ing CICry 1 and CICry pp (at point B’), we have EC[CHH,LL —ICIChpLL =
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CI CLL JHH

™~ CIC,

\C[CHH JLH

P2 oK arl.©—20py 1 (P TV (arL)
PLHTP

K4 A
i AOp?,, V(L)
ptpLH
BIC,

Fig. 11 The case with an almost perfect correlation and 0y < 2%(0;, — Af)

T —7LL— A0V (qrL) = [f2quu,. €)+gQ2qrLL, €)1/2—A0[h(e)+11V(qLL) >
[fQqrLr, €)+8Q2qLL, €)1/2—AB[h(€)+1]1V(grr) = 0, B'isaboveline CICyy 1.
Hence, the optimum is attained at the rightest point F’ of feasible region B'C’'D'E’ F’,
where BICy, BIR;, CICpy, 11 and CICypy, 1 are binding.

Proposition 7 With an almost perfect correlation and 0y — 2%(6p — Af) < 0, the
principal will choose an arbitrary €* in [0 pru/(paaA0), 1], the optimal weakly
collusion-proof mechanism MC* entails:

cp CcP _ CP FB cp
® 4ry =941 =495 = dyn < 24rL> Where

— 1/a
2 —21-%) po AD (p —
4SF = | max (0, ( ) POupLH n (o — PHH) 4o, ) e (49)
pLL (pLH + p) PLH +p

e avector of rents t suchthat BIRy,, BICy,CICupn.r1, CICLH, 11 are binding.
Proof See “Appendix”. O

For a strong correlation and a decreasing g(x, €), the principal can offer non-
monotonic schedules of consumptions in a collusion-proof way. To a low-type agent,
she offers him no good when the other agent has high type, and a nonnegative amount
when the other agent is also of low-type. For a high-type agent, however, the principal
always offers the first-best quantity, since neither gy nor gp p affects the expected
information rent Ex.
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Given 2qr;. > qru + quL, a larger €, on the one hand, make constraint
CICprp 11 (9) easier to be satisfied since drcyc,y,,/0€ = AOpuulV(o1(gLu +
qur)) — V(e12qrr))l/pra < 0. On the other hand, a larger ¢ demands a larger
deviation away from the principal’s first-best decision (notice that in the first-best
allocation 0y V'(gur) = 0.V (qLu) = ¢, so € = 0), and thus reduces the term
2% . > PrlOkV(gki) — cqu] in the principal’s profit. Since pyp is very small, the
firsteffect dominates. Itis not very costly from an ex ante allocative point of view for the
principal to choose a large €. It will decrease the virtual valuation of a low-type agent to
zero and thus has a tendency to favor the high-type agent to the extend that any positive
amount of quantities will be reallocated from his low-type partner to him, so gz g = 0.

With an almost perfectly positive correlation, a point worth discussing is the differ-
ence between cases with and without arbitrage. LM (2000) show that when the corre-
lation becomes almost positively perfect, the first-best efficiency is approached. In our
model, however, expression (49) converges to [max(0, (6, — pggA6/pLL) /c)]l/ «
as prp goes to zero, which implies that the allocation does not approaches its full
information value ¢ { E. The difference hinges on the role of arbitrage. When arbitrage
is not allowed, an agent is only endowed with the goods initially sold to him by the
principal. So, in the coalitional incentive constraints g(2g 1, €) and f(2gy i, €) need
to be replaced, respectively, by Oy V(grr) + (0L — puuAO€e/pru)V(grr) —2[0r —
h(e)AB1V(qrL), and 20V (gun) —OnV(guu) — 0L — puaAO€/pLr)V (quH).
The right-hand sides of constraints C/Cry pp (10) and CICry 11 (9) become
2rpa—AOV(quu)+puuAOe/pralV(qrun)—V (qgan)land 2r +AOV (qrLL) +
puaAOe/prLulV(gry) — V(qrr)]- As pry goes to zero, they both tends to —oo for
quantities satisfying 0 = g1 g < qr1. < qup and a positive €. Therefore, these two
constraints can be arbitrarily satisfied, the principal then recovers some degrees of free-
dom. This enables him to implement the first-best allocation in the limit case of a per-
fectly positive correlation. But this is not the case if arbitrage would take place. Notice
that, as pry — 0, a corner solution emerges in the maximization problem within
the coalition with ¢1(x) = 0, ¢2(x) = x,Vx > 0. We thus have r g 1 = 2npp +
OuV(p22qLL)) + 0LV (p1(2qLr)) — 20L.V(qLL) + pauueA0/prLulV(pi(gLn +
quL)) — V(e1Q2qrLi))] — 2mpp +0uV (2qrLL) —20L.V(grL). rou,HH = 27 +
OuV(922qun)) +0LV (012qun)) — 205V (gun) + prHEAO [ pLulV (01(qLH +
quL)) — V(e12quu))l — 2mgn + 0yV (2quu) — 20nV (qun). The possibil-
ity of arbitrage therefore prevents the right-hand sides of constraints CI/Cy p 1. and
CICrp, pn from tending to —oo, they are now both bounded from below. So, these
two constraints cannot be satisfied freely, that is why the first-best allocation is not
achievable for an almost perfectly positive correlation in our model.

7 Conclusion

This paper explores the collusion-proof mechanism design problem in a two-agent
environment with both correlation and arbitrage. CM’s FSE mechanism shows that the
principal may generically exploit the correlation between agents’ private information
to elicit their truthtelling at no cost. For the purpose of protecting their rents, agents may
collude at the principal’s loss by coordinating their reports and conducting arbitrage
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on their total purchases. As such, the principal needs to fight off collusion by designing
her grand mechanism. This raises natural questions: whether and to what extend does
collusion prevent the principal from implementing the first-best allocation. CK (2006)
have shown that the principal can always fight off collusion at no cost in a broad
class of environments with n > 2 agents for uncorrelated types and n > 3 agents for
correlated types.

We extended CK’s analysis to the two-agent case with arbitrage and correlation.
It is shown that collusion is sometimes preventable at no cost when the correlation is
strongly negative. Collusion calls for distortion away from the noncollusive efficiency
if correlation is close to zero. Moreover, we find that the distortionary patterns are
quite different for weakly positive and negative correlations. For weakly positive cor-
relation, the classical no distortion at the top property is preserved; for weakly negative
correlation, however, the optimal collusion-proof mechanism entails two-way distor-
tions for consumptions. For almost perfect positive correlation, in contrast to the result
of LM (2000), the possibility of arbitrage prevents the principal from implementing
an efficiency close sufficiently to the first-best level.

Notice that, our model does not cover all the possible cases. The cases between
weak and strong correlations, and 0y € [2%(0; — A6),2%0r) for almost perfectly
positive correlation are not discussed. It appears to be quite challenging to obtain a
complete description of the optimal collusion-proof mechanism in all the possible
cases. This analysis is left for future researches.

Appendix
Proof of Proposition 2

Notice that we are finding conditions under which S° is optimal for the third party.
Under S°, BI CZ.S (0r),i = 1,2 are as same as BICy . Therefore, for the grand mecha-
nisms such that 6 -type’s incentive constraint holds, the incentive constraint of 6; -type
will be satisfied in the side mechanism as well.”® The third-party’s problem can be
written as:

] [ (oev (6.0 D +a1@) =11 ()
PLL [Z(f)E@Z P¢(9La 0L, ®) |:+ <9LV <X2(9L, o, <Z7) n q2(¢)) <~))

] (v (160 6m. + a1 @) — 1 (8))
+PLH [Zq&e@)Z p¢(9L» OH, ) |:+ <9HV ()Cz(GL, 0. (5) +q2($)) _ ((5))

i - <9HV (X1 On. 0L, ) +q1 (¢~>)) —1 <¢~>)>
+PLH IZ¢E®2 P¢(9H»9L’ é) |:+ (QLV (Xz(GH, 0. &) +q2(($)) — ( ))
(@

i - (QHV(XI(QHaQHvJ))'F‘II(&))—fl ))
e [Z¢€®2 o 0 L (QHV (xz(ey,eH, ) +qz(<i3>> ( ))

max
ORAORAC

26 In the sequel, we will verity that BICy is satisfied by collusion-proof grand mechanisms in all environ-
ments considered. So readers don’t need to worry about the neglected constraints B/ CI.S @r),i=1,2.
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subject to the following constraints:
e Budget balance:

2

(BB :y) ) yi(61,67) =0,Y(0,0) € © (50)
i=1
2

(BB :x) Y xi(01.62,) =0,V(01.62) € O, Vg € ©% (51)

i=1
e Bayesian incentive constraints for respectively the 6y agents 1 and 2:

BICT @) pL Y. p?On.0L.9) [00V (x108.00.8) +a1@) +10n.0) — 1]

$eO?
o Y PP On. 0. B [6nV (2160, 00.9) + 01@) + 1O, 0m) 1)
$ecO?
> pn Y. PP 0000, @ [6nV (1161 6L.8) + 01@) + 0161, 60) ~n )]
$eO?
+pun Y PP OL.0n. ) [GHV(XI(QLGH,(;)‘FQI(&))+y1(9L:0H)_tl(<£)]:
$ec0?
(52)
BICS@m) : pru Y p?OL.01.9) |00V (201,05 8) + 2®) + 1201, 01) — 12)]
$ecO?
+pun Y PPOn. 0.8 [0nV (200, 01.9) + 02@)) + 2064, 61) )]
$cO?
> pn Y. PP 0100, ®) [6nV (1260, 00.8) + 02@)) + 1261, 60) ~ )]
$eO?
+prn Y PO 00, D) [0nV (x20n.01.8) + 029)) + 3208.61) — 2B |
$eO?
(53)

e Bayesian participation constraints for respectively the 6y agents 1 and 2:
BIRS @) pru Y p?O.60.8) [0nV (x104.0L.9) +01@®) +10n.61) — 1))
$ecO?
o Y PO 0.9 [0nV (108, 01.9) + 01 @) + 3104 01) — 1))
$eO?
> (pLr + pam U @),
(54)
BIRS @) pru Y, p?OL.04.9) [05V (201,04 8) + 2®) + 1201 01) — 2]
$eO?
o Y PO 0.8 [0nV (x200.01.9) + 02@) + 320461 ~ )
$ecO?

= (pLH + PHH)U2M(9H);
(55)
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e Bayesian participation constraints for respectively the 67 agents 1 and 2:

BIRF©L): pre Y pP 01,00 9) [0V (1160L.00.8) + 1)) + 31 (6. 60) —n()]
$eO?

+prn Y PO 0.8 [0LV (x101.04.) +01@®) + 3101 01) — 1))
$cO?

> (pri + LU @p).

(56)
BIRS@L) i pre Y. pP 00,00, 9) [0V (12601.61.8) + 02@)) + 261, 00) = ) |
$pe?
+pLH Z p?On. 0L, ) [QLV (XZ(QH’ oL, ) + qz($)> +y200H.01) — t2(¢~>)]
$e?
= (pLL + PLH)UQM(GL)- (57)

Letus introduce the following multipliers p (61, 62), (01, 63, ¢~>), 81,82, V1, V2,1, Vs,
associated with constraints (50)—(57) respectively. We write the Lagrangian function
of the above maximization problem as:

2 2 2
L =BU'+ U+ ) §BIC]On)+ Y ViBIR On)+ Y v, BIRS(6y)
i=1 i=1 i=1
+ D p®1.0)(BB:y)(61.6)
(91,92)&@2

+ Y D t61,62, ) (BB : )61, 62, ).

(61,62)€0? cE?

e Step 1: Optimal side transfers Optimizing with respect to y; (-, -), y2(-, -) yields

v1(Or,0r) : p(Or,0L) — pLudt + prry, =0, (58)
20L,0L) : p(OL,0L) — pLud2 + prLLy, = 0, (59
v1OL,0n) : pOL,0n) — prud1 + pLuv; =0, (60)
v200L,05) : p(OL,0n) + pLu (62 +72) =0, (61)
v1(On,0L) : pOu,0L) + pLy (81 +7v1) =0, (62)
y20m.01) : p(On,0L) + pLuYs — pHES2 = 0, (63)
v1Ou,0n) : p(On,01) + prn (61 +v1) =0, (64)
v20H,0n) : p(On,08) + pau (52 +712) =0. (65)

Expressions (58) and (59) imply

— PLHOL + pLLYy = —PLH® + pPLLY;- (66)
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(60) and (61) imply
5247y =, — P, 67)
PLH
(62) and (63) imply
51+ 7 = v, — L5, (68)
PLH
(64) and (65) imply
81 +V1 =8+ . (69)

In what follows, we restrict our attention to symmetric multipliers §; = 8, =
8,1, =v, =1, 0 =v=v.%

e Step 2: The optimal rule of reallocation Optimizing with respect to x; (61, 62, )
for given p? (01, 0, ¢) yields:

(10L. 0L $). x2(01. 01, $))
maximizes

T 01.9) [x101, 0. 8) + X201 61 9))
pLLoL o = [ V1L, 6L, 6) +q1(9) }
" (-PLHWH +trLLviL ) PrOL 0L 0) [+V(xz(9L, L. ¢) +q2(¢))
(101, 05 @) 201, 011 §))
maximizes
“OL. 01, $) %161, 01, 6) + x261. 61, 9)]
(PLHOL — PHESOH + pLHVOL) V(x1(OL. 01, §) +q1($)) ]

+(pLaba + pLHSOH + PLEVOH) V (X201, OH. &) + 92(4))

+p?0L.0H. ) [

T(OL. 0. ®) [xl(QL, On. ) +x2(0L, 0, 173)]
61 — PHAEED) V(1 (0L 6. ¢3)~+q1(¢3»}
+0uV (x200L, 01, ®) + q2($))

+p®OL. 0, P)pLu(1+8+7D) { (

where € = §/(1 + & + V), the equality follows from (67). Since x1 (6L, 6L, é) +

x2(01,0L,¢) =0,x10L, 01, ®) + x2(0L, 65, ¢) = 0 for a budget-balance con-
straint, we have

2 T V(x1 (0L, 0L, ) +q1())

(6101, 00,8, 520,01, ) € argma | 110000 £ @) 1, (70)

_ PHHEAO e 7

(X102, 011, @), X201 011, #)) € arg max [ (60— 224520 Va1, ) T‘“(‘””] .

+0uV (x2(0L, 01, §) + q2(#))
(71)

27 We make these assumptions for tractability following the tradition of LM (2000) and JM (2005). When
no restrictions are imposed on parameters §;, v;, V;, the principal could possess more flexibilities and thus
obtains a surplus at least as much as under the symmetric assumptions.
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By analogy, we also have

v - V(x1On. 01, ¢) + q1(9))
x1(Ou,0H,9), X200, 0H,9)) € argmax[+V(x2(6H,0H,q3)+q2(<}3))]’ (72)
1O, 00, B, 526, 00 B)) € avgmax OV (x10u,0L, ) +q1($))

0 O @), 22 Ot O BT+ (00 — PEIAY V (2600, 60 6) + 2@)) |
(73)

A weakly collusion-proof mechanism requires the coalition to report truthfully and
conduct no arbitrage/reallocation: in state (61, 6»), q; = (A1, 6») is required to be
reported in probability one, and x; (01, 63, @) = 0. Then (70) and (72) are equiva-
lentto q1(01,0L) = q2(0r,01) and q1 (O, On) = q2(0n, O ), which are trivially
satisfied. Expression (71) (or (73)) implies gz = ¢1 (9L +qHL) . qHL =
®2 (qLH + qHL), Where

pHHEA9
(p1(x), p2(x)) =  argmax 0p——— | VD) + 0 Vix)|.
x1,x220,x1+x2=x PLH
(74)
If problem (74) has interior solutions, then g7 g and gy, satisfies

PHHE

<9L - A9> V'(qLu) =0V (quL). (75)
PLH

This condition states that the agents’ initial allocations must maximize their total
surplus evaluated at virtual valuations, otherwise, a reallocation will be made by
the third party. We call it “no-arbitrage constraint (NAC)”.

e Step 3: The optimal manipulation of reports We now give the conditions under
which the third party finds it optimal to require any coalition to truthfully report,
ie.,

o o [1 ifg=61.60) >
p* 01,02, ¢) = {O otherwise ,V(01,0) € O

(i) When (01,62) = (0,6L), (0L,0L) € arg max g g2 I(¢~>), where,

1@) = [0V (161 60.9) + 1 @) = 1@ + 60V (261,61, $) + 22D)) - 2]

 pLndes V (31606, 8) +01®)
pLL +pLLY — pLaS | +V (xz(QL, 0L, $) + qz(é))

2 V (x106.,600, ) +q1( . .
- <0L - w) (nw.on ? q‘@) 0@ — @)
ppin +0€ ) | 4V (1206061 9) + 2(@))

_, (eL P} yeo ) v <q1<q3> + 0@

 PLLPLH + e 2 ) —1($) — 12().
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The second equality follows by (67), the third equality is a result of (70).
Therefore,

5 . .
__ PLu€Al a@+a@) - -
OL,0L) € arg;nax {2 <9L TR pe) 1% ( 5 ) t1(¢) t2(¢)} .

(76)

(ii) When (61, 62) = (6L, 0n),

(6 = 22222Y Y (101 011, D) + 91 (@)
(0L, 0p) € arg max - - - -
i | onV (2060.00.8) + @) - 1@ - @)

] (1 o) |
i |V (@@ + @) - 1@ - 2@

(77)

(i) When (01, 62) = (0n,0L),

i OgV <x1(9H79L7</7>)+511(¢~>))
+(00

(On,0L) € argmax ’ ’ ) )
H, 0L é Ppr:;Ae <x2(9H, oL, ®) +q2 (‘P)) —1(¢) —12(¢)
onV (02 (01@) +22))
= arg max o ens ~ s
¢ + ( - B (wl @1(@) +a2 (¢>)) —11($) — 12()
(78)

(iv) When (01, 62) = (On, 0n),

[ OuV (xl(GH, O, d) +Q1(<13)> — () }
Oy,0n) € arg max - - -
i [+ (2On0n. 9+ @) 0@ |

= argmax {ZQHV (M) —11(¢) — tz(q;)} :
¢

(76)—(79) imply the following coalitional incentive constraints: for a (6, 61)

coalition,
p%HGAQ
CICrp,Lu: 2|00 — ———— | V(qLL) — 2111
PLLPLH + p€
2
eNO
>2(0, - PrLu V(CILH +qHL>—tLH—tHL
PLLPLH + p€ 2

(80)
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p%HeAG
CICrrpp: 2|00 —————— | V(qLL) — 2111
PLLPLH + pé€
2
Py €MD
>2 <9L — L) V(qnu) — 2thu; (81)
PLLPLH + p€

for a (61, Oy) coalition,

CICrh,LL:

HHEAO
(QL _ ppT) V(ei(qru +qur)) +0uV(92(qLa + quL))

—ILH — IHL
PHHEAD
>0 — o V(e1Qqrr)) + 0V (922qrL)) — 2t (82)
LH
CICLu HH:

HHENO
<9L__fL;Z;——>v%wMﬁLH-+qHLD-+9HVT¢ﬂqLH‘+4HLn

—ILH —tHL
HHEA@
> <9L - ppT) V(e1Qqum) + 0V (02Qqun) — 2thn;
(83)
for a (fy, Oy) coalition,
CICHu,LL: 205V (quH) — 2ty > 20pV (qLL) — 2111 (84)

qLH t+9HL

CICHH,LH: 204V (qHH) — 2tpn 2> 29HV< >

)—tLH —IHL-

(85)

Substituting NAC (q.y = ¢1(qLn + quL). qur = ¢2(qLu + qy1)) and
i = 6k V(qr) — tr into expressions (80)—(85) yields expressions (7)—-(12)
in the main text.

e Note that € = # € [0, 1). Moreover, § = 0 when the Bayesian incentive
constraints (52) and (53) are slack in the third party’s optimizing problem.

e Note that participation constraints (54)—(57) are binding for a weakly collusion-
proof mechanism. Hence the slackness condition obtained from the Lagrangian
optimization does not give any information on €. Therefore, € is a free variable in
the principal’s programme. O

Proof of Lemma 1

(22) is equivalent to
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L= pre—pun '\’
2

A6+ pre — pur)(L — pre — pur)V (a%)

2[(1 = pum) fafE +ab5. 00+ progqlE.0)] ~

T (pLL, PHH) = PLLPHH — (

)

(36)
(23) is equivalent to
A1 = prp+ pur)(L = prr — pur)V(gfE)
©»(qLL, qHH) = — B FB FB
2[(1 = pro)gf i +a5%.0) + pun f2q55. 0)]
1= prr — pun
—pLLpHH + (%) > 0; (87)
(24) is equivalent to
_ 1= pre — pun '\
©(qLL, 9HH) = PLLPHH — T S—
AD [ pre(l —prp + PHH)V(CI[E)FB }
3 —( = pr)A + prL — par)V(qyy) >0 (88)
2f (affi +aft-0) 7
(25) is equivalent to
AD [ pua(L+pre — par)V (a5%) }
(0L, PHH) = —(1 = pum)( = pre + pum)V(q[})
4(pLL, PHH) =
2g (a5 + a1z 0)
| = pre — pun'\
—pLLPHH + (f > 0. (89)

We next prove that (86) and (88) are satisfied for all feasible distributions
(prL. pun) € {(x,y) € [0, 11%|x + y < 1}, and (89) is implied by (87).

_ 1= prr — pun '\
T(pLL, PHH) = PLLPHH — — 5

|: AO(1+ pLL — PHH) }
x(1=pr — pum)V (ah%)
2[00 = pur) fqfE +qkB.0)+ prigqfE. 0)]

l1—pLr — pHH>2

Z PLLPHH — (

2
(I+prL — pur)( — prLL — PHH)
+
4
1_
_ pri( P2LL + PHH) > 0.
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The first inequality follows from (1 — pHH)f(qgﬁ + q{}f,, 0) + pLLg(2qff, 0) <
flaht +aif 0 +8Qqff . 0) < fQap5.0) + gQapl, 0) = 286V (q7F).

1= prr — pun \
2

AD |: —pr(I = prr + pur)V(glE) i|
(1= pre)(+ pre — pur)V gy

2f (afp +aii-0)
l_pLL_pHH>2+ l — pLL — PHH

©3(pLL. PHH) = PLLPHH — (

+

2 2

(I+prL+pun)l = prLL — pan) <
4 =

Z PLLPHH — (

0.

= pPLLPHH t+

The firstinequality follows from (1—pr)(1+pre —pun)V (@B —pro(1—pro+
pu)V i) 2 1= pro)(I + prr — pun) — pre(l — pro+ pum)Vigh%) =

FB FB
(1 = pre = pum)V(qfy) > 0 and f(qffi + qfy7.0) < A0V (%) <
AOV (qFEH 28

w4 (pLL, pHE) — ©2(PLL, PHH)
AO

o [[—(l — pLL + pHH)pLLV(qff) + 0 =pr)A+ prr — pua)V (1115?1)]4?(!1[13 +ql’;ng’ 0)i|
+[pua(+ pre — pu)V (af5) — (= pur)( — pri + pur) V(i B)] f(2q55,. 0)
2[(1 = pLo)g(alE +abE .0+ pun £ afE. 0)] gl E +afE.0)
(= pre —pumVai ) [eaff +apt. 0) = fCaft, 0]
PHH +|:(1—[7LL)(1+I7LL —pHH)AVg(qu-ﬁ-qgﬁ’O)}
+pun(1+ pre — pr)AV (g5 . 0)

2[(1 = pLo)g@f B +ai%.0) + pun £ Qqk%. 0] gaf f +af5.0)
(= pro)A+ prr — pun)AVAOV (qFE)
PHH

+pur(L+ prr — prr)AVfQqf, 0)
- —(1=prL — pum)VigEP)aoav
7 2[00 pro)g@fE +alE. )+ pun f el 0] @l E +qlE.0)
AOV (qfBypri(l = pri + pun) ]
AV LL
_ PHH [erHH(l +pre — pan) f (2955, 0) 0
2[00 = pro)e@lh + bt 0 + pun f2af%. 0] el +aff.0 7

where AV =V (qgfl) -V (quB). The first inequality follows from g(qu —H]Zﬁ ,0)—
f2qlE.0) > —AOAV, since g(gfE + q55.0) > A0V (qfE +q55)/2) >
A0V (g LF E )and f(2q Zg) < A0V (g Zg). Therefore, the first-best allocation is imple-
mentable if and only if the probability distribution (prr, pg ) falls in region

28 Notice that f (x, 0)—AOV (x/2) = (O +01)V (x/2)—MaXy, 4xy—x x;.xy 0 01V (1) + 0LV (x2)] <
0, whereas g(x, 0) = A0V (x/2) = maxy, 4y, =x x;.x,>0 [0V (x1) + 6LV (x2)] = (0L +0r)V (x/2) = 0.
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F= {(PLL, pun) €10, 1P|t (prr, pun) = 0,i = 1,2, 3,4}

= {(PLL, puH) € [0, 1]2‘ ©(pLL, PHH) 2 0}

= {(PLL, pur) €10, 10 |p(prr, prn) < p*(pLL. PHE) } ;

where p*(x, y) = =A0(1 —x+ )1 —x = V([ )/2[(A =g +apt. 0)
+yf Qagy. 0)]-

If g(qf B +qLB,0) > 2400V (qfB), itis easy to see that (0,0) € F. So F # @,
the first-best allocation is thus implementable. Conversely, if F # &, then

[(1—x — )2 — 40yl = N)ggf f +af5. 0) + yfCqf%, 0]

2A0V (gFBy <
L) I—x—y(l—x+y)

holds for some feasible distribution in { (x,y) €10, 1]2’ x+y< 1}. In turn, we have

[(1—x =) —4xyl[(1 —x)g(qf B +qLE,0)+ yf2qlE  0)]
I-x—=y)A—-x+Yy)
(1 —x —y)? —4xylmax{g(g}f B + q55.0), f2qLE,. 0)}
l—x—y

< max {g(qu +qE8.0), f2qk5,, 0)} .

< [

The proof is finished. O

Proof of Lemma 2
Let

V(01,600) = max 01V (2) + 62V (afry + 4" (02) — 2), (90)
2€[0,q 55 +q*62)]

FOL ) =ag  max V(@) +LVghE +q7 ) -2, D)
z€[0,957% +q*(62)]

where 91, 92 € [GL, QH]. Then

8rs +ap1-0) _ WOu.0L) =¥ OL.0L) _ Yo (E.0L) _ V(EE OL)
fqk5.0) VOu.0m) — V0. 0n) Vo, (5.0n)  V(*E, )
(92)

for some & € (01, 6y), where Vg, (01, 62) denotes the partial derivative of i with
respect to 6;. The second equality follows from the Cauchy’s mean-value theorem, the
third equality is implied by the envelop theorem. The comparison between g(g LF g +

q Zﬁ, 0) and f(2¢q Zf’; 0) depends on the monotonicity of z*(&, 6;) on 6;.
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The first order condition for (90) is £ V/(z*) = 6, V(¢ %, +¢*(62) — z*). Itimplies
that

9z* — _V/(Z*) >0
& EVI(ZN) + V" (qhE + g% (62) — 2%)
az* V'(@* @) V' (qhE + q*(©>) — %)

002~ [EV"(*) + 62V (i +q*(62) — )] V' (q*(62)
5 |:V"(61*(92)) V'@ 4 ar o) - z*)}
Vi(g*(62)  V'(qply +q*(62) — 7
_ V'@ OV gy +a*02) — 2 [ralafy +a* 02) — ) — ra(q* (62)]
[6V7 @) +6:V (g +q*62) — 9] V7 (g*(62))

93)

e Ifr,(x) isincreasing, we have dz*(&, 62)/06> > 0. Assume that 3z* (&, 62)/00> <
0, (93) implies ra (g1 + q*(62) — 2*) < ra(q*(62)), then g i < 2*(£,62) <
7%(,01) < 7*(0y,01) = qflz, a contradiction. The first inequality follows from
the assumption that r,(x) is increasing, the second and third inequalities follow
from 0z*(&, 6)/00, < 0 and 9z*(€, 65)/9& > 0.

e If r,(x) is constant, it is obvious that 3z*(&, 6,) /96, = 0;

e Ifr,(x) is decreasing, then 9z*(§, 65) /96, < 0. Assume that dz* (&, 62)/362 > 0,
(93) implies rq (g1 + q*(62) — 2%) = ra(g*(62)), then qf% < 2*(§,62) <
Z*(€,0m) < z2(Ou. 0n) = q4%;, a contradiction. The first inequality follows from
the assumption that 7, (x) is decreasing, the second and third inequalities follow
from 0z*(&, 6)/060, > 0 and 39z*(€, 65)/9& > 0.

It follows directly from (92) that: if r,(x) is increasing (resp. constant, decreasing)
then g(qf B +q58.0) < (resp. =, >) f(2q}%,. 0). The proof is thus finished. O

Proof of Lemma 3

Letting v denotes the multiplier of the constraint x; 4+ xo = x, applying the envelop
theorem, we have

flx.e) =0V’ (%) +v=0.
By the first-order condition
HHEA9
01V (g2(0)) = <9L - ”—) V(g1 () = —v
pPLH

we have
X

felx,€) =0nV’ (2

) = 0uV'(@200).
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Analogously, we have

PHHENAD

/ / / X
gir. ) = (eL - ) Vi) = 0L — h©a0) V' ().

2

X

Note that ¢1(x) < 5 < @2(x), hence, f{(x,€) > 0, g\ (x,€) > 0if p is close
enough to zero.?’

e (=) Summing constraints CICrg gm (10)and CICxy pu (11)yields f(gru +
quL,€) < f(2qun, €); summing constraints CICry g (7) and CICry 1 (9)
yields: ¢(2qLr,€) < g(qLm + quL, €). Therefore, g1 < (qLm + quL)/2 <
qdHH-

o (<) We assume that g1 < (gr + qur)/2 < qup holds. If CICLy,10(9)
is binding, then ¢cic,; ;py — 7ciCi 1w = &QLH + qHL, €) — 82qLL, €) =
0, CICLL,LH (7) holds. If CICHH,LH (11) is binding, then ECICLH,HH —
rciciyny = fQqru.€) — f(qra + qur.€) = 0, CICLy pg (10) holds.
Summing the CICrp, 11 (9) CICyp g (11) written with equalities yields
wug — 7L = [f(gre + qur.€) + g(2qrr, €)1/2 — h(€) A8V (gLL), then
Leiciyyy —rcici yy = —Lf(GLu + qur. €) +gQ2qLL, €)1/2 + Af[h(e) +
1WVgnn) =2 —1fQqunr.€) + g2qun.e)1/2 + Ablh(e) + 11V (gun) = 0,
hence CICrp gy (8) holds. Lcicyy . — rcicyn, = f@Gre + qur.€) +
8(2qL1,€)]/2—h(e)AOV(qrrL) —AOV(qrr) = [fQqrr,€)+8Q2qrr, €)]/2—
h(E)AQV(qLL) — AQV(qLL) = 0, SO CICHH,LL (12) holds.

Conversely, if CICrr ru (7) and CICpy g (10) are binding, then the remain-
ing constraints are satisfied since Leicipy, —rcicin = 8QLr +qHL, €) —
8QqrL.€) 2 0, lcicyy iy —rcicypn = S 2quu.€) — f(qL + qHL, €) =
0’ gCICHH,LL - rCICHH,LL = [f(quHv 6) + g(f]LH + qHL 6)]/2 - Ae[h(e) +
1WVgrr) = [fQ2qrr,€) + g2qrr,€)]/2 — ABlh(e) + 1]V(grr) = O,
Leicp, yu—rciCiun = —f Qqun, €)+g(qLu+qur, €)1/2+A0h(€)V(qrL)+
AOV(quu)+h(€)AOIV(qguu)—V(qLL)] =2 —1f Q2qun. €)+gQ2qnuu, €)1/2+
[A(e) + 1]AOV (qu ) = 0. The proof is finished. O

Proof of Proposition 4

e Binding constraints and optimal € We first write BIRy, BICy,CICyrr rm and
CICru.umH (1), (4), (7) (10)] as binding constraints by inserting nonnegative
parameters 8;,i = BIRy, BICy,CICrr Lu, CICLH HH, then show that it is
optimal for the principal to set §; = 0 and thus verify that the corresponding
constraints are binding at the optimum for all i. From the system of equations

29 Note that when p is close enough to zero py e/ pry ~ h(e) = p%He/(pe-i-pLLpLH) and @1 (x) <
x/2.
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PLL  PLH 0 0 TLL BBir, + 6BIR,
—PLH —PHH PLH DPHH TLH | _ Beicy +dBICy
2 -1 -1 0 THL - ﬁCICLL,LH +8CICLL_LH ’
0 1 1 -2 THH Bercyun +8cicLyun

we get the expected rent

Er = Z Z PijTij
i

_ 1 |: 2pLu(Beicy +8Bicy) — (1 — prL)(Bercy, n +0cicin) i|
2(pru +p) | F2(pLu + Par)(Bir, +8Bir,) — pPHHBCICLy nn +8CICLy nn) |
%94)
where
Bpir, =0
Bercy = AOlpLaV(qrr) + parV(qLn)]
PHHEAOV (qLH)
Beicy, oy = 2h(€AOV(qLL) — g(qLu +qHL, €) — o
PHHEAOV (qLH)
.BCICLH'HH - _f(quHa 6)-
PLH

To minimize the expected rent, the seller will set €* = 1, &%, R, = £h ey =

* — * — s
ECICLyn = ECICLL 1y = 0, since

I —p 2(1 = pLo)h () A [VigLr) — V (42Ldaes)] .
= P A0V (qLr)—V(e1Q2qun))) )
de 2(0+ pLE) 4+ Phn -

0Em /d8p1cy = pLu/(p + pLu) > 0,0Em/d6pir, = (pLu + pun)/2(p +
pLu) > 0,0Ex /98cic,,  y = —P(1=pLL)/2(p+pLE) > 0,0Em /ddcic, 1y
= —ppru/2(p + pLr) > 0. The first inequality follows from the monotonicity
condition 17, < (qur +qrLu)/2 < quH, Which will be checked ex post.

e Optimal quantities Maximizing IT(q) = 2 [Zk > a6V (i) — cqul — En]
with respect to gx; yields (35)—(38). (36) and (37) imply that

HHAO
(eL _ P ) V'(qLu) = 0nV'(quL).
PLH

Hence, NAC (13) holds automatically for €* = 1. The only work left is to verify
the implementability condition. Since li%qlsp (p) = q,SP 0) = qkSlB 0),Vk,Il €
P

{H,L} and ¢;8(0) = ¢;5(0) < ¢35(0) = ¢35,(0), following the sign-
preserving property of continuous function, we have quf P < qu p) +
qgf Pp) < 2q2€, (p) when p is sufficiently close to zero.
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pLuOnV' @hh) +p9HV’<goz<2q,§i,>)
P+PLH pP+PLH
= c, therefore qHH > q . Similarly, (36) implies 6y V’ (quIL)) < c,

hence qHL > qHL hmpToqLL (p) P(O) = qif(O) < quB(O) and

hmpToqLH(p) = qLH(O) = q (O) < q (O) it follows from the sign-

preserving property thatg;; CPp) <gq I’j f ), q (p) < q (p) for p close enough

to zero. The proof is finished. O

e Distortions of quantities Notice that OV’ (qISZ) <

Region S

N2
Let p(x, y) = xy — (‘*;*y) ,V(x) = x'=%/(1 — ), then consumptions (35) to
(38) can be represented as functions of (prr, prg) (or (x, ¥)).

1/ o l/Ol
<91/a (9 _12}"A0v) a)

1
p(x,y) 3 + —5—0n

quH(X,Yy) = 7 :
[( =) e]
1/a
2yA0
qHL(X,y) (9L - l,yx—,y)
qLu(x,y) = T2 ,
On
1
™ [ e _oyag e\ T —x—y)\2 F
0H+(6L+_.V) 1=x)p(x,y) QL—%

24 plry) T N
guL(x,y) = (=x=9)(pCr.+572) (E) :
v (1- (—vpry)

i ( (=x=y)(pCr. )+ 5572
- 1
B (17’;")2A9 /o
(X y)+x(l —x—y)
qrr(x,y) = T
Let

r 2
1—x—y
2yA0 \Vel" ( 2 >A9
d(x,y) = [‘/"‘ <9L—y—> ]—2“ o —

l—x—y p(x,y) + X(l—zx—y)

2yAf )1/“-
y

u(x,y) = 2%0y — [9”" + <9L -
.
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theng(Q, 1) = G(x,y, Q) = V(Q)d(x, y), f(Q. 1) = F(x,y, Q) = V(Qu(x, y),

the coordinates of C’ in Fig. 8 could be represented as

201-0)(152) 260V @re (x.3)

I—x—y
2

¢ (I—x—y)

PGyt D

+ (1 —x—=y)A0V (qLL(x,Y))

) [—}'F (x, y, ZQHH(ij W) =1 =x)Gx,y,qur(x,y) +qru(x, y))}

7 = y) = 2( (. y) + =2
px,y T)

(plr.y) + S0=0) F (x, v, 2qmm (v, ) +
(p(x, Y+ W) G (x,y,quL(x, y) +qru(x, y))

ﬂgH =npu(x,y) = ey
2 (p(x, y) + T)

Being represented as functions of pyr(x) and pypg(y), BIR’H and BICi can be
written as

1 —x—
BIR}(x,y) = yAOV (qru(x, y)) + Tywv (qLL(x.y))

2mpL(x, y)p(x,y)
l—x—y

, l—x—y l—x—y 2
BIC(x,y) = 3 A (( 5 > V(quu(x,y)) —xyV (gL (x, y)))

1l—x—y 2
iy (T) AO(V (@15, ¥) — V (qLL(x. )

l—x—y
+po(x,y) (T”HH(X’ y) + xmpp(x, y)) .

So the region S where Proposition 4 applies could be represented as:

qri(x,y) < LRGN gy (x, y)
s=1e.y qri(x,y) 2 0,k,l e {H, L}, p(x,y) <0
=Y BIRy(x,y) >0, BICL(x,y) >0

9L—12_yTA_9y>0,x+y<l,x,ye[0,1]

it depends on parameter «.3"

Proof of Proposition 5

e Binding constraints We first write BIRy, BICy,CICru. 11, CIChu Lu [(1),
(4), (9), (11)] as binding constraints by inserting nonnegative variables §p/g, ,

30 Notice that parameter ¢ can be eliminated so it does not affect S.
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dpicy>dcic yy, and 8cicyy y into them. From the system of equations

pee pee 0 0 TLL BBir, +96BIR,

—PLH —PHH PLH PHH TLH | Beicy +9dBicy
-2 1 I 0 wuaL | | Beiciyy, FOciciyg,
0 -1 -1 2 THH Beicyyn t8cicyy i

we obtain the following expected rent

Ex = Zzpijﬂij
[

[ 2(Brcy +Brcy)pLn +2(Beir, +3BIR,) (PHH + PLH) ]
_ p(ﬁCICHH_LH + ‘SCICHH,LH)PHH + p(ﬂCICLH’LL + SCICLH_LL) (1 - PLL)
2(pLu + p) '
95)
where,
Bpir, =0
Beicy = A0 pLuV(qLL) + puuV(qLn)]
pHH6A9
Bercpy, = 8Q2qLL, €) + pL—HV(C]LH) —2h(e)AOV (qLL)
PHHEAD
Bercyyn = f@ra +quL. €) — ———V(qLn).

PLH

8 is set optimally at zero since dEx/d8; > Ofori = BIR, BICy,CICLH LL,
Cl CHH,LH .

e Optimal € and quantities We write the Lagrangian function of the principal’s
maximization problem as:

L, 6,1) =Y pulbV(gu) — cqul — B
k,l

2[00V (quL) — (0L — puneAd/pLu) V' (qLr)] .

Optimizing with respect to € and q yields expressions (39)—(43). Combining (41),
(42) and the NAC condition, we get:

 AO(—O)pun (CPLH N ppHHGH(v’[W]v’(qHL)))

PLH+P 2(pLH+P)
A(e) = 0 3 o > 0.
(61 — 292 )" v (quig) + 0y (61, — SLEHLLELD Y y7 (g,
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BUPLLL [V (01(21.1)) — V (que)|+ MOV (qLa)
m(e)
(_:*
0 Nl €
SO [V (01/(2q11)) = V(GLi)} === mmm oo '

Fig. 12 Determination of €* for weakly positive correlation

Let
1 —
mie) = LLZPLL 1y 0 00110 — VgL + MOV (qua),
2(p + pru)
then
m(ty = 2LZPLD 1y 0g100) = VgL < 0
2(p + prLy)
and
1 _
m©) = 2L P 1y 0 2g,00) = Vgl + 2OV (qui) > 0.
2(p + pLu)

Note that p is sufficiently small, so the sign of m (0) is determined by A(0) V' (gL ),
which is obviously positive. The intermediate value theorem implies there is a
€* € (0,1) where m(e*) = 0. Figure 12 depicts the determination of €*. As
p — 0, we have ¢* — 1,1 — 0, then expressions (40) to (43) imply that
q5" (@ — q57(0) = g5(0),Vk,1 € {H, L}. Therefore, the implementability
conditions ¢/ (p) < [¢5/,(®) + ¢57 (®1/2 < qfF (p) hold when p is close
enough to zero.

Distortions of quantities (42) implies

0V (g5 )=c +
HL 2pru(p + pLu) PLH
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hence ¢ I L <qk i L Furthermore, from NAC we get

*AO
viggh (- rupcet )< o V'@hh
Vigch On on  V'(gfE)

It implies V/(q ) > V/ (q ) therefore qLH < qLB As p — 0, (40)
approaches (6 — pHHAB/pLH) V'(gLL) = ¢, so qLL < qLB for p close
enough to zero. ¢4 I H =qf o H is obvious. Hence the proof is completed. O

Proof of Proposition 6

Given the utility function V(x) = x!7*/(1 — «), NAC implies ¢;(x) =
s(e)x, p2(x) =[1 — s(e)]x, where

[max (O, 0 — M)]OIl

PLH

1 1’
[max (0, 0L — p””—mﬂa + 65

PLH

s(e) =

Given 0y — 2%6;, > 0,

1o
1 AO\ N @
g (x,€) = {|:9;‘1 + (max (O, 0 — %)) :|
PLH

2
o (g, — —PL€AO N\ Ly
P€+ PLLPLH

> Oy —270L)V'(x) =20

Constraints CICry.rr (9) and CICyrp g (7) thus imply grp + gur > 2qgrr. But
this condition does not hold strictly in the optimum when py y is small enough, since
the principal’s gains from g7 g and gy are very small relative to the information costs
incurred by them. So pooling arises at the optimum, i.e., g g +qnr = 2qr 1. Writing
BICy,BIRy,CICrLy 11 and CICpyp g as binding constraints, and incorporating
qrLe = 2s(€)qrLr, qur = 2[1 — s(€)]lqrr, we then get the expected information rent

2pLu A0 [pLuV(qrL) + puaV{(qLu)l + ppan [f(QLH +quL.€) — W]
p( = pro) [8are, €) + PHEALY (qLy) = 2h(€) A0V (q11) |

2(p+ pLH)
_ZPLHAQ [perV(qrL) + praV(qLu)]l + ppHE [f(2¢ILL, €) — W}
p(l—pLr) [g(261LL, €)+ ’"’#;MV(QLH) - 2/1(6)A9V(6]LL)]
2(p+ pLH)
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_ AO9punV (qLu) (pLu + p€) — pLAOV (qrr) (p — pun) — ppLu f 2qLL, €)
PLH + P ’

and the principal’s profit

MW(qrr, qun. €©) =2 Y pulbeV(qu) — cqul — 2Ex
ko1

=2prL[0V(qrr) — cqri] +2pLulfr[2s()1' ™V (grLL)
—2s(e)eqrr]
+2pLu {eﬂ[za — 5N Vi(grL) — 2(1 — s(e))chL}
+2puulOuV(gHH) — cquu] — 2Em.

Since

V(gLL)
(96)

l—a
o _ [ pnd[0025@1 % + 041201 = s)'™*] _ A9prn(pe + i) TEG—
de de P+ PLH

{ > 0 ife € [0, OLpLu)/(PHEAD))
=0ife € (OLpLn)/(puuA6), 11"

the principal will therefore choose €* arbitrarily in [(6r pry)/(pruA6), 1] so that
s(e) =0,[1 —s(e)] = 1. Then,

(gL, qun) = 2pLelfLV(qrr) — cqri] + 2pLul0u2' "V (qrr) — 2¢qrL]
+2puu 08V (gun) — cquu]
prL(pan — P)AOV(qrr) — ppru [2 =270V (qLL)]

) .
P+ PLH

Optimizing with respect to g and gy g yields:

oMl A0 (pun —p) | Qo +2"“pLu)pLubu] .,
=2prL 0L — Vi(qLL)
dqrLL P+ pLH (0 +pLe)pLL
_(1 - pHH)Ca
ol ,
=2puuOulV'(qun) — cl.
0qHH
Therefore,
1/a
a1y = | max [0, —_PLL Cp+2""prLu)pLEbn +o; — AO(pHH — P) Je /
(L= pHH) (0 + PLE)PLL o+ PLH '
G
0 1/a
ann = () (98)
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It is obvious that gy > g when (prr, pru, pur) ~ (1/2,0,1/2). Still, we
need to verify the remaining constraints. As pr g — 0, £prr, —7rBIRy = [AO(pHH—
e)pLrV(qrr) — ppru f2qLr, €)1/(p + pLu) — A0l — pr)Vigrr) > 0,

pf Qqrr.€) + A0 (pLu + pun) [pLuV(gun) + PLLV(CIHL)]]
—AOprr(pru + pun)V(qgLL)
PHH + PLH
— prrf Qqrr,€) + AOprr[V(gur) — V(grr)] > 0,

Lpic; —TBIC; =

Cpppn —reeid = €QaL +qru.€) — gQ2qrr.€) = 0,8,y — rLL.HH =
AOLh(e) + 1IV(gun) — V(grLL)] > 0, u v — rLuHH = f(2quH.€) —
f@uL+qrn.€) >0 Lup e —rupiL = 3f (qur +qim. €) — 3 f Qqrr.€) =
0. Therefore, all the remaining constraints are satisfied, among them, C/Cy 1 1y and
CICyp, 11 are binding. The proof is completed. O

Proof of Proposition 7

We assume momentarily then verify ex post that constraints B/Cy, BIR,, CICrLu L1,
CICpgp r1 are binding, and condition gy > qrr > (qru + qur)/2 holds. From
the binding constraints, we obtain the expected rent:

Enr = ZZPU:’ZU
i

[ppwg (2qLL.€) — AOV (qrL) [2ppLEh(€) — p3 4y — ppHH]}
+AO0purV (qrr) (PLH + PE)

PLH + P
Then,
I _ 9Ew _ ppuu ALV 2s(€)qre) = VigLa)]
de de P+ pLH '

Taking into account the NAC condition gy = s(€)(qry + quL),qur = [1 —
s(€)](qrLu + quL), we can rewrite the above expression as

=2 =0ife € [(OLprLn)/(PurAO), 1]

O ppunA0ls(©1' [V (2qrL) — VgLu +qnr)] { > 0 ife € [0, (0L pLu)/(PrHAB))
de P+ PpLH

The principal will optimally choose an arbitrary €* € [(0r pry)/(pru AB), 1]. There-
fore, gy = s(€*)(qLy + qur) = 0. Maximizing with respect to ¢rr, gHL, qHH
yields: gur = qun = (0 /c)'/* and

_ 1/
ppru (2'7%0n —201) + AO(p? ; + pPHH) ¢
grr =max |0, | 6 — /c )
pLL(p+ pLy)
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Now we need only to verify the implementability condition gy > g1 > (qLy +
qu1)/2. Thefirstinequality is obvious. As (prr, pLu, paa) — (1/2,0,1/2), 911 —
max[0, (6, — AB)/c)'/*]. From 6y < 2%(6; — AB), we get immediately that
2911 > qHL = 415

We verify the remaining constraints as follows. For € € [(0r pru)/(praAf6), 1]
and sufficiently small p; y, we have

1 o
1 AB\ @
gl(x.e)={|6F + max (0, <9L - %> 2%, — h(e)AB) b V' (x)
PLH
— [0y — 2% (61 — h(€)AO) V' (x) < [6 — 2%(O1, — AOY]V'(x) < O.
As PLH — 0,

pPLEE 2qLL.€) — MOV (qrr) 2ppLih(e) — p2y — praH]
pPLH + P

UBIRy —TBIRy =
— AOpprV(rLL) >0,
[ A0V (qre) (pLo (@O + Dpun = pm) = 20h€) + Dy ) ]

+A0 (pgu + pLe) (pLeV (quE) + PV (quL)) — pg 2qLL. €)

PHH + PLH
— pr{fQqrr.€) + A0[V(gur) — V(grp)l} > 0.

tpic; —rBic;, =

Lrpom —riLin = &(QuL +qrm.€) — 8 2qrr.€) > 0,8 g — "LL.HH =
AO[1 + h(O)IV(gunr) — VqrLL)] > 0,8 g un — rLaan = f Qquu.€) —
fQqrr,€) > 0, 8ypn —ranLa = fQ2qrr.€) — f(quu +qur,€) > 0. All
these constraints hold strictly. The proof is finished. O
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